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NMPENUCJTIOBHUE ABTOPA K NEPBOMY H3JIAHHIO

B npenucioBHH K NepBOMY TOMY HACTOSIIHX JIEKLHi
(apudmernka, anre6pa, aHanu3) s BHIPa3HJ COMHEHHE
B TOM, CMOXeT JIH BTOPOH TOM, NOCBSILIEHHBIH reomert-
pHH, MosBHTbCA TaK ckopo. OnHako ero yxe yzaaJjoch
06pa6oTaTh, B 3HAUHTENBLHOH CTENeHH 6naromapsi sHep-
rud r-Ha lesnnHrepa, 4To s1 OXOTHO OTMEYaIo.

OTHOCHUTEIbHO NPOMCXOXKAEHHS M IleJIH BCeffl 3TOH
CepHH JIEKUMH 5 He HMelo NPHO6aBHTb HUYEro 0COGEHHOro
K TOMY, 4TO GBIJIO CKa3aHO B NPEAUCJOBHH K NEPBOMY
Tomy. Ho npexncraBisiercsi, noxaJsyi, HeO6XOAHMBIM CKa-
3aTb HECKOJILKO CJIOB O HOBOH (opMe, KOTOPYIO NPHHAI
3TOT BTOPOH TOM.

IefictBuTeNbHO, 3Ta (hopMa coBeplIEHHO HHasf, YeM
B nepBoM ToMe. $I pewnms nath, mpexjiae Bcero, o6ImHui
0630p Bcefl 06/1aCTH reOMeTPHH B TOM 06beMe, KOTOPBId
s CYMTAIO KeJaTeJbHBIM JJIS BCAKOrO yuureas cpeiHei
mwKoabl. [ToaToMy cooGpazkeHHsi, oTHOCSILHeCS K npeno-
dasanuro reOMeTpPHH, OTOLLIM Ha 3aJHHH mJaH, HO 3aTO
OHH JlaHH B CBA3HOH (opMe B KOHIle, NMOCKOJBKY OCTa-
BaJIOCh MeCTO.

Ilpn onucaHHOM H3MeHEHHH B pAacHOJIOXKEHHH MaTe-
pHajia B H3BECTHOH CTENEHH CHITPajio CBOIO POJIb JKeJsa-
Hue u3bexaTb NOBTOPEHHS ONHOH KaKOH-HMOYAb CJaHLI-
KoM cTepeotunHo#t ¢opMel. Ho MoxHO mnpuBecTH H 6o-
Jlee cepbe3Hble BHYTpPeHHHe OCHOBaHHS. Mpbl He nMeeM
10 TeOMETPHH TaKHUX LeJbHBIX Y1e6GHUKOB, COOTBETCTBYIO-
[UX oOIEeMY COCTOSIHHIO HAayKH, KaKHMH MBI o6JafaeMm
nmo aarebpe u aHajau3dy OJarogaps HaJHYHIO CJAYKalUX
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o6pasnoM (paHIy3CKHX KypcoB. BMeCTo 5TOro Mel BCTpe-
yaeM H3JIOXKeHHe TO OXHOH, TO APYrof CTOPOHBI HalIero
MHOrooGbeMJTIONIEro peiMeTa B COOTBETCTBHH C HX pas-
paboTKOH TOH HJH ApPYrofl rpynmoH ucciaemoBaTesed.
B nmpoTHBONONIOXHOCTb STOMY Ka3aJOCh C TOYKH 3PeHHs
TpecielyeMbBlX MHOI IeJaroruiecKHX H OO6IeHayYHBIX
LeJed CyLeCTBEHHO BaXXHEIM IIONHITaTbCs JaTh GoJiee
LleJIOCTHOE CyMMapHoe H3J0XKeHHe.
3akaHYHBal0 mNoXeJaHHeM, uTo6H 06a yxe Temepb
FOTOBBIX B3aHMHO JONMOJIHSAIOIMX APYr Apyra ToMa «ie-
MeHTapHOH MaTeMaTHKH C TOYKH 3PEHHS BhICIIEH» BCTpe-
THJIM B YYUTEJbCKOM MHpE TaKOoe e ApYy:KecKoe BHHMa-
HHe, KOTOpOe HMeNAH JeKHHH [0 BONPOCaM "OpraHHu3allHH
NpenoZaBaHis MaTeMaTHKH, H3LaHHHE B NPOLIOM TOLY
r-Hom lllummakom u MHo0.
« @, Kaedn
Térrauren, Poxaecrso 1908



BBEJXEHHE

YBaxaeMbie cayimaTeau!

Kypc, K UTEHHIO KOTOpPOrG § CErofgHs MNpPHUCTYNalw,
HOJIXKEH COCTaBHTh HeNmOCpPeZCTBEHHOe NpPOJO/KEeHHe W
HONOJIHEHHE Kypca, NPOYHTAHHOTO MHOIO B IIOC/JIERHIOID
3umy. Temepn, kKak W TOrma, MOs IeJb 3aK/IIOYaeTCs
B TOM, YTGOH Bce TO, YeM BH 3aHHMaAucCh B 06JacTd
MaTeMaTHKH 3a TOAW CTYJEeHYeCTBA, NOCKOJIbLKY OHO MO-
XeT NMpeACTaBHTh XOTA OH KaKoH-HHGYAb HHTepec IA%
6yIylIero y4YHTelst, CBECTH BOELHHO, a IJIaBHOE — Pa3b-
SICHHTb € TOYKH SpeHHsS erO 3HayeHusl AJI IOCTaHOBKH
HIKOJILHOTO NpeNnoJaBaHUsl MaTeMaTHKH. 3UMOI0 s OCy-
LIECTBHJ 3Ty NMPOrpaMMy IOOYepelHO AJS apupmeTuxu,
aseebpol U aHaau3a; B TEKyLIeM CeMecTpe ouepelb 3a
eceomeTpuell, KOTopas TOrjla ocTaBajacb B cTopoHe. [Ipu
STOM HalUH pPAaCCyXAEeHUs NOJKHH OBITb MOHSITHH, KO-
HeYHO, H He3aBHCHMO OT Ipomuroro Kypca. Kpome Toro,
s X0Uy HECKOJbKO H3MEHHTb TaKXe H CaMbli TOH BCero
Kypca B nejoM. Ha mepBoM mnjaHe ROJXKeH CTOSATh Te-
mepb, s OB CKasas, IHyuxaioneOuueckur MOMEHT; BhHI
IOJIXKHBL TOJNYIHTh 0030p 8cell obaacTu zeomeTpuu, Ko-
TOpPBIfl AACT BaM rOTOBble PAMKH Il pa3MellleHHS B HHX
BCeX OTHAENbHBIX CBeAeHHH, OpPHOOpEeTEeHHHX BaMH 3a
BpeMsl Baluero o6y4eHHs, YTOOBl AepXkKaTb UX, TAKUM 00-
pa3oMm, HAroToBe MJs KaKOro YrogHo ymnotpe6JeHus.
W numb nocsie atoro caM co60l0 BO3HHKHET TaKXe H
TOT UNHTEpeC K HiKOAbHOMY RPeno0asaHutd MaTEMATUKU,
KOTODHI 3HMOIO BCErja CJYXKHI I MeHS HCXOZHHIM
NYHKTOM.

OXO0THO OTMeUy elle, YTO BO BpeMs IAaCXaJIbHHX Ka-
HuKyJa 1908 r. smech, B I'éTTHHreHe, COCTOAINCh KaHHUKY-
JIsipHHE KypChl /ISl NIpenojaBaTesied MaTeMaTHKH H ¢u-
3HKH cTapmux KnaaccoB. Ha sTux Kypcax a chrenan co-
oflleHHe O MOeM 3HMHeM Kypce, H B CBH3H C HHM,
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a TaKXe C JOKJafoMm npodeccopa 3hellHedl THMHa3HH
BepeniaceHa BO3HHK/IHM OYeHb MHTEDECHble H XKHUBBIE Ipe-
HHs 1O BONpOCy O pedopMe LIKOJBHOro OGyueHUs apHp-
MeTHKe, ajre6pe M aHaju3y M, B YaCTHOCTH, O BBEIEHHH
B I1IKOJNY AuddepeHUHATbHOIO H HHTErpajbHOr0 HCYHC-
JIeHHH. YUYacTHUKH KypcOB OGHApYXKHJIM IIPH 3TOM Kpai-
He OTpajIHBI HHTepec K 3THM BompocaM, KaK W BooOlie
K HallUM CTpPeMJIEHHIM CO3JaThb XXHBYIO CBS3b MeXAY
YHHBEPCHTETOM H IUKOJOH. B HampaBleHHH Tex Xe
CTPEMJIEHHH OOJI)KeH BO31eHCTBOBATb U MOH TenepellHHi
Kypc. Bysem HajesiTbcsi, 4YTO OH cO CBOeH CTOPOHHI MO-
MOXKeT YCTPaHeHHIO TeX CTapelX HapeKaHHH, KOTOpHle
HaM MOCTOSTHHO — H, YBHI, 4aCTO BIIOJIHE 3aCJyXeHHO —
NPHXOAHJIOCH BBICAYIIHBATh CO CTOPOHBI IUKOJBI: XOTS
YHHBEPCHTETCKOE npenojaBaHHe U AaeT MHOro ClelH-
aJbHBIX 3HaHHUH, TeM He MeHee OHO OCTaBJisgeT Oyayluero
yuuTesss 6e3 BCAKOH OPHEHTHPOBKH OTHOCHTEJIbHO MHO-
FMX BaXKHBIX Bewled obuiero xapakrepa, KOTODHIMH OH
no3xe JefCTBUTEIbHO MOT GBI BOCIOJIb30BATHCS.

OTHOCHTENIbHO MmaTepuasra 3Tux AeKyuii 3aMmedy TOJb-
KO, 4TO f, KAK U B MOeM IIpexXHeM Kypce, BbIHYXJeH
O6yay npeanoJaraTb no Mepe HaJOGHOCTH, YTO BaM H3-
BECTHBl Te OCHOBHBle NOHSATHS H3 BceX obJjacreil mare-
MAaTHKH, KOTOphle COOGIIAIOTCS OOGBIKHOBEHHO B, APYTHX
Kypcax, 4ToOb HMeTb BO3MOXKHOCTb CHeJaTh yAapeHHe
Ha o630pe yeaoeco. Tlpu atom 51 GyLy, KOHEUHO, KaxKJbli
pas ctapaTbcsl HaCTOJbKO NMOMOYb Ballell maMsTH KpaT-
KMMH YKasaHMSMH, 4TOGH Bbl 6e3 Tpylda CMOTIJIH_BIOJIHE
OpHEeHTHpOBaThCcsl B suTepartype. Ho, ¢ apyroii cropoHw,
a1 6yny, KaKk U B nepBOH 4acTH, B ropa3fo GoJblueld cTe-
TIeHH, 4eM 3TO OOBIKHOBEHHO JeJiaeTcs, yKa3blBaTb Ha
ucTopu4eckoe pasguTue Hayku, Ha AOCTHIKEHHS ee Be-
JHKHX OCHOBOMNOJIOXHHKOB. Takoro poia pa3bsCHEHHSIMH
s Hajelcb coleHcTBOBaTh, s Gbl cKa3aJ, Ballemy 00-
wemy matemarudeckomy obpa3osanuro: HapsiLly CO 3Ha-
HHeM JeTaljlelf, KOTOpOe Bbl YeprnaeTe H3 CIeLHaJbHBIX
KypcoB, NOJIXKHO 3aHfiTb CBOE MECTO IIOHHMaHHe JIOTH-
YeCKHX M HCTOPHYECKHX CBfi3ei 11eJI0To.

PaspewkTe chenath ellle OAHO, NOcjelHee, 3ameya-
HHe obulero xapakrepa, uTo6n H36erHyTb HeaOpasyme-
HUS, KOTOpOe HHaye MoOrJo Obl, mOXKaJjyi, BO3HHKHYTh
B CBS3H C BHELIHHM OTPHIBOM 3TOH «reOMeTPHUYeCKOH»
YacTH MOHMX JIeKuui OT nepBoii «apudmernyeckod». He-
B3Hpasi Ha 3TOT OTPHIB, fi BHICTYNAaw 3JeCh, KaK H BO-
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obuie Bcerga B MOAOOHBIX Kypcax obuiero xapakrepa,
NOGOPHHKOM TOH TeHJEHIMH, KOTOPYIO s OXOTHee BCEro
0603Hayalo CJOBaMU (Yy3uoHuU3m 8 npenodasaruu apudg-
MeTuKlU U 2eomeTpuu, MOHHMas NPHU 3TOM «apHPMeTHKY»
Kak 06J1acTb, K KOTOPOH NpPHHaJJIeXaT He TONbKO yUeHHe
0 LleJBbIX YHCJAaX, HO M Bcs agarebpa u aHaaus. Ilpyrue,
oco6eHHo B Mranuu, nosib3yloTcsi CI0BOM - (PY3uUOHU3M
LSl XapaKTepDHCTHKH CTpeMJeHHH, OrpaHHYMBalOLIUXCS
OJHOIO TOJBKO reomerpuef. Jemo B TOM, YTO € AaBHHX
NOp NPHHATO KakK B IIKOJE, TAK H B YHUBEPCHTETE CIlepBa
usjaraTb eOMeTpPHIO IJIOCKOCTH, a 3aTeM yXe cOBep-
IIeHHO OTAEJbHO TeOMETPHIO NpPOCTPAHCTBA, HO MNpH
5TOM, K COXaJIeHHIO, I'€OMETPHIO IpPOCTPAHCTBA 4acTo
CJIHILKOM Yype3bBawT, H O6JaropoaHas CcHOCOGHOCTb
K TIPOCTPAHCTBEHHOH MHTYHLHH, C KOTOPOH YyuallHecs
TIPHXOAST B IUKOJY, yTpauuBaercd. B mnpoTruBonosox-
HOCTb 3TOMY <«(Y3HOHHCTHI» XOTAT C CaMoOro Hauana
OJHOBPEMEHHO TPAaKTOBATh IJIOCKOCTb H IIDPOCTPAHCTBO Psi-
oM ApYr c ApPYroM, YTOOH He HAYMHATb C HCKYCCTBEH-
HOro OrpaHHYeHHs Halllero MbILIJIeHHs ABYMs H3Mepe-
HUAMH. $] NpHCOENHHSAIOCHh 3/leCb U K 3THM CTpPeMJIEHHAM,
HO B TO e BpeMsi HMeIo B BHAY, KaK CKa3aHO Bhille, elle
Jlajnee MAYWHH (py3HOHM3M: B MPOLLIOM ceMecTpe s IO-
CTOSIHHO OXKHUBJIAJ abCTpakTHble TeOpHH apH(PMETHKH,
anreOpbl W aHaju3a yepTeXXaMHU H rpadHUYeCKUMH METO-
JlaMH, KOTOpble AeJaloT [Js HHOro H3JjaraeMble Belld
ropasfo Gojiee JOCTYNHBIMH H YacTO BIepBbI€ N103BOJIAIOT
NOHATh, 3aYeM HMH 3aHHMAlOTCS; aHaJoruyHo, s O6yny
Tenepb C CaMOro Hayajla CONPOBOXKJAATh NPOCTPAHCTBEH-
HYI0 HHTYMIHUIO, KOTOpasi, KOHEYHO, NOJKHAa 3aHHMaTb
NepBOe MecTO, aHaJUTHYeCKUMH (OpMyJaMH, KOTOpHIe
B BHICileli creneHH o0G6JeryalOT TOYHYIO (GOPMYJHPOBKY
reoMeTpHYeCKHX (pakToB.

Kak uMMeHHO Bce 3TO HaJ0 HOHHMMAaTb, BH Jyullle
BCEro yBHAHTE, e€ClIH s cpasy ke ofpaulych K HalleMy
npeaMeTy; TYT B IEpPBYIO ouepeib Mbl JOJXKHB Oynem
3aHATbCA pacCMOTPeHHEM psAjJa INPOCThIX eoMeTpHuye-,
CKHX OCHOBHBHIX 00pasoB.
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I. OTPE3OK, TJIOLIAKDL, OBBEM
KAK OTHOCHTEJIbHBIE BEJIHYMHDI')

OnpenejeHne ¢ NOMOWbIO JETEPMHHAHTOB; HCTOJNKO-
BaHHe 3HaKoB. Bbl BHAHTe yXe M3 3aroJioBKa, UTo, Cle-
Ays HaMepeHHIO NpHAepXHBaTbcd (Y3HOHHCTCKHX TO-
YeK 3peHHd, S ¢ CaMOoro HayaJa OJNHOBPEMEHHO TPaKTYIO
COOTBETCTBYIOLIME ADYFr APYry BeJHYHHBI Ha NPAMOH, Ha
IIOCKOCTH H B npoctpaHctBe. Ho B To e BpeMs, B cO-
OTBEeTCTBHH ¢ Gosee oOuwell y3nOHHCTCKOH TEHIeHUHeH,
MH AJI aHaJHTHYeCKOH (OpMYJHPOBKH OyneM C caMoro
Hayana NPUHHUNHAJILHO NMOJIb30BaThCd OOHYHOW npamo-
Ye0abrOl cucTemol KOOPAUNRGT.

Haunem c oTpeska, Jiexkallero Ea oCH X; €CJIH KOHIB
9TOro OTpe3Ka HMeIT abCHHUCCH X;, X2, TO €ro OAUHG
paBHA Xx; — X, H 5Ty Pa3HOCTb MOXKHO, OYeBHAHO, 3amH-
caTh B BHJ€ TaKOro OIpeReJHTeNs:

- - ] Xy l l

(I, 2)—x1—x2—T! 10"

CoBeplIeHHO aHAJOTHYHO IUIOIIAaAb TpPEYroJbHHKA,

Jiexallero B IJIOCKOCTH X, ¥ M HMeIOLIero BepLIHHBEI B

Toukax I, 2, 3 ¢ KOOpIAMHATAMH X|, Y1; X2, Y2; X3, Y3,
paBHa ?)

X3 ya 1

1
(1,2, 8) =—
L2 X3 Y3 1

Xy U ll

Haxkonen, ans obema TeTpasadpa ¢ BepLIHHAMH
B Toukax I, 2, 3, 4 c. KOODAHHATAMH X1, Y1, 21} eee) Xy
Y1, 24 HMeeM BbIpaXkKeHHe

X1 Yy 2

_ 1 X2 Y2 22
(I; 2: 3! 4)—1-2'3 X3 Yz 23

X4 Ys 24

bt et



OTPE30K, IJIOIIAZlb, OBBEM 11

OGHIKHOBEHHO TOBOPSAT, YTO MJIHHA,. HJOUIafb, 06beM
paBHHEl a6COAOTHOMY 3Ha4eHuto (MOLYJI0) HaANMCAHHBIX
B NpaBBIX YacTAX BeJHYHH, TOTJa KaK Halld (OPMYJbI
1al0T, KpOMe TOro, BIIOJIHE onpedeaertoii 3nax (miioc
MJIM MHHYC), 3aBHCSIIHH OT TOH ImOCJIEA0BaTebHOCTH,
B KOTOpO# 3ajJaHpl TOYKH. [IpuMeM 3a nmpaBuJIO IpHMe-
HATb BCIOAY B FeOMETDHH 3HaKH, JaBaeMble STHMH aHa-
JUTHYECKUMH (OpPMYJiaMH; B COOTBETCTBHH C 3THM MBI
JOJXHBI CHPOCHTb cebfl, KaKOd reOMeTpHYECKHH CMHICI
MOXXeT HMeTb TOT W/ HHO# 3HaK NpH TAKHX ompejene-
HHSX BEJHYHH reOMeTPHYECKHX 06pa30B.

B stom Bompoce uMeer 6osiblloe 3HaueHHe TO, KakK
MH BHIGHDAeM ApPAMOYZSONbHYIO KOOPOUHATHYIO CUCTEMY,
U NMO3TOMY MBI Telepb Ke YCJOBHMCS pas HaBcerja IpH-
JlepKHBAaTbC B 3TOM OTHOLIEHHH OAHOTO ONpefeseHHOro
(pasymeercs, NpOH3BOJIBHOrO) corJalleHHsi. B ciyvae
00HO20 u3meperus GyneM Bceraga CYHTAThb IOJOXKHTENb-
HYI0 OCb X HampaBJieHHOI0 BrnpaBo3). Ha naockocTu 6y-
JleM MOJIOXKHUTEJNbHYI0O OCb X HampasJsiTb BIpaBo, a TNoO-
JIOKHUTEJIBHYIO OCb y — BBepX (puc. 1); ecan Gbl mocien-
HAsT Oblia obpalleHa BHH3, TO MOJyyHsaach Onl cylle-
CTBEHHO HHasi CHCTeMa KOOpJAHHAaT, INpeicTaBjasomias

1 ' 4

Puc. 1 Puc. 2

co60il 3epKajibHOE OTpaX{€HHe NepBOH CHCTEMBI; 3Ty BTO-
PYIO CUCTEMY HEBO3MOXKHO HAaJIOXKHTb Ha MepBYIO IO-
CPELCTBOM HENpPEPLIBHOrO NEpeJBHIKEHHS ee MO MNJOCKO-
CTH, He BBIXOJAS W3 IJIOCKOCTH B npocrtpaHcTeo. Haxo-
Hell, NPOCTPAHCTBEHHYIO CHCTEMY KOODAMHAT CUHTaeM
BO3HHKaOLIeH M3 Haulell MJIOCKOH CHCTEeMB NYyTEM MpPH-
coelIVHEHHS K HeH OCH- 2 C TNOJIOXHTeJbHBIM HanpasJe-
HHeM Brepei (pHC. 2); NPUHSATHE NPOTHBOIOJOXKHOIO
HanpasJieHHs] OCH z 32 IOJIOXHTEIbHOe CHOBa Haso GHl
CYUIECTBEHHO HMHYI0 CHCTEeMY KOOpIHHAT, KOTOpYIO HH-
KaKdM HeNpepHBHBIM JBHIKEHHEM B IIPOCTPAHCTBe
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HEeBO3MOXKHO ObLIO Obl HaJOXHTb Ha IepBylO CH-
cTemy *).

Hpmepmuaaﬁcr; NOCTOSITHHO 3THX COIJIallleHHH, Ml
HalileM MCTOJKOBaHHe 3HAKOB INpaBbIX YacTed B Mpo-
CTBIX F€OMETPHYECKHX CBOMCTBAaX TOr0 YepefOBAHHS TO-
YyeK, KoTopoe 00yCJIOBJHBaeTCs AAHHOH HX HyMepalHeH.,

B cnyuae otpe3ka (I,2) 3TO CBOHCTBO MHOYTH oOue-
BHJHO: - BBIpaXkKeHHe JJHHB OTpe3Ka Xx;— Xp HOJydaer
MOJIOXKHTENbHOE HJIM OTpHLATelbHOe YHCJIOBOE 3HayeHHe
B 3aBHCHMOCTH OT TOTO, JIEXXHT JU TOYKa | cnpaBa HJIH
cjieBa OT TOYKH 2.

B cayuae TpeyroJbHHKa HaXORHM, 4To ¢opMyJsa Raer
IJISl TJIOIIAJM NMOJIOXKHTeNbHOE HJIM OTpHIlaTelJbHOe 3Ha-
YeHHe B 3aBUCHMOCTH OT TOTO, OCYLIECTBJISIETCS JH INpO-
THB HJIM II0 4acOBOH CTpesike*) 06XOX KOHTypa Tpe-
yrosbHHKa, BeAyWMH OT BepLIMHBI I -yepe3 BeplIHHY 2
K BepuuHe 3. [Insi 1OKa3aTeJbCTBA MBI BBIUHCJHM CIlep-
Ba ONpeAeNHTeNb, AAIOLIHA NJOLlajb, B Cjlyyae OJHOro
CNeLHaNbHOrO, KaK MOXHO YJOGHee pPacnos0oXeHHOro
TpeyrosibHHKa, a 3aTeM pasbepeM \H oOwmu# cayvad,
nosib3ysicb MJeeldl HempepbIBHOCTH. A HMeHHO: paccMar-

pHBaeM TpPeYroJlbHHK C BepLIHHOIO [

5 4 B «eIMHHYHOH» TOUKe OcH X (x; =1,
y1==0), c BepluuHOIO 2 B €JUHHYHOM

Touke: OCH y (xe=0, y=1) n c

S BEpIIHHOIO J B Hayaje KOOPAMHAT

. (x3=0, y3==0). CornacHo Hauemy

l7 ! z YCJIOBHIO OTHOCHTEJbHO BbIGOpa CH-
Puc. 3 CTeMbl KOODAHHAT 00XOA 3TOro Tpe-
yronbHuka (I —2--3) ocyuiecTBisi-

€TCsl npoTus 4acoBod cTpeaku (puc. 3), a Hawa ¢op-
MyJa jaeT IJs ero ImJIOLAaAM MOJOXHTeJIbHOe 3HAaYeHHe:

01

1
7| ;
0

U1 |=41,
01 c 2
HenpepbiBHO nedOpMHPYst 3TOT TPEYrOJbHUK, MOXKHO
ero BepumeI nepeBeCTH B BepLuHHbI JIIoOoro leyroro
TPEYroJibHHKa C TeM JKe HalpaBJeHHeM 00X0Ja, He na-
Basg UM HpH 3TOM HH pa3y 0OKa3aTbCa BCEM TpeM Ha oAa-

*) OTH OBe CHCTEMH pa3/MYalOT KaK «MPaByio» H €1eBYIO», TaK
KaK OHH COOTBETCTBYIOT B3aHMHOMY PpacflOJIOXKEHHI0 TPeX PacTofibl-
peHHLIX najblieB NpaBoii H JaeBoit pyk (cp. T. 1, ¢, 97),
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Hoil npamo#. Ilpum stom Ham ompengenutens 6yger H3-
MEHSTbCS TOXKEe HeMpepelBHO, a TaK KaK OH oOpallaercs
B HYyJb, KaK H3BeCTHO, TOJIbKO B TOM CJyyae, KOrja
Toukd I, 2, 3 ;nexar Ha OAHOH NpAMOH, TO OH Byner
BO BpeMsl 3TOro mpouecca aedopMauHu COXPaHATb MO-
JIOXHTebHOE 3HaueHHe. DTHM J[0Ka3aHO, YTO MNJOLIAAb
BCAKOrO TDeYroJbHHKA C HanpaBlleHHeM 06x011a NpOTHB
4acoBOH CTPEJKH HOJOXKHTENbHA.
A noMmeHfiB MecTaMH [Be BepllH-
Hbl HCXOJHOTO TPEeYroJbHHKA, YBH-
JUM ToTyac e, 4TO AJISI BCSIKOrO
TpeyrojbHHKa, HMeloLero o6Xon
Nno 4YacoBOH cTpejKe, Haiia (op-
MyJla JaeT OTpHLATeJbHYIO IJIO-
manb.

CoBeplIeHHO aHAJOTHYHO MO-
JKeM IOCTYIHTb M B cJyyae TeTpa-
sapa. CHOBa HCXOAHM H3 BO3MOX- Puc. 4
HO GoJsiee yAOOGHO pacHOJOXKEHHOro
TeTpasjpa: NycTb HepBOH, BTOPOH H TpeTbedl 'BepLIH-
HaMH cJyXaT eIHHHYHble TOYKH OCeH x, y, 2, a YeTBep-
Tod — HauaJo KoopauHat (puc. 4). Ero .o6bem paseH

1 0 01 .

1- 1,
1 |=t5
1

\

o) -
oo o
R
O = O

Orcrona, Kak u paHblle, CJIeayeT, YTO BCAKHHA TeTpa-
9Jp, KOTOPHIA MOXHO IOJYYHUTb H3 3TOTO HCXOZHOTO
TeTpasjpa, HempephiBHO ero ae¢pMupys, HO He naBas
IPH 3TOM HH pas3y BCceM ueThlpeM BepIUHHAM OKa3aTbCs
B OJHOH mIOCKocTH (T. €. He AaBas OmpejeJHTeN0 00-
PaTUTbCS B HYJIb), UMeeT MOJOXHUTENbHBIH 00DbeM.

Bce Takue TeTpasAphl MOXKHO OXapaKTepH30BaTb TEM
HanpaBjleHHeM 00X0Ja, KOTOpPLIH HMeeT TpeyroJbHas
TpaHb (2, 3, 4), ecqiu ee paccMaTpUBATb CO CTOPOHBI
BepIIHHB! /. OTO NMPHUBOAHUT K TAKOMY pe3yJbTaTy: 00beM
terpasapa (I, 2, 3, 4), onpenensieMbli mo Hawed ¢op-
MyJie, NOJyYaeTCsl MOJIOKHTENbHBIM, €CIH BEPLIHHBI 2,
3, 4, paccMaTpuBaeMble W3 BePLIMHBL /, CJeAYIOT OJHA 3a
JIpYroi HpOTHB 4YacOBOH c1pe.nxn5) B NPOTHBHOM CJy-
yae nojiyyaeM OTPULATENbHBIH 06DbEM.

Takum o6Gpa3oM, Mbl, [JeACTBHTENbHO, M3 aHaJH-
THYeCKHX (OpMyJ BBHIBEeJH TIeOMeTpHYeCKHe I[paBuJja,
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NMO3BOJIAIOLIHE KAaXAOMY OTpPe3Ky, KaXIoMy Tpeyrofb-
HHKY, KaXKJAOMY TeTpasApy NPHIUCHIBATH ONpeJeseHHLIH
BHAaK, €CJIH TOJIbKO HX BepUIMHH 33JaHHl B ONpeAeJeHHOH
NOCJIe0BATENbHOCTH.
dtuM pocTuraiporcsd GoJblIMe INpPeUMYyLIecTBa IO
CpaBHEHHIO C OGHIYHOH 3JeMeHTapHOi reomerpuer, pac-
cMaTpuBawiled AJHHY, nuowaib U o6beM Kak abco-
JIIOTHhIE BEJIUYHHBl, & HMEHHO, Mbl OyleM B COCTOSIHHH
yCTaHABJHBATh MNPOCTble TeOpeMbl OOILLEero XapakTepa,
TOrfla Kak sjieMeHTapHas reoMeTpus JOJKHa pasjnyaTh
MHOrOYHMCJIEHHEE CJIYy4ad B 3aBHCHMOCTH OT TOro HJH
JpYroro pacmnojioxXeHHs ¢uryp. )
Mpocreiimue npuMeHeHHs, B YaCTHOCTH, JBOJHOE
oTHoweHue. PaspelinTe MHe HauaTh C OJHOro OYeHL
IIPUMHTHBHOrO NpHMepa, a8 HMEHHO C <«NPOCTOrO0 OTHO-
HIeHHSA» TPeX TOYeK Ha OAHOH

s>0 2
— 1 1 HPSAMOH, HampuMep Ha
! 2 4 OCH X.
. L : YHTh STH TPH
S<0 2 1 - Ecau o603Ha P

touku uepes 1,2 u 4 (puc.9),
Puc. 5 YTo fABJAAETCHA IJist MOCaedylo-
piero HauboJsiee YNOOHBIM, TO

HX «NpOCTOe OTHOLUeHHe» faeTcs. GOpMyJIoH

S_ Xy — X3
Xy —Xg°

STO OTHOLIEHHe OKa3blBaeTcs, OYEBHAHO, IOJIOXKH-
TEeJbHBIM HJIHM OTPHLATENbHBIM B 3aBHCHMOCTH OT TOTO,
JIEXXHUT JIM TOYKa I/ BHe WJM BHYTPH oTpeska (2, 4).

Ecan xe u3BecTHO, KaK 3TO OOBIKHOBEHHO OBIBaeT
TPH 2/1eMeHTapHOM H3JIOXKEHHH, JIMIIb aGCOJIOTHOe 3Ha-
YeHHe

) _|x1‘—xz|
IS1= lx,—x4]°

TO HYXHO JONOJHHTENbHO JUOO AaTh ellle YyepTexX, JHOO:
HOSICHHTb CJIOBaMH, HMEIOT JIH B BUAY BHYTPEHHIOIO HJIH
BHEILHIOI TOUYKY, a 3TO, KOHEYHO, BHOCHT 3HAYHTEJNbHOE
ycnoxHenne. Takum o6pasom, sgsedenue 3naka OAuHbl
OTpe3Ka Y4uTol8aeT Pa3AULHbIe BO3MONHbIE CAYYAL pac-
NOAOCEHUA TOYEK HA RPAMOL— OOGCTOSATENLCTBO, KOTO-
poe HaMm NpHAETCA €lle YacTO OTMevaTb B HAlUHX JIeK-
uusx ),
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TlpucoenuHsisi 4eTBEpPTYIO TOYKY 3, MBI MOXKEM COCTa-
BUTb TaK Ha3biBaeMoe 080UHOe (UJIH QHZAPMOHUYECKOe)
OTHOteHUe YeTbipex TOUeK 7)

D— Xy — Xy . Xa— Xy _ (%) — x3) (X3 — x4)

Xi— Xy " X3— x4 (X1 — %) (X3 — %) °

DTo BBHIpajKeHHe TaKiKe HMeeT Ompeje/IeHHBIH 3HaK,
a ¥MeHHO, KaK HemocpeAcTBeHHO BuiaHo, D << 0, ecau
napel ToueK I, 3 u 2, 4 pasjensioT oxHa JpYyryio, H
D >0 B NpOTHBOMONIOXHOM cCJaydae, T. €. Korga obe
TOYKH | M & OJHOBPEMEHHO JieXaT BHE HJIH BHYTPU OT~
pe3ka 2, 4 (puc. 6, 7). Takum o6pa3om, cHOBa moJsy-
yaeM KaXJAbIH pa3 JBa CYLIECTBEHHO Pa3JIMYHEIX pPacro-
JIOXKEHHs, Jawwux Ansd D OZHO U TO 2Ke aBCOJIIOTHOE

1 1 1 1 1 1 1 1.
2 3 4 1 2 4 3
D<o >0

Puc. 6 Puc. 7

3HaueHue. 3ajaBas JIMILb NOCJAeAHEe, Mbl JOJIXKHBI elle
KaXJbli pa3 OTYETIIMBO yKa3aTb, KAK MMEHHO pacroJo-
JKeHbl YeThHpe TOYKH; eCJIH, HampuMep, ONpeaeNsioT
«rapMOHHYEeCKHe TOYKH» paBeHcTBOM |D|=1, Kak Bce
elle, K COXaJleHHI0, Yallle BCEro MOCTyNaloT B LIKOJE, TO
K 3TOMY ONpeJeseHHI0 HeH36eXHO NpHXOoAuTcs npubas-
JISAITb Tpe6OBaHHe O pa3feNbHOM IIOJIOXKEHHH o0eHx map
TOYEK, TOTZa KaK HaM [JOCTaTOYHO OJHOro JIHIUb Tpebo-
BaHUud D =—1.

Oco6GeHHO MOJIE3HBIM OKAa3BIBAETCSI CUHUTAThCA CO 3Ha-
KOM B NPOEKTUBHOL 2eomeTpuu, rlie, KaK U3BECTHO, ABOIi~
HOe OTHOILIEHHEe HrPaeT OCHOBHYIO pOJib.

HsBecTHOoe npepjoXKeHHe TNPOEKTHBHOH TIeOMeTpHH
[JIaCUT: YeThlpe TOYKH OJHOH NpPSAMOH HMeEIOT TaKoe Xe
JBOHHOE OTHOLIeHHe, KaK M YeThpe TOYKH JI00H Ipy-
rofi mpsMoM, mojiydiaeMbie H3 NepBBHIX NPOeKTHPOBaHHeM
HX M3 NPOU3BOJBHOrO IeHTpa (mepcmektuBa) (puc. 8).

Ecmu paccMaTpuBaTh JBOHHOE OTHOIIEHHE KaK OTHO<
CHTEJIbHYIO BEJHYHHY, HMEIOILYI0 OIpelesleHHbH 3HaK,
TO HMeeT MeCTO TaKxke cJjeayloulas obpaTHas Teopema,
He JonycKalolas UCKJIoYeHHH:

lse uersepku TOHeKk Ha 08Yyx npaAMbLX, UMerOwjue
pasnsie 0solinble orwoiwenus D, eceec0a moeyr 6biTo
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noay4ensl 00Ha u3 Opyeol nyrem 0OHOKPATHO20 UAL NO-
8TOPHOZ0 NepCrneKTU8HO20 nPeobpasvsanus.

T,?K, Hanpumep, Ha pHc. 8 uerBepku I, 2, 3, 4 u 1”7, 27,
3”, 4” monyyaloTcsi OHA W3 APYroH MOCJeNOBaTeJbHBIM
NpoeKTHpOBaHHeM M3 HeHTpoB P u P’. Eciu Xe usBecr-
HO TOJIbKO a0COJNIOTHOE 3HaueHHe JBOHHOrO OTHOLIE-

Hust D, TO COOTBEeTCTBYIOILIAasi TeopeMa mepecTaer ObiTh
CNpaBelJIMBOH B CTOJb NMPOCTOH ¢opMe; B 3TOM cjyuae
HYXHO elle MNPHOABUTb JOMNOJHHTENbHOE MpPEAIOJO0Ke-
HHe, Kacalolleecsi B3aHMHOro
pPacrnosIoKeHHs] TOYEK.

Eme G6osee mnyonoTBOp-
HBIM OKAa3bIBAIOTCS npumere-
Hus Hawel ¢dopmyasl, daro-
uet naowads TpeyzoAbHUKQ.
Bo3bMem mnpexpe Bcero riue-
aub60 BHYTPH TpeyroJbHHKA

Puc. 9 (1, 2, 3) Touky O m coenu-

HUM ee ¢  BepLIHHAMH

(puc. 9). PaccmaTpuBas NJIOMIQAH TOJYYEHHBIX Tpe-

YroJbHHKOB KaK a6CONIOTHBIE BENHYHHBI, HAXOAHM, 4TO
UX CyMMa paBHA IIOMIAaJAH HCXOAHOrO TPEYroJbHHKA:

11, 2, 3)|=1(0, 2, 3)|+1(0, 3, NI+ 10, I, 2)|.

Ha Hnauiem puCyHKe BepIUUHBI, B3SThieé B YKa3aHHOM
3/leCb NMOpsiiKe, B Ka*KAOM TpPeyrojbHHKe CJeAYIOT OAHa
3a Apyrod NMpOTHB YacOBOH CTpEJKH, TaK 4TO MJIOLIAJH
TpeyroabHHKOB (1, 2, 3),7(0, 2, 3), (O, 3, 1), (O, 1, 2)
NOJIy4yaloT, COIJIAaCHO HalleMy OOlleMy OnpefeseHHIo,
3HaK IIIOC.

ITosToMy MBI MOxXeM Hawy ¢opMmMyay HamnucaTb eLle
H Takum obpasom:

(1, 2, 3)=(0, 2, 3)+(0, 3, )+ (0, 1, 2).

7
i
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Tenepr s yTBepikAalo, 4TO 3Ta opmyra umeer me-
€T0 u 8 TOM cayuae, Koz0a Touka O aexmur 8He
Tpeyzoabruka, u 6006uje, koeda O, 1, 2,3 — ueToipe npo-
U380AbHble TOYKU HA naockocTu. Hanpumep, mpu pac-
TIOJIOXKEHHH TOYEK, YKa3aHHOM Ha puc. 10, o6Xox Tpe-
yroampHukoB (O, 2, 3) n (O, 3, I) NPOMCXOAHT NpPOTHB
4acoBOH CTpesKH, a TpeyroabHHKa (O, f, 2)—mo yaco-

BOH CTpeJKe, TaK 4TO Halua ¢op- q
MyJaa jAaer s 36COJIIOTHbIX Be- 2
JIUUUH nnomaaeﬁ aABEHCTBO =
’ =
(1, 2, 3)|=1(0, 2, 3)|+ Z\\‘*ﬁs
+1(0, 3, DI=1(0, 1, 2)], ;\r\\\\\\\\\\\\ ,
B cnpaBen.nuBocm ‘KOTOpOI‘O Puc. 10

JIErKO YyG6eAuTbCS H3 pPHCYHKA.

Mbl J10KaxkeM Hallle yTBepXKJeHHe B oO6lieM BHIe,
HCXO/sl U3 aHAJHTHUYECKOro ONpejesieHHsi, IpHyeM B Ha-
mwei Qopmyse Mb y3HaeM HeKOTOpOe NpejsioxKeHHe, H3-
BEeCTHOe M3 ajare6prl, a HMEHHO, H3 TEODHH ONpeaeJH-
tenedl. Pagn Gosblero ypo6crBa mpuMeM 3a Touky O
Hauasno koopauHat (x =0, y=0)— 4TO, OYEBHIHO, He
BHOCHT CYIleCTBEHHOr0 HapylleHHs o6wHOCTH®)—u 3a-
MEHHMM IJIOLIAJH YeTHIpeX TPeYroJbHHKOB. COOTBETCTBYIO-
IIHMH JeTepPMHHAHTaMH; TOTAa, ONMyCKas BCIOAY MHOXH-

1
Te/b 7, Mbl AOJXKHBI GyleM JOKasaTh, YTO ANS NPOH3-
BOJIbHBIX 3HAY€HHH Xi, ..., Y3 HMEET MeCTO COOTHO-
LIeHHe
£ oy 1 0 0 1 0 0 1 0 0 1
%2 Yz l|=|% yao V|| % ya 1 || 90 1],
X3 ys 1 X3 ys 1 X Yy 1 X3 Yz 1

BesnnunHa KaXXJI0ro U3 onpefenuTesieil cnpaBa He H3-
MEHHUTCS, €CJIH BTOPOH H TPeTHH 3JIeMEeHTH MNOCJeIHEro
cronbua (T. e. eIHHHIBI) 3aMeHHUTb HYJSAMH, H60O 3TH
3J1eMEHTHI NPH Pa3JioXKeHHH IO 3JeMeHTaM NepBOH CTpoO-
KM BXOJSAT JIMIIb B Te JBA MUHOpPAa, KOTOPbie YMHOXAIOTCS
Ha HyJb, €CJH, KpOMe TOro, B JBYX INOCJEIHHX Ompeje-
JIUTEJNSX MBI NpPOH3BefeM HHK/IHYeCKYI0 NepeCTaHOBKY
CTPOK (YTO AONMYCTHMO B ONpeJeNHTeJNsIX TPeTbero H BO-
o6le HEYETHOro IopsijKa), TO MOXeM Halle paBeHCTBO
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3anucaTbh TakKuM o6pasoM:

x Y 1

¥2 Y2 1|=

x¥3 Y3 1

1] "% 9 0 X1 Yy O
0|40 0 1|4|x g of.
0] X3 ys O 0 0 1

Ho sto ToxnecrtBo: cpaBa HMeeM IIONpOCTY aJire-
6panuecKde JONOJIHEHHUS IOCJENHEro CcroJabla JieBOro
onpenenuresiss, Tak 4YTO nepea HaMH H3BECTHOE pasJio-
JKE€HHe 3TOro omnpeaesuTe/]d no 3JeMeHTaM OJOHOro H3
ero ctosibuoB. DTUM Haule NpeaoKEeHHue cpasdy HAoKa-
3aHO OJid BCE€X BO3MOXKHBIX CJjyuaeB pacCnoJIOXKEHHUA 4e-

‘“ThHIpeX TOYeK?).

Iaomwans npsSMOJHHEHHBIX MHOrOYroJibHHKOB. Jloka-
3aHHYI0 (GOpPMYJy MBI MOXeM ceHuac ke 06OOLIUTL Tak,
yTOGHl OHA AaBajla naoujade NPOU3BOAbHBLY MHO20Y20 L6~

Puc. 11

J

Hukos. Jlnsi HarjasgHOCTH pac-
CMOTPHM TaKyl0 reoJe3nuyecKylo
3ajauy: TpebyeTcs ONpeAesHTb
nJIomlafb y4actka 3eMJH C nps-
MOJIMHEHHBIMH CTOPOHAaMH, 3Hast
Ha OCHOBAHHM H3MepeHHIi Koop-
IHHATBl €ro  nocJefoOBaTesb-
HbIX BepwuH 1, 2, ..., n—1, n
(puc. 11).

KT0 He mpHBBIK OnepHpOBaTh
CO 3HaKaMH NpH mjiouansx, ToT
HOJIKEeH clies1aTh HabpOCOK MHO-
rOyroJlbHUKa mO 35THM J[JaHHHIM,

Pa3JIOKHTb €ro, HanmpuMep, AHAroHaJsiMH Ha TPeYroJib-
HHKH, & 3aTeM B 3aBHCHMOCTH OT €ro oco6oro BHIA —
B OCOGEHHOCTH OT TOro, KaKHe HMEHHO BHYTpEHHHe
YIJIBl  SIBJSIIOTCS . HEBBIMYKJABIMH (T. €. COAepKalluMH
6onee 180°),— ompenesHTh HCKOMYIO IJIOLlajb KakK
CYMMY HJH pa3HOCTb IIomlaJeHd OTAEeNLHBIX TPeyroJib-

HEKKOB. MH Xe

MOXKEeM cpa3y HanucaTh OGIIyIO

¢opmyJy, KoTopas COBEPLIEHHO aBTOMATHYEeCKH JacT
NpaBHJbHBIA pe3ysbTaT, He TpeGys HHKAKOro uepTexa.
Ecan O — kakas-1160 TOYKA IJIOCKOCTH, HampuMep Ha-
Yaj0 KOOpAMHAT, TO IJIOLLAaJb HALIero MHOTOYrOJbHHKA

npu obxoae

€ero
1,2, ..., n paBHa

1,2, 8, ..., )=

BEpIIMH B MNOCJA€A0OBaTeJbHOCTH

=(0,1,2)+(0,2,3)+ oo +(0,n—1,n)+(0,n,1),
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rie TPeyroJibHHKH cJjelyer 6paTh co 3HaKaMH, Oonlpene-
JsieMbIMH YKa3aHHHM HanpasJjieHHeM o6xoja. dta ¢op-
MyJia J[aeT NOAOXUTEeAbHYI0 HIH OTPUYATEAbHYK NAO-
w,ado B 3aBHCHMOCTH OT TOrO, JABHXEMCS JH MH, 006-
X0l MHOTOYrOJBHHK B nopsake 1,2, ..., n, npotus
yacosall cTpeaku WIH nO 4acosol cTpeaxe. Mb orpaHu-
yuMcs yKa3aHHeM Ha 3Ty ¢opMyJay, a J0Ka3aTelbCTBO
Bbi MOXKeTe IPOBECTH CaMH.

51 0XOTHee OCTAHOBJIIOCH €llle Ha HECKOJbKHX OCO-
6eHHO HHTEpEeCHHIX. CJydYasX, KOTOphle, KOHeYHO, Hé Mo-
ryT HUMeTh MeCTa INPH H3MepeHHSIX Ha MEeCTHOCTH, a
HMEHHO, HQ Camonepecexkaro- &y
wuxcs MHO20Y20AbHUKAX,

\)
KakK, Hamnpumep, 4eTHpeX- #////
yronbHHK Ha puc. 12. Eciu / iy
BOOGIIE Mbl XOTHM TOBOPHTb ’/l/////l"
34eCb 06 OmpejeJeHHOH IJIo- -
wajau, TO 3TO MOXeT OBbIThb: 7 .
TOJBKO TO €e 3HauyeHue, KOTo- Puc. 12
poe naeT Haua ¢opMmy.a; MBI

JOJIKHH JIHIIb YSICHATH cebe' reoMeTpHUeCKHH CMBICI
3TOro sHaueHusl. [Ipexne Bcero, Jierko y6eauThcss B TOM,
YTO 3TO 3HaueHHe He 3aBHCHT OT moJsioxeHust Touku O *),

*) ITyctp Touka O HMeeT KOOPAHHATH X, Y. thmanb MHOTO-
yroasuuka (I, 2, 3, ..., n), onpenensemMas Gopmynoi

1,2,8,...,n)=(0,1,2)+ (0,2, )+ ... +(0,n,1),
ABNSiETCA HeKOTOpoit dyHkuuedr f(x, y) 3THX KOOpAMHAT X, ¥.

Yro6h [0Ka3aTh HE3aBHCHMOCTb BEeJHYHHB STOH NJOMALH OT Bhl-
6opa Toukn O, HOCTAaTOYHO NOKa3aTh, YTO

of (x, y) af (*, y)
= . =0
0x 0 dy
(Troxnectsenno). Ho Mur umeem

n X y 1
fnn=Y ©ketn=)] % ¥ 1}

k=1 Tort Yrer !

rae n 4 1 Hago 3aMeHHTH Ha exununy. ITosTomMy
1 0 0

of _ 1% -
’a—x"z t Y . —L(yk—ykﬂ)—o’

o1 Yrer

1

0.

of

"53"=Z LR l="‘Z("/e—"k+1)=0°
¥pet Yer 1
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IToatomy, ecin moMecTHTb TOUKy O 1O BO3MOXKHOCTH
ynoGHee, a HMEHHO B Ty TOYKY, Ilé CTODOHBI, UYeThIpex-
YroJbHHKA NepeceKalT OAHA APYFYlO, TO IJIOLLAKH Tpe-
yronbHukoB (O, 1, 2) u (O, 3, 4) craHyT Hy’AsiMH, 1
OCTaHeTcsi

(1, 2,3, )=(0, 2, 3)+(0, 4, 1);

3/leCh NepBbIfl TPEYrOJbHHK HMMeeT OTpHLAaTeNbHYIO, BTO-
po#i — nosoxHuTeabHYI0 nuomans. CiefoBaTelbHO, MJIO-
LaAb Hallero YeTHIPeXYroJbHHKAa NPH HanpaBJieHHH 00-
xoma (1, 2, 3, 4y pasHa abCoONIOTHOH BeJHYHHE IJOLIAAH
ero uactu (O, 4, 1), 06x0AUMOH npoTus 1acoBOH CTpeJ-
KH, 6e3 abCOANOTHOL BeNTHYHHBI
gacta (O, 2, 3), ob6xomuMoi mno
4acoBOH CTpesKe.

B kauectBe BTOpPOro npHMe-
pa paccMOTpPHM H306paxKeHHBIH
31echb 38e304aTelli NATUY20Ab-
rHuk (puc. 13). Ecau noMecTHTb
Toyky O B cpefHeH 4YacCTH, TO
B CyMMe

0,1,294+0,2, )+ ... +
+(0, 5, 1)

BCE OTAEJbHble TPEYrOJNbHHXKH MOJYYalOT IIOJOXKHTENb-
HBIH 00XOA; HMX CYMMa J[Ba)KAbl MOKDHIBAET MJIOMIAMb
BHYTPEHHEr0 NATHYTOJBHOrO sApa, a KaXKIbBIA H3 NATH
YyroJKoB (XBOCTOB) 1o ofHOMY pasy. Ecim cHoBa oGpa-
THMCSl K OJHOKpPaTHOMY 06Xoly MHoOroyrosbHuka (I, 2,
3, 4, 5, 1), To yBUANM, YTO KaXKAYyl0 YacCTb NMPUXOLUTCS
00XOAMTb NPOTHB YaCOBOH CTPEJNKH, a MMEHHO, T€ YacTH,
KOTOpble NpH ONpeleJeHHH IJIOMIAJH CUMTAIOTCH ABaX-
Abl, 06XOAMM JBa)KAbl, a Te, KOTOpPHlE CYMTAIOTCA IO
OJHOMY pasy, 06XOAUM TaKxke OLHH pas.

H3yyeHne 3TUX ABYX TpPUMepOB IPHBOAMUT HAac K cJe-
AyooluieMy o6lleMy NMpaBUNY: 04s Kai0020 npAMOAUHel-
HO20 camonepecekarouye2ocs MHO20Y2OAbHUKG Halla
GdopMy13 maeT B KayecTBe IJIOWIAJH as2ebpauueckyro
cymmy naowjadefi ordesvHoblx vacTell, OTpaHHYHBAEMBIX
KOHTYPOM MHOTOYTOJIbHHKA, IpHUYeM KaXXAYI0 YacTb cJe-
JIyeT CUHTAThb CTOAbKO PA3, CKOAbKO PA3 MblL-ONUCbIBAEM
ee npu 00OHOKPATHOM 06x00e nepumeTpPa MHO20YZOAbHU-
ka (1, 2,3, ..., n, 1), a HMeHHO, KaXJblli pa3 co 3Ha-
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KOM IUIIOC HJIM MHUHYC B 3aBHCHMOCTH OT TOTO, IPOHCXO-
JUT JU 00XOJ ee NPOTHB YaCOBOH CTPeJKH HJIH IO 4a-.
coBoit crpenke. )KenateabHO, YTOOH BBl CaMH [aJH 06-
[iee J0Ka3aTeJbCTBO CHPaBeIJIHBOCTH -3TOr0 IpaBHJa;
NpH 3TOM Bhl He BCTPETHTe HHKaKuX 3aTpyAHeHHH. Tem
6oJiee PEKOMEHIYI0 s BaM BIIOJHE YCBOHTb Ha OTAeJb-
HbIX [pUMepax 3TH HHTepecHble (GOPMYJbl IJs IJO-
nrazgei.

Maomann ¢uryp, orpaHMYeHHBIX KPUBBIMHM JHHHUAMH.
IlepeiineM Temepb OT MHOrOYroJLHHKOB K ¢urypam,
OrpaHHYeHHBIM KPHBBIMH JHHHSAMH. HTak, MBl paccmart-
pHBaeM Kakylo-JH60 3aMKHYTyl0O KpHBYIO, KOTOpad
CKOJIb YroAHO YacTO MOXEeT nepe- -
ceKkaThb- ce6sl; MBI NpUNUCHIBaeM e )
onpejJesieHHOe HanpaBJjeHue 06XO-
Ja M CcrIpalmuBaeM, KaKyl mJO-’
manp oHa orpaHuuuBaer. Koneu-
HO, MBI HafileM 3Ty miollaib, am-
NPOKCUMHDPYsl KpHBYI0 (puc. 14)
MHOrOYroJIbHHKaMH C OYeHb G6OJib- 7
LIHM YHCJIOM BecbMa MaJHX CTO- 1
POH U OTHICKMBas mpele] CyMMbl Puc. 14
nJouianet 3THX MHOrOyroJbHHKOB,
onpenefisieMBIX TOJbKO YTO YyKasaHHHIM oGpa3om '0).
Ecmu P(x,y) ‘u Pi(x+ dx, y+ dy)— nmBe cocenHue
BepIIHHH TAaKOro AanmpoKCHMHPYIOLlero Hally KPHBYIO
MHOrOYTOJIbHHKA, TO €ro IJIOIlaAb COCTABHTCH H3 CYyMMbI
DJeMeHTapHBIX TpeyroabHukoB (O, P, Pp), T. e. HCKJIO-
YHTeJbHO M3 cjaraeMblX BUAA

il % l
2 x+dxy+dy

B mnpenene 3Ta cymMMa mepeXoAHT B KDHBOJHMHEHHBIH
HHTerpaJ

=—(x dy — y dx).

%S(xdy—-ydx),

‘B3ATHIA BIOJIb Hallefi KpUBOH B YKa3aHHOM HampasJie-
HHM; 3TO JaeT HaM oOlpelejeHHe IJIOUAAH, OTPaHHUYH-
BaeMoii Hamefi KpuBod. UTOGH [AaThb reoMeTpHUECKOe
TOJIKOBaHHE 3TOro onpefieleHHs, MOXHO IepeHecTH Ha
STOT HOBHH cjayda#d pe3yJbTaT, BHICKA3aHHBIH HaMH 1A
MHOTOYLOJIbHHKOB: KaxK/Aas 3aK/IOYeHHas BHYTPH KPHBOKH
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yacThb INJOUIAAH BXOAHT B HHTerpaj CTOJbKO pas co
3HAKOM IIIOC M CTOJbKO pa3 cO 3HaKOM MHHYC, CKOJIBbKO
pa3 OHa OMHCBHIBAeTCs COOTBETCTBEHHO MPOTHB YacOBOMH
CTPeJIKH MJIM N0 4acoBOHl CTpeJKe NpH OJHOKPAaTHOM 06-
XoJie BCcell KPHBOH B 3aJlaHHOM HalpaBJEHMH.

B canyuae nmpocroit KpuBOH, mOLOGHO!H H306parxKeHHOH
Ha puc. 14, 3TOT HHTerpas JaeT NO3TOMY B TOYHOCTH
orpaHNuYNBaeMyl0 3TOH KpHBOH IJOMWaAb CO 3HAaKOM
niioc ).

Ha puc. 15 BHemHfia YacTb CYHTaeTcs OAHMH pas,
a BHYTpeHHSS — JBa pasa CO 3HAaKOM IIIOC; Ha puc. 16
JieBasi 4acTb MOJyyaeT 3HaK MHHYC, a npaBas— 3HaK
IJII0C, TaK YTO B oOmieM INOJy4aeTCsd OTPHUATeNbHa
nJjouajp; Ha puc. 17 oAHy YacTb COBCeM He NPHXOJAMUTCH

<> ([ <2

Puc. 15 Puc. 16 Puc, 17

6paTh B pacyeT, TaK KaK IJs1 Hee MoJyyaeTcss OAHH.pa3s
NOJIOKUTENbHbIN, & JApPYroi pas oOTpHLATeJbHbIA 006-
xon !?). KoneuyHo, TakuM 0Gpa3omM MOTYT BO3HHKHYTb
1 KpHBbIE C WJOLIAJbI0, PaBHOH HYyJ0, ecad Obl, HampH-
Mep, KpuBasg Ha pHc. 16 6Gblsa CUMMeTpHYHAa OTHOCH-
TeJbHO TOUKHM INepeceyeHUs; 3TOT CJayuail He NpeacTaB-
JiseT caM 1o cefe HHYero HeJenoro, ecau NPHHATb BO
BHHMaHHe, 4TO BCe OIpeJeJeHHe IJIOILaAH OCHOBLIBa-
eTCcsd HCKJIOUHTENbHO Ha Iesleco06pa3HbIX corJallleHHsX.

Teopuss mnoasipHoro naanumerpa Amcaepa. UrtoGw
TI0Ka3aTb BaM, HAacKOJbKO lesnecoo6pasHbM sBJseTCH
BBeJeHHe 3THX NOHATHH, A ONHLIY TeNepb HOAAPHbLL NAG-
Humerp Amcaepa.

DTOT upe3BHIYAaHHO OCTPOYMHBIH OYeHb YAaCTO IpHMe-
HeMBIH Ha NpaKTHKe amnnapart, CKOHCTPYHDPOBaHHBIH
B 1854 r. mexanukom $Iko6om Amcnepom B Illaddxay-
seHe (IlIBefinapusi), BHIMOJNHSET ONpenejeHHe mioulanei
KaK pa3 B JyXe H3J0XKEHHBIX BhIllle HIeil.

Hauny c¢ usjoxeHHA TeOpeTHUeCKOro NPHHIHUIA KOH-
CTPYKLHH,
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Coo6mum mtanre A;Ap (puc. 18) anuHowo [ Taxoe
TiepeMellleHHe MO MJOCKOCTH, 4TOOH KaXKJIblH H3 ee KOH-
1uoB A, u A, onucaj 3aMKHYTYI0 KPHBYIO, @ caMa LUTaHra
BO3BPaTHJACh B CBOe HCXOJHOE NOJOXKEeHHE.

Hama nesnb — onpefenuTh MioOIlaAb TOH YacTH IWIO-
CKOCTH, IO KOTOpPOH NPOXOJHT (KOTOPYIO «3aMeTaeTs)
TIpH CBOeM /[BIXKEHHH Hama wradra. [Ipu atom Oygmer
BIOJIHE €CTECTBEHHHM CYHTAaTb OTAEJNbHble YaCTH 3TOH

Puc. 18

TJIOLIAJH TIOJIOXKUTENbHBIMH HJIH OTPHLATENbHBIMH B 3a-
BHCHMOCTH OT TOTO, ONHCHLIBAIOTCS JIU OHH IUTAHIOH B Of-
HOM HJH B ADYroM HaIpaBJIeHHH, PYKOBOACTBYSICb IpPH
3TOM HHXKEH3JIOXKeHHbIM NpaBHJIOM. A HMEHHO, Helpe-
PHIBHOE [BHXKeHHe WITAHTH 3aMeHsieM MOCJel0BaTe/b-
HOCTbIO NPOH3BOJIbHO MaJbIX CKaYKOOGPa3HHIX «3JIeMEH-
TapHHX [BHXKeHHiH» (M3 moJoxkeHHs I 2 B cocelHee
moJioxkeHue 1”7 2’) aHaJOrHYHO TOMY NpeleJbHOMY mepe-
XOAY, KOTOpHIH BHIIOJHAIOT INPH KaXAOM HHTErpHpo-
BaHHH.

Toraa uckomas nmiomans OKaKeTcs PaBHOIO Npeneny
CYMMBbI mJomiajeii BceX «3JIeMEHTAaPHBIX YeThIpeXyroJb-
HHKOB» (1, 1’, 2, 2), onHCHIBaeMBIX NPH 3THX 3JeMeHTap-
HBIX JBHXKeHHAX. [Ipum 3TOM, Kaxk Jierko BHIETb, AJIS
IPaBHJBHOTO yyeTa HanpaBJeHHs JIBHXKEHHS IUTaHTH
cJeayeT KaxKAblil 3JieMeHTapHbId YeThpeXyroJbHHK 6paTh
CO 3HAaKOM, COOTBETCTBYIOLUIUM HampaBJeHHi0 o6xona I,
1,2, 2

‘KaxJoe «3ieMeHTapHOe HABH:KeHHe» wmTaHrn AjA;
MOXXHO DAa3JIOXKHTb Ha TaKHe TPH COCTaBJSIOUIUX JBHU-
HKeHusa (puc. 19):

1. INNapanjenpHH# NMepeHoOC BAOJb CaMOil LITAaHTH Ha
OTpe30K ds.

2. TlapajneJbHE mNepeHoC IO  NepHeHIUKYJAspy
K IITaHre Ha OTpe3oK dp.

3. TloBopoT BOKpyr BepuwlHHH Ap Ha yroa de,
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[Ipu 3T0M126yﬂ)’T OIIHCAaHBl COOTBETCTBEHHO IJIOIIAAH
0-ds, ldp, 5 de; nnomanp <«3J1eMEHTapHOTO YeThlpex-

yronbHuKa» (1, 1, 2/, 2) MoXHO 6ymeT MpocTO 3ame-
HHTb CYMMOH 3THX mJolafedt, HO6O coBepluaeMmasi NpH
3TOM OIlIM6GKAa HMeeT BBLICIIHH NOPSJOK MAaJIOCTH U HCUe-
3aeT NpH INpelesJbHOM nepexoie (KOTOPBIA Belb $IBJISA-
eTCsl IPOCTHIM NPOILECCOM HHTErPHPOBAHHS).
CyllecTBEeHHBIM fIBJISIETCA TO, YTO 3Ta CyMMa

12
ldp + <-de

COBNAflaeT TaKke M M0 3HAKY C IUIOWIAAbI0 YeThipex-
yronbHuka (1, 1’, 2, 2), eciu TOJILKO CUMTATh d¢ I10JO-
JKHTeJIbHBIM TNIPH BpAallleHHH NPOTHB YacOBOH CTPEJIKH,
a dp— NOJIOXKUTENbHBIM IPU MapajjieJIbHOM nepenoce
B CTOPOHY Bo3pacTaHus ¢ 13),

OTcioia HHTerpHpoBaHHe MO BCEMY NYTH JBHXKEHHUS
JaeT IJs MJONIAaAH, ONMHCAHHOK Iutamrod A;A, TakKoe
BBIpaXKeHHue:

J=zSdp+’2—’Sdcp

3xech S do npeicrasJjser co60H Becb yroa, Ha KO-

TOpri;I OBEpHYJIaCh I1UTAaHra OTHOCHTEJbHO CBOEro Hc-
XOOHOro IOJIOXKEHHUs. A Tak Kak MH ee BO3Bpaliaem

B KOHIle KOHLOB B €€ HCXOJHOe IO0JIOXKeHHe, TO S dp=0,

€CJH TOJBKO B IIpolecce ABHXKEHHS OHa He JeJlaeT HH
OJHOro IOJIHOIO 060p0Ta HOSTOMy BCA nJoumaab CBO-
AHTCA K

J=lSdp. (1)

Ecau e mTaHra, mpexJae 4eM BepHYTbCS B HCXOJ-
HOE I0JIOXKEHHe, AeslaeT OOHH HMJH HECKOJIbKO IIOJHBIX
060pOTOB, YTO BIOJHE BO3MOXKHO IIPH OINpeles]eHHOM
BUJe KPHBBHIX, ONHUCBIBaeMBIX ToukaMH A; u A TO

Sdtp paBeH HeKoTopoMy KpaTHoMy 2m;. Ilostomy mnpu

KaxJOoM INOJHOM 060poTe B IOJIOXHTEJbHOM HampasJje-
HHH ClelyeT npu6GaBUTh K INPaBOH YacCTH -paBeHCTBa

—- 27, a IpH KaxXJOM IOJHOM 060pOTe B OTPHIaTeJbHOM
Hal'lpaBJIeHKH npu6aButh — 2n. OXHAKO Mbl IJst DpO--
CTOTH OCTaBHM B CTOPOHE 3TO MA4JEHbKOE YCJOXKHEHHe.
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Ho sty xe miomaznb J MOXHO ONpeleNHTb ellle H
HECKOJbKO HHBIM crmoco6oM (puc. 20). Ilycts mranra
NpPH NOCJENOBATEJIbHEIX 3JeMeHTapHBIX ABHMKEHHSIX NpH-
HMMaeT IoouepeiHo nomoxenuss I 2, 17 2/, 17 27, ...
Torza J OKaxercsli paB- '
HBHIM CyMMe IJIolajed sse-
MEHTapHBIX YeTHPeXyToJib-
HHKOB:

J=(1,1,2,2)+
+(’, 17,27, 2+ :
+ 171,27, 2" + ... Puc. 20

HJIM, BbIpaxKasicb TOYHee, PaBHbIM HHTerpasay, npeicraB-
JswoueMy cob6ofi mpenen stoi cymmbl. Ilpu aTOoM Kaxk-
AbiH 3/leMEHTapHBIH YeTbIpeXyroJbHHK cJefyeT 6paThb,
KaKk M paHblle, ¢ onpefeseHHbBIM yKa3saHHbBIM 3[eCb Ha-
npasJjeHueM o6xona. Bribupas Teneph Kak-HHOYIb Ha-
yajo KoopauHaT O W NpHMeHssl YCTaHOBJEHHYIO HaMH
Bbille (DOPMYJy IJs MHOTOYroJbHHKA, MOXEeM HamucaTh

I=(0, 1, 1""+(0, I', 2)+(0, 2, 2)+ (0, 2, D+
+(0, I', 1")+ (0, 1”7, 2)+ (0, 27, 2)+(0, 2, I') +
+(0’ I”, 1///)+(O, 1,”, 2,/,)+(O, 2111, 2”)_|_

+(0, 27, I") + ...

31ecb BTOpPOe cjaraeMoe Kaxioil CTPOKH B3aHMHO
YHHYTOXKAeTCsl C 4YeTBEPThHIM CJaraeMeiM cienyiollel
CTPOKH, TaK KaK 3TH CJlaraeMble BBIPaXKaloT IJOLIALU
PaBHHIX, HO O6XOJMMBIX B NPOTHBONOJIOXKHOM Hanpa.Jie-
HUH TpeyroabHuKOB. Hampuwmep, (O, 1’,2')=—(0,2,1"),
(0, 1”7, 2y=—(0, 2”, 1”), ... Kpome Toro, Tak Kak
PAL 3JeMEeHTapHbIX YEeThIPEXYTOJbHHKOB KOHEYeH, TO
BTOpOe cjaraeMoe nociaenHei crpoku (O, 1, 2) B3auMHO
YHHUYTOXaeTcss C nocjenHum chaaraembm (O, 2, 1) mep-
Bo# cTpoku. Takum o06pasoM, B KaxKAOH CTpPOKe OCTi-
I0TCS1 TOJIbKO NepBbie H TPEThbH CjaraeMble, HO BCe NepBbie
cjaraeMbie HalT B CyMMe, COMJIacHO TOH ke ¢dopmyie,
nJjoulaab MHoroyroJaeuuka (I, 17, 17, 1'’, ...), T. e. B
npefiese miaomanb Fi, KOTOpasi orpaHHuyeHa KpHBOH, OmH-
cbiBaeMo# KoHLOM A; wTaHrd. ToOYHO Tak xe, MeHsis
3HaK KaXJOro TPeTbero CJaraeMoro, HOJy4YHiM B CyMMe
mjiomanp MHoroyroabHuka (2, 2/, 27, 2, .,..), T. e. B

/s
7”
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npepene miaomanb Fy, KOTOpasi orpaHuYeHa KPHBOL, QMU+
coiBaeMOl KoHioM A.. MTak, okOHYaTeJbHO MOJydYaeM

J=F1—F2) (2)

TMpHYeM KaxkJaas KpHBas MOXeT, OYeBHAHO, KaK yrogHO
nmepecekaTh ce6sl; HYXHO TOJbKO NMPH ONpeleseHHH IJIOo-
mageit F; u F; TOYHO NpHAEPIRUBATHCS HAIEro NpaBHJa
3HAKOB.

B ¢opmynax (1) u (2) 3akmoyaercs reoMerpHuye-
CcKasl Teopus NJaHUMeTpa. A HMEHHO, eClii BeCTH <«IO-
JBHXKHOH WTHGT» A; mo KpHBOMH, 3aK/0Yalolmed HCKO-
Myi0 momags Fj, MO3BOJSAS B TO Xe BpeMs Touke Aj
JBUTaTbC TOJNBKO IO 3aMKHYTOH KpPHBOH C H3BeCTHOH
HaM miomanbio Fp1%), To MB ompemenuMm mnJjomanb Fi
no gopmyJe

Fy=F,+1{dp, )

BHITeKapme#t w3 (2), ecam Toabko OyAeM HMeETb NpH-
\
cnocoGJieHue, u3Mepsiioliee \ dp.

Mexarnuseckoti wacreto uso6perenuss Amciepa H sB-
AseTCS TaKOro pola mpucrnocoGJ/eHHe, COCTOsilee B TOM,
uTo Ha wraHry A;A, KaK Ha oCh

4, ’Eﬂ_ A, HacaxkeH DOJIHK, KOTOPbIH NpH
——H ~ . [BMXKEHHUH IITAaHTH KaTHTCH IO
& 6ymare. Ilycts A —ero paccros-
Pue, 21 HHe oT Az, a p—ero panuyc

(puc. 21). Iloamwbiit yroa ¢, Ha
KOTODBIHl POJIMK NOBEpHETCS BO BpeMsl ABHXKEHHS HITaH-
I'M, COCTaBHUTCHl, KaK H3 cJaraeMhbX, H3 IOBOPOTOB dv,
COOTBETETBYIOHIMX 3JIeMEHTAapHBIM [BHXKEHHSIM, a KaX-
ALl TaKod MOBOPOT 4y MOXHO B CBOIO Ooyepelb pacs
€MaTpHUBATb KaK CYMMY TpeX NOBOPOTOB dv;, dys, dis,
COOTBETCTBYIOLIMX TeM TpeM MPOCTBIM IBHXKEHHAM, H3
KOTOpPHIX MB! BBIlle COCTABJSJIH KaxXJoe 3JeMeHTapHoe
IBuxenue mraHra (c. 23).

Ilpu npomosnbHOM mnapaJjielbHOM IepeHoce xI» po-
nuR He OyAer BpamiaTtbhes: dip; ==0; NnpH nomepeuHoM
mapaanesibHOM nepeHoce «2» mtaHrd A;A, HOpMaJbHO
K Feli Ha dp POJIHK IPOKATHTCA Ha OTPe30K dp = p dvy,

1
Tak 4to d{, =-—dp; HaKOHell, NPH NOBOPOTE «3» BO-
Epyr A; Ha yron d@ PpOJHMK INPOKAaTHTCE Ha JIJIHHY,
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Adp = p dis, Tak uT0 dP; = % dp. Vrax, okoHUaTeN b~
HO moJiyyaem

1 A

Ecan mranra A;A, Bo3BpallaeTcss B HCXOLHOE MOJIO-
JKeHHe, He JeJas HH OJHOro IOJHOro o6Opora, TaK YTO

NpH HHTETPHPOBAHAH MO BCEMY NYTH qu>=0, TO IIOJ-

HBIf yroJ TOBOpPOTa aMCJepoBa pOJHKAa OKaxeTcs
PaBHBIM

p==2{ap. 3)

Ecnu 6bl mTaHra coBepUIMAA OMH HJH HECKOJBKO
MOJIHHIX 060POTOB, TO B NpaByl0 YacTb 3TOH (OpMyJIbl

BolLIO OBl ellle COOTBETCTBYIOLLEE KpaTHOE YucJjaa 2315?'.

HO MBI, KaK W BbIllle, OCTaBJsIEM 3TOT CJaydYail B CTOPOHe.
Ha ocroBanuu ¢opmya (2°) u (3) Mbl OKOHYATENBLHO
noJjyyaem

FI—F2=IP1P’

T. €. PA3HOCT6 MeidYy NAOWAdAMU KPUBLLX, Onucsisae-
MbLX. KOHUAMU WTAHSU, U3MEPAETCH YeAoM ¢ NOB8OPOTA
poauxa.

ITpu H3roTOBJIEHHH 3TOr0 HHCTPYMEHTa OKa3biBAeTCs
1eJecoo6pasHbiM CclenaTh mJoilaab F, paBHOH HYyJIO.
Amcrep pocTuraer 3TOrO IIpe-
BOCXOJHbBIM B KOHCTPYKTHBHOM
OTHOLIEHHH CIOCOGOM, IMOMECTHB
A, Ha KOHIe LIaTyHa, KOTOPHIH
MOXeT BpallaThCsi BOKPYT HEIo- Puc. 99
apibkHOH Toukm M (pHc. 22). ’
Baaronaps stoMy A, MOXKET TOJbKO IepeABUTdTbCH BIe-
Pel 4 HaszaJ 1O OKPYKHOCTH M NOTOMY He ONHCHIBAeT
HHKaKOH MJIOLIaJH, eCTA He CUHTATHCS C TEM BO3MOIKHBIM
yCJIOXKHEHHeM, Korja toyka A, o6XOAHT OLMH HJIH Jaxe
HECKOJbKO pa3 OKPY:KHOCTb B TOM HJIH ADYroM Hampas-
JeHuu. DToMy «nojiocy» M noaspreui naarnumerp W
06s13aH CBOMM Ha3BaHHEM.

IIpumeHeHHe ammapaTa CBOAHMTCS K TOMY, YTO <IIO-
JBHXKHBIM  WITHQTOM», TIOMEHIEHHHIM B Touke A,

~A2 A,
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28 NPOCTENMIIHE FEOMETPUYECKHE OBPA3HI

06GBOIAT H3MepfAieMYI0 MJIOLIafb, OTCUHTHIBAIOT Ha po-
JIHKe YroJ 1Y M BHIYHCISIOT ONHCAaHHYI0 IIOMAAb MO
¢opmy.e

Fl =lp‘\|).

KoHcTranty anmapara [lp ompenessiioT H3MepeHHeM H3-
BECTHO yxKe mJjomiajy, HanmpuMep IVIOIaAH KBajpara
CO CTOPOHOH eJHHHIA.

Bel BuauTe 31ecb H306paxKeHHe NOJSPHOTO NJaHH-
metpa (puc. 23). KoHeuHo, A/ TOro uto6hl KaK cilenyer
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Puc. 23

paso6paTbCcsi B 3TOM ammaparte, Bbl JOJIKHB BHAETb €ro
M nonpo6oBaTh pa6oTaTh UM. UTOOH anmapat (QyHKIHO-
HHpOBaJ] HaleXHBHIM 06pasoM, OH [OJIKeH, KOHEeYHO.
HMeTb HECKOJIbKO 6oJiee CJI0XKHOe YCTPOHCTBO, YeM 3TOrO
TpebyeT OJHA JHMWIb Teopus mnpuH6opa. OrpaHHUyCb B
OTOM OTHOIUEHHH HEMHOTMMH YKa3aHUSAMH: Touka M
TIpHKpeIJIeHa K TSAXKeJOMy nmpeiMeTy H COelHHeHa IITaH-
roii ¢ Toukoii A, TeopeTHueckn BaxkHOH mTaHroil A;A,,
O KOTOPOH MBI BCe BpeMsl TOBOPHJIM, SBJSETCS He TOT
BTOPOH MeTaJIJIMUeCKH! CTepxkKeHb, KOTOPHIH BH BHIHTE
B anmapare, HO mapaJljeJibHOe 3TOMY CTepxkHIo BooGpa-
Kaemoe INPOJOJIKEHHE OCH YKPEIJIEHHOro pSIOM C HHUM
poJHKa, npoxoAsulee Yepe3 noABHkHOH wTHT A;. ITo-
CJlelHHH CONpPOBOXKIAeTcsl ellle NapanJjejbHbIM eMy TYy-
fIbIM IUTHGTOM, KOTOpPHI CJYyKUT AJs TOro, YToOH He
maBaTh ocTpuio A, BoH3aTbca B Gymary. Poauk cHa6-
2KeH HOHHycoM AJsi GoJjiee TOYHOrO OTCYeTa YIVIOB,
A TaKxe MaxOBHYKOM JJISl ONpejeseHHs YHC/Aa MOJHBIX
060pOTOB. -

$I He craHy GoJsbllle OCTaHABJHBaTbCA Ha MOAPOOGHO-
CTAX; BMECTO 3TOro s XoTesj Gl BBICKa3aTh Clelyollee
npenocTepexeHHe o6lIero xapakrepa.
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W3yuasi Teopuio mogoGHBIX annapaTos, He mpeHe6pe-
raiiTe BONpPOcaMH JefCTBHTEJNBHOIO NPAKTUHECKOZO HX
ocyujecTérenus. K takomy mpeHe6GpexKeHHIO, K coxaJe-
HHIO, 4acTO OblBaeT CJAHIIKOM CKJOHEH YUCTHIH MaTema-
THK, @ TaKyl0 OJAHOCTOPOHHOCTb TaK e TPYAHO ONpaB-
1aTb, KaK H NPOTHBONOJOXKHYIO KPaHHOCTb TOro
MeXaHHKa, KOTOpbIH, He HHTepecysich TeopHell, TOHET B
KOHCTPYKTHBHBIX JAeTansdX. TyT UMeHHO npukaaduas ma-
TeMATUKa ¥ JOJIXKHA SIBUTHCS CBSA3YIOLUIMM 3BeHOM. B yacr-
HOCTH, OHa JOJI)KHAa YYeCTb TO, YTO B JAeHCTBHTENbHO-
CTH HMKaKOH annapaT HHKOrJa TOYHO He COOTBETCTBYET
TeopeTHYecKoi ¢opMynupoBke npuHnuna. ¥M6o, Hampu-
Mep, LIapHHpPH Bceria HEMHOro JIIOQTYIOT, POJHK He
TOJNILKO KaTHUTCS, HO H CKOJB3UT IO Oymare, HakKoOHell,
cama yeprexHas bymara He mpeicTaBjifieT co6oio0 HJe-
aJbHOA IJIOCKOCTH, H, KpPOMe TOro, HHKOrJa HeJb3d
BIIOJIHE TOYHO BECTH IWITH(T BAOJMb JaHHOH Kpueoi. Ko-
IeYHO, JJIf NPaKTHKH Ype3BBIUafiHO BaXXHO TO, B KaKOil
HMEHHO Mepe OKa3blBalOT BJHsIHHE MNOAOGHBIE OO6CTOsI-
TEJbCTBA U [0 KaKOro 3HaKa MOXKeT GbITb TOYEH pe3yJib-
TaT, KOTOPBIH OTCUMTHIBAeTCS Ha POJIHKe, a 3TO H AOJXK-
HO COCTaBHUTb NpeAMeT HCCJHeJOBaHHS NPHKJIAAHOH Ma-
TEMaTHKH.

O6beMbl MHOrOrpaHHUKOB, 3aKOH peGep Meéouyca.
BosBpauiasice CHOBa K HalMM OOLIMM HCCJIeLOBaHHAM
0 IJowansx u o6beMax, s HauYHy cO cjaeaylolleli HCTO-
puyecKoi crnpaBkH. Sl Ha30By BaM ueslOBeKa, BlepBble
TOCJ/Ie0BaTENbHO PHMEHUBLIETO NPHHLIHKI 3HAKOB B reo-
MeTPpUH — BeJIUKoro reomerpa Mébuyca us Jlefinuwura.
DTOT pellUTeJbHBH YCHeX OCYyIIEeCTBJEH B €ro HHoIle-
CKOM NIPOM3BEJEHHH «Bapnuempnqecxoe HCUHCJIeHHe» *).
OTO OLHO M3 TeX COYMHEHHH, KOTOpHE BOOGLLE JIErsH
B OCHOBY HOBO# reoMeTpuu. UTeHHe €ro yxe 6aaromaps
OJIHOMY TOJIbKO INPEKPACHOMY H3JIOXKEHHIO [OCTaBJsieT
oco6eHHOe ynOBOJbCTBHe. HaspaHHe cBsi3aHO ¢ TeM, YTO
Mébuyc ¢ caMoro HauaJjia ONepHpYyeT C LeHTpaMHu Tsxe-
cTd '5). A UMeHHO: NyCTb B KaKHX-HHOYAb TpeX Hemo-
IBHXKHBIX To4Kax Oj, Os, O3 Ha IJIOCKOCTH MOMEIIAIOTCsH
TPH Macchl mj, mg, ms (puc. 24), KoTopule, KaK, Hanpu-
Mep, B CciaydYae 3JIEKTDHYECKHX 3apsilOB, MOTYT GbiTb H
[OJIOXKUTENbHBIMH, H OTpPHLATeJbHbIMH. Torma HX ueHTp
TSXKeCTH P OKa3blBaeTcsi OJHO3HAYHO ONpeleJeHHHIM U

*) Mobius A. F, Der baryzentrischer Calkul, — Leipzig, 1827,
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NpU BapbHPOBAHHHM Macc rmy, Mg, M3 MOXKET «OMHCATb»
BCIO IJIQCKOCTh (T. €. 3aHATb JI060e NOJOKEHHEe Ha Hel),
IloaTOMY 3TH TPH MacChl mi, Mg, Mg MOXKHO paccMaTpH-
BaTh. KaK KOOpJAMHATHl TOYKH P, mpHueM $sICHO, YTO IIO-
JIOKeHHe TOYKH P 3aBHCHT TOJBKO OT OTHOIIEHH i
3THX TpeX BeJHYHH. DTHUM BIepBbe OBLJIO BBEAEHO B

reOMeTpPHIO TO, UYTO MBI Tellepb Ha3hbl-

173/'”37 BaeM TpeyeoAbHbIMU  KOOpOuHaTa-

pu %), CkasaHHOro MAOCTATOYHO MAJS

o 06GbsICHEHHS] Ha3BaHHUsI KHHUrH MeEoGuy-

. . ca; U3 ee NpOYETr0 OYeHb HHTEPECHOro
Glmg) Ox(mp)  copmepxaHUA HaWOOJbIUYIO CBS3b C

HAalUUMH  HCCJAeJOBAaHHSIMH  HMeIOT
§ 17—20. B uux MEGuyc nmpuMeHsieT
NPHHIHUN 3HAKOB MNPH HaXQXIEHHH
nJomaned TpeyroJpbHHKOB H 0ObEMOB TETPasApoB, IpH-
UeM €ro onpeaejeHHsi B. TOYHOCTH COBNAAAIOT C TeMH, KO-
TOpHIE 1. BAM H3JIQXKHJL.

Cuenyer eme ynoMsiHyTh, uto Mé6uyc, 6yayun yxe
B NOYTEeHHOM Bo3pacte (B 1858 r.), HOMOJHHJ 3TH pe-
3yJbTATH OJIHHM [JOJOTBOPHEIM OTKpDhITHEM, KOTOpOe
6bu10 BHepBhle ony6/aHKOBaHO JHub B 1865 r. B ero pa-
6ore «O6 ompeneseHHH 06beMa MHOrorpaHHHKa» *),

A umeHHO, B 3TOH paGoTe OH NOKa3aj, 4YTO Cylle-
CTBYIOT TaKHe MHOrOrpaHHHKH, KOTOpDHIM HHMKaK He yna-
eTCsl NpPHUIHCATh onpefleseHHb 06beM. MexXay TeM, Kak
MBI yXKe BHJIeJH, BCAKOMY, KaK YrogHO CJOXHO Iepe-
NJIeTaloIleMycsl MHOTOYrOJIbHHKY Ha IIJIOCKOCTH MOXHO
IIpHNHCaTh BIOJIHE omnpefeleHHylo njomans. Ha atom
YAUBHTENBLHOM SIBJEHHH HaM cleJlyeT OCTaHOBHTbCS IO-
LpobHee.

ByneM HCXOIHTb M3 YCTaHOBJIEHHOH Bblllle (HOPMYJIBI
s o6beMa teTpasipa

Prc. 24

X1 U 2

1%z y3 2

(11 2: 3: 4)_ 6 X3 Ys 23

Xs: Ys. 24

Paa3JoxeHHe 3TOro onpeaeJuTes]d o 3JeMeHTaMm Inocjaen-

Hero crosibua CBOAHTCS, COBEpLIEHHO aHAJOrHYHO CIy-
yai TpeyrojbHHKa (c. 16), K ToMy, YTO MBI pasjaraem

*) Mdbius A. F. Uber die Bestimmung des Inhalts eines
Polyeders//Ber. Verhandl. Konigl. Saichs. Ges, Wiss. — 1865. —
Bd, 17, -8, 31,
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Hall TeTpasJAp Ha 4YeTblpe JPYrHX TeTpasapa, OCHOBa-
HUSIMH KOTOPBIX CJYXKAaT €ro 4YeThipe rpaHd, a oObLleio
BepUIMHOI0O — Hayaso koopaunat O. B peaysabrate, 006-
pawasi BHUMaHHe HAa LUKJIMYECKYIO MOCJeL0BaTENbHOCTh
1, 2, 3, 4 ¥ NpUMeHsIs NPaBUJIO 3HAKOB TEOPHH ONpeje-
JHUTeJel, noJayyaeM Takyio gopmyay 17):

1, 2, 3, 4)=(0, 2, 3, 49— (O, 3, 4, 1)+
+(O’ 4, 1,1 2)—(01 ]’ 2: 3)-

B a1y dopmyny, B OTIMUHE OT COOTBeTCTBYyMOLEH ¢(op-
MyJabl JJs TpPeyroJbHHKa, B KOTOPYIO BXOJHJIH TOJIBKO
3HAKH IJIIOC, BXOJASAT TaKXe W 3HaKH MHHYC, 4TO 0ObsC-
HfAeTCA TeM, 4TO IPH IHUKJIHYECKOH NepecTaHOBKe CTPOK
ONpeae]HTEJH YETHOrO NOpPSiAKA MEHSIOT 3HAaK, a olipe-
JIeJUTeJIM HEUeTHOro mnopsjaka 3Haka He MeHsoT. Ko-
HeYyHO, ImepecTaBsAs NOAXOASIIMUM 006pasoM CTPOKH,
MOXXHO H30aBHTbCSl OT 3HAKOB MHHYC, HO IIPH 3TOM IIpH-
XOJHTCA OTKa3aThCsl OT LHUKIHYECKOro MOpsiiKa.
Hanpumep, MOXHO HamucarThb:

(1, 2,3, 49=(0, 2,3, ) +(0, 4, 3, I)+
+(0, 4, 1, 2)+(0, 2, 1, 3).

UTo6El BCKPHITH COJAEPIKALLYIOCS 34eCh 3aKOHOMep<
HOCFb, NpeiAcTaBHUM cebe, YTO NOBEPXHOCTb TeTpasjpa
Bblpe3aHa, CKaxeM, H3 Oymaru H
pasBepHyTa Ha IJOCKOCTb T'paHH
2, 3, 4 rax, uro BepwiHHa I npu-
HUMaeT TPH PAa3JHYHBIX MOJIOXe-
HuA (puc. 25). Toraa BepLIHHBI
KaxJIoro GOKOBOTO TpeYroJbHHKa
B NOpSAJKE UX 3alHCH B NOCJEeIHEH
dopmysie ciaeRylOT OJHAa 3a ApYy-
rol Ha puC. 25 NPOTHB YacoBOH
CTPeJKH, T. €. B OJHHAKOBOM Ha- .
npaBJjieHHH o6GXoma JJs BceX Tpe- Pue. 25
YrOJIbHHKOB.

KoneuHo, 3Ty 3aKOHOMEPHOCTb MOXKHO BBICKAa3aTh,
H He pa3BopayHBasl MPOCTPAHCTBEHHOH (UrypHl Ha mJo-
CKOCTb. A HMEHHO, KaxJloe M3 llecTH pebep NpHHalIes
JKUT JBYM TpaHsM, H Mbl 3aMeyaeM, YTO IpH o6xone
BCEX TPEYrOJbHHKOB B YCTaHOBJEHHOM BRIl HampasJe:
HHH Kaxcdoe pebpo TIPUXOAUTCS TPOXOLHTb OOux pa3
B OJHOM, Opyeoii pa3 B NPOTHUBOMOJOXKHOM HampasJeHHH,
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DTHM mnpaBUJIOM, KoTopoe MEGuyc HasBasn 3akoHOM pe-
bep, oueBHAHO, ompejeJisieTcsi HampaBJeHue o6xoxa aJs
BCeX TIpaHeH, eclH TaKOBOe NPOU3BOJIBHO 3aJaHO A
KaKOH-HHGYyab oAHoH rpaHu!®). Torpa Hama c¢opmyna
riacuT: terpasnp (1, 2, 3, 4) mooHo paccmaTpusare Kax
cymmy '®) ueroipex TeTpa’dpos-uacreii—C OJHOIO H
TOIO 2Ke mepBoio BeplinHOI0 O M ¢ TpeMs APYTUMH Bep-
LIHHAMH B Ka)JIOM, pPaclnoyioXXeHHeIMH Besiel 32 O B TOM
nopsiAke, KOTOpPHIH TNoJyuaetrcs IO 3akoHy pebep Mé-
buyca Kax nmpojoJKeHHe HampaBJeHHs ob6xoma (2, 3,4).
Boime (c. 18), o6o6uiasi popmyny passioxkeHHS] Tpe-
YroJbHHKA, MBl NPUUIM K ONpeJleJeHHI0 MJIOLAAH JI0-
6eix MHOroyrosibHHKOB. COBeplLIEHHO TaK ke monpobyem
Tenepb, HCXOAS M3 INOCJEeNHEro pe3yiabTaTa, JaTb oOnpe-
Oenenue obwvema ar0bbix mHO202panHuxos. Ilpu aTOM
HaM T@pHAETCS [ONYCTHTb BO3MOXHOCTb MepecedyeHust,
BO-IIEPBLIX, CTOPOH OT/JEJbHOI'O -MHOTOYTOJNBHHKA, CJYy-
JKallero rpaHbi0 MHOTOIDaHHHKA, a BO-BTOPBIX, MJIOCKO-
cTell aTUX TpaHefi. 3aTeM HaM HYXHO Oyzer Quxcupo-
BaTb KaKyio-HHOYIb BCIOMOraTedbHylo Touky O W ompe-
NeJIUTh Tpexie Bcero obsem nupamude. ¢ BepumHoi O,
«OCHOBaHHEM» KOTODOH sBJISIeTCS
HEeKOTOpasi rpaHb MHOTOTpDaHHHKA.
Jlnsi 3TOrO MBI AOJIXKHBI CHep-

Ba (HUKCHpPOBaTb Ha OCHOBAaHHH

¢ 3ToH mupaMuAn (IYCTh 3TO, HANPH-
Mep, Oynmer rpanbp (I, 2, 3, 4, 5,

2 d 6) MHOrorpaHHMKa Ha puC. 26)
5 onpeje/jeHHOe HanpasJieHHe 006Xo-
naa. Torga 3TOT MHOrOYroJIbHHK IIO-

Puc. 26 JyyaeT ONpefeJieHHYI0 MJoLalb
COrJIaCHO YnoMsiHyToH BhlIe ¢op-

MyJae20). Kak u B 3jleMeHTapHOH IeOMETPHH, MOJOKHM
o6bem nupamuas (O, I, 2, 3, 4, 5, 6) paBHHM OJHOH
TPeTH NPOH3BeJeHHs IJOHIaJH OCHOBaHHS Ha BBHICOTY,
HO TOJbKO NpPHUCOEIHHHM K HeMy 3HakK?!) maocC HJIH
MHHYC B 3aBHCHMOCTH OT TOrO, NMpeACTaBHTCH JH 06-
xon (I, 2, 3, 4, 5, 6), paccmatpuBaemuiii U3 O, uny-
LIMM NPOTHUB HJH IO yacoBoi cTpeske. Henocpencrsenuo
BH/JHO, UTO 3TO ONpeje/ieHHe COAEPKHUT B cebe NIpenH-
Ayllee oOIpeflelNeHHe, OTHOCSIleecss K TeTpasapy, Kak
YacTHBIH cJyyail; BnpoyeM, 3TO omnpejeleHHe (OTHOCH-
meecss K nmupaMpje) ecTeCTBEHHbIM 00pa3oM MOXKHO NO-
JIYYHTb U3 NpPEIBIAYIIEro, 3aMeHsii MHOTOYTOJbHHK, KakK

4
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9TO JeJaeTcss NpPHU ONpejeleHUH €ero MmIOLaRH, CyMMOH
TPEYroJbHHKOB ¢ HalJjexalluM HampaBJeHHeM o6Xxoxa
U onpenensisi NIHPaMHAY KakK CyMMYy TeTPas[ipOB, NpOeK-
THPYIOIHX 3TH TPEYTOJbHHKH.

OjHOCTOPOHHHE MHOrorpaHHbie noBepxHocTH. JKenas
Tenepb M B 00lLleM cJayyae NpeACTaBHTb. MHOTOrpaHHHK
B BHJe CYMMBbl TAaKHX COCTaBJISIOIIHX €ro NUPaMui, MBI
JIOJIKHBl AJIS1 KaocOoli TpaHH YCTAaHOBHTb ONpejesieHHOe
HanpaBJjieHHe o6xona. CorsacHo mpeAbIAyIIEMY NpH
9TOM MBI MOXEM PYKOBOACTBOBATbCS TOJBKO IPaBHJIOM
pebep, a HMeHHO: 041 Kako2o-Hubyde 00HO2O MHOZO-
yeoabHuka puxcupyem Hanpasierue 06xoda npou3sose-
HolM 00pa30M, @ DCTAAbHbIE MHO20Y20AbHUKU Oydem 00-
xo0uts Tak, uTobsL npoltu no kascdomy pebpy, obuemy
0sym coceOnum epauHam, 8 08Yx NPOTUBONONONHOIX HA-
npasaenusx.

Ecnu ynaercss npUMeHHTb 3TO NMPaBHJIO KO BCeM Ipa-.
HSIM TNOBEDXHOCTH, He HaTaJKHBasChb Ha NPOTHBOpeYHs,
TO moJjyyaeM o0beM MHOrOrpaHHHKa B BHJE CYMMH O0b-
€MOB OTJEJbHHIX NHPaMHJ, HUMEIOIUX OoOllel BeplIH-
HOi O, a OCHOBaHMSIMH TPaHH MHOrOYroJbHHKa, C .yCTa-
HOBJIEHHbIM TaKuM o6pa3oM HanpasjeHHeM 00Xoj1a; He-
TPYAHO BHAETb??), YTO moOJyYaeMbl pe3y/abTaT ONHO-
3HaYeH M He 3aBHCHT OT moJioxeHHs Touku O. OgHako
HMeeT MeCTO TOT KpalHe yIHBHUTeJbHBIH (paKT, UTO mpa-
BHJIO pebep He AJAS BCAKOH 3aMKHYTOH MHOrorpaHHoi
MOBEPXHOCTH yJaeTcss IpoBecTH 06e3 mpoTuBOpeuwii 23).

Jpyrumu cJI0OBaMH, CYIIeCTBYIOT MHOTOrpaHHHKH,
K KOTODHIM OKa3BIBaeTCsl HeNPHJIOXKHMHM HHKaKoe ompe-
JleJIeHHOe MpPaBHJO 3HAKOB H KOTOPBIM IO3TOMY HHKOHM
06pasoM Hesb3s INPHIOHCATb OlNpejeJeHHOro obbeMma.
B 3TOM H COCTOHUT BeJH- 4, By
KOe OTKpbITHe, onyO6JiH- ~
KoBaHHOe MéGuycom B -
1865 r. 5; Az

B ynomsnyTo#it pa6o- Puc. 27
tTe MéEGuyc paccmarpH-

BaeT IOBEPXHOCTb, Ha3BaHHYIO MO3xXe aucrom Mébuy-
ca?*), mojy4aemylo cJaedyOuIuM o6pa3oM.

BripesanHbifi u3 Gymarud AJHHHBIA Y3KHH MpsMO-
yronbHUK A;B1AsB,; (puc. 27) nepeKpyuHBaIOT OAHH pa3
H CKPemasioT (CKJEHBAIOT) Y3KHe ero CcTOpoHH A;B,
A2B, Tak, uro6n Touka A; coBmana c A, a By ¢ B,
(a He Hao6opoOT); NIpPH 3TOM IepefHsAs -(oOpalLleHHas
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K HaM) CTOPOHA JIUCTA NEPEXOAHT, OYEBHAHO, B 3aRHIOI0
(M3HAHOYHYI0), TAK YTO NOJYYaeTcs NOBepPXHOCT6 C 00+
HOL ToabKO cTOporoit. OTCl0[a BHITEKaeT TaKOH HEMHOro
ByJbrapHBIfi BHIBOA: MaJjfip, MOKPHIBas BeChb 3TOT JHCT
KpacKoH, RoJKeH OBl GHl 3aTpPaTHTh 3TOH KpacKH BABOE
6oJibllle, YeM OH MOT OHl NPERNOJOMXKHTDb, HCXOAS H3 JIJIH<
Hbl IEPBOHAYaJIbHOrO JIHCTA: BHIKPACHB JIUCT OJHH Pa3 HO
Bcell ero IJIHHe, MaJfp NOAOHAET K IepBOHaYaJbHOMY
MeCTy, HO C NPOTHBONOJIOXKHOH CTOPOHBE H ROJIXKeH Oy-
JeT ellle pa3 NPOHTH KHCTbIO MO BCEMY JHCTy Npexje,
YyeM BepHETCS K JAeHCTBHTENbHOMY HCXOXHOMY MYHKTY 28),

BMmecTo 3TOro H30THYTOrO JHCTa MOXHO TaKxe HOJY-
YHTb MHOTOFPaHHYIO (He3aMKHYTyI0) HOBEPXHOCTb C HC-
KJIIOYHTEJbHRO INJOCKHMHU YacTSIMH, HMEIOHIYI0 TakKoe Xe
CBOHACTBO; [JJf1 3TOrO HYXHO pa3GHTh IIpSIMOYTOJIbHHK,
HanpuMmep, Ha TpPeYrOJbHHKH W IE€PerHyTb €ro no Ju-
HEAM JejeHHd. UTOOH MOJNYUHUTb TaKOH NOSC H3 Tpe«
YrONIbHUKOB, HYXXHO HMeTb IO MeHblleH Mepe NSATH Tpe-
YFOJbHHKOB, KOTOpbiE CJIEXYeT DacloJIOXKHTb TakK, KakK

4 . 2

e 3 7
Puc. 28

ykaszaHo Ha puc. 28. Ilpn 3Tom KpalfiHHe NOJYTpeyroJb-
HHKH IPH CBEPTHIBAHHH INOBEPXHOCTH RAIOT OAMH Tpe-
yroiabHUK (4, 5, 1). [aa noayuennoeo noaca us Tpe-
Y2OAbHUKOB Yyite Heab3s OyodeT B80CNOAL308ATLCS NpA-
eusom pebep. B camMom Jene, HCXOAS H3 MOJONKHTENb-
HOro HampapJeHus o6xoxa (/, 2, 3) m mpomomnxasi ero
BJeBO MO NpaBHJay pe6Gep, NOJYYHM MOCJHEXOBATEIbHO
obxonwl (3, 2, 4), (3, 4, 5), (5,4, 1), (5, 1, 2). B no-
cJelHeM H3 HHX pe6po I, 2 MpOXOZHUTCA B TOM XK€ Ha-
TIpaBJeHHH, YTO U B HCXOJHOM TpeyroabHuke (I, 2, 3),
a 3TO NPOTHBODEUUT NpaBUIY pebep.

Dynyum mepersyT BHOJIb peGep H CJIOMKEH, JIUCT, pac-
CMaTpHBaeMH#l CBepXy, HMeeT BHX HISTHYroJbHOH ¢ury-
Pbl, IMAaroHajsiME KOTOPOH cJyXaT nATh oTpe3koB [ 3,
36,52, 24,4 1, cocraBnsioiude Kpaii ancra Mébuy-
ca, Kak nmokasaHo Ha sckuse (puc. 29). CoemmHsia cBO-
6oaHble peGpa 3TOro mosca, T. €. YNIOMSIHYTHiE NATH AHA-
roHa/edl, TPeyroJbHHKaMH C KakKoH-1u60 TOYKOi mpo-
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crpancTBa O (Jyyime BCEro pacloJIOXEeHHOA Hax MeHT-
poM nATHyroabHHKa), MéOuyc mnosaydaer 3amksyToli
MHO202PAGHHUK, 2 HMEHHO, NepeKPYYeHHYIO NATHIPaHHYIo
nupamuny. KoHeuHO, K 3TOMy 3aMKHYTOMY MHOrorpaH-
HUKy, o6pasoBaHHOMY 10 TpeyroJbHHKaMH, paBUJO pe-
6Gep TOXe HENpUMeHHMO, a NOTOMY He NPHXOAMTCH rO-
BODHTb 0 ero o6beme 26).

Eule oAWH 3aMKHYTHIH OJHOCTOPOHHHH MHOrorpaHHHK
OYeHb IPOCTOTO CTPOEHHUS Mbl MOXKEM JIETKO NOJYYHTb

Puc. 30

u3 oktasjapa (puc. 30) creayicwiuM obpasoM. M3 rpaneit
OKTa3/Jpa BbIOMPAIOT KaKhe-1HOO YeThipe, KOTOphIe, He Gy-
AyYH COCEJHHMH, T.€e. He HMesl o6uUX pebep, HMEIOT MOo-
napHo nmo obule#i BepiinHe (Hanpumep, AED, EBC,C¥FD,
ABF), u npucOeAMHSIOT K HHM Tpu KBajapata ABCD,
EBFD, AECF, nexaimux B JHAaroHaJbHBIX MJIOCKOCTAX.

Tlonyyaembii TakuM o6pa3oM «rentasap» (ceMu-
IrPaHHHK) HMeeT Te e peGpa, YTO M Hall OKTas’ap, HGO
B Kaxjaom pebpe nocjenHero, Kak HelmoCpPeACTBEHHO BHA-
HO, BCTpeyaloTCsi IO JBe COCEeAHHX TIpPaHH renTasjipa
i{a HMeHHO, KaXJIbli pa3 6OKOBasi rpaHb C AHAroHalb-
HBIM KBaJpaTOM OKTasjpa).

Ho amaroHanu oKTasjpa HeJb3sl pacCMaTPHBaTh Kak
pe6pa renTasapa, H60 AJMs NOCJeJHEro AHaroHajdbHble
KBaJpaThl OKTasJApa He SIBJSAIOTCA COCEAHHMH T'DaHSAMH;
HanpoTuB, BRoJb anHaroHaneit AC, BD, EF Hama MHOro-
rpaHHasl NOBEPXHOCTb mnepecekaer ce6s. Jlokasarenb-
CTBO OJHOCTODOHHOCTH 3TOrO TrenTasipa TOXe Jerko



36 NMPOCTEMIIME FEOMETPHUYECKHE OBPA3LI

ToJiyyaeTcsi NPH NOMOIIM NpaBHia pebep. A HMeHHoO,
ecJH B nocjaenoBartejbHoctH rpaneit AED, EDFB, ECB,
ABCD 3ajartb Kak-au60 A5l MepBOH H3 HUX HampaBJie-
HHe 006X0Ja W omnpeJelHTb HampaBJeHHe o6Gxoaa AJst
CJIeAYIOLIMX rpaHeil COOTBETCTBEHHO mpaBuay pebep, TO
oKaxercsi, uTo pe6po AD. 6ynet npoiineHo dsascdel 8 00-
HOM U TOM e HANPABAEHUL.

Ha sTom s 3akaHuuBal0 u3yyeHHe MJIHH, IJoLianei
N O6BbeMOB H IepexoXy K pPacCMOTpPeHHI0 OdassHeluiux
DAEMEHTAPHOIX 2COMETPULECKUX BEAUUUN.

Ecin no cux nop Hamu pykoBoxusio ums Mé6Guyca,
TO Tenepb MH NPHMKHEM K HJesM BeJHKOro reomerpa
I'epmana I'paccmana us IllTeTTHHa, KOTOpBIE OBIIM HM
BriepBble H3J0XeHH B 1844 r. B ero KHure «YueHue o Jiu-
HeHHOM NpOTs2KeHHH» *). DTa KHHra, Kak W KHura Mé-
6uyca, upe3BmuafiHO 6orata HIesiMH, HO B NPOTHBOMNO-
JIOXKHOCTb NOCJeJHell HanHcaHa TaK HesCHO, TaKUM He-
OOLIKHOBEHHO TeMHBIM $I3BIKOM, YTO B INPONOJIKEHHE
JecsTHIETHH ocTaBajsach 0e3 BHUMaHHsA U HENOHSITOH;
TOJIbKO TOTAa, KOrja NPHILIH JPYrHM INyTeM K NOAOGHBIM
XKe HAedaM, oOpaTUJIH BHHMaHHe Ha UX HajuuHe B KHHTe
I'paccMana. Yro6Gwl moJyyuTh npeicraBieHHe o ero al-
CTPAKTHOM si3bIKe, JOCTAaTOYHO DAaCCMOTPETb 3arosOBKH
BEeJleHHs K 3Tol KHure. BoT oHu: «BriBox moHsiTHs uu-
CTOH MaTeMaTHKH», «BEHIBOA MOHATHS y4YeHHs O NMPOTAXKe-
HUH», «M3/10KeHHe MOHATUS YYEHUS O NPOTSKEHHH», Aa-
nee caenyer eute «OG3op obuiero ydeHus o dopmaxs.
Jluumb mocse TOro, Kak YuTaTesNb OCHJIHJ Bce 3TH OOLIHe
«HB3JIOXKEHHsI», OH NOAXOAUT KO BCe emle OYeHb TPYAHO
NOHHMAaEeMOMY, YHCTO OTBJIEYEHHOMY H3JIOKEHHIO OCHOB-
HOro COJepXKaHWsl KHUTH. Jluwipb no3xe, B 1862 r., B Ho-
Boii 06paboTke cBoero «YueHHsi o mpoTsikeHuu» [pacc:
MaH NO0Jb3yeTcsl HeMHOro 6oJjiee JIerKUM [JIsi TOHUMaHus
aHAJAUTUYECKHM H3JI0KEHHEM C NMOMOIIbI0 KOOPAHHAT.

Camoe Ha3BaHHe «YueHHe O NDPOTSKEHHH» MPHAY-
MaHo 6wl10 'paccmManom As1st TOro, 4ToGBl OTMETHTD, YTO
€ro HCCJAeJOBAHHS OTHOCATCA K JIOOOMY YHCJAY ‘H3Me-
penuii. «I'eomeTpHsi» 2XKe A/ Hero SBJseTCs JHIIb
IpuMeHeHHeM 3TOH HOBOH cOBeplLIeHHO abCTpaKTHOH AHC-
LIHUIJIMHE K OGHIKHOBEHHOMY NpPOCTPAaHCTBY TpeX H3Mepe-
Huit. OZHAaKO 3TO HOBOe Ha3BaHHEe He NMPHBHJIOCH — B Ha-

) Grassman H. Die lineale Ausdehnungslehre, — Leipzig,
1884,
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CTofllllee BPeMsl TOBOPSIT NPOCTO O n-mepHoll 2eomeTpuu
(uau reoMeTpHH n M3MepeHHIt).

Mbl nosHakoMuMcs ¢ uaesaMu I'paccMmaHa, moJb3ysch
NPUBBLIYHOH /I HAcC aHaJHTHYECKOH (OpMOH H3JI0Ke-
HHsi B KoopauHatax. OrpaHumuuMcsi Ha nepBoe BpeMs
reomMeTpHell Ha MJIOCKOCTH.

. TPACCMAHOB MNMPUHUUN OMNPENEJINTEJNEA
IJIst MJIIOCKOCTH

JluHeitHbie anemeHTHl (BekTOpbl). Dynem HcXoauTb
CHOBa M3 HJeH, HM3JOXKEHHBIX HaMH B Hauajie NepBOH
rJaBbl; TaM MBI M3 KOODAMHAT TPeX TOYeK COCTaBHJIH
onpejesUuTeNb

x4 1
X3 y2 1
x3 ys 1

M TOJKOBAJH €ro KakK YyJIBOEHHYIO IJIOLIaAb TPEYyrojb-
HHKa, T. . KaK IJIOIa/Ab NnapaJiesorpaMmma.
PaccmoTtpum Temepsb eure TaGaHLbI

|

o0pa3oBaHHbIe M3 KOOPAHHAT ABYX HJIM COOTBETCTBEHHO
OIHOH TOYKH. DTH Tabuuubl OGynem Ha3bBaTb MaTpH-
namu. Ha Kaxayio TakKyio MaTpHLY YCJOBHMCS CMOT-
peTb KaK Ha NpPEACTABHTEJIbHHLY COBOKYNHOCTH BCeX
onpejesuTesell, KOTOphle MOMTYyYalOTCs U3 Hee BHYEPKH-
BaHUEM OJHOTO HJIM COOTBETCTBEHHO IBYX CTOJGLOB.

Takum o6Gpasom, W3 mepBOfi MaTpPHLH, OmycKas mep-
BblH HMJIH COOTBETCTBEHHO BTOPOH CTOJOeL, moJyuaem
ONpeJleJIUTE]H BTOPOro Mopsiaka

X1
X2

1
z; 1“ cootBeTcTBeHHO [ X y; 11|,

Y=y —y, X=x—x,
@ omyckasi TpeTHH, — ofpeeuTeNb
N = x1y, — %5415

NPHHATHIA 3J4ecb BHIOOp O06G03HAYEHHH OKaxeTcs IeJie-
co0Opa3HbHIM [JISi T'eOMETPHYECKOr0 ONHCAaHHS B MNajb-
HeH1IeM.

MBI IOJIKHBL HCCJEOBaTb, KaKOH TreoMeTpPHUYeCKHH
o6pa3 ¢uKcHpyeTcs STHMH TpeMs OmpepejuTensamn X,
Y, N; stor o6pa3 Mb CMOXeM TOrJa CYHTAThb C TAKUM XKe
NpaBoM HOBOH 3JieMeHTapHOH reOMeTPHIECKOH BeJHYHHOH,
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¢ KakuM JO0 CHX [Op CYHMTaJHd TaKOBOH mJIOWAanb
TpeyrosibHHKa. K3 BTOpOH OXHOCTPOUHOH MaTpHILI BO3-
HHKalOT B KaueCTBe OJHOCTPOYHBIX OmpejaenuTesed (mep-
BOro Nopsijilka) Hapsldy ¢ YHCJIOM eJHHHLA elle U CaMH
KOODAMHATH X, Y;; INOCJHefHHE ONpeNeJsioT TOUKY
C 3THMH KOOpPAHHAaTaMH KaK NpOCTeHLIyI0 3JeMeHTap-
HYIO BeJHYHHY H, CJELOBaTeJbHO, He TpeOyIOT JajbHel-
LINX HCCJeJOBaHUH.

Tenepb He NpeNCTaBHT 3aTPyAHEHUS 1/ NOHHMAHHA,
eciH 1 Cpasy Ke BHICKaxy npuryun I'paccmana B 06-
HIEM BHJE: NYcTo 048 NAOCKOCTU W OAR RPOCTPAHCTSA
paccmaTpusaroTcs 8ce marpuyst (umeroujue Merbtue
cTpox, wem croabyos), y KoTopsix Kaxcdas CTPOKA CO-
cTasAeHa u3 KOOpOUHAT OOHOU KaKOU-Aub0 TOo4KK U u3
edunuybl;, Tpebyercs uccaedosare, Kaxkue zeomeTpute-
cKue. obpasel UKCUPYIOTCA Temu onpedesuTesamu, Ko-
TOpble NOAYUQIOTCA U3 3TUX MATPUY BbliepKuUBaHuem 00-
CTATO4H020 ducasa cToAGY08. STOT NPHHLHI YCTAHOBJAEH
3Jech A0 HM3BECTHOH CTeNeHH MPOU3BOJBHO H JHLIb IO-
CTENeHHO BHISICHUTCH, HACKOJbKO LEHHBIM NYyTEBOAHTE-
JieM cpeld MHOXeCTBa OCHOBHBIX FeOMeTpHYecKHX olpa-
30B OH fABJIAETCH; MO3JKe Mbl YBHAHM B HEM eCTECTBEH-
Yy Hbe"Iu HCTOYHHK 60JIbIIOro Kpyra

pleff, KOTOpDhie  OXBATHBAlOT
7 BCIO TEOMETPHYECKYI0 CHCTEMas
THKY.

2 BepHeMca Tenmepp onaTh K
KOHKpPeTHOH npob6JjeMe Ha mJo-
CKOCTH: 4TO H3BECTHO O durype
7R > z  (puc. 31) u3 aByx Touek I, 2,

Puc. 31 €CJIH 3aJlaHbl 3HaueHHs ompene-

autejed X, Y, N? OueBuiHo,
B NOJIOXKEHHH OOeHX TOYEK OCTaeTCs elle OJHA CTeNneHb
cBOGOJE, H60 OHO BIOJIHE ONPEAENSeTCs JHIIb YETHIPbMS
BeanunHaMu. $1 ytBepxknato: maia X, Y, N noayuaercs
OlHa .U Ta JXe TPOHKa 3HAaYeHHH TOrAa H TOJbKO TOrAa,
Korja TOuYKa I siBJsieTCSl KOHILIOM, a TOYKa 2 HayaJjoM
OTpesKa C omnpeleNeHHOH NJHHOH H HampaBjieHHEM, HO
MOryIllero Kak yroHo HepeiBHraThbCsi BJOJb OINpelelleH-
HOM npsIMOH; HampaBjieHHe OTpe3Ka Mbl GyleM 3JeCh,
KaK ¥ B JaJjbHeilleM, OTMeYaTb CTPEJKOH, HampaBJeH-
HOH OT HayaJbHOH TOUKH 2 K KOHEUHOH Touke 1.

To, uro Bemuunnn X, Y, N onpenensitor co6oit mps-
Myio %), coepMHAIOIIYI0 TQYKH I, 2, HemocpeiacTBEHHO
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SICHO, NMOCKOJILKY €€ YpaBHEHHE

x y 1
x1 ;i 1|=0
X3 Yz 1

MOXHO 3allHCcaTb TaK¥XKe B BUJE
Yx—~Xy+4+ N=0;

OTCIOZa BHAHO TaKXKe, 4TO 3Ta NPAMAS 8nOAHE onpedes
AReTcs 00Humu otHoweruamu X 1Y : N.

Ilanee, Ha OCHOBaHUH HAalUUX NpPEXKHHX HCCAENOBA-
HHH O IJIHHAX OTPE3KOB H IIOLIAASX TPEYTOJbHUKOB Mbl
3aKjao4aeM, 4T0 X u Y mpencraBasiiorT co00# npoeKuuu
HanpasJeHHoro otrpeska (/,2), uayuiero or 2 K I/, Ha
OCH x H Yy, a N— yIBOEHHYI0 IJOWIAAb TPeYyroJbHHKA
(O, 1, 2) c unanpasuennem o6xona O, 1, 2. QueBHAHO,
€JIMHCTBEHHBIMH H3MEHEHHSIMH B TOJIOXKEHHH Touek I, 2,
NpPH KOTOPHIX BCE€ 3TH TPH BEJIHYHHBI OCTAIOTCA 6e3 Hu3-
MeHeHHs, SBJISIOTCS NepelBHKeHus oTpe3ka (I, 2) Broab
€ro npsiMoi NpH COXPaHEHHH ero MJHHB M HampaBJleHHS.

OTuM Halle yTBepKAeHUE NOoKa3aHO. Takoil oTpe3oK
OnpefeseHHBIX MJHHB H HanpaBjeHHus, Jexalud Ha
ompeje/ieHHOH mpsMoH, [paccMaH HasBam AuxedHbim
aaementom. Tenepp B JuTepaType 6ojiee ynoTpeOHTENb-
HO Ha3BaHHe B8eKTOp, TOUHee, CKOAb3AUWUL 8eKTOp, B OT-
JHYHe OT OGBIKHOBEHHOrO HJIH «CBOOOJHOrO» BEKTODa,
IJIS. KOTOPOTrO AOMYCKaeTcsl BCAKHH, XOTS O U BHIBOAA-
LKA ero u3 npsMoil napaJJesbHbIH mepeHoC, COXPaHSIO-
LMHA ero IJIMHY W HamnpaBJieHUe. DTOT CKOAb3AUjUll B8eK~
TOp, OnpelesasieMblil MaTpHIleH

X U 1“
X3 ys 1

HJIH COOTBETCTBEHHO ompexnenutensimu X, Y, N, aBasercs,
CJIEIOBATEIbHO, NEePBbIM INEMEHTAPHLIM 2e0MeTPULEeCKUM
o6pa3om, KOTOPHIH MBI paccMaTpuBaeM, Cjelys NPHH-
nuny I'paccmana.

Tyt xe sameuy, yto BenuuuHnol X, Y camu no cede
onmpenensiioT c80600nbll sexTOp, W60 OHH He H3MeHs-
I0TCS W TNpH Napa/JieJbHOM NEépeHoce OTpe3Ka B CTO-
POHY OT cojaepxalledl ero npsMOH — aHaJOTHYHO TOMY,
KaK oTHolueHHss X :Y: N, sKBUBaJIeHTHble IBYM BeJHYH-
HaM, ONpeNeJsA0T TOJbKO HeOrpaHHYeHHYIO INpAMYIO,
HO He JJHHY OTpe3ka Ha HeH. CBOOOAHBIH BEKTOp H



40 MPOCTENIIHE TEOMETPHUYECKHE OBPA3BI

HeorpaHHueHHasi mnpsiMas SfBJAIOTCA, TaKuM 06pa3oM,
ABYyMs NOOOYHBIMH 00pa3dMH, C KOTOPHIMH MBI 3]eCb
BCTpeuvaeMmcs.

I1puHLHUI, KOTOPHIH ABJISETCS PYKOBOASLIMM IIPH BBe-
JleHHH TaKHX INOGOYHHIX 00pa3oB, OyAeT YCTaHOBJIEH
JIHIIb BNOCJAEACTBHH. '

lMpumenenus K cTaTMKe HEH3MEHSIEMbIX CHCTeM. DTH
NOHATUS HMrpalOT B MeXaHHKe, a HMEHHO B 3JIeMeHTax
CTAaTHKH, KpalHe BaXHYIO pOJ/ib; TaM OHH YyXKe C AaBHHX
IIOp BO3HHKJH COBeplleHHO ecTecTBeHHbIM myTeM. Ciona
OTHOCHTCSl TpexJe BCero, Moka Mbl ONepHpPYyeM Ha IJIO-
CKOCTH, CTaTHKa IJIOCKHX TBEPHABIX CHCTEM. A HMeHHO,
3Jlech IIPH reOMEeTPHUYECKOH TPAKTOBKe «CKOJIb3SIIIUH BeK-
TOp» MOXHO paccMaTpPHBaTb KaK IOJHBIH 3KBHBaJIEHT
NPHJIOXKEHHOA K CHCTeMe CHJIBI, TOYKY IPHJIOXEeHHs KO-
TOPOH BBHAY TBEPAOCTH Tejlla MOXKHO IPOH3BOJILHO Iepe-
JNBUTaTh BAOJb NPSIMOH, COJepKa-
el HanpaBJIEHHbI# OTPe30K, H30-
6paxKaoIlui 3Ty CUJY.

2 ‘ IlpencraBbTe ce6Ge cUJIYy BIOJ-

He B JyXe CTapoi MeXaHHKH. B Tou-

Puc. 32 Ke 2 yKpemJieHa BepeBKa, Ha Ko-

TOpylo -HeficTByeT Tsra, H306pa-

X)aemas mo BesinuHHe oTpe3kom I 2 (puc. 32). B kaue-

CTBE NpHUMepa KUBOrO XapakTepa MBILLJIEHHS CTaphiX

MEXaHUKOB, IpPOTHBOMNOJIOXKHOTO COBPeMEHHOMY  a6-

CTPAaKTHOMY H3JIOXKEHHIO, OXOTHO YKaxy, UYTO paHbllie

O6BIKHOBEHHO CHJY H300paxaJju pyKOH, KOTOpas TSAHET
BepEeBKY.

Koopaunatsl BekTopa X, Y Ha3sbBalOT KOMNOHEHTAMU
cuavl, a KoopauHaty N — mOmenTOM 8paujerus 80Kpye
nauara O, u6o ass paccrosiHus npsModt oT O Haxoaum
U3 ee ypaBHEHHs BEJHYHHY

7

IN|

P=

a noromy |N| HeACTBHTEJbHO pPaBHO IPOH3BEAEHHIO

paccTossHHS p Ha VX2+Y2, T. €. Ha BeJUYHHY CHJIBI.
STH TpU BeJMYHHBI, BMECTe B3sIThle, MOXHO Ha3BaTb KO-
opouHaTamu Cuabl, aHAJIHTHYECKOe ONpefeseHHe B KaXK-
JIOM cjyyae JaeT AJsi HUIX—H 3TO OCOGEHHO BaXHO —
BIIOJIHE ONpeJejieHHble 3HAKH, KOTOPHIM, pasyMeeTcs,
MOXKHO, KaK U paHbllle, JaTh F€OMETPHYECKOE HCTOJNKOBAx
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Hue. [Ipn 3TOM, KOHEYHO, CJefyeT 3aMeTHTb, YTO pajH
CHMMETPHH (OpPMYJ MBI OTKJIOHHJHCH OT HauboJsee NpH-
HATOrO B MeXaHHKe ompejJeseHHsl 3HaKa MOMeHTa Bpa-
LIeHHsl.

A uMeHHO, OGBIYHO B KaueCcTBe MOMEHTAa BpalleHHS
ynotpebJsioT onpefesuTeb

%2 Y2 =| X3 Y2
X Y X1 — X3 Y1—Yz |’

COCTaBJIEHHBI M3 KOOpJAHHAT Hauaja 2 u KoopiuHatT X,
Y cBoGopHOro BekTopa. DTOT OnpejeauTesb, OYEBHIHO,
NPOTHBOMNOJIOXKEH MO 3HaKy Haulemy N. BnpoueM, 3TO
He6oJIpllIOe pacXoXJAeHHe, GyAyud OHHAaXIbl OTMeuyeHo,
BpSJ JH MOXeT JAaTb MOBOJ K HeLOpa3yMeHHSM.

ITepBoii 3agmaueill MeXaHHKH TBEPIAOro TeJa SIBJSETCS
CBeJleHHe NPOM3BOJILHOH cHCTeMbl Takux cua X; Yi, N;
(=12, ..., n) K oxHOH pe3ysnbTUpPYyIOLIEl; aHaAAUTU-
4ecKu 3TO CBOAHTCS K 06pPa3s0BAHHIO CKOJIb3SILIEr0 BeK-
TOpa C KOOpAHHATaMH

n n n
t; Xh t;l Yi: t-Zl Nt'

Ins eeomeTpuueckozo pelieHuss 3Toi 3apauu epago-
CTQTuKa pa3BHBAaeT CBOM OYeHb 3JIeTaHTHble METOABI.
A umeHHO, B ciyyae JABYX CHJl NOJB3YIOTCS NPOCTO H3-
BECTHbIM NPaBHJOM MapaJJenorpamMMma, a BO BceX Npo-
YHX cJy4yasx npuberaloT K <«MHOTOYTOJbHHKY CHJI» H
K «BePeBOYHOMY MHOTOYrOJIbHHKY». Takum o6pa3om, Bo-
obie roBops, M Ka)XJOH CHCTEMBl CHJI HaXONAT B Ka-
yecTBe ee pe3y/bTHPYWOLLEH ONHO3HAYHO onpejesseMbli
CKOb3siMH BeKTOp. OJHAKO BCe Ke BCTpPeUaloTcs HC-
K/IIOUeHHs; HanpuMep, B TOM cCJjydYae, Korja cHcreMa
COCTOHT M3 ABYX paBHBIX, MapaJjlieIbHBIX U NPOTHBOIO-
JIOXKHO HanpaBJjeHHbX cua X, Y, Ny u —X, —Y, N, (rne
Ny %= —N;), neHcTBYIOLMX BIOJb PAasJHYHBIX NPSIMHIX,
pesyabTHpylouass uMeer KomnoHeHTn 0, 0, Ny-+ N,, a
TaKHe YHC/a, OYEBHAHO, He MOTYT OBITb KOOpJHHATaMH
BEKTOpa. DJeMEHTapHOe H3JIOXEeHHe C 3THM SIBJIEHHEM
He MOXEeT CIPaBUTbCS KaK CJIeAYeT, H MOTOMY OHO AOJIXK-
HO BCEr/ia CYHTATbCs C BO3MOMHOCTBIO MOSIBJEHHS TaKHX
HECBOJUMBIX JaJjiee TaK Ha3bIBaeMBIX nap cua, KOTOphle
HapyWamoT NPOCTOTY H OOLLYI0 NPHJIOXKHMOCTb TeOpeM.
OJHaKo HETPYAHO M 5TH KaXKyLHecs HCK/IOYEHHS TOKe
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OXBATHTb Hallell CHCTEMOH, eciH YHCTO (OpMaaHHO MPH-
MEHHTb Halu npeibiayiiHe ¢GopMysanl K KOMIOHEHTaM
0, 0, N+ N,. Toraa ans BeJHYHHBI pe3yJabTHpyloUlei
NOJYYHTCSl 3HauYeHHe A/024 02 =0, a aas ee paccrosi-
HUS OT HayaJjla — BhIpaXKeHHe

=W=°°-

CaenoBaTesibHO, ecli GeCKOHEYHO YBeJHYHBATh pace
CTOsIHHE p OOGLIKHOBEHHOH CHJIbl OT Hauana O u npubau-
®KaTb K Hyao ee BenuuuHy 4/ X2+ Y2 Tak, uToGe Ipo-
ussenenne p4/X?+Y?, mpexacrasasiouiee co6oH Mo-
MEeHT BpalleHHs, 0CTaBaJOChb KOHEYHBIM, TO KOMIIOHEHTH
STOH CHJIBl MepedyT Kak pa3 B YNOMSIHYTble HCKJ/IIOYH-
TeJbHble 3HaueHus. [loromy pe3yavtupyrowyro 0, 0,
N1+ N, napst cua moxHo HaszsaTe 6ECKOHEUHO MAAOL
cunot, dedicteyroujeli Ha 6eCKOHEeUHO OOALWOM PACCTOR-
HUU OT HA4QAQ, C KOHEUHbIM MOMEHTOM epatyeHus. DTa
¢ukuus oueHb yno6HA H moJie3Ha IJIsl MPOrpecca HayKH;
OHa BIIOJIHE COOTBETCTBYeT OOLIYHOMY BBEJEHHIO B reo-
MeTpHI0O GECKOHEeYHO YyHaJleHHBIX 3jeMeHTOB. [losb3ysch
STHM pacliUpeHHeM IMOHATHSA CHJIB,, MOXHO MNpexne
BCero BBHICKa3aTh TaKoe NMpelJoXkKeHHe, He AonycKaloliee
HHKaKHX HCKJIOUEHHH:

Jl1060€e uncio cuJl, JedCTBYIOMIHX B OLHOH MJIOCKOCTH,
BCerja HMeeT CBOell pe3yJbTHpYHOUledl HEKOTOPYIO CHJY.
A s/ieMeHTapHOe H3JI0OXKEHHE JOJIXKHO BCerja B 3TOM CJay-
HMae TalMTb 3a COOOH ellle U aJbTepHATHBY I1aphi.CHJL.

Knaccupukauus reomerpuyeckux BeJuYHH B 3aBH-
CHMOCTH OT MX HOBefeHHsI npu npeoGpa3oBaHHU MNPSAMO-
yroabHblX KoopauHat. Temepb s JONOJHIO 3TH paccy-
JEeHUSI HCCIEIOBAaHHEM NOBEOCHUS HAWUX INeMEHTAPHbL
8eAUMUH npu npeodpPa3s08aAHUAX RPAMOY2ZOAbHOL CUCTe-
Mbl KOOPOUHAT; 3TO NMPHBENET Hac K OJHOMY OYeHb HeH-
HOMY NpPHHIMNY KJaccHPHUKauuH, Gaarogapsi KOTOPOMY
rpaccMaHOBa CHCTEMAaTHKa BIepBHe MOjydaeT cBoe 6o-
Jiee TOHKOE OCYIleCTBJIEHHE. ‘

Dopmyaser npeobpas3osanus KoOpOUHAT, T. €. Bbpa-
JKEHHS1 KOOpIHHAT x’, §' TOYKH MO OTHOIIEHHIO K HOBOMY
TIONIOKEHHIO Ocell Yepe3 ee mMepBOHa4aJibHbie KOOpIHHA-
Tbl X, Y, MJs 4YeThipeX OCHOBHBIX npeoOpa3OBaHHi mpd-
MOYTOJIbHOH CHCTeMbl KOODAHMHAT HMEIOT, KaK H3BECTHO,
TaKkoH BUA:
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1) nas napassenrvrozo nepenoca
‘=x+a y=y+b A
2) nas nosopora Ha y2on ¢
x'=xcosp+ysing, y =—=xsing+ycosq; (A,)
3) ANA 3epKANLHO20 OTPAXEeHUS OTHOCUTEAbHO OCU X

¥=x, y=—uy; (As)
4) Oas usamenenus macuiraba
x'=ix, Yy =Ay. (A4)

CocraBisii KOMIO3WUMH TNpeo6pasoBaHHil 3THX de-
ThIpEX BHJOB INPH BCEBO3MOXXHLIX 3HAUeHHAX MapaMer-
poB a, b, @, A, nonyyaem ypaBHeHHs] AJs HaHuboJee 06-
LIero0 BO3MOXKHOTO nepexoda OT OZHOH MNPSIMOYTOJbHOMH
CHCTEeMbl KOODAHHAT K APYroHl npu 0OHOBpeMeHHOM u3-
MeHeHuu macuitaba.

KoMnosuuun BCEBO3MOXKHBIX CABHFOB H IOBOPOTOB
COOTBETCTBYIOT COBOKYMHOCTH BCeX COOCTB8eHHbLX (T. e.
NOHHMaeMHX B OyKBaJbHOM HJH COOCTBEHHOM CMbIC/eE
cloBa) Osujitenudi cHCTeMbl KOODAMHAT B Npelesaax Mo+
CKOCTH 28), -

CoOBOKYNHOCTb BCeX 3THX npeo6pasoBaHHil o6pasyeT
epynny. STO O3HAYaeT, YTO KOMIIO3HIHS KaXABIX ABYX
H3 HHUX JaeT cHoBa mnpeoOpa3oBaHHe, NpHHALJexallee
K TOH Xe COBOKYNHOCTH, H YTO AJs KaXXAOro M3 3THX
npeo6pasoBaHMii HMeeTcsl B rpynne oGpaTHoe eMy Ipe-
obpasosanue. CneunnanbHele npeoGpasoBanus (A), pas«
JIMYHBIMH KOMMO3HLUHSAMH KOTOPBIX MOXHO NOJYYHTb BCE
ocTasibHble, Ha3bIBAlOT 0GPa3yIOIIMMHU 3TOH I'PYHIbL

[Tpexxne 4em o6paTHTbCS K PAaCCMOTPEHHIO TOroO, Kak
NpH 3THX npeo6pa3oBaHusiX (A) H3MeHSAIOTCS HaliH
onpefenutenu X, Y, N, BbICKaxy Apa OGLIMX NPUHUHKIA,
KOTOpble s yXXe [NaBHO aKIeHTHpOBaJ H BBHABHHYJ Ha
nepBO€ MeCTO HPH 3THX OCHOBHHIX FeOMETPHUYECKHX HC=
CJIeJOBaHHSAX; €CJU 3TH NPUHIHNEI CepBa H OGYyAyT 3BY-<
YyaTh HEMHOrO HesiCHO B TaKoM o0llieM BHAe, TO Ha KOH<
KPeTHOM MaTepHaJse UX CyTh CPa3y e BIOJHE YSICHHUTCH.
OavH M3 HHX TJIaCHT, YTO reOMeTpHYeCKHe CBOHCTBA Ka-
KHX-JH60 GHUryp HOJKHBI BCEra BbIPAaXKaTbC TAKUMH
¢bopMyaMH, KOTOpble He H3MEHSIOTCS NPU NMepeMeHe CH-
CTeMBl KOOPAMHAT, T. €. INPH OJHOBPEMEHHOM BbIMOJIHE<
HHHM HaJ KOODJAHHATAMH BCeX TOUeK (PUrypbl OJHOro H3
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Halwux npeobpasoBaHuii, U 4TO, HAOGOPOT, Kaxcdas (op-
MYAQ, UHBAPUAHTHAR 8 3TOM CMbLICAE NO OTHOWEHUID,
K epynne 3Tux npeobpa3osanuii KoopoOUHAT, OONHCHA BbL-
pascate HeKoTOpoe 2eomeTpuueckoe csolicteo?®). Ilpo-
CTedlIMMH H3BECTHLIMH BCeM INpPHMEPAMH MOXeT CJay-
JKUTb BHIpaXKeHHe I paccTosHus B durype, cocrosiuei
U3 ABYX TOYeK, WJH HJs yraa B ¢urype, o6pa3oBaHHOM
ABYMsl NPSAMBIMH; C 3THMH H MHOTMMH JAPYTHMH MORO6-
HbIMH (opMyJaMH HaM B JajbHedlleM INOCTOSHHO IpH-
AdeTcsl MMeTb JeJo. A 3Jechb JJsi NOSICHEHHS yKaxy elie
COBeplIeHHO TpPHUBHAJbHBIA INpHMep HeHMHBAapHAHTHBIX
¢opmya: ypaBHeHHe y =0 a5 GUTypBl, COCTOSILEH H3
ONHOH TOYKH NJOCKOCTH X, Yy, BEHIpaXaeT, 4TO 3Ta TOUKaA
JIEXXUT Ha OCH X; OCb X siBJisieTcsl, COGCTBEHHO TOBOpH,
COBepILIEHHO NPOH3BOJIbHBIM HONOJHEHHEM, UyXKIBM CY-
L1eCTBY Halled (QHryphl, U CAYKHT TOJbKO AJsA yAOOHOTO
ee ONMHCaHHS.

[Tono6HO 3TOMY, BCSIKOe HeHHBapHaHTHOe ypaBHeHHe
BbIpaxkaeT TO HJIH HHOe OTHOLIeHHe (UIYphl K HpPOU3-
BOJIbHO NPHCOeJAUHEHHbIM BHELIHUM BellaM, B YaCTHOCTH
K CHCTeMe KOODAHMHAT, HO He COOTBETCTBYET HHKAaKHM
reoMeTpHYeCKHM CBOHCTBaM caMoOH (QUIYPHI.

Bropoii npunyun OTHOCHTCA K cucremam aHaAuTUde-
CKux 8eauuur, o6pa3oBaHHBIX H3 KOOPAHHAT HECKOJIb-
KHX TOYeK I, 2, ..., HapHUMep K CHCTeMe W3 HalllUX Tpex
Beauund X, Y, N. O rTakolf cucTeMe roBOpSIT, YTO OHa
onpenessieT HOBbil ceomeTputecKull, T. e. He 3a8UCAULUL
OT cucTemsl KOOpOuHaT 06pA3, eCAU NpuU 8Cex HAUUX
npeobpasosanusx KoOOpOUHAT OHA onpedeseHHbiM 06pa-
3om npeobpasyercs 8 cebs, T. e, eCIH CHCTeMa BeJHYUH,
aHAJIOTHYHO OOpasOBaHHAs W3 HOBBLIX KOOpPJAHHAT TOYEK
1,2, ..., BbIpaxaercsi uckarouutesoro (T. €. He BBOIs
3HayeHHH caMHX KOOPAMHAT) yepe3 BeJHUYHHbI, 06pa3o-
BaHHble U3 CTapblXx KoopAauHaT. BoJiee Toro, sce awasu-
Tuveckue 8olpayceHus mol 6ydem rKaaccuguyuposars co-
OTBETCTBEHHO TOMY, KAK OHU 8edyT ceba npu npeobpa-
308aHuAx KOOpOUHAT, U JBa psiia BHPaXKeHHH, KOTOphe
npeo6pasyloTcss OAHHAKOBbIM 00pa3oM, OyleM CYHTaTb
PaBHOLEHHBIMH, T. €. ONpeJessIOIIMMH reOMeTpHUYECKHe
06pasbl OJHOTO H TOrO XK€ THIA.

Ipumenenne npuHuUMONA KJaccHPUKAUMM K 3Je-
MEHTapHbIM BeJduYuHaMm. Bce 310 MBI ceffuac pasbsicHUM
Ha TOM MartepuaJje, KOTOPHIH AAIOT IPacCMaHOBHI 3Jie-
MeHTapHble BeqHuuHHl. JJs aTOro noiBeprieM ofe Hally
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TOYKH X1, Y1; X2, Y2 OLHOMY H TOMy XKe npeoOpa3oBaHHIO
koopuuHat. Hauunas ¢ napaJsenbHoro mepeHoca (A;),
noJsaraem
4 4
x=x+ta x,=x,+a,

yi=y,+0b y,=y,+b.
CpaBHHBaﬂ KOOp}lPIHaTbI JIMHeIHOro 3JeMeHTa
X=x —x, Y=y, —y, N = x,y, — xoy,,
X=xi—xp YV=y—yp N=xy—xy
'J.IO H nocJje npe/oépasoBaHnﬂ, nonyqaeM
1) X=X, Y=Y, N =N+bX—aY. (B)

TouHo TakuM e 06pa3oM NOJYyYalOT CcJeldyloLiHe
¢opMyJibl NpeoOpa3oBaHHs:
2) npu nosopore (Aj)

X =Xcosgp+VYsing, Y =—Xsingp+Ycosg,

N'=N; (B,
3) npHu 3epkasbHOM OTpaxeHHMH (Aj)
X=X, Y=—-Y, N=—N; (B3)
4) npu uaMeHeHUH MacmTaba (A,)
X'=AX, Y =AY, N =2, (By)

B nocaeanux ¢opmynax (B,) BeicTymaer pa3auuHe B IO-
BelleHNH OTHeJbHbIX BeJHYHH, a HMEHHO, MNOKa3aTelb
TOH CTeNneHH A, Ha KOTOPYIO YMHOXAIOTCSl 3TH BeJHYHHBHI,
HeoJMHaKoB. B ¢usuke 3TO pasjuuMe YUYHUTHIBAIOT TeM,
YTO BBOASIT NOHSATHE pa3MepHOCTH: ropopATt, uro X, Y
HMeEIOT pa3MepHOCTb 1 (pa3MepHOCTb JHHHH), a N —
pasMepHOCTb 2 (pa3MepHOCTb IJIOLIAJH).

PaccmatpuBasi 3TH dYeThlpe rpynnsl GopMmysa, Mh
IpexJe BCero 3aMeuyaeM, Y4TO JIMHEHHBLIH 3JeMeHT, ompe-
JAeqsieMblfi TpeMs perepMuHaHtamu X, .Y, N, nefictBu-
TeJbHO YAOBJIETBOPSiET HalleMy oO6LieMy OIpejeseHHI0
reoMeTpHuYecKoil BeJUYHHBI: €ro HOBble KOOpAHHATH X',
Y’, N’ Bcerna BblpaxawTcs depe3 OJHHM TOJbKO CTaphie
X, Y, N.

Mu npugem K AajbHeHLINM pe3yJabTaTaM, paccmar-
pHBasi TOJbKO NepBble NBA yPaBHEHHS KaXXJOH rpynmel.
B Hux coBceM He BXOAHT N, C/€AOBATEJ]bHO, EpPBLIe ABE
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KoopAHHATH X', Y’ AuHeHHOro s/ieMeHTa B HOBOH CHCTe-
Me KOOPAMHAT 3aBHCAT TOJbKO OT NMEPBOHAYaJbHBIX 3Ha-
yenuit X, Y tex xe koopaunar. Ilpu stom npu mapas-
JIeJIbHOM TlepeHoce X, Y coBceM He H3MeHSIOTCS, a NpH
BCeX NMPOYHX NpeoOpa3oBaHHUAX OHH CBA3aHBl TAKUMH XKe
COOTHOLIEHHAMH ¢ X', Y/, KOTOPBIMH CTapble KOOpAHHa-
THl X, Y J1060H TOYKH CBSI3aHBI C ee K€ HOBHIMHU KOOpHH-
Hatamu x’, y’. ITo3TOMy COrJ1acHO TOJNBKO YTO BbICKa-
33aHHOMY BTOPOMY INpPHHLHINY, MOXHO YTBepXKJAaTb, YTO
yKe IBe IepBble KOOpAHHATH X, Y ompejesnsiloT HeKOTO-
Pblil reoMeTpHyYecKuii 06pa3 He3aBHCHMO OT CHCTEMBI KO-
OpAMHAT, H 3THM 06pa30M sIBJsETCS, KAK MBI 3HaeM yXe,
CcBOGOIHBEI!I BeKTOp. 31echb MBI BCTpeyaeMcsl ¢ HaMeuyeH-
HbIM Bbillle IPUHLUUIOM CHCTEMAaTHKH, KOTOPBHIH MOGYX-
IlaeT BBECTH 3TOT 006pa3 (CBOOOAHBI!I BeKTOp) Hapsiny
C JIHHEHHBIM 3JIEMEHTOM.

K roit xe ob6aactu uAed NPHHALJIEXKHT TaKxke cle-
Ioywollee cooGpaxeHue: nockoasky X', Y/, N’ BXomsar BO
BCe YeThlpe rpynnsl GopMyJa B BHUAe JHHEHHBIX 00HOpOO-
notx QyHkuuit ot X, Y, N, To nocpeACTBOM JesleHHs] Kax-
IbIX JBYX YypaBHeHMH HaXOAMM, 4YTO OTHoWeHHs X':
: Y’ : N’ 3aBUCAT TOXe TOJIbKO OT OTHOWeEHH#A %) X :Y: N.
ITostomy aTu orHowerus camu no ce6e (6€30THOCHTEJb-
HO K 3HaueHHsIM caMux BeauuyuH X, Y, N) Toxe JOJKHEI
onpenessiTh He3aBHCHMO OT CHCTeMbI KOOPAMHAT HEKO-
TOPBI ceomerpuueckuli obpas, W, B CaMOM JeJjie, MBI
yKe paHblle YCTAaHOBHJIH, YTO 3THM 00pa3oM siBJseTcs
HeozpaHuveHHas npamas.

IIpumensas Hawu ¢opmyan (B) K wacTHOMy cayuaro
«mapbl CHJI», T. €. nojarags X =Y =0, HaxoxuM, 4TO
BO Bcex ueThlpex cayyasx X =Y =0, a gia N’ noay-
YaeM COOTBETCTBEHHO

N’=N, (Cy)
N'=N, (Cy)
N =—N, (Cs)
N’ = A2N. (Cy)

[Tonb3ysicb OOGHIYHBIM TEPMHHOM <«HHBAapHAHT» I
0603HaueHHs BeJHYHMHBI, KOTOpas IIPH BCeX oONepamusx
HeKOTOpOH rpynnsl npeo6pa3oBaHuil Ju6O COBCEM He H3-
MeHsieTcd, JUOO camoe GoJbliee YMHOXaeTC Ha HeKO-
TOPLIH MHOXHTeNb, M Ha3blBass 3TOT. HHBapHaHT aGco-
JIIOTHHIM HJIH OTHOCHTEJbHHIM B 3aBHCHMOCTH OT TOrO,
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OyZmeT MM YyNOMSHYTHIH MHOXHTEJIb paBeH €JHHHLE HJIU
HeT%!), MoxHO BhIpasuTh Qopmyan (C) Takumu cio-
BAMH: MOMEHT BpAUjEeHUS NAPbL CUL ABASETCA OTHOCU-
TeNbHOIM UHBAPUAHTOM NPU BCEX OPTO0HAAbHOLX npeold-
pasosanusx KOOPOUHAT HA NAOCKOCTU.

CpaBHHUM Temepb C 3THM pe3yJbTaTOM MOBeJeHHe
npH npeo6pa3oBaHHAX KOOpPAHHAT 3JeMeHTapHO#H reo-
MEeTPHYECKOH BEJTHYHHH, KOTOPYI0 MH H3y4YaJH B CaMoM
HauyaJjie, a HMEHHO, naowaodu TpeyzorbHUKA

1 Xy y 1
A=? X3 Y2 1},
x3 Y3 1

[TapanaensHbiii nepenoc (A;) He H3MeHSIeT BeJHYHHbI
3TOr0 ONpeJeNauTe s, H60 NPH HEM TOJbKO NMpHOaBJsfeTCS
K 3JIeMeHTaM IepBOro cTosbla 4HCJIO @, a K 3JIeMeHTaM
BTOPOro — YHCJI0 b, T. e. NpHOABJSIOTCH a-KpaTHHE H
COOTBETCTBEHHO  b-KpaTHHeE 3JeMEHTOB  NOCJeJHero
crosbua:

A’ = A. (Dl)

Crosb 2Ke NMPOCTO HAXOAHUM NOBeJeHHe OmpelesHTe-
Jsi A B ciydae Tpex NpPOYHX BHAOB NpeoOpa3oBaHHUI:

A=A, (D,)
AI = A’ (D3)
A, = }\421.\, (D4)

0 4YeM, KOHEYHO, MOXHO OblIO Obl MU HEmOCPeACTBEHHO
3aKJIOYHTb, UCXOASl M3 T[EeOMETPHYECKOr0 CMBICJIA IJIO-
majau TpeyroabHuka. Ho stu ¢opMmyanl BnosHe coBma-
nawot ¢ popmynamu (C); cienoBaTesbHO, IJOLIALL Tpe-
YyroJIbHHKa, a NOTOMY H naou,ade 8CAKOL naockod gu-
eypet (KOTOPYIO Belb MOXHO TNpPEACTABHTb KaK CYyMMY
TPeyroJibHUKOB), BeleT cebs NpH NPOU3BOJBHOM Npeos-
pasoBaHHH KOOPAMHAT TOYHO TAaKHM Xe 06pa3oM, Kak
MOMEHT spaujerus napel cua. [loaTomy, cienys HameMmy
BTOPOMY OOLIeMy NPHHIHIY, MBl JAOJKHH 00e 3TH BeHIH
paccmaTpuBaTh KaK reOMeTpHYeCKH 3KBHBAJIEHTHBIE, IIO-
HHUMasi 3TO B TAKOM CMBICJIE: HMesi Ha IJIOCKOCTH KaKylo-
au6o mapy cua ¢ MomeHToM N H B3fB JI060H TpPeyrob-
HHK ¢ nJjomaabio A= N, Mbl HafiieM, 4TO 3TO MNOCJel-
Hee PaBEHCTBO COXPaHseTcsl NPH BceX NpeoOpa3oBaHHAX
KOOpDAHHAT, T. €. Mbl MOXEM MOMEHT BpAUjeHUs napbh
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cun npedcrasuTs HASAAOHO HE3a8UCUMO OT npeobpaso-
sanus KoopOuHar 8 sude naow,adu TPeyzOAbHUKA WAl
napassesozpamma UAL euwe Kaxkol-rubyls uHoil ¢hu-
eypol. Kakum uMeHHO 06pasoM 3TO CONOCTaBJIeHHE
IOJIXKHO IPOHCXOAMTb reoMeTpHuecKH, OGyxeT BHAHO
Mo3XXe NPH M3yYeHUH COBepLIEHHO aHaJOTHYHBIX, HO He-
MHOro. 60Jiee CJOXKHBIX, 4 NOTOMY H 6oJiee NOYYHUTENb-
HBbIX COOTHOLIEHHUH B NPOCTPAHCTBE.

Ha 3ToM 1 NOKHMHY reoMeTpHio Ha MJOCKOCTH, B KO-
TOPOH 5TH NOHATHS HMeEIOT NOYTH TPHBHAJBHYIO NpO-
croty. Iss Bcex aHanuTHuecKuX GOpMYJ yhaeTcs Hemo-
CPelICTBEHHO MNOJALICKATb HX XOpollee TreoMeTpHUYecKoe
TOJIKOBAHHE, IPHYEM H Ha FeOMeTpPHIO paclnpocTpaHsercs
cama co6oif noJiHas aHaJuTHYecKass oOiiHoCcTb. Ilpu
9TOM BCerja siBJaseTcsi CyLUleCTBEHHBIM TO MpelNoJioxKe-
HHe — mycTb 3TO OyJxeT ellle pa3 MNOAYEPKHYTO, — 4YTO
pa3 HaBcerja YCTaHOBJIEHBI . HajAJexallihde COrJalleHHs
OTHOCHTEJIbHO 3HAaKOB —= B reoMeTpHYeCcKHX obpasax.

III. TPACCMAHOB NMPUHILHII AJi9 NPOCTPAHCTBA

JluHelnblit ¥ nJockocTHON 3jieMeHTbl. COOTBETCTBYIO-
LiMe HCCJAefOBaHHS, OTHOCSLIHECS K IPOCTPAHCTBY, MBI
NpOBEJEM BIIOJIHE AHAJOTHYHO NpeAbIAYIIHM paccyxie-
HusAM. Takum 06pa3oM, HCXOAHBIM IIYHKTOM OYAYT CJy-
JKHTb MaTpHLL], COCTaBJEHHbIE H3 KOOPAHHAT OJHOH,
JBYX, TPeX HJIH YeTbIpeX TOYeK:

PR iz 1
1 Y1 2 1
Xy Y 2y 1 X2 Y2 22 .
ETER NN WS M 2R B v
\ 3 Ys 23 X4 Y4 24 1

OnpenenutensiMu NepBOi MaTPHUBl SBJASIOTCS KOOp-
IHMHATH TOYKH; OHH He TpPeOYIOT najbHeHIIHX HCCaelo-
BaHull. UeTBepTas Marpuula yxe cama SIBJASETCA oOnpe-
JleIUTesieM UYeTBEPTOrO HOPSAKA U JaeT, KaK H3BECTHO,
yllecTepeHHbIH o6beM Tertpasgpa (1, 2, 3, 4), KoTophlii
MOXHO, B COOTBETCTBHH C BBOJAMMBIMH B JaJjibHeflleM
TEepMHHAMH, Ha3BaTb MNPOCTPAHCTBEHHbLIM 3NEMEHTOM.
Bnpouem, 3TOT onpelnesuTeNb MOXHO TaK¥Xe paccMarpH-
BaTb NpPOCTO KaK oObeM mNapaJenendnesa ¢ pebpamu
41,4 2, 43 (puc. 33), nns Koroporo I'paccmMaH BBesa
HasBaHWe «WNar» (TepMHH, 3@UMCTBOBAHHBI M3 MHHe-
paJsioruu).
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HoBble 0o6pa3sl MOJy4YaloTCs H3 BTOPOH H TpeTbeil
MaTtpul. Bropasi (mBycTpouHas) MaTpula N03BOJSET
NOJIYYUTb COBOKYNHOCTb CJEAYIOLIMX IUEeCTH ONpeJesu-
Tejiel BTOPOTO MOPsiJKa, KOTOPbe Mbl IOJyYyaeM, BblUep-
KuBasi Kax/blil pa3 no xsa -cronbua 32):

X=x1—x, Y=y —y, Z=2z—2,
L=yz,—yz,, M=2x,—2,x,, N=x,y,— x4;;

(1)
TOYHO TaK e TPeTbs (TPEeXCTPOYHass) MaTpuua Aaer
HaM cjelyloulue .4eThipe ONpefesuTe/id TPEeTbero Imo-
pflKa:

Yy, 27 1 2y x 1
R=|y: 22 1 , M=|2 x2 1 '
3 23 1 23 X3 1
xly y, 1 X1 Y 2 (2)
N=|x2 y2 1], §B = —| X2 Y2 22|,
%3 ys 1 X3 Ys 23

Urto Kacaercs, NpexJe BCero, LIeCTH oOnNpejesuTe-
Jgeit (1), To H3 COOTBETCTBYIOLIHNX pa3bsCHEHHH, OTHO-
CSILIUXCA K IIOCKOCTH, MOXHO JIETKO 3aKJIOYHTb, 4TO X,

V4

W) N

Puc. 34

Y, Z sBnsiloTCs NPOEKUHUSMH Ha KOOpPAHHATHbIE OCH OT-
peska, uaymero or To4kH 2 K I, a L, M, N— yznBoeH-
HBIMH "TJIOIAASIMH NpoeKuu#d TtpeyroabHuka (O, 1, 2)
¢ HanpaBJseHneM o6xona O, I, 2 Ha KOOpAMHATHBIE MJIO-
ckoctH (pHc. 34). Bce 3TH BeJHUYHMHEI OCTalOTCS, OYEBH]-
HO, HEH3MeHHBIMH, ecJH orpe3ok (I,2) mnepexsurathb
BIOJb cojJepiKalllel ero npsiMol, COXpaHssi ero IJHHY
Y HanpaBJ/eHHe; CJIef0BaTeJbHO, OHH NPEACTABJSIOT CO-
60ii TO, YTO Mbl OyJeM Ha3bBaTb JHHEHHBIM 3JIeMEHTOM
HJIH CKOAb3AUWUM BEKTOpOM 8 npocTpaxcrse. IlepBhie
Tpu BeqHuuHb X, Y, Z OCTalOTCA HEH3MEHHBIMH TaKxke H
IpH NapaJjJiejbHOM IepeHOce 3TOr0 BEKTOpa B CTOPOHY
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OT cojJepxallled ero npsiMoli; cJeAOBaTeIbHO, B3fTHIE
caMH no cebe OHU onpelensiloT ¢80600Hbl gekTop. [lo-
IOGHO 3TOMYy nATb oTHowlenuti X :Y: ... :Z ocraioTca
HEH3MEeHHBIMH KaK NPH NpPOH3BOJbHOM H3MeHEHHH IJIH-
Hbl, TAK H NPH H3MeHeHHH Ha o6paTHOe HampaBJieHHS
3TOrO JIMHEHHOrOo 3JeMeHTa Ha (PUKCHDOBAHHOH NpsSMOH;
clel0BaTeNbHO, OHH ONDPENeJNsIOT  HEeO2PAHUUCHHYID
npaAMY0.

UYernipe onpenesnnurtenss (2) onpenessiioT mpexie Bce-
O IIOCKOCTb, NMPOXOAALLYIO Uepe3 TPH TOUKH 1, 2, 3,
n60 ee ypaBHeHHe

x y =z 1

X 4oz 1|
X2 Yz 22 1 =0
X3 Y3 23 1

MOXHO, OYEBH/HO, 3aNHCATh TaK:
L+ My + Rz + P=0,

TaK 4YTO yXe OJHH TOJbKO oTHowleHH: L:M:N:P ¢uxk-
CHPYIOT HEKOTOPYI0 HeOrpaHHYEHHYIO MJIOCKOCTb33). [la-
Jiee MBI cpasy xe 3ameuaeM, uto £, M, R paBHBI yABOeH-
HBIM IUIOWIAASIM NpoeKuui TtpeyroabHuka (I, 2, 3) Ha
KOOpAHHAaTHbIE NJOCKOCTH, €ClH 6paTh €ro KaxKAblil pas
¢ HanpaBJeHHeM o6xoxa I, 2, 3, a  paBHO lIeCTHKpAT-
HOoMYy o6beMy TeTpasapa (O, I, 2, 3), Toxe B3SITOMY CO
3HAaKOM, COOTBeTCTBYIOLIMM 3TOH NOC/JAeA0BAaTeIbHOCTH
BepUIHH. DTH 4YeThipe BeJHYHHBI OCTAIOTCH, OYEBHAHO,
HEH3MEHHHIMH B TOM M TOJbKO B TOM CJyuae, eClH Tpe-
yronbHUK (I, 2, ) mepeaBHraTth no ero IMJOCKOCTH U TaK
€ro npu sToM JedOpMHpOBATb, YTOOHI €ro MJOWAAb H
HanpaBjeHHe 06X0da OCTaBaJHChb Hen3MeHHHMH. Cie-
JIOBaTeJIbHO, OHU ONpedessiioT TPEYroJbHHK HJH BoOGLIe
YacTb NJIOCKOCTH, HMMEIOLIYI0 HMEHHO TaKylo TNOABHXK-
‘HOCTb,— TO, YTO I'paccMaH Ha3blBaeT <«IJIOCKOCTHBIM
3yneMeHTOM>». IlepBbie TpH KoopAuHaTH £, M, R nmaocKocT-
HOro 3JleMeHTa ocTaloTcsl 6e3 H3MeHeHHs TaKkxkKe H IpH
CIABHMIe IJIOCKOCTH TpeyroJbHHKa NapaJienbHO el ca-
‘MOH; cJeACBaTeJbHO, OHH ONpeAessiOT MJOMIAAb -H Ha-
nparJjenue o6xona TPeyroJbHHKAa, KOTOPbIi MOXKeET CBO-
60HO mepeMelllaTbCsl B NPOCTPaHCTBE MapaJJjiejbHO ca-
MOMYy cebe,— TaK Ha3biBaeMblli CB80600HbLL NAOCKOCT-
HOU dAEeMEHT.
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Kenass 3aHATBCA AUHEUHbIM INEMEHTOM OJIHKE, Mul
JOJIKHBI NpexKJe Bcero o6paTHTb BHUMaHHe Ha TO, YTO
B DIPOCTPAHCTBE OH Onpejesserci nAT6/0 CBOGOJHO H3-
MeHsieMbiMd TNapaMeTpaMH, H060 XoTi 06a ero KOHIa
HMeIOT BMeCTe B3SThie IIeCTb KOOPAHHAT, HO OJHH KOHeI{
MOXET DDOH3BOJbHO IepelBHraThCsl BIOJb HEKOTOPOH
npsmoit. ClleoBaTesNbHO, ONpeJeleHHble HaMH BhILIE
miects KoopauHat X, Y, Z, L, M, N nuHeiiHOTO 3/ieMeHTa
He MOryT OBbITb He3aBHCHMBIMH BEJHYHHAMH, a JO/KHH
YIOBJIETBOPATb HEKOTOPOMY YCJOBHIO. ITO IOCKEfHEe
MOJKHO TpOLle BCEro BLIBECTH H3 YYeHHs 00 omnpeneJi-
TeasiX, KOTOpoe BOOOLIe CJYXHT BCeraa KJIIOYOM K Ha-
LIHM TeopHsM. PaccmMaTpHBaeM OmnpejesHTeNlb

[ISTTPr— nasae

!/1521

KOTOpBIi, KOHEYHO, TOXK/JECTBEHHO paBeH HyJo, H60O 3Je-
MEHTbl JIBYX €ro CTPOK NONapHO COBMajaaioT. Pasjioxum
€ro Ha CyMMY IpOH3BelleHHH H3 COOTBETCTBEHHBIX MHHO-
poB %) nepBo#l M IOCJeIHeH napnl CTPOK: NepBoe cJja-
raemMoe COLepKHT 06a MHHOpA, 0GBeLEeHHbIE MYHKTHPOM,
cJ1eN0BaTebHO, OHO CBOAUTCS K NZ; MO aHAJOTHH C 3THM
AJIsl BCEro ONpejiesIuTeJNs IoJyyaeM 3HaueHue 2 (NZ
-+ MY + LX). TloaToMy uMeeT MeCTO TOXKAECTBO

XL+YM+ZN=0 (3)

B KauecTBe HeE00X00umoeo YycAosus JAJs IIeCTH KOOpAH-
HaT BCSIKOr0 AAHHEHHOTo 3JIeMeHTa; HeTPYAHO yOenuTbcs
B TOM, YTO HaJHYHe COOTHOLIeHHS (3) MeXAy KaKUMH-
HHOYIb LIECTbI0 BEJMUYHHAMH SIBJISIETCA TaKxke M 0ocTa-
TOouHbLM ycao8uem35) 1yt TOro, 4ToGbl HX MOXKHO GBLIO
NpeACTaBHTb nocpelacTBoM (opmya (1) B KauecTBe Ko-
OpAMHAT HEKOTOpOro JHHeHHoro aneMmeHTa. KoHeuHo, s
He CTAHY 3[eCb OCTaHaBJHBATbCS Ha 3TOM COBEpLIEHHO
3JIeMeHTapHOM JOKa3aTeabcTBe ).

Npumenenue K cTaTHKe TBepAbIX TeJ. Temepb si CHOBa
nepeilly K npumMeHenuro dTux nonarutll 8 mexanuxe. Kax
H Ha miaockoctd (c. 40), nmpeacTaBHTEJNEM CUAbL, NPUANO-
JCeHHOL K NPOCTPAHCTBEHHOMY T8epOOMY Teny, SIBJSIETCS
JIUHEHHBIA 3JeMeHT, H300paxKaroLHi JIHHHIO IPHJIOKEeHH ,
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BeJIMYHHY W HamnpaBJieHHe 3ToH cuabl. [Ipu sToM mep-
Bble TPH KoopauHathl X, Y, Z juHeliHOro ajeMeHTra Ha-
3bIBAIOTCS] KOMIIOHEHTaMH CHJIbl, NapaJjJieIbHbIMH KO-
ODAHHATHBIM OCSIM, @ €ro BTOPble TPH KOOpAHHATH L,
M, N—ee momenramu epaujeHus 8okpyz aTux oceii*).
Tpu komnonentn X, Y, Z omnpeaeasitoT co6oi, Kpome
BEJIMYHHbI, elle M HanpaBJeHHe CHJIBbl, HJIH COOTBET-
CTBEHHO CBOGOJHBIH BEKTOpP C HampaBJsIOLIUMH KOCHHY-
caMH, OTHOCAIIMMHCA MeXAy cobo#i, kak X:Y:Z; ato
HanpasJieHHe H300paxkaercsi AMaroHaJbio napaJjesent-
nexa, pe6paMu KOTOporo siBjsilorcsi oTpe3ku X, Y, Z Ha
KOOpPAHHATHHIX 0ocAX%7). TakuM Ke caMblM NOCTpPOEHHEM
MOXXHO NOCPeACTBOM TpeX BesJHuuH L, M, N Toxe moay-
YHTb OINpelesieHHOe HampaBJieHHe, KOTOpOe Ha3blBaloT
HanpasaeHuem OCU pPe3yAbTUPYIOU,e20 MOMEHTa 8pauje-
nus. CooTHouleHHe (3) oO3HAYaeT, COMJIACHO H3BECTHOH
¢opMyJie reOMEeTPHH B NPOCTPAHCTBE, 4TO HaAnpasaexue
CuAbL U HanpasaeHue OCU Pe3YAbTUDYIOU,L20 MOMEHTA
8paujenus 83aumno nepnenduxyasnpuol. TOUHO TaK Xe,
Kak M Ha IJIOCKOCTH, Mbl BKJIOYaeM B TNOHsSTHe JIHHEH-
HOTO 3JIeMEHTa B KaueCTBe «Iaphl CUJI» TOT NpejesibHbli
cayda#, npu kKoropom X=Y=Z=0, torna kaxk L,
M, N He o6paluaioTcs B HyJb OAHOBPEMEHHO, H NPOCTOM
npeflebHLI Nepexol MOKa3hbBaeT, YTO NMOA MapoH CHJ
clejlyeT NMOHHMAaTbh OECKOHEeuHO YOaseHHYI0 OEeCKOHEeuHO
MAAYO CUNY, MOMEHToL 8pAUjeHUs KOTOpPOLl O0CTArOTCA
KOHeuHbimu. DlleMeHTapHasi TeOpUs M B 3TOM CcJayyae
OTHOCHTCSl NYIVIHBO K TaKUM BBbIpaXKeHHSIM — AJIs Hee
napoi cuJ sBJsEeTCS COBMECTHOe AeHCTBHe ABYX mapaJ-
JIeJIbHBIX PaBHBIX MO BeJHYHHe, HO NMPOTHBOIOJOXHO Ha-
npaBJeHHbIX CHJ, AeHCTBYIOLIMX BAOJb Pa3JHYHBIX Npf-
mux: X, Y, Z, Ly, M\, N\ u —X, —Y, —Z, Ly, My, N,.

JlefiCTBUTEJNbHO, AJISI CyMMBI 3THX CHJ TNOJYy4aloTcs
KakK pa3 TakHe KOOpJAHHATHI:

0: 0: O’ Ll + L‘J, Ml + MZ’ Nl + N29

KOTOphIE MBI TOJbLKO YTO HMeJH B BHAY %8).
Hawa ouepenHasi 3ajauya — cAoscenue CUCTembl npo-
UBGBOLLHO 3A0AHHBLX CUN

Xb Yl, Zi’ Lb Mi: Ni ([= 11 21 ey n),

*) 3nech cHOBa HallH 0603HAaYeHHs OTJIHYAKTCA 3HAKOM OT NpH-
HATHX B MexaHuke (cp. c. 41).
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npunaoscennoix Kk T8epdomy Teay. OGHIKHOBEHHO B 3Jje-
MeHTapHbIX KHMrax W Ha JEKUMAX Ha 3Ty 3ajayy 3aTpa-
YHBAIOT MHOrO BPEMEHH, TOTJa KaK MBI 3[eCb CMOXKeM
pelluTh ee OueHb ObICTPO OGaarojapsi TOMy, YTO Halud
aHa/JuTHYeCKHe (OpPMYJH [eNaloT H3JIHIIHUM pasJjuye-
HHe pa3HBIX CJyyaeB, HeH3(GeXKHOe IpPH TAXKEJOBECHOM
SJIEMEHTapDHOM H3JI0KEHHH, He YnoTrpebJsiiolleM Ipas<
Buia 3HakKoB. OCHOBHOH NPHHLHIN CJIOXEHHS (CHJI) 38-
KJII0UaeTcsi B TOM, UYTO COCTaBJISAIOT CyMMBI

B=2X, H=XY, I=23X2Z,
=1 i=|

i=1

n n n
A=ZL11 M=ZMD N=2NI

i=1 =1 i=]
H pacCMaTpHBAalT UX KaK KOODAHHATH CHCTEMbI CHJI HJTH
KaK KOOpAHMHATHl <«AHHAMBbI», I10JIb3ysCb uenecoo()pas-
HBIM BbIpaxKeHHeM, BBEIACHHBIM nJ‘”OKKepOM; npH 3TOM
Mbl CHOBA pa3jH4YaeM TPH KOMNOHEHTh! BIOJb ocell U TPpH
MOMEHTa BpaAUICHHS OKOJIO 3THX ocefl. HO, Boo0lle ro-
BOps, 3Ta aHHaMa He H'peILCTaBJIHeT cob6oit HeKOTOpOﬁ
CHJIbl, n6o pacCMOTpEHHbIE LIECTb CYMM He BCerida yaoB-
JIETBOPAIOT yCJOBUIO

EA 4+ HM +ZN =0,

HMEIOIEeMY MECTO IS KOOPAMHAT JIMHEHHOTO 3JeMeHTa,
TyT Mbl MMeeM IO CPaBHEHHIO C IJIOCKOCTbIO TO HOBOE,
YTO CUCTEMY CUA, NPUAOIEHHbIX K Teepdomy Teay, He
8cez0a MOMCHO c8eCTU K O0HOU cuae 3°).

UTO6H NMOJYYHUTb KOHKPETHOE NpeNCTaBJieHHe O CYII-
HOCTH HHHaMbl, nonpobyeM NpeACTaBHTb €€ MO0 BO3MOXK-
HOCTH SICHBIM crmocoGoM B BHJe pe3yabTHpYOLlefl Kak
MOXKHO MeHblUero uucaa cus. OKasbBaeTcs, 4YTo Kaxoyro
OuHamy MONCHO pACCMATPUBATO KAK Pe3ysbTUPYIOUYIO
O0HOU cuAabl U napel CUA, 0Cb KOTOPOU NApaAsLesbHA AU-
Huu, 800a6 KOTOpOLi OelicT8YeT nepeéas cuia,— TaK Ha-
30618aeMOL YEHTPANLHOL OCU OUHAMbL, — NPUUEM ITO CBe-
Oénue (k cune u nape) moxer 6oiTo npou3sedeHo 00-
Hum TOALKO cnocobom. Kiaccuueckoe H3JI0XKeHHE 3TOI
TEOPHH CJIOXKEHHS CHJI, NIPUJIOXKEHHBIX K TBEPIOMY Tely,
UMeeTcsi B KHHTre «DJjeMeHThl craTuku» Ilyawco *); mo-
3TOMY TOBOPAT TaKxke O WLeHTpaJbHOH ocu Ilyanco.

*) Poinsot L. Eléments de statique, — Paris, 1804,
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Bnpouewm, ITyaHco u3naraer 3Ty TeOpHIO OYEeHb PacTsHY-
TO, NOJb3YACb METOAAMH 3JIeMEHTapHOH TreoMeTpHH, B
TOM BHJE, KaK elle H A0 CHX IOp MOCTYyNAalOT B Hayajb-
HOM NpenojilaBaHUH.

Hnst nmokasaTeqbCTBa BBHICKa3aHHOH TeOpeMbl 3aMe-
THM, 4TO %) BCAKU# pas, Korha no BbieJeHHH (M3 pac-
CcMaTpuHBaeMOH JHHaMbl) KaKOH-JHGO maphl CHJ MoJayda-
eTcsl 0JHa CHJa, NOoCJHelHAs JO/KHA HMETb Ha OCAX KOM-
NMOHeHTH, paBHble E, H, Z; ciaenoBaTesbHO, YTOOB OCh
napsl 6bl1a napaJJenbHa LEeHTPaJbHOH OCH, ee MOMEHTHI
BpalleHnsl AOJIKHBI OTHOCHTbeS, Kak E:H:Z. Iloatomy
ee ILeCTbl0 KOOpJAHHAaTaMH AOJIXKHBI ObITb UYHCJIA

0, 0, 0, kB, KH, Kz,

rie k—mnapaMeTp, KOTOpHIfi elle MOJJEXKHT ONpenese-
Hu0. [IpHCcoeHHAsl K 9TOH nape CHJ AHHAMY

B, H Z, A—k3Z, M—kH, N—£kZ, (A)

HnoJyyuM HcxoiaHyio auHamy E, H, Z, A, M, N, u BhicKa-
3aHHOe NpejJoXeHHe ObIO0 Ont J0Ka3aHo, ecjau Obl yAa-
JOChb TakK NomoGpatbh k, YTOGH cucTema BeJuHYuH (A)
npeacrasiasisa co6oit ofHy cuay. s 3Toro He06X0AHMO
H J0CTaTOYHO, YTOOB 3TH KoopauHaTel (A) ymoBieTBO-
psaau ycaosuwo (3), T. e.

B(A — kE)+ H(M — 2H) + Z(N — £Z) = 0;

OTCI0la OAHO3HAYHO CJEAYET, UTO -
__ BA+HM42ZN
k=—mrmwyz

B camom pene, MOXHO cYHTaTh, YTO 3HaMeHaTelb
OTJIMYEH OT HyJs, H60 B NIPOTHBHOM CJlyuyae ME C CaMOro
Havaja uMeJH Gbl Aelo He ¢ COGCTBEHHOH [AHHaMOH,
a ToabKo c¢ mapoid cuia. TakuMm o6pa3oM, NMpHNHCHIBas
napaMmeTpy k 310 3HaueHue — [In10KKep Ha3plBaeT ero
napamerpom JHHAMBbl, — MBI JeHCTBHTEJNbHO MNOJyYaeM
HCKOMOe pasjlolKeHHe JHHaMbl Ha TpeOyeMbie mapy CHJI
U OJHYy CHJY, IPHYEM H3 X0Ja AOKas3aTeJbCTBa BHIHO,
4TO 3TO pasJjioKeHHe OJHO3HAYHO.

Cesa3b ¢ HyneBoil cucremoii MeéGuyca. Tenepb BO3-
HUKaeT BONPOC O TOM, C KAKUMH ceoMeTpuvecKumu npeo-
CTaBAeHuamMU MOXKHO CBfI3aTb 3TO pa3joxKeHHe. DTH HC-
CJelOBaHHA TakKXe BOCXoAAT K Mébuycy, a MMeHHO,
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K ero «Kypcy cratuku» *). B cBoeM H3/10KeHHH OH H3
NepBOE MeCTO CTaBHT BONPOC 06 0OCax, NO OTHOWEHUK
K KOTOpbiM OUHAMA UMEET MOMEHT 8DPAUjeHUs, PABHbL
HYyAt0,— O TaK HAa3blBaeMBIX HYJEBBIX OCSIX; CHUCTEM)
BCEX TaKHX HY/e6bix ocell OH Ha3blBaeT HYAe80l cucTe-
noid. OTciofa W BelleT CBOe IIpo-
HCXOXJleHHe 3TOT, KOHEYHO, H3-
BECTHBIH BaM TepMHH.

Ipexae Bcero Mbl ROJMKHBI
Jatb ofllee onpeaeseHHe NOHATHSA
MOMEHTA BpAUeHUS HIH TIPOCTO
MOMeEHTaQ, KOTopoe OyaeT mnpHme-
HATbCHA, Ha4YHHasi € 3TOrO MecCTa.
Ilycts cnepBa 3afaHH B NpPOCTpaH-
CTBe JiBa JIMHEHHBIX 3JIeMeHTa
(1, 2) n (', 2) (puc. 35). Bynem paccmaTpuBaThL HX
KOHILK KaK BepUIMHW TeTpasspa (I, 2, I’, 2'), o6bem
KOTOPOro paBeH

XN oz 1
1 X2 Yz 22 1
— 4 4 4
6|x 4 2 1]
4 /7 /7
X9 Yo 25 1

Broluncsnsis 3TOT onpedenuTenlb KakK CyMMY IpOH3Be-
JeHHH MHMHODOB NepBOH H nocjaelHeill Mapul CTPOK (Mbl
5TO yXe JenajH Ha c. 51 c ompepenuteneM, TOXAe-
CTBEHHO paBHBIM HYJIO), MOJyYaeM AJS 3TOro ompene-
JIUTeNIs 3HayeHue

(XL +YM + ZN' 4 LX’ + MY’ + NZ),

rae X', ..., N'—KoopAHHATH JIHHEHHOrOo 3JIeMEeHTa
(1, 2’). Bxonsauyio cioga GUIHHEHHYI0 KOMGHHALHIO KO-
OpAHHAT OOGOHX JIMHEHHBIX 3/1€MeHTOB

XU 4+YM 4+ ZN"+ LX 4+ MY’ 4+ NZ’

OyZeM Ha3blBaTb MOMEHTOM OOHOZO AUNELHO020 NeMEeHTa
N0 OTHOWEHUIO K Opyeomy, OH paBeH HIECTUKPATHOMY
o0beMy TeTpasipa, 06pa3oBaHHOIO KOHIAMH OOOHX JIH-
HeHHBIX 3JleMEeHTOB, H INO3TOMY sBJIAeTCS reoMeTpHue-
CKOH BeJIHYHHOH, He 3aBHCALIEH OT CHCTEMBI KOOpIHMHAT.
Eciu r H r'— QJMHB JIMHEHHBIX 3JIEMEHTOB, @ — YroJl

*) Mobius A, F. Lehrbuch der Statik, — Leipzig, 1837
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MeXI1y HHMH H p— KpaTdyaifimee paccrosiHHe (OOLIHIH
NepneHAUKYJASp) MeXIYy HX NpPSMbIMH, TO HYyTeM 3Je-
MEHTapHBIX FeOMeTPHYECKHX COOOpaKeHHil Jilerko HauTH,
4YTO 3TOT MOMEHT paBeH IPOU3BENEHHIO rr'psin @, ecan
TOJIbKO HajJjexaumumM o6pa3oMm onpelenuTb 3HAK YHC-
aa ¢ *).

Ecan xe BMecTo snuHeiiHOro ajementa (I, 2) 3anaHa
He02PAHUYEHHAS HANDABAEHHAA NPAMAA, TO NMOA MOMeEH-
TOM JHHefiHOro ajeMenta (/’, 2’) mo OTHOLUIEeHHIO K Held
6yaeM NOHHMAaTb ero MOMEHT B IpeXHeM CMLICiae, B3f-
THIH 110 OTHOLIEHHIO K JIHHEAHOMY 3JIEMEHTY MJHHH r=I,
JexalleMy Ha 3TOH mpsiMo#, T. €. BeipaxkeHue r’psinq.
OHo noJsyyaeTcs M3 NMpPeAbIAYLIEro BHpaxKeHHus AesleHHeM
ero Ha r=4/X?+ Y2+ Z2, TaK 4TO OKOHYATeJbHO Ha-
XOJMHM: MOMEHT aunetinozo aaementa X', Y, Z’, L', M’,
N’ no oTHOweHUO K HeozpanuveHHOL npamoii, codepica-
wjeld auneiinoui anemenr X, Y, Z, L, M, N, pasen

XL 4+ YM' 4 ZN" 4+ LX’ + MY’ + MZ’

.
’

VXY 22
(aKTHYECKH 3TO BbIpa)KeHHe OCTaeTCs HeM3MeHHHIM IpH
COXpaHeHHH OTHOWeHHH wwecTH Beawuun X,Y, ..., N

6e3 H3MeHeHHS HX 3HAaKOB Ha INPOTHBONOJIOXKHLIE, TaK
YTO €ro 3HaueHHe BIOJIHE OMNpeJesNeHO, eCJH TOJNbKO 3a-
JaHa ynoMsiHyTasi HeOrpaHHuYeHHasl npsiMasi c oOnpeje-
JIeHHbIM HampaBJjleHHeM Ha HeH. DTOT MOMEHT JHHeH-
HOro 3JileMeHTa sBJsieTCss KaK pa3 TeM, 4TO B CTaTHKe
Ha3bIBAIOT MOMEHTOM 6paujerus cuabl, usobpascaemod
ATUM AUHELHbIM 3AeMeHTOM, BOKPYT Hallleil MpsMOH Kak
BOKPYT OCH; NpHYeM ONATb-TAKH B CTaTHKe YacToO. yNo-
TpeOJASIOT MPOTHBOMOJOXKHBIA 3HaK (cp. ¢. 52).

[lepeiineM Tenepb K MOMEHTY, WIH MOMEHTY épauje-
Hus (OTHOCHTEJbHO TOH XXe HampaBJeHHOH mpsMol) cH-
CTeMBI CHJI, T. €. AHHAMBI

B=Y X}, ..., N=Y N
i=] i=1

Hpenc*raBJmeTca €CTECTBEHHBIM IIOHHMATb IOA HHM
CYMMYy MOMEHTOB OTAEJbHBIX CHJ, T. €. BblpaXeHHE
n

XL]+YM; 4+ ZN; 4+ LX;+ MY+ NZ]
2, NX TV Yz
XA+ YM 4 ZN 4 LE + MH + NZ
VT2t 2%

i=1
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IIpn nocnenoBaTe/NbHOM OTOXK/IECTBIEHHH HeOrpaHu-
yeHHo#t mpsamo#t X, ..., N ¢ TpeMs NOJOXHTeJbHHMH
OCSIMH 3TO Bbipa)XeHHe NpHHHMaeT 3HauyeHHs A, M, N,
YeM H ONpaBALIBAIOTCA BBedeHHble paHblle (c. 53) Ha-
3BaHHUA AJIS1 3TUX BEJHYHH.

Tenepp Mbl MOXeM 3aHSITbCS TeM BONPOCOM, KOTO-
pHil .cTaBuT nepen co6oii MéEGuyc. 3anaHHas AuHaMa
Z,H, ..., N uMeer no oTHolleHHI0 K mpsamoit X:Y: ..,
... : N MoMeHT 0 (TaK YTO mOCJenHss SIBJSIETCS Hyses
801l OCb10) B TOM H TOJILKO B TOM CJIydae, €CJIU YHCIUTE/b
nocJjeJHero Bhpax<eHHsl paBeH HYJIO:

AX+ MY +NZ+EL+HM+ZN =0.

CuaefoBaTenbHO, Hysesas cuctema OuHamel npeo-
crasaser coboul co80KYnHOCTe 8cex npamoix X:Y: ...
... N, ynosmnerBopsiomiux stoMy ypaBHeHHo. Ho 3t10
nocjenHee siBjasieTcss HanGojiee OOIIHM JIHHEHHBIM OIHO-
pPOAHBIM YypaBHEHHeM OTHOCHTEJbHO LIECTH BeJHYHH
X, ..., N, u6o koadpduuueuts A, ..., Z, KaK KOOpAH-
HaTh JHHAMBl, MOTYT HMeTb NPOH3BOJIbHble 3HaYeHHs.
COBOKYNHOCTH NpSIMBIX, ONpeleJsieMBX NPOH3BOJNbHBIM
JMHEHHBIM OZHOPOJHLIM ypaBHeHHeM, HccaenoBaa [laok-
Kep — Tako#l ke, Kak Mé6Guyc, nuoHep B aHAJHTHYECKOH
reomerpun XIX crojeTHs — NOA Ha3BaHHUEM AuUHEUHbLLX
KOMnAeKkcog B CBSI3M C BOINpPOCaMH, Ha KOTOPLIX HaM
BIIOCJIECTBHU ellle NPHAETCS OCTaHaBJHBATbCA NOAPOO-
Hee. Taxum obpasom, mébuycosa Hyresas CucTrema— To
gie camoe, 4TO U NAOKKEepOo8 AUHelHbL KOMNAEKC.

HarasaHo-reomeTpuueckoe H3o06paxkeHue HYJeBOi
cuctembl. [Toctapaemcsi Tenepb 1aTh KaK MOXCHO 6Goaee
JACHYIO KAPTUHY 3TOH HYJIEBOH CHCTeMbl, IpHYeM, KOHey-
HO, He MOXeT ObITb H pPeYH O reoMeTpHuecKoi «purype»
B OYKBaJIbHOM CMBLICJI€ 3TOrO CJI0Ba, H60 HyJeBble npsi-
Mble GeCKOHEYHO MHOT'OKPaTHO IIOKPHIBAIOT BCe IPOCTpPaH-
ctB0“?). TeM He MeHee MOXHO OUYeHb XOpOILIO HpejcTa-
BUTb cebe uX rpynnupoBkH. IIpu sToM, cienys u3GpaH-
HOMY B 3TOM Kypce MeTOLYy, Mbl NOCTapaeMmcsi NpHBeCTH
CHCTEMY KOOpPAMHAT B KaK MOXHO 6oJjiee yao6HOe MoJoO-
JKeHHe; 3TO0 OydeT AOCTHTHYTO, €CJH BhiOepeM 3a 0Cb 2z
YyenTparbryo oc6 Ouramol. TToCKONbKY NHHAMYy MOXKHO,
KaK Mbl 3HaeM, NPeICTaBHUTb B BHAE pe3yJbTHpYIOLLEH
QIS CHCTEMBI, COCTOSIIEH M3 ONHOH CHJBI, AeHCTBYIOILEH
BAOJIb LIEHTPaJbHOH OCH, H OAHOH mapbl CHJ C napad-
JeJbHOH el O0cCblo, TO NPH YKa3aHHOM BHIGOpe OCH 2



58 NMPOCTEFIINE FEOMETPUYECKHE OBPA3LI

JOMXKHH 06paTHThCA B HyJb YeTHpe KoopauHats E, H,
A, M puHambl, Toraa Kak Z H306pa3suT BeJHYHHY Ha-
3BaHHOH OTAeNbHOH CHJH, a N — MOMEHT BpallleHHs ymno-
MSAHYTOH HDapH CHJ OTHOCHTeJNbHO ee ocu *3). [lortomy
napaMeTp AHHaMbl OKa3blBaeTcs PaBHHM
p= EA+HM 42N _ N
I LY e A

YpaBHeHUe JIHHEHHOro KoMiljiekca B 3TOH HOBOH. cH-
cTeMe KOOpPAMHAT MOJYy4YaeT CJEeAYIOIUMH NPOCTOH BHA:

NZ+ZN =0
'HJIH 1ocJie ReseHust Ha Z
EZ 4 N=0. (1)

STOT BHI ypaBHEHHS Ml H KjaJeM B OCHOBY HalllHX
NanpHeHwnXx uccienoBanuii. Ecan  Py(x,y,21)
Py (x2, Yo, 2;) — ABE TOUKH, B3SATbIE HAa OJHOH H3 NpPAMBIX
X:Y:Z:L:M:N HyneBOH CHCTEMB, TO Z=21—2; H
N = x1y; — x241, a IOTOMY AJIS1 Ka)XIBIX ABYX TOYeK, Jie-
MalUx Ha OJNHOH HyJseBo# mpsiMoif, u3 (1) noayuaercs

ycJaoBHe .
k(2) — 25) + (%192 — x04) = 0. (2)

Ecau ¢ukcupoBath TOUKy P, To (2) mpeiacraBHT co-
6oli ypaBHeHHe, CBs3bIBalolllee KOOPAMHATH X1, Y1, 21
Bcex ToueK P;, KoTopele JexaTr BMecTe ¢ P, Ha omHOMH
KaKOH-HUOYIb NpSMOH HYJIeBOH CHCTeMBbl; 3aMeHdAs AJs
SICHOCTH X1, Y1, 2; TeKYLIHMH KOOpPAHHAaTaMH X, y, 2, Haii-
JleM, YTO BCe TaKHe TOYKH P; 3amoJHSAIOT IJIOCKOCTb,
OnpeleNsieMyl0 ypaBHEHHEM

YoX — Xoy + kz = kz,. (2')

3Ta NJIOCKOCTb NMPOXOJHT yepe3 TOUKy P,, ubo ypas-
HeHHe (2) ynoBJeTBOpSETCS NMPH X = Xz, Y ==Y, Z == 22.
OTHM MBI J0KasallH, 4TO 4epe3 kKaxmoyw To4ky P, npo-
CTPAHCTB8A NPOXOOUT OeCHlUCAeHHOE MHOXCeCTBO HYAeBbLX
npsamolx, KoTopeie 06pa3yioT MJOCKHH NMYy4YoK Jydei, 3a-
moaHsomu# miockocts (27). Hama 3apaua Gyner pe-
leHa, eCJH Mbl COCTaBHM cebe siCHoe NpeACTaBJeHHe
O MOJIOKEHHH 3TOH IJIOCKOCTH («HYJIEeBOH IIOCKOCTH»),
TnpHHajjexanel Kaxao# Touke P, OG6a BHpa)keHHS
N = x1ys— Y1 X3, Z =2, — 25, BXOAsiliHe B (2), UMeEOT
CBOHCTBO OCTaBaThCAd HEH3MEHHHIMH IPH NApaj/ieJbHBIX
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nepeHocax NPOCTPAHCTBA BAOJb OCH 2, @ TaKxe HPH IIO-
BOPOTaX BOKPYr 3TOH OcH. B camom Jese, yKa3aHHbie
NepeHoChl OCTAaBJIAIOT HEH3MEHHHMH X H y (a cleloBa-
TeNbHO, ‘U N), a TaKXKe PasHOCTb 2| — 22; HOBOPOTH XKe
He O0Ka3blBaIOT Ha KOOpJAHHAThl 2z (CJeZoBaTe]bHO, H
Ha Z) HHKAaKOro BJHSHHUS H OCTaBJISIOT TaKXe HeH3MeH<
HOH N KaK BeJIHUHHY IJIOLLAAH B IIOCKOCTH X, Y.

. Tlostomy npu sunToseLx Osuxcenusx**) npocTpaHcTed
80KpYe YeHTpaabrol ocu (T. €. OCH 2) U NpU NAPALLeNbs
HblX neperocax NpocTpancrea 80046 ITOLU OCU YpasHes
Hue (2), a emecre ¢ num u onpedessemasn UM HYyaresas
cucrema nepexodar 8 cebs.

dra TeopeMa ob6Jeryaer Hally 3ajadyy HeoGbIualiHO:
€C/]H TOJbKO HaM H3BeCTHa MJA KaXA0H TOYKH MOJOXKH-
TeJbHOH OCH X COOTBETCTByMOLLasi eff HyJieBasi IJIOCKOCTb,
TO TeM CaMBIM Mhl 3HaeM TaKXe HYJeBYI0 IIOCKOCTb,
npuHajJexalyo Jwo6oH ToukKe mnpocTpaHctBa. M6o,
CABHrasl IOJOXHTEJIbHYIO NMOJYOCh X BIOJb OCH Z W IO-
BOpayHBas ee BOKPYr nocjejiHed, MOXHO B JIOGYI0O TOYKY
NPOCTPAHCTBA IepPeBeCTH HEKOTOPYI0 TOYKY MOJNYOCH X;
NpH 3TOM, COIVIaCHO Halleid TeopeMe, NMpHHaLJeXallHe
5THM TOYKaM HyJieBble IJOCKOCTH JMOJIXKHBI COBNACTb.
JpyruMu cjoBaMH: Hyaessle NAOCKOCTU TOHEK BCAKOL
noOAYnpAMOU, NepneHOUKYAAPHOL YEHTPAAbHOU OCu,
UMEIOT OTHOCUTEAbHO 3TOU nocaelHel. U OTHOCUTEAbHO
nOAYNpAMOL noaodxerue, He 3asucaujee oT svlbopa 3TOLl
noaynpamod.

[ToaTOoMy, orpaHHYMBasfich OCbIO X, MOJIaraeM Ys ==
=2,=0 u noayyaem u3 (2’) ypaBHeHHe HYJeBOi IO~
CKOCTH, NpHHaJexalel Touke P, ¢ abCUUCCOA Xqo:

kz — x,y =0.

dTa MIOCKOCTh NMPOXOAHT Yepe3 caMy ocb X, H6O ee
ypaBHEHHEe yIOBJETBOPSETCS TOMXAECTBEHHO INpH Y ==

=2=0 (puc. 36). IlepenncaB ypaBHeHHE B BHAE
2 X9

5 = % Ml 3aKJII04aeM, 4TO yros ¢ HaKJIOHa 3TOil IJIO-

CKOCTH K TOPH3OHTAJbHOI MJIOCKOCTH (T. €. K IJIOCKO-
CTH xy) HMeeT CJIeAyIOLIHH TaHTeHC:

tge="71

[03TOMY Temepb MOJIOXKeHHe Halleil MIOCKOCTH ABJISETCS
BNIOJIHE ONpeJesieHHbIM; Ha pHC. 37 u3ob6pakeH ee cilej
Ha BePTHKaJbHOH IIOCKOCTH Y2,
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B cBSI3n cO CKa3aHHEIM paHee MBI MOXEM 3TOT pe«
3ynbTaT CcGHOPMYJHPOBATb COBEpIIEHHO HE3aBHCHMO OT
TOrO HJIH JpPYyroro BeI6Opa CHCTEMH KOOPAHHAT B TaKOM
BHJe: KaXXAOH TOuYKe, HaXoAslleHcss Ha PacCTOSIHHH r OT

Z

A4

Puc. 36

IeHTpaJbHOH ocH (KOTOpyio OyAeM CUHTaThb BEpPTHKaJb-
HOH), MPHHAJJIEXXHT B HYJEBOH CHCTeMe IJIOCKOCTb, KO-
TOpasi MPOXOAUT Yepe3 NepPNeHAHKYJsp, OMyLIeHHBA H3
3TOH TOYKH Ha IEHTPaJbHyI0 OCb, H HaKJOHEHa K rOpH-
30HTaJIbHOH TJIOCKOCTH MOJ YTIJOM, TaHTeHC KOTOpOro
paseH r/k. CiepoBaTesJbHO, NPH MNepPEIBHIKEHHH 3STOH
TOUKH BJOJb KaKo#H-1H60 NMONynpsAMOH, NepneHAHKYJsip-
o HOH IeHTpaJbHOH OCH, TpH-
Hopmas Hajexamas  9TOH  TOUKe
IJIOCKOCTb HYJIEBOI CHCTeMbl
1 npu r =0 ropusoHTa/JbHa, a
! npu BO3pacTaHHH r TNOBOpa-
yyBaeTcs B TY HJIH JPYryio

,,,’,*g;foi‘ﬁ,‘,’b I CTOpPOHY (B 3aBHCHMOCTH OT
3HaKa uyucaa k), acuMmnTo-
| THUECKH TNpubaHXKasCb MNpu
U HeorpaHHYeHHOM  BO3pacTa:
HHH r K BePTHKaJbHOMY IIO-
JI02K€eHHUIO.
Puc. 38 1 Mory BaM HarJasmHO

NpPeACTaBUTb 3TH OTHOIUEHHS
Ha Mmogean Iuanunra (puc. 38). 3mech Ha NOABHXKHOM
‘CTepXKHe, KOTOPHH MOXKeT NOBOPaYMBATbCs BOKPYr LieH-
TPaJbHOH OCH W TNepeiBHraTbCsi BJOJb Hee, IOMeLIeH
NJIOCKH# JIHCT, KOTOPHIH HaAsexaumum o6pa3oM NoBOpa-
YHMBAeTCs NPH NepeMelleHHH BAOJb CTePKHS.

Csa3p c Teopueit BuHTOB. OGpaTUM Temepb ocoboe
'BHHMaHHEe Ha HanpaBJieHHe HOPMaJu K HyJeBOH IJIOCKO-
CTH, NpHHaAJMeXalledl TouKe P,; OTHOLIEHHe ee HamNpaB-
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JSIOUINX KOCHHYCOB PaBHO, KaK H3BECTHO, OTHOLIEHHIO
Ko3¢(uIHeHTOB ypaBHeHusl (2’) 3TOH MJIOCKOCTH, T. €.

Ya:(—x5) i k. 3)

Ho 3T0 HampaBjieHHe MOXHO TaKXe paccMaTpUBaTh
KaK CBSI3aHHOEe C TOYKOH P, HampasjieHHe HEKOTOPOro
6eCcKOHeUHO MAA020 BUHTOB020 OBUICEHUs TIPOCTPAHCTBA,
A uMeHHO, ec/iH BCce NMPOCTPAHCTBO MOBEPHYTh KaK TBEp-
Jloe TeJIO BOKPYT OCH z Ha KOHEUHBIH Yrosl @ W NepelBH-
HYTb €ro OJZHOBPEMEeHHO MapaJjlieJbHO OCH 2z Ha paccTof-
HHe ¢, TO KaxJas TOukKa X, y, z llepefileT B HOBOe MO~
JoxeHue x’, y’, 2/, onpenensieMoe ypaBHEHUSIMH

X' =xcoso—ysine, Yy =xsino+ycoso, 2’=z+c.

OT 3TOro KOHEYHOro BHHTOBOTrO JABHXKEHHS NepeiileM
K OecKOHeYHO MaJioMy, 3aMeHAss  GeCKOHeUYHo MaJjoi
BeJHYHHOH —d@ U NPHHHMas OJHOBpeMeHHO ¢ = kdo.
3HaK MHHYC O3HauaeT 3Jech, 4TO npuH k => 0 mosopor
B IIJIOCKOCTH Xy OTpHILIaTeJeH, eCJH NepeHOC NPOH3BeleH
B IOJIOXXHTEJbHOM HamnpaBJieHHH 2, T. €. UTO HampabJe-
HUe BHHTOBOIO JBHXKEHHs OTpHIaTe/]bHO (JeBOe HJH Jie-
BOBpallaioliee BUHTOBOe HBH:KeHHe). IIpeHeGperasi Be-
JIHYHHAMH BTOPOTO H BHICUIMX NMOPSIAKOB IO OTHOLIEHHIO
K dw, ciliefoBaTesbHO, NoJjaras cos do = 1, sin do = do,
nojyyaem

¥ =x+ydo, y=—xdo+y, 2 =z+rkdo.

CnenoBatenbHO, NMPHpalleHUSIMH KOOpPAHHAT OMNpefe-
JIEHHOH TOYKH P, npu 3TOM G6eCKOHeYHO MaJjioM BHHTO-
BOM JIBHXKEHHH SIBJISIOTCA

dx,=y,do, dy,=—x,do, dz;=~Fdo,
T. e. P, nepeMeuiaeTcss B HanpaBJeHHH
dxy i dyy:dzo=1y,:(— x5): k.

A 3TO B TOYHOCTH COBHAajaeT C HamnpaBJieHHeM HOp-
manu (3). CiaenoBaTesbHO, eciM NPOHU3BECTH Takoe Gec-
KOHEYHO MaJjioe BHHTOBOE€ [BHXKEHHe IPOCTPAHCTBA BO-
KpPYyr LeHTpPaJbHOH OCH, IPH KOTOPOM BeJHYHHA napaJ-
JIeJIHOTO TlepeHoca SIBJSETCSl k-KPaTHbIM yIJia OBOPOTa
(B3TOro OTpPHLATEJIbHBIM), TO B KaXJOH TOYKe IIpO-
CTPaHCTBa NpHHajJIexallas e€d IVIOCKOCTb HYJeBOH CcH-
CTeMbl C NapaMeTpoM R HOpMasJbHa K OeCKOHEYHO Ma-
JIOMy OTpe3Ky TpaeKTOpHH, npoberaeMoil 3TOH TOYKOH.
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ITockosbKy mnpeicTaB/ieHHE O BHHTOBOM [BHXKEHHH
SIBJASETCS OYeHb HAIMSAAHBIM, MOXKHO, IOJb3ysACh CKa3aH-
HBIM BbILIE, COCTaBUThb cebe KHUBYIO- KADTHHY pacmoJio-
XKeHUs IJOCKOCTell HyJeBOH cHcTeMbl. Uem GoJblle, Ha-
npuMep, pPacCTOssHUE r- OT TOYKH A0 LeHTPasJbHOH OCH,
TeM JAJIMHHee rOPU3OHTaJbHAas NPOeKUHUs r dw 3JeMeHTa
NyTH, ONHCLIBAEMOTrO 3TOH TOYKOH NpPH BHHTOBOM [BH-
XKeHHH, H NMOTOMY TeM GoJiee OTJIOrO PachoJiOXKeH 3TOT
3JieMeHT, HOO0 ero BbicOTa R dw® INOCTOAHHA, a 3HAYMT,
TeM Kpyde NOABIMaeTCs HOpPMaJbHast K 3TOMY 3JIeMeHTY
NYTH IJIOCKOCTb HyJieBO# cucTeMbl. Eciin coeqnHUTH Gec-
YHCJIEHHOE MHOXKeCTBO TaKHX OGEeCKOHEUYHO MaJbiX BHH-
TOBBIX JABHXKEHHUH B OJHO HeNpepbiBHOE BHHTOBOE IBHIKe-
HHe NMPOCTPaHCTBAa, TO Kax/Jas TOYKa, Jexallass Ha pac-
CTOSIHUH r OT LEHTPaJibHOH OCH, ONUCHLIBAET BUHTOBYIO
AUHUO. YTOJI HAaKJIOHA 3TOH JIHHHH K TODH30HTY HMeeT
TaHreHc, PaBHbHIH —&R[r, a mMOTOMy wwar BHHTa HMeeT
BCerga OLHO M TO Xe He 3aBHCsIIee OT r 3HaueHHe 2mk;
NAOCKOCTU, HOPMAAbHOLIE K 3TUM BUHTOBOIM AUHUAM, U
ABAAIOTCA HYALBOIMU NAOCKOCTAMU CUCTEMbL.

Jlo cHx mop Mbl rOBOPHJIM TOJBKO O HYJIEBBIX IJIOCKO-
CTAX CHCTEMBI; Tellepb, B 3aKJIOYeHHe, NOCTapaeMcsi Co-

CTaBHUTb HEMOCpPeACTBEHHO HarJIfi-

g HyI0 KapTHHy CaMHX HYJeBBHIX
oceii. Bo3bMeM KaKylo-au60 HyJe-

ByI0 ocb g (pHc. 39) u mocTpoum
KpaTualillee paccTOsIHHE OT Hee

/p 0 LEHTPaJbHOH OCH KaK o6uluii

AZ

,ﬂ 7'

NepHneHAuKyJsIp 3THX [HBYX IpH-

MbiX. IlycTb OH mnepecekaer LEeH-
Puc. 39 TpaJibHy10 OCb B TO4YKe Q, a oCb g—

B Touke P. Torma PQ kak mojy-
npsiMasi, HAymass U3 P nepneHIHKYJSIpPHO L EHTPaJbHOH
OCH, NMpHHAIJEXHUT HYyJeBOH cHCTeMe, a NO3TOMY IJIO-
CKoCTb QPg mo/kHa OBITb HYJEBOH IJIOCKOCTbIO CHCTe-
Mbl, NpHHaAsexamed Touke P. Ho Tak Kak ocb &
nepneHAHKynsipHa npsaMoii PQ, To oHa o6pasyer ¢ ro-
PH3OHTAJbHOH IUIOCKOCTbIO TaKOH e yroa ¢, Kak
U HyJeBas INIOCKOCTb B Touke P, T. e. tg@ =r/k, rie
r=QP.

CJoienoBaTesibHO, Mbl HOJIyYHM BCe HYyJIeBbl€ OCH, MpO-
BOJAA B TOYKe P, pacmnoJioXKeHHOH Ha MOJYNpsIMOH, Iep-
NMEHIHKYJNSPHON LEHTPaJbHON OCH, TAKOH NMeplneHAHKyasap
K 3TOH moNynpsiMoi, 4TOOBI YroJ €ro HakjoHa K TOpDH-
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30HTY HMeJ TaHreHc¢, paBHHI tg @ =r/k, roe r— pac-
CTOSIHHE OT TOYKH P 10 LleHTpaJbHO# ocH #°).

ST0 NMOCTPOEHHE MOXKHO cleJaThb ellle HeMHOro Gosee
HarJsiAHHIM, IOCTynasi cJeAyloliuM o6pasoM: CTPOUM
KpyroBoH LHJHHAD pajaHyca r, HMEIOUIUH LeHTPaJbHYIO
OCh JHHAaMBl CBOEH OCblO, 1 UepTHM Ha HeM BC€ BHHTO-
Bble JHHHUM (pHuc. 40) C HaKJIOHOM @
K TOPH30HTY, OINpelessieMblM H3 paBeH-
ctBa tg@=r/k; TOraa COBOKYIHOCTb
BCeX KacaTeJbHHX K 3THM BHHTOBBIM JiH-
HHAM TOXJECTBEHHa, OYEBHAHO, C COBO-
KYINHOCTbIO BCeX HYJeBHIX OcCeH, NpOXo-
OSIMX Ha PacCTOSHHH r OT LeHTpaJb-
HOH ocH. Bapbupysa r, nony4yaem BCe HY-
JeBble OCH. DTH BHUHTOBBIE JIHHHH IIpH
ylajlleHMH OT LEeHTPaJbHOH OCH CTaHo-
BATCSl, OYeBHJHO, Bce Kpyde; B KaxKAOH
TOUKE TAKOH JIHHHH HYJIeBas INIOCKOCT, Puc. 40
NpHHajJdexanass 3TOH TOUKe, CJIYXHT
TaKxe CONpHKacaloulehcss MNJIOCKOCTbI0 paccMaTpHBae-
MOH JuHHH. [lo3TOMY 3TH BHHTOBHIE JIMHHM NPOXOISAT
NepneHHKyJAspHO K paHee YNOMAHYTHIM BHHTOBLHIM JIH-
HHSIM, KOTOPBIE B KaXKJ0H CBOeH TOYKe HOpMaJbHH K CO-
OTBETCTBYIOLIEH HYJeBQH MJOCKOCTH.

ITocne »3TuX paccyXJeHHH, BCKPBIBLIMX JBOHHYIO
CBSI3b HYJeBOll CHCTEMBl C BHHTaMH, CTAHOBHTCS IOHSAT-
HBIM, II0YeMY BCIO 3Ty TEOPHIO HA3BIBAIOT TaKkKe KOPOTKO
TeopHedl BHMHTOB (MJIH <«BHHTOBHIM HCUHCJIEHHEM>); B
YaCTHOCTH, 5TO Ha3BaHHe ynotpe6us Bous, HamucaBui
KHUry «Teopust BHHTOB» *), riie OH J1eACTBHTEJbHO H3Y-
YyaeT Bce reOMeTpPHYECKHe COOTHOILEHHs, CBA3aHHbIe C 3a-
JlaHHOH NHHaMOH, NMPHJOXKEHHOH K TBEpAOMY Teay.

BepHeMcs Tenepb K HallleMy CHCTeMaTHYeCKOMY pas-
BuTHIO uleil. Clelys rpacCMaHoBy NPHHLUHNY, MK IOJY-
YHJIH B KauyecTBe YeThipeX 3JeMEHTAPHBIX reoMeTpuye-
CKHX IPOCTPAaHCTBEHHHX 00pa30B TO4KYy, AUHElHbL
2AeMEHT, NAOCKOCTHOU dAEMERT U NPOCTPAHCTEEHHbLL 3Ae-
MmenT. TOUHO TaK Ke, KaK M Ha IJIOCKOCTH, HalueHd OJH-
XKafield 3amaveii OymeT HCCAeZOBaHHE MNMOBeNEHHS 3THX
o6pa3oB npu npeo6pa3soBaHUAX NMPAMOYTOJbHOH CHCTEMBI
KOOpPAHHAT M 3aTeM MX KJacCH(QHKalHs Ha OCHOBaHHH
paHee BBICKa3aHHOro o611ero npHHIHIA.

*) Ball R. Theory of screws.— Dublin, 1876,
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1V. KIJACCHPUKAHHUSA SJEMEHTAPHBIX -
NMPOCTPAHCTBEHHDBIX OBPA30B O MX NOBEJEH#IO
IPH OPTOICHAJIbHbIX NPEOBPAZOBAHUAX ’
NMPSAMOYTOJIbHBIX KOOPAMHAT

OGuue 3ameyanuss o npeoGpaszoBaHUAX MPAMOYroJib-
HBIX NPOCTPAHCTBEHHLIX KoopauHat. [Ipexie Bcero Mbl,
KOHEYHO, JOJXKHBl 3aHATbCS 0630pOM BCeX BO3MOXKHBIX
npeo6pa3oBaHHi NPOCTPAHCTBEHHOH OPTOTOHAJIbHOH CH-
CTeMbl KOODJAHHAT; OHH BOOOLIe UrpalT (QyHIaMeHTalb-
HYI0O pOJib /Il BCeH reOMeTPHM NPOCTPAHCTBA, TaK UYTO
yXe IMO03TOMY Hesb3s ObLI0O OB B 3TOM Kypce HpPOHTH
MHMO HHX.

Camoe ofulee OTHOcsiieecsi CloJia H3MeHeHHe CHCTe-
MBl KOOpPAMHAT cJaraercsi, Kak H Ha IJIOCKOCTH, H3:
1) napaanenbHOro mepeHoca; 2) moBOpPOTa BOKpYr Ha-
yajia; 3) 3epKaJbHOro OTpaxKeHHs; 4) H3MEHeHHs Mac-
wraba. YpaBHEHHSIMH nApasleAbHO20 NepeHoca, KOHeu-
HO, OynyT

X=x+a yY=y+0b Z=z+4ec. (A)
VYpaBHeHUS nOBOPOTA BO BCAKOM CJyyae HMEIOT BHI
¥=ax+by+ciz, ¥ =ax+by+cz,
2 =ayx 4 byy - c32; (A2)

onpejielleHHeM HX KO03(G(HIHEHTOB, KOTOpOe 3/eChb Cyille-
CTBEHHO CJIOXHee, 4YeM Ha IUIOCKOCTH, Mbl ceHuac xe
3aiMeMcsl.

[TocpencTBoM KOMIIO3MIHH BCeX BO3MOXKHBEIX INpeol-
pasoBaHHH 3THX [ABYX BHIOB IOJIyYyalOTCs BCe COOCTBEH-
Hote (T. e. MOHUMaeMble B COGCTBEHHOM HJIH OYKBaJbHOM
CMBICJIe CJI0Ba) MABHXKEHHUS INPOCTPAHCTBEHHOH CHCTEMBI
KoopAHHAT ).

3eprasoroe oTpaicerue (CUMMETPUO) MOXKHO MpO-
H3BOJUTb NpeEXJe BCEero OTHOCHTENbHO KaKOH-HHOYIb H3
KOODJIHHATHBIX IJIOCKOCTeHd (KakK Ha IJIOCKOCTH OTHOCH-
TeJIbHO OJHOH M3 ocefl), HalpuMep OTHOCHTENbHO ILIO-
CKOCTH XYy, 4TO AaeT

¥=x, Y=y 2Z=-—=z

Eue onHa cuMMeTpHs OnHchiBaeTcss (GOpMyJaMH, KOTO-
pble HMelOT GoJiee CHMMETPHYHBIH BHJ, HCIOJb3YIOLLH
TPH OTPHLATEJbHBIX 3HaKa:

X=—x y=—y 2=—z (As)
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9TO — 3epKaabHoe oTpaicerue (CUMMETpUs) OTHOCU-
TeAbHO Hauaara Koopouxar Q.

Ha nuockoctu ypaBHeHHs x'= —X, y’= —y COOTBeT-
CTBYIOT He 3epKa/ibHOMY OTpaxKeHuio 47), a moBOpOTy Ha
180°; BooGIle cCHMMeTPHs OTHOCHTEJbHO Hayaja KOOpJH-
HaT siBJAeTC 3ePKaJbHbIM OTPaX<€HHEM TOJBKO B IIPO-
CTpPaHCTBaX HEYETHOrO YHCJa H3MepeHUH, IPH YEeTHOM Ke
yucJe H3MepeHHH OHa mnpeacraBiseT co60H OGLIKHOBEH-
HBIH MOBOPOT.

Haxkoneu, usmenernue macuiraba u3obpaxaercss ypas-
HEHHSIMH

x=rx, Yy =AMy, /= Az, (Ay)

rae A > 0; npu A <0 sta npeo6pasoBaHHe, KpPOMeE H3-
MeHeHHs1 MaciiTaba, COAEPIKHT ellle 3epKaJbHOEe OTpa-
JKeHHe.

3aiimemcsi Tenepb 6suxe GHopMysnaMH nosoporta. Bo-
o6ule, TOBOPOT OKOJIO Hauaja Q 3aBHCHT, KaK H3BECTHO,
OT Tpex napamerpos, Tak Kak, BO-NEPBHIX, TDH HaIpaB-
JISIOLHX KOCHHyCa OCH NOBOPOTa COOTBETCTBYIOT IBYM
He3aBUCHMbIM BeJHYHHAM H, BO-BTOPBIX, YroJ IOBOpOTa
MOXeT OBITb MPOH3BOJIbHBIM. YI0OHOEe omucaHue BCeX
IIOBOPOTOB IIOCPEACTBOM TpeX NapaMeTPOB HaeT, Kak f
3TO NOKasaJj B- MOeM 3HMHeM Kypce *), Teopus KBaTep-
'HHOHOB.

BnpoueM, yxe Oiijep BHIBeJ OTHOCSILIHeCS cloja
dopmyasl. S npuBeny HX B TOM BHJIe, B KAKOM OGBLIKHO-
BEHHO MX JalOT B yueOHHKaX MeXaHHKH, a MMEHHO, NOJIb-
3ysiCb J[AEBATHIO. HANpPAaBJAIOUIMMH KOCHHYCaMH HOBBHIX
oceil O OTHOLIEHHIO K cTapeiM. Mexoaum u3 mpuBepeH-
Horo Buille Buaa (Ap) ypaBHeHHH npeoGpa3oBaHHS:

¥=ax+by+cz Yy =ax+by+ Co2,

2 =azx + by + c32. )

Ecau x, y=0, 2=0— KaKasg-1u60 TOYKa Ha CTa-
pon OCH X, TO B HOBOH cHCTeMe: KOOpAHMHAT OHA HMeeT
KOOpAuHATH X' = aiX, ¥ = aqx, 2 = asx, T.e. a), as, a3
ABASIOTCA KOCUHYCAMU Y2a08 medxdy CTapoil 0Cel0 X U
Tpems HOBbIMU OEAMU; TOUHO TaK xe by, by, by U ¢y, Cz, C3
SBJSIOTCA HaNpaBASIOIUHMHE KOCHHyCcaMH -oceil y H 2
(B HOBOH cHCTeMe).

¥) Cwm. 1.1, ¢c. 105—110,
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3T leBATb KO3(DPHUIHEHTOB ypaBHeHUH mnpeobpaszo<
BaHHS OTHIOAb He SIBJSIOTCA He3aBHCHMBIMH. CBs3bIBalo-
IIlHe HX ypaBHEHHUS MOXHO MHOJYYHTb JHOO H3 TOJBKO
YTO YKa3aHHOTO CMBICJIA S3THX BEJHYHH, JHGO H3 H3-
BECTHOTO COOTHOIIEHHS], KOTOpOe HMeeT MeCTO IpH BCs-
KOH OpPTO2OHAAbHOU NOOCTAHOBKE, T. €. MPH BCSAKOM IIO-
BOpPOTE HJIH 3epKaJbHOM OTpPaXKeHHH C COXpaHEHHEM Ha-
yana KOOPAMHAT:

Py = 22 2)

OHO BBIpaxKaeT WHBAPHAHTHOCTb PaCCTOSIHHUSA [0 Ha-
gaja Q.

Mpl u3bupaem 31ecb BTOPOH NyTh:

a) IloxcraBass (1) B (2) u cpaBHHUBasi KO3pPpuuu-
€HThl, MOJyYaeM cJelyloliHe 6 COOTHOIIEHHH MeXAy
9 BeJIMYHHAMH Ay, ..., C3!

@4aitai=1, c+c2+ci=1,
be,+ by, + bye, =0,
ca +ca,+ca,=0, b+b240b2=1,
ab —+ab,+ab,=0.

B) Ymuoxas tpu ypaBHeHHs (1) COOTBETCTBEHHO Ha
TPU BEJUYMHBI Q; WIH COOTBETCTBEHHO b;, ¢; M CKIaAhl-
Basi, MOJYYHM Ha OCHOBaHHH (3) cieAyioUive COOTHOLIe-
HUsl, TpeAcTaBsioline co6od pelleHHs ypaBHeHHuid (1)
OTHOCHTEJIBHO X, Y, 2:

x=ax +ay +az, y=bx+by +bz,
z=cx + ¢y + 52’

9T0, KaK BHAHM, TaK HasbiBaeMas TPAHCNOHUPOBAHHAA
ornocutessto (1) aunednas nodcranoska, KOTopas mno-
Jyyaercsi NPH INepeMeHe MeCTaMH CTPOK H CTOJIGLOB B
MaTpule K03¢pHLHEeHTOB.

v) C 1pyro#i CTOpPOHHI, MO NMpPaBHJIaM TEOPHH OMNpe-
JenuTesiedl MojiyyaeM TaKoe pelleHHe ypaBHeHu#d (1)

3)

4)

1 x’ b] [
X =% y by e, ... .
2’ by ¢

a b o

rie A=1|a: b2 ¢ | ecTb ompeneauTeNb 5TOH CHCTEMBI
|as bs cs
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ypaBHeHH#. 3pxech Ko3dduuHeHT npu x’ JOMKeH ObIThb
ONHHAKOB C KO3(PdHIHeHTOM NIpH x’ B NEpPBOM ypaBHe-
Huu (4), T. e.

1

A

bz Ca

J— . [=4
by c3 - al ’ (O)

BooO1le, TaKUM 006pa3oM moJsydyaeM, UTO KasOoll KOICh-
QuyuenT opTO20HAALHOL nodcTanosku Goadcer GolTo pa-
8eH COOTBETCTBYNOUWEeMY emy MUHOPY, OEAeHHOMY HQ
onpedeaurens A.

6) BroluucauM Tenepb 3TOT ONpeAesNHTENb A CHCTEMbI
K03(h(HLHEHTOB; AJs 3TOro, MoJb3ysacb TeopeMoi 06 ym-
HOXKEHHH olpejesHTesell, COCTaBJsieM €ro KBajpar:

ay by ¢ a by ¢
Qs bz Cy |- | Q2 bz Cy | =
as by ¢ a; by ¢

i
a? 4 a3+ al b,a; + byay + byag c,a; + cya, + cja,
=|ab, +ap,tap,  bIHbI4bE b+ cyby + cyby
ajc; + agcy +ases  biey + bycy + byes Cf + ¢+ ‘3

’

NpHYeM CTOJIGIE IEPBOr0 ONpeNesHTeNs] Mbl YMHOXaeM
Ha cToa6un Broporo ). Ilo ¢opmynam (3) mas storo
KBajipaTa Mbl IoJyyaem

1 0 ¢
A2=([0 1 0=,
0 01

TaK 4YTO OKOHYAaTE€JbHO HAaXOAHUM
A==+1.

Yrto6Hl OCTAaHOBHUTH HAll BHIGOP HA ONHOH M3 3THX BO3-
MOXKHOCTEH, BCIOMHHM, YTO AO CHX IIOP MBI I10J1b30Ba-
JIHCh TOJBKO COOTHOLIeHHeM (2), KOTOpoe HMeeT MeCTo
KaK [pH NMOBOPOTE, TaK H NPHU 3epKaJbHOM OTpParKEHHH.
Ho cpean Bcex 5THX OpTOroHaJbHBIX NpeoGpa3oBaHuil
TOBOPOTHl XapaKTEepPH3YIOTCS TeM, YTO OHH MOAYYAIOTCS
u3 ToMOecTsenHozo npeobpasosanus x'=x, y =y,
2/ = 2z nyrem HenpepwviBHO20 u3MeHeHus KO0d(pOhHILHEHTOB
COOTBETCTBEHHO HENPEPLHIBHOMY MepeMelIeHHI0 CHCTEMbI
KOOpAHMHAT H3 IMePBOHAYAJbHOTO IOJIOXKEHHS B HOBOEj
B IPOTHBOIOJIOKHOCTh 3TOMY - IOACTAaHOBKA, KOTOPYIO Mbl,
BooOule, Has3biBaeM 3epPKa/JbHEIM OTpaKeHHEeM, MOoJyyas
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eTCsl HeNpePHIBHLIM H3MEHEHHEM H3 CHMMETDHH X f=—x,

'=—y, 2 =—2z; caMa XKe 3Ta CHMMEeTpHS He MOXeT
O6bITh mNOJyyeHa H3 TOXKAECTBEHHOro Ipeo6pasoBaHHS
nyTeM HenpepbiBHOro uaMmeHenus *°). C pxpyro#i cTopo-
HBl, ONpeje/HTe]b Npeo6pa3OBaHUs ABJSETCS HempephiB-
HOH (pyHKuHeH KO3()(HUIHEHTOB H IMOTOMY JOJIXKEH BO
BpeMsl HeNpephBHOIO Nepexola OT TOXAECTBEHHOro Ipe-
06pa3oBaHHA K KaKOMY-HHOYIb IIOBOPOTY H3MEHSIThCS
HellpephLIBHO. '

Ho npn stoM HcXoaHOM npeo6pa3soBaHHH 3TOT OIpe-
JleJIUTe/Ib HMeeT 3HaueHHe

1 00

91 0|=1,
001

a MOCKOJIbKY OH, KakK MBI BHIeJH, BooOlle, MOXeET GHITh
paBHBIM TOJBKO -1 uau —1, TO oH 06s3aTeIbHO JOJ-
JKeH BCerja ocraBaThbCcsi pPaBHHIM -1, Tak kak BHesail-
Hui mepexoj ot +1 XK —1 o3Hauan 6bl pas3phiB Hempe-
PBHIBHOCTH.

Urak, npu 8caxom nosopore onpeneauTesb

a b o

A=|as by c; =41, (6)

as by c3

TouHO Tak Ke 04f 6CAK020 3ePKAAbHO20 OTPAIMCEHUA
noayunaerca A =—1.
Tenepp popmysa (5) npuHHMaeT TaKOH NPOCTOH BUA:

by c2 , (7)

by ¢
H, BoOOlIe, BCAKHIA K03(hpuyuent 8 koopdunarHoil 3anu-
ClU. NOBOPOTA NPAMOYSOAbHOL CUCTEMbL KOOPOUHAT pasen
COOTBETCTBYIOUW,EMY eMY MUHODY.
dopmyJbl npeodpa3oBaHus HEKOTOPBIX 3J€MEHTapHBIX
Beanuul. Tereppr Mbl obpaiiaeMcs K Hauleil - HacTos-
el 3ajaye: YCTAaHOBHUTb, KaK BeLyT ce0si KOOPAHHATHI
3JleMeHTapHBIX NPOCTPAHCTBEHHBIX 006pa3oB (JIHHEHHOro
saementa X, Y, Z, L, M, N, IJIOCKOCTHOro 3jieMeHTa &,
M, R, P u, HakoHEl, NMPOCTPaHCTBEHHOro 3JjeMeHta T)
NPH YeThIpeX BUJAX H3IMEHEHHs MPSMOYIOJbHOMH CHCTEMBI
KOOpAHHAT.
BhinuchBaTh BCe HOPMYJIH NPeo6pasoBaHUil GO 6bl
H AJIHHHO, H CKy‘{HO' NO3TOMY OTMEuY TOJbLKO HEKOTO-

a1=
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pHe MOMEHTHI, 3aC/yKHBawOlHe 0cOGOro HHTepeca. 3a-
Meuy IpexJe BCero, YTo BO BceX ¢opMmysax nmpeobpaso-
BaHHsl KOOPAMHAT JIMHEHHOro 3JieMeHTa ero Iepshe TPU
xoopauHathl X’, Y/, Z’ B HOBOH cucTeMe BbIpaxkaloTcs,
B YeM BBl CaMU JIerKo y6eauTech, HCKJIOUHTEIbHO Yepes
X, Y, Z, 1. e. TaK, utro L, M, N coBceM He BXOAST B HX
BBIpaXKeHHs; NIPH 3TOM HOBBHle KOODAHHATH BHIpa)KaloTcsd
Yyepe3 cTapble JHHEHHO-OJHOPOIHO.

Cile0BaTe/IbHO, COTJIaCHO paHee BBLICKA3aHHOMY 00-
plemy npuHuuny (c. 43—44), cosokynHocTe Tpex seau-
yun X, Y, Z yxe cama mno ceGe onpedensieT HeKOTODbLiL
ceomeTrpuueckuli obpas, He 3asucauyuil OT CUCTembl KO-
opouHat. DTo — c80600HbLI B8eKTOP, O KOTOPOM MH YiKe
ynoMuHaau (c. 49—50).

TouHo Tak xe B cJydae IJOCKOCTHOrO 3JeMEHTa
B ¢Qopmyabl npeoGpa3oBaHHs ero Tpex KOOpPAHHAT &,
M, R yerBepTas P He BXOAHT, TAK YTO H 3TH TPH KOOD-
IHHATH TOXe HMEIOT He 3aBHCsllee OT KOOPAHHAT reo-
MeTpHYecKoe 3HayeHHe; OHH ONpPeJeNsIOT paHee YIOMS-
HYTHH €80600HbLl naockoeTHol saement (c. 50).

BbiuncauM Tenepb, KaK, B YaCTHOCTH, BeAyT ceGs Tpu
xoopdunare. ¢80600r020 gextopa X, Y, Z npm Hawux

npeoﬁpasoaaﬂuﬂx (A, ), e (Aq) (c. 64— 65). das atoro
B paBeHctBa X' =x]—x,, ... TOJCTaBNseM BMeCTO
x{, ... UX BelpaxeHus no opmynam (A;) uepes x, y, 2.

DT0 cpa3y Ke JaeT HaM:
1. TIpu napansenbHOM mepeHoce

X=X, Y=Y, Z=2Z. (B,)

2. [pu noBopore
X’=a1X-|-b|Y-|-CIZ, Y,=a2X+b2Y+C22,

2 —a,X + byY + 2. (By)

3. Ilpu cuMMeTpPHH OTHOCHTEJNbHO Hayaja KOOPIAUHAT

 X=—X, Y=—Y, Z'=-—12. (By)
4. Ilpu u3MeHeHnHu maciuraba

X' =AX, Y =AY, Z'=AMZ (By)

Hrak, npu napassessrnom nepesHoce CHCTEMBI KOOp-
JHHAT KOOPIHHATHI CBOﬁOlIHOl"O BEKTOpa COBCEM H€ u3-
MEHAIOTCA, a TIPH npodux npeobpasosanusax OHU BeAyT
cebsi TakuM xe 00pas3oM, KaK xK00pOuUHATHL TO4KU.
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‘CpaBHHM C 3THM pe3yJbTaToM (QOpPMYJH npeobpaso-
BaHUA IJISl napel cusA, KOTOpPbie MBI IIONYYHM H3 GOPMYJI
mpeo6Gpa3oBaHus KOOPAHMHAT JIMHEHHOro 3JeMeHTa, moJa-
ras ponoaHuTeabHo X =Y =Z=0. Torma, KoHeuHO,
6ymer X' =Y =27'=0, a 111 MOMEHTOB BpallleHHs 10
OTHOILIIEHHIO K HOBEIM OCSIM IIOJIyYaroTCsl TaKue GopMyJibl:

1. Ilpu nepenoce

L'=L M=M, N =N. (C)
2. Ilpu nmoBopore
L'=aqlL+bM~+c N, M =al+bM-+ c,N,

N =a3L + b;M + c3N. (C2)
3. Ilpu cuMMeTpHH OTHOCHTEJbHO Hayaja KOOpAHHAT
L'=L M=M, N =N. (Cs)

4. Ilpu u3MeHeHHH MacuiTaba
L'=ML, M=MM, N =N, (Cy)

Kaxk BHAHUM, NIPH napasiresbHom nepesoce CHCTEMBI
KOODEWHAT M NPH CHUMMETPHH OTHOCHTEJNbHO HauaJja KO-
OpIAHHATH TapHl CHJ He U3MEHAIOTCA BOBCE, NPU IOBO-
poTe OHHM BelyT cebf, Kak K00pOUHAT6L TOYKU, a NpU
UBMEHEHUW MACWTAba YMHONCAIOTCA Ha A2, T. €. HMEKT
H3MepeHHe 2 (M3MepeHHe NJOILafM), TOrAa Kak CBOGOI-
HB BEKTOp HMMeeT H3MepeHHe 1 (Kak M KOOPAMHATHI
TOUKH).

Buon ¢opmyn (C;), (Cs), (Cs) He mnpexncrasisier
HHKaKuX TpyaHocTeil %0); tombko mas (Cp) 6yayr, mo-
JKajy#, yMeCTHbl HEKOTOphle pa3bsCHeHHf. A HMeHHO,
IpH MOMOILH IOBOpoTa (Az) mosayyaem.

U4 7/
LA
/7 4
Yy 29

PackphiBas mocieaHuii onpepenuTtesb, ImoJydaeMm
3:34 3-3 =18 uneHoB, cpeau KOTOPHIX TPU mapm (Ha-
NIPUMED, Q9X1-A3Xy — G3X1*QA2Xg, ...) B3AUMHO YHHUTO-
JKaloTesd; ocraBluiecs 12 UYJIeHOB MOXKHO COEIHHHTD
B CJeLyIOLULYI0 CyMMY INpPOH3BeIeHHH OmpeaeauTeses:

agXy -+ bayy + 221 @sxy + by, + 324

4 —
L'= Q%3 + bays + €222 asxz + bayz -+ c32s | ‘

L’=lbz 2| |V 2
by ¢ Y2 22
c2 az 2 X as bz‘l. xl.yll
+103 as 22 X2 as b3 X2 Y2 °
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Tlo ¢opmyne (7) AN MHHOPOB CHCTeMBl. KO3 duuu-
eHTOB moBopoTa (c. 68) nepBble MHOXHTENH OKa3biBa-
I0TC KakK pa3 paBHBIMH aj, by, ¢, TOrla KakK BTOphle
MHOXHTeNH paBHH L, M, N. DTo HeHCTBHTeNbHO JaeT
NpUBeJIEHHYI0 paHee ¢opMmyay nns L’; TOYHO TaK xKe
BHIBOISITCS ABe Apyrue dopmynan aas M’ u N'.

Haxonen, B KadecTBe TpeTbero o6pasa pacCMOTPHM
€B06O0HbBIL NAOCKOCTHOL d/1eMeHT; COBEpLIEHHO NMPOCThie
BBIYHCJIEHUS, NMOAOGHBIe NpeAblAYLIHM, BBLINOJTHEHHE KO-
TOpPBIX f, KOHEYHO, MOTY NpeIOCTaBHTh BaM CaMHM, IpH-
BOJAT K TaKOMy pe3yJbTaTy: KomnoxexTo. &, M, N cpo-
6OJHOr0 MJOCKOCTHOIO 3JIeMeHTa 80 8CeX CAY4AAX Tpe-
06pasyIoTCcsl COEePULEHHO TaKuM dce 06pa3om, KaK KOOp-
ounaret-L, M, N napet cua.

" Jlns ayuuiero 0603peHHs BCeX 3THX pe3yJbTaToB
cBelleM HX B HHXECHENYIOLIYIO MAAEHbKYIO TabAuuky.
Ona paer npeo6pa3oBaHHBIE mNepBble KOOPAMHATHI, H3
KOTOPHIX OCTaJIbHbe NOJIYYalOTCs LMKJIHYeCKoil nepecra-
HOBKOH OYKB:

o o Cummer- | M3ameneune
epeHoc 0BOPOT pus Macmraba

CBOGOAHBL BEKTOD X aX+b60Y+aZ| —X AX
ITapa cux L all + oM 4N L AL
CBOGOAHHI MJIO- Q a4 6 M+ o, N U A28

CKOCTHOI 9JIEMEeHT

IMMapa cua M cBOGOAHBIH MJOCKOCTHON 3JE€MEHT Kak
9KBUBAJEHTHble 06pa3kl. DTO NaeT HaM TOYHYIO OCHOBY
AJAA psAlla reOMeTPHUECKHX IIPeAJIOXKeHHii, KOTopnie B
yue6HHKAaX 4aCTO HJH COBCEM OTCYTCTBYIOT, HJIH YHOMH-
HaIOTCA JMIIb MHMOXOAOM H NPHTOM B Tako# ¢opwme,
YTO He TaK-TO JIerKO MOXKHO YJIOBUTb HUX IIPOCTOH reo-
MeTPHUYECKHH cMBiCI. MexAy pasjHMYHBEIMH reoMeTpHue-
CKHMH o0OpasaMH, KOTOpble MHl 3JeCh paccMaTpHBaeM,
4YacToO He NpPOBOAAT TOTO YeTKOrO pa3jHuYeHHs, KOTopoe
MBI CYHTaeM 0053aTeJbHbIM, H 3THM COBepLIEHHO 3aTy-
1IeBLIBAIOT HeJABIA psAA HHTepeCHBIX cooTHomeHH#. Tak,
HanpuMmep, yxe y IlyaHco mOHATHS mapel CUJI H CBOGOX-
HOr0 IJOCKOCTHOTO 3JIeMeHTa Bcerga OLIBAIOT C CaMoOro
Hauasja Hepa3pbLIBHO CBSI3aHHl MexJy co6oM; pasymeercs,
3TO HeH30GeXKHO JNOJIXKHO 3aTPYAHATb NOHUMAaHHE; MBI Xe
TOJTbKO M3 CpaBHeHHsS {IOCJIeJHHX JBYX CTPOK Hallei
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Ta6JIUYKH BlepBble NOJyyaeM yKa3aHHe Ha TO, YTO, CO-
I71acHO BbHICKa3aHHOMY paHee o6uieMy NPHHUHIY, napy
CUA W CBOOOOHbLI NAOCKOCTHOU 3AeMeHT caedyeT pac-
CMATPUBATL KAK OCHOBHblE 2eOoMeTpUteCKUue NOHATUR
001020 u TO20 e poda, HOO OHH NPH BCeX H3MEHEHHSIX
NpSAMOYTOJBHOH CHCTEMBI KOODAMHAT BeAYyT cebsl COBep-
LIEHHO OJHHAaKOBO.

Pa3bsicHUM TOYHee CMBICJ IIOCJAEIHEr0 yTBepK/IeHHS,
Ecau, Hanpumep, 3aganHod mape cua L, M, N comocra-
BHUTb HEKOTOPBIH IJIOCKOCTHOH 3JeMeHT IpH NOMOULH pa-
BeHCTB L =L, M=M, R= N (u1u ecjau caesatb TO xKe
camoe B o6paTHOM nopsiike, ucxoiasa us &, M, R), 1o 3ato
PaBEHCTBO KOOpAHHAT (maphl M 3JeMeHTa) COXpaHsieTcs
IIpH BCSAKOM NpeOGpPa3sOBaHHMH CHCTeMbl KOODAHHAT H IO-
3TOMY JIOJIKHO IONYCKaTh YHUCTO reoMeTpHUecKoe OmHca-
Hue, He CBSI3aHHOE HH C KaKOH CHCTeMOH KOOpIHHAT.
Has Toro yto6Bl NOJIYUUTb TAaKOe ONMHCaHHe, OyAeM HC-
XOJUTbh U3 IJIOCKOCTHOrO 3jeMeHTa &, M, R, npuyeM paau
MaKCHMaJIbHOro yno6ctBa (HKCHpYyeM KOODAHHATHYIO
cHcTeMy TakK, uTo6el Gbio € =M =0. Torma atoT CBoO-
GOAHBIH NJAOCKOCTHOH 3JIeMeHT NpeACTaBUT cO00H TaKoi
TpeyroabHuk (I, 2, 3), na-
¥ .4 paJsiyieJibHBIE  MJIOCKOCTH - XY

/ F WJIH, B YaCTHOCTH, JeXallHi

Ha HeH, 4yTo R OyHeT paBHO

YIBOEHHOH ero mJjomiajy, T.e.

nJomann mnapaJjJenorpaMma

(1, I’, 2, 3), cHaG:xeHHOH

3HaKOM, omnpefensieMbiM 06-
xomoM 1, I’, 2 (puc. 41).

> Tak BoT s yTBepxknialo,

0 z 4YTO COOTBETCTBYIOLIASI 3TOMY

Puc. 41 3JIeMEHTYy mapa CHJI ¢ MOMEH-

Tamu L=0, M=0, N=%RQ

MOXeT OHTb COCTaBJeHa H3 [BYX INPOTHBONOJOKHBIX

cropod (I, I’) u (2, 8) artoro mapajJjenorpamma ¢ OCT-

PHSMH CTpeJIOK B TouKax [ u 2.

Has nokasarenbcTBa sl BHIGHpPAIO CHCTEMY 'KOOpJIH-
HaT Ha IJIOCKOCTH xy elle ynoOGHee, a HMEHHO 3a OCb Y
Gepy npsamyio I, 1’, ocb X NMpoOBOXKYy uepe3 TOUKy 2 (Ha
puc. 41 5T OCH HaHeCeHB WITPUXOBbIMH JIHHUSMH).

Torma, mnpexne Bcero, o6a JHHEAHBIX 3JieMeHTa
(1, I’) u (2, 3), a nosTOMY H cocTaBjieHHas1 U3 HUX napa
CHJl HMeeT MOMeHTH BpauleHuss L =0 u M =0. [lazee,
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LU JuHelfiHoro aneMeHTa (I, 1’) TpeTHil MOMEHT TakXke
paBeH HyJ/IO, TaK YTO OKOHYaTeJqbHO N OKa3melBaeTcd
pPaBHBIM MOMEHTY BpalleHus mias (2, 3):

N=’ X3 Y2

= X
Xs Ya 2Y3,

H60 HO YCJIOBHIO X2 =x3 H y2=0. C apyro#i cTOpOHH,
IPH TaKOM MOJIOXKEHHH KOOpAHHATHOH CHCTEMHl TpeTbs
KOOpDAMHATa NMJIOCKOCTHOTO 3JIeMeHTa pPaBHa

0 Y1 1
NR=|x 0 1|=uxy,
X2 ya 1

(T. e. paBHa NpOHM3BENEHHIO OCHOBAHUSA Y3 H BHICOTH X
napaJjnienorpaMma), U NOTOMY JAa)e no 3Haky N=2RQ,
yeM H JIOKa3aHO Hallle yTBepK/eHHUE.

DTOT pe3ysabTaT MOXKHO cpa3y BbICKa3aTb B 00LieM
BUJle, He CBSI3bIBasg €ro C Kakof-iu6o crnenHaJbHOH CH-
CTEMON KOOpIMHAT: CB0600HbLI NAOCKOCTHOL 3/1EMENT,
usobpaxcaemolli nAPANAEAOZDAMMOM C OnpedeseHHbIM
HanpasaeHuem o6xoda, u napa cua, cocroauan us 08yx
NPOTUBONOAONHHOLX CTOPOH 3TO20 NAPAALEAOZPAMMA, HA-
npasiennbix npoTUs e2o 06x00a, ABAAIOTCS 2eOMeTpuYe-
CKU 3KBUBALEHTHbIMU 006pa3amu, T. e. OHU UMEIOT NO OT-
HOUWIEHUIO KO BCAKOU NPAMOY20AbHOL CUCTeMe KOOPOUHAT
pasHble KOMNOHEHTbL, DTO NpeIJIOKeHHe N03BOJIsfeT Bee-
ria 3aMeHsTb KaK Napy CHJ napaJjejorpaMMoM, Tak H
3TOT NOCJEeIHHHA MapoH CHJI.

CBOOOAHDI JHHEHHBIH 9J€MEHT M CBOOOAHBIA mJoc-
KOCTHO# 3JeMeHT («MOJSIPHBIH» M «aKCHAJbHBIA» BEKTO-
pot). Tenepp Ham Hesauem OoJblie 3aGOTHTBCA O BTO-
poit crpoke Hame#H Tabaumuku (c. 71); ocraercs eie
CPaBHUTb NEPBYI0 H TPETbIO CTPOKH, T. €. C80600HbLL
8eKTOp N C806OOHbLI NAOCKOCTHOU 9SaemeHT. 31eCb Mhl
BHIUM MpeXJe BCEro, YTO IPH HapaelbHBX NepeHo-
cax W moBoporax o6a OHH BelyT celsl COBepILEHHO OAH-
HaKOBO; OIHAKO NPH 3epKaJbHOM OTPaxKeHHH H H3MeHe-
HuH Maciitaba o6GHapyXKHBaeTCsi HX pasnuuue. YUTtoObl
OPOCJAEANTb 32 3THM B J€TaJsX, NpeicTaBuM cebe B NpH-
BLIUHOH sl Hac (mpaBoil) cucTeMe KOOpPIMHAT HEKOTO-
pbii IJIOCKOCTHOH 3neMeHT &, M, N M CBAXKEM C HUM
CcBOGOAHHIH BekTOp paBeHcTBaMH X =&, Y =N, Z=2R,

XoTs 3TH paBeHCTBA COXPaHSAIOTCH, €CJIH OrpaHHYd-
BaTbCA COGCTBEHHBIMH JIBHXKEHHSIMH CHCTEME! KOOpDJAHHAT,
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HO NP 3€pKaJbHBIX OTPa*KeHHUSX HJIM IPU H3MEHEHHSX
maciitaba OHH HCOBITBIBAIOT H3MEHEHHUS. _

ITosToMy, eciu MBI 3aXOTHM BLIpa3UTb HX TFeOMeTpH-
YeCKH, TO He CMOxKeM OOOHTHCh 6e3 HCHOJb30BaHHS Kak
OpDHEHTAllUU CHCTEeMBl KOOpAMHAT (JieBasi, nmpaBas), TdK
u macwitaba. B camom: nene, pHUKCHpYs OmsTb, Kak
paHblie, CHCTeMYy KOOpPAHMHAT Tak, 4To € =M =0, a RN

paBHO IIOIAAH NapaJJelno-

M rpamma (1, I/, 2, 3) Ha mio-
J CKOCTH XYy, MmoJiyyaeMm AJIsl Ha-

7 med ¢urypol (puc. 42), uro

2 R >0, a BekTop X =0, Y=

7 =0, Z=RN uMeeT TOJOXKH-
5 TeJbHOE HamnpaBJieHHEe OCH 2.

—— > ITOT (akT MOXHO, OYeBHJIHO,

BLICKa34aTb B TaKOH He 3aBH-
/ csled OT crneuuasbHOro Mo-
‘ JIOXKEHHS CHCTeMBl KOOpAH-
Puc. 42 HaT QopMe: A HOJy4YeHHS
B NIpaBOH CHCTeMe KOOpAMHAT
CBOGOIHOTrO BEKTOpa, HMeEWINero KOODAHHATH, paBHbIe
KOOpAMHATaM 3a4aHHOro CBOOGOAHOrO MJOCKOCTHOrO 3Jje-
MeHTa, CJeJyeT BOCCTaBHUTb K €ro NJOCKOCTH INepleHiH-
KyJasip B Ty CTOpPOHy, OTKylAa 0O6X0A H300parKalotero
€ro InapaJjjejorpaMma MpeACTaBjfeTcss HalpabBJeHHBIM
NMPOTHB YacOBOH CTpeJKH, H OTJOXKHTb Ha HeM OTpe3OK,
PaBHBIH MIOWALH 3TOro HapaJJenorpamma. CoBnajgeHue
KOOpJIMHAT 3TOr0 BEKTOpPAa M IJIOCKOCTHOTO 3JeMeHTa
coxpaHfieTcsl NpH JIOOBIX NapaJjJjeNbHbIX IepeHocax u
TOBOPOTAX CHCTeMH KOOPAHMHAT; OJHAaKO OHO Hapylla-
eTcsl, KakK TOJbKO IpOHM3BelleHO H3MeHeHHe MacluTaba
HJU 3epKaJjbHOe oTpaxkeHHe. Ec/H 3aMeHUTb H3MepeHHs
B CaHTHMeTpaxX H3MepeHHSIMH B JeLHMeTpaxX, TO Mepa
nJolaiy HnepeijieT'B ee COTYIO 4acCTb, a Mepa OTJIOXKEeH-
HOTO B KadecTBe BeKTOpa OTpe3Ka — TOJbKO B €ro je-
CATYI0O 4YacTb; TOYHO TAaK e NPH CHMMETPHH CHCTEMBI
KOOpAMHAT OTHOCHTeJbHO Hayaja OyAyT MEHATb 3HaK
KOOPAWHATH BEKTOpa, HO He INIOCKOCTHOro 3Je-
MeHTa.

Hrtak, cBOGOAHBIH IJOCKOCTHOH 3JIeMeHT H CBOGOJI-
HBH BEKTOp MOXHO BIIOJIHE OTOXKIECTBJATb MEXAY CO-
6010 TOJBKO TOTAZ, KOraa pa3 HaBCerAa YCTAaHOBJIEHH
onmpejleJleHHass OpHeHTallHss CHCTEMH KOOpAMHAaT (mpa-
Bas, JieBasi) H ONpelesieHHAas €IHHHULA JJIUHBI,
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KoHeuHO, Takoe orpaHuuYeHHe He BO30OpaHseTcsl HO<
NYCTHTb Ka)XJOMy uenoBeKy B ero mpakrtuke. OH J0J+<
JKeH 'TOJbKO BCerja CO3HaBaTh €ro IpPOH3BOJBHOCTb,
4yTOOH MO OTHOLIEHHIO K APYroMy uesjoOBeKy HMeTb BO3-
MOXHOCTb NOHHMAaTb ApYr Apyra. Bce 3T Bely, Kak Bbl
BHIHTE, OKA3bIBAIOTCS YPE3BbIYAHHO SICHBIMH H IPOCThHI<
MH, HO BCe Xe K HHM Kax[HH pa3 NPUXOAUTCA BO3BPA~<
marbcsd, HO60 B CcOBpeMeHHOH (pH3MKe HCTOpHYECKOe
Pa3BHTHE OCTaBHJIO BO MHOTHX CJyyasiXx HEKOTOpYIO 3a-
nyTaHHoCcTb. [loaToMy 1 CKaxXy emnie HECKOJIbKO CJOB
006 ucropuu atux seujell.

I'paccmanoBa «Teopuss mnpoTsi:KeHUsI», BhleAlIast
B 1844 r., oka3asa oueHb He3HaUHTeJbHOe BJIHSIHHE Ha
Hamy ¢U3MKYy W MeXaHUKY IO NpHYHMHEe TPYAHO YHTae-
MOro H3joxeHHsl. HecpaBHeHHO GOJBIUHHA ycrneX HMeJH
B AHrium uJeH, KOTOpbE OKOJIO 3TOr0 K€ BpPeMeHH -CTaj
paspabarbiBaTth B y6auHe I'aMuibTOH — H306peTaTesb
K8aTepHUOHO8, O KOTOPHIX S NOAPOOHO rOBOPHUJ B CBOEM
3UMHeM Kypce *). 31ecbh MHe OCTaeTcsi TOJbKO YIOMS«<
HYTb, YTO €My NPHHALJIEXKHUT TaKXKe CJIOBO 8eKTOp AJA
0603HauYeHHs1 TOTO, YTO Mbl Ha3BaJiH CE0000H6IM BEKTO=
pom; TIOHSITHEM 3Ke CKOJIb3sIero BeKTOpa OH He IOJb-
3yercsi B sfIBHOM Buje. [lajsee, OH He BHUIUT pPasHUOHL
MeXIY CB0600HLIM NAOCKOCTHOIM INEMEHTOM W 80600+
HblM B8eKTOpPOM, TaK KaK OH CUHTaeT 3apaHee (PHKCHPO-
BaHHBIMH ONpeJesleHHYI0 OpHeHTauHio H Macurab aas
KOOpAMHAT., Dra TOYKa 3peHHS NpHBHJIACh B (H3HKE,
H TaM J0Jroe BpeMsl He pa3jHyajJd BeKTOPOB B COO-
CTBEHHOM CMBICJIE CJIOBA H TJIOCKOCTHHIX 3J€MEHTOB.

KoHeuno, npu GoJsiee TOHKHX HCCJIeJOBAHHUAX IOCTe-
NEeHHO BCe XXe MNpPULULIM K Heo6XOAMMOCTH NpPOBOLHTH
pasiuueHHe MeXAYy OOGBeKTaMH, HJS KOTOPLIX HCIOJIb-
3yeTcsl ONMHAKOBOE Ha3BaHHE «BEKTOD», B 3aBHCHMOCTH
OT HX TOBeNeHUs] NpPH 3epKaJbHBIX OTpaXKeHuax H AJd
STOT0 CTajJH IOJb30BATbCS NPUIAraTeJbHBIMH HOAAPHOLE
n axcuanvholl. IloaapHeil 8eKTOp MmeHsAeT C80U 3HAK
npu 3epKasbHbLX OTpaxcenusnxS'), cienOBaTeNbHO, SIBJIS«
eTcsl 8nOAHe TOXOeCT8EHHbIM C HALIUM CB0000HbIM BeK=
TOpOM; aKcuaabublii se eeKTop®?) 3HaKka He MeHseT,
Clle0BATE/IbHO, COBIIafaeT C HAIIUM C80000HbIM NAO-
CKOCTHOIM 3AémenTOm (TmpHYeM MBI He obpalaeMm BHH«
MaHHsl Ha «pa3MepHOCTb»), ’

*) Cu. 7. 1, c. 88—111.
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Taxkum o6pasoM, 3jech ¢u3uKa JoJKHA Oblia (Kak
3TO ellle O CHX NOp JejaeTcsl B OObIYHLIX H3JIOXKEHHSX)
KOHCTaTHPOBAaTb 3aJHHM YHCJIOM 3TO HeOXKHAAHHOe IJIs
Hee pa3jiHueHHe, MeXJAy TeM KaK IpH Halled obluei
NOCTAaHOBKe BOIPOCAa OHO COBEpIIEHHO eCTeCTBEHHHIM Iy-
TeM moJydaeTcs ¢ caMoro Hayaja. $1 mnpuBelLy OAMH
NpuMep /sl HJJMIOCTPALHH CKa3aHHOro. YTBepXKIeHHe,
YTO 3/eKTpHUYECKas HaNpsSXKeHHOCTb eCTb MOJISPHBI BeK-
TOp, O3HayaeT, YTO OHA 3aJaeTcsl TPeMs KOMIOHEHTaMH
X, Y, Z, Koroprle npeoGpa3yioTCsi COIJIaCHO MNepBOH
cTpoke Hawel tabauuku (c. 71); roBops Ke, 4TO Mar-
HUTHAasi Hanps>KeHHOCTb NOJSI eCTb aKCHaJbHBIH BEKTOp,
MBI yTBepKIaeM, YTO TPH ee KOMIIOHEHTH mnpeobpa3sy-
IOTCA IO cXeMe nocJeHeidl CTPOKH 3ToH Tabauuku. Ilpn
3TOM 51 OCTaBJISIIO OTKPHITHIM BOMPOC O TOM, KaK OGCTOHT
C pa3MepHOCTbIO 3THX BeJHYHH, HO60 3TO 3aBejo Ohl
Hac CJIMIIKOM Jajeko B ray6b (U3HYecKHX noapoGHO-
cred. _

Ckansippl mepBoro M BTOPOro poaa. I'aMu/ibTOH Ha-
PALY CO CJIOBOM <«BEKTOD» HDHAyMaJ elle CJIOBO «CKa-
JISIp», KOTOpPOe TOXe [0 CHX NOp HUrpaer GOJbLIYIO POJib
B ¢usuke. CKaaap —3TO He 4TO UHOe, KAK UHBAPUAHT
OTHOCUTEAbHO B8CeX Hawux npeobpa3osanuil KOOpoOuwar,
T. €. BeJIHYHHA, KOTOPAs NPH BCeX H3MEHEHHSX CHCTEMB
KOOpAMHAT JHOO COBCeM He H3MeHsieTcs, JIHOO0 TOJbKO
npHoGpeTaeT HEKOTOPHH MHOXHTelb. B cooTBeTcTBHU
C 3THM MOXHO pa3juyaTh pasHble OTTEHKU 8 HOHATUU
cKaasapa. PaccMOTpHM cniepBa B KauyecTBe NpHMepa npo-
CTPAHCTBEHHbLI INEMENT, WU 00%Besm TeTpasdpa

X o2
X2 Yz 22
X3 Ys 23
Xy Ya 24

~
Il

o)
et b et
.

MOXHO JIerKO TMPOBEPHTb BBHIYHUCJEHHEM, YTO OH B pe-
syJbraTe npeo6pa3oBaHHil KOODAHHAT NPHUHHMAeET CJe-
AYIOLUIHEe 3HAUEHHS:

3epkalibHOe OTPaxe-
Mepenoc Iosopot P HHE P Hsmenenne Macumiraba

r T = AT




KJIACCUO®HUKALNA TNPOCTPAHCTBEHHBIX OBPA30OB 77

BeanuuHy, KOoTopasi OCTaeTcsi HeM3MeHHOH npu Ina-
paJJieJbHBIX NEpeHOcaXx W MOBOPOTaX, a TPHU 3epKalb-
HOM OTpaXKeHHH MeHsleT 3HaK, Ha3bBalOT CKAAAPOM BTO-
pozo poda, Torja KaK CKajsip NepBOro pojAa HOJKeH
0CTaBAaTbCSl HEH3MEHHHIM U NPH 3€PKaJbHOM OTPa*KEHHH.
Ilpu aToM MBI CHOBa OCTaBJisieM B CTOPOHE Pa3MEpHOCTb,
MOJyYaeMYI0 U3 YeTBEPTOro CTOJGIA.

HetpynHo 06pa3oBaTh TaKkKe CKaAApbL nepsoeo pooa,
NpOCTEeHINMMH NpHMepaMu siBasoorcss X2+ Y24 Z2, rpe
X, Y, Z—KoopauHaTel CcBOGOAHOro BeKTopa, W £2-
+ M2+ N2, rae &, M, N — KOOpAHHATH CBOGOAHOrO MJIO-
CKOCTHOTO 3JIEMEHTA.

OTH BeJHUYHHBI, AEHCTBUTENbHO, OCTAIOTCS HeH3MeH-
HBIMH NpU BCceX COGCTBEHHBIX [IBHIKEHHSIX M 3epKaJsIbHHIX
oTpaxeHHsiX (HO He NPH H3MeHeHHAX Mmaciuraba). dTo
cpasy e BHIHO U3 TabGJHYKH Ha c. 71, ecsu elle yyecThb
paBeHcTBa (3) (c. 66) mas Kos(pPUIHEHTOB NOBOPOTA;
[HOTOMY 3TH BEJUYHHH JOJIXKHbI HMETb TAKXKE€ H YHCTO
reoMeTPHYECKHH CMBICI, H Mbl JeHCTBHTEJIbHO 3HaeM,
YTO OHH MNPEACTAaBJAIT CO00H KBajpaTr IJIHMHBI BeKTOpa
HJH COOTBETCTBEHHO KBaApaT IJIOLIAAHM IJIOCKOCTHOTO
3JIeMeHTa.

OcHoBbl  BeKTOpHO#i aare6pnl. IlocMoTpum Temepb,
KaK NMOCPeACTBOM KOMOHHALUMH 3aJaHHBIX OCHOBHBIX 06-
pa3oB (BEKTOPOB H CKaJsApOB 060ero poja) MOXKHO IO-
JyuyaTb Apyrue obpaspl Takux ke TunoB. Haunem c co-
BepllieHHO npocrtoro npumepa. Ilycte T — ckansip BTO-
poro pozna, Hanpumep obGbem TeTpasipa, a X, Y, Z—
KOOpAUHATH INOJSPHOLO BEKTOPA; PacCMOTPHM TpOHKY
peaunuud TX, TY, TZ. Tlpu coGCTBEHHBIX ABHKEHHAX 3TH
TpPH BeJMYHHBI NMPeoOpasyloTcsi TaK 2Ke, KaK KOMIOHEH-
Tl BeKTOopa X, Y, Z, a nmpH CHMMETPHH CHCTeMBI KOOp-
JHHAT OTHOCHTEJbHO Hayaja OHH OCTAHYTCA HeH3MEH-
HbIMH, H60 06a MHOXHTeNs MeHsOT 3Hak., CienoBa-
TeJIbHO, 3TH TPU BEJHYHHH IIPEACTABJASAIOT COGOI0 aKCu-
aabroll 8exkTop. TOYHO TaK ke, HCXOIS U3 AKCHAJIbHOIO
BekTOpa &, M, N, noayyuM nosaproii sexrop T¢, TM, TR,

Bo3sbMem Tenepb ABa noaapHelx sexropa Xi, Yy, Z;
u Xo, Yo, Zo M CTAaHEM COCTABJSTb M3 HHX KOMOHMHALHUH
pasjqMYyHOro XxXapakTepa CHayala B YHCTO aHaJHTHYe-
ekoii ¢opme. Hccnenys sareM NOBelIeHHE CO3[aBaeMbIX
BEJIHYHH NpH Npeo6pa3oBaHUAX KOOpAMHAT, GyneM 3a-
KJII0YaTbh OTCIOAA, K KaKOMYy BHJY TI'€OMETPHYECKHX Be-
JUYHH OHH MPHHALJIEXKAT. ’
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1) Haunem c Tpex cymm
Xi+ Xy, Yi+7Y, Z+2Zy

OHH, OYeBHJIHO, npeobpasyloTcsa TaKUM Ke o6pa3oM, Kak
H caMH KOMIIOHEHTHl BEeKTOpa, W MpEeACTaBJSAIOT cO6OH,
CJIelOBaTEJbHO, HOBBIH HOAAPHOLLIL 8eKTOp, KOTODPbIH
¢ 000OMMH 3aJlaHHBIMH BEKTODaMH HaXOAHUTCA B YHCTO
reoOMeTpHYECKOH CBfI3H, He 3aBHUCsALLeH OT BeI6Opa CHCTe-
MBI KOODJAMHAT.

2) DbunuseliHass KoMOHHAlUsI KOMIOHEHT 060MX BeEK-

TOpOB
X1X2 + Y1Y2 + ZIZ2

ocraercsl, KaK NMOKa3bIBaeT BbIYHC/IEHHE, HEH3MEHHOH NPH
BceX COGCTBEHHBIX ABHIKEHHSX M NPU 3epPKaJbHBIX OTpa-
kenusx. CiefoBaTesqbHO, OHA NpeJACTaBJsieT coboil cka-
AAp nepsozo poda, KOTOPHIH, ClleloBaTe/IbHO, TAKXKe N0J-
JeH JIONYCKaTh YHCTO FeOMETPHYLCKOE ONpefesieHHue,

3) Tpu mMuHOpa MaTpHUILI

N X, Y Z
X, Yz Zs

COCTaBJIEHHOH H3 3THX KOMIIOHeHT, BelyT cels, Kak
JIEFKO MOXKHO BBIYHCIHTb, TOYHO TaKHM Xe o006pasom,
KaK KOOpAMHAThl CB80000H020 NAOCKOCTHO20 3/eMEeHTa,
HJIH aKCUANbHO20 BeKTOpQ; 3TOT NOCTEIHHH TOXKe IOJ-
JKeH ObIThb CBfI3aH C 3aJaHHBIMH BEKTODAaMH He3aBHCHMO-
OT CHCTEMBI KOOPJAHHAT.

4) PaccmatpuBaeM, HaKOHell, TPH HOAAPHOLIX 8EKTOPA
H COCTaBJisieM H3 HX JE€BATH KOMIIOHEHT OIpejeHuTeNb

X, Y\ Z,
Xz Yz Zz ;
Xs Yy Zs

OH OCTaeTcs HEH3MeHHbIM INPH BCeX COOCTBEHHBLIX MIBH-
JKeHHAX, IPH CHMMETDHH 2Ke OH MeHfeT 3HaK, TaK uTo
OH omnpejeaseT co6ol ckasap 8Topo2o poda.

Tenepb s IaM reoMeTpHuYeCKOe HCTOJKOBAaHHE 3THX
06pa30B; BHICKa3aHHble MHOIO pe3yJbTaThl Bbl CMOXeTe
caMH JOINOJHHTh AOKa3aTeJbCTBaMH; 3TO‘ GYNET JErko
clenaTb, €CAH TOJbKO BH Oylere Bcerja HCXOIHTb U3
HajJJiexauum o6pa3oM BbIOPAHHOIO MOJIOXKEHHA CHCTEMLI
KOOpJHHAT,
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K 1). Teomerpuueckuil cMBICS OmnpeaesNeHHOH 3/ech
TaK Ha3blBaeMOH «CYMMBI IBYX BeKTOPOB» OO0leH3Bec-
TeH; MmoMeliasi Hauaja oO60MX BEKTOPOB B OJHY TOYKY %),
NOJYYUM 3Ty CYMMY B BHAE OuUQ20HAAU NOCTPOEHHO20
HQ HUX napasrenozpamma, HanpaBJeHHOH W3 3TOH TOu-
Kn (npasuso napasnesozpamr.a cus, puc. 43).

2
2 7
E /2(
7 Ty

Puc. 43 Puc. 44

K 2). Ecau B3sTbie BEKTOPH HMEIOT IJHHBL £ H rg,
a ux HampaBJeHHs o6pasyloT yroa ¢ (puc. 44), To npu-
BeleHHAasl Ouaunelnas KOmOUHAYUA pPABHA I COS Q.

K 3). CHoBa paccMaTpHBaeM napaJJesorpamm, CTO-
POHBI KOTOPOro mapaJuiesibHbl Bekropam I u 2 (puc. 45),
00XOAUMHH Tak, Kak YKa3hBaeT IOCJAeAOBaTeNbHOCTb
HanpaBJieHUH# BeKTOpoB I/ W 2; mosydyaeM BIIOJIHE OIpe-
JleJIeHHbII CBOGOJAHBIH TJIOCKOCTHOH 3J1eMeHT, KOTOphIf
KaK pas COBNajaeT C 3JeMeHTOM, ONpeJe/leHHbIM BhIlle
€ro TpeMst KOOpJHHATaMH.

Mexny npouum, modyAss €ro IJIOLAJH paBeH

rirylsingl.

K 4). Ecau mpuioXuTb BCe TPU BeKTopa K OJHOI
TouKe, TO OHH 06pasyloT Tpu pebpa HeKoTopozo napaire-
aenuneda (puc. 46); ero o6beM — C HajJjlexalle oIpe-
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Puc. 45 Puc. 46
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JleJIeHHBIM 3HaKOM — OKa3hlBaeTcs PaBHHIM CKassipy BTO-
poro poja, onpejejseMoMy HaLIMM JeTepDMHHAaHTOM.

B kakom ke BuIe (UTYpPHUDPYIOT. 3TH NPOLECCH B JH-
TepaType, Trle INIaBHEIM MOMEHTOM He fIBJIsieTcsl, KaK 3TO
610 y Hac, HcCciaedOBaHHe NOBEJEHHS H3BeCTHHIX aHa-
JHUTHYECKHX BBIpaXKeHHH NPH NPeoOpa3oBaHHAX KOOPAH-~
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HaT, T. €. pallHOHaJbHast M NpPOCTas TEOPUS HHBapHaH-
ToB? TaM, B MexaHuKe H (PH3HKe, BbIpaboTasH, Cjaenyst
I'paccmany u 'aMHIbTOHY, 0CO6YI0 TEPMHHOJIOTHIO H IO-
BOPAT O TaK Ha3blBaeMLIX 8eKTOPHOU aszebpe U 8eKTOp-
HOM aHasu3e, B KOTOPHIX 06pa3oBaHHe HOBHIX BEKTOPOB
H CKaJIApOoB M3 3aJaHHbIX BEKTOPOB CPaBHUBAIOT C 3Je-
MeHTapHbBIMH apUpMeTHUECKHMH ONepauusiMu Hajd OOBIK-
HOBEHHBIMH YHCJIaMHu %),

[Ipexne Bcero, neficTBHe, BBeleHHOe B 1. 1), Ha3H-
BaloT (KakK s YyxXe OTMETHJI) NPOCTO CAO¥HeHuem O8Yyx
sexropog 1 u 2. OnpaBnaHHe TaKOro Ha3BaHHS Haxo-
IST B TOM, UTO 3JleCh HMEIOT CHJy olpelejeHHble (op-
MaJibHBle 3aKOHBl, XapaKTepH3ylollHe CJOXKeHHe OObIK-
HOBEHHBIX YHCeJ, B YaCTHOCTH 3QKOHbL KOMMYTATUBHbLL
u accoyuatusuoili. IlepBHli M3 HHUX yTBepXkKJaeT, YTO
onpejieieHHe «CYMMBbI» He 3aBHCHT OT MOCJEeI0BaTeNb-
HOCTH, B KOoTOopo# GepyT o6a Bektopa I, 2, BTOpPO# — 4TO
npubaBJjieHHe cyMMbl BeKTOpPoB I M 2 K BeKTOopy 8 Haer
TOT Ke pe3yJbTaT, YTO U NnpubaBjieHHe BeKTOpa I/ K CyM-
Me BeKTOpoB 2 U 3.

lopa3no MeHblle OCHOBaHHH OHJIO Ha3BaTb omepa-
LHHU, ONpeJieleHHble B NIN. 2) U 3), YMHONCEHUEM, A UMEH-
HO, HMX pa3lHyalT KaK BHYTpPeHHee WIH CKAAAPHOE
(m. 2)) W Kak gHewnee iU 8ekTOpHoe (m. 3)) ymHo-
oerue. 3ecb OKa3blBaeTcs BEPHHIM TO BaXKHOe CBOM-
CTBO, KOTOpPOe Ha3bIBAIOT OUCTPUOYTUBHOCTHLIO YMHOJKE-
HUs OTHOCUTEAbHO CAOJCEHUs W KOTOpOe 3aKJIodyaeTcs
B paBeHcTBe a)(az- as)=a,a;- a,as; B camom Jedae,
JJIsl BHYyTPEHHEro YMHOXKEHHS HMeeM

Xi(Xo+ X))+ Y (Yo +Ye)+ Z1(Z,+ Z3) =
=X X+ Yo+ Z,Zo) + (X X3 + VY3 + 2,Z5)

TaK Xe NPOCTO BHIBOAHUTCA aHAJOTHYHOE CBOHCTBO ANA
BHeLIHero yMHoxeHus. Yto XKe Kkacaercsi Apyrux ¢op-
MaJIbHBIX 3aKOHOB YMHOXEHHS — s HMH MNOAPOGHO 3a-
HUMajicd B MoOeM IHOCJeIHeM Kypce *),— To YIOMSHY
elle TOJNbKO, YTO IS BHYTPEHHEro YMHOXEHHsS HMeeT
MeCTO H KOMMYTATHBHHIH 3aKOH (a-b==b-a); nuas BHeLl-
Hero e OH HecNpaBe/UIHB, H60 MHHODBI MATPHIbI, OMpe-
leJjsouieli BHellHee TMPOU3BEAeHHE, H3MEHSIOT 3HAK
NpH 1epecTaHOBKe BeKTOpoB I u 2, ‘

*) Cm. 1. 1, ¢, 24, 39, 87 u ap.
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$I xoTes GHl 37eCh ellle OTMETHUTh, YTO YaCTO BHelIHee
Npou3BeieHHe [BYX IOJSIPHBIX BEKTOPOB OIpeaessioT
IPOCTO KaK «BEKTOD», He NOAYEPKHBast B AOCTAaTOYHOM
CTENeHH ero akKCcHaJbHbIA Xapakrep. KoHeuHO, Ha OCHO-
BaHHH BHIIIEyKa3aHHOro (Ha c. 75) cooTBeTcTBHS 0011ero
XapakTepa, 3TOT CBOOOAHBIA NJIOCKOCTHOH 3JeMEHT TOT-
qYac K€ MOXKHO 3aMEHHTb BEKTOPOM, YTO JaeT TakKoe
NpaBHJIO:

Brewnum npoussedenuem dsyx eexkropos 1 u 2 se-
A8eTca 8eKTOp 3 Oaunel rirz|sin @|, nepnendukyrsprelii
ux NAOCKOCTU U HANPABACHHOLLU
Tak, 4robo, 83aumHas opuexTa-
yus sexropos 1, 2, 3 6eira Ta-
Kol oite, Kak U OpuenTayus
NONONCUTEAbHBIX OCell X, Y U 2
(puc. 47). He caenyer, onHako, Puc. 47
HH B KOeM cJaydae 3abbIBaTh,
4YTO 3TO ONpeJeseHHe BecbMa CyLIeCTBEeHHbIM 00pa3oM
8aBHCHT OT ODHEHTALMH CHCTEMBl KOODAMHAT M OT Mac-
wraba.

O BO3HHKHOBEHHMM TEPMHHOJOTHM H 0003HauYeHHid,
MCMOJIb3yeMBbIX B BEKTODHOM HcYUCAeHHH. §l -He Mory
BIOJIHE TOHSITb, NIOYEMY 3Ta TEPMUHOAO2US BEKTOPHOZO
aHaau3a TaK YKOPEeHHJach; BO3MOXHO, 3TO CBSI3aHO
C TeM, YTO MHOTHM JIIOASIM JIOCTaBJASIOT 60Jblloe YHO-
BOJIbcTBHE (DOpMasibHBlE aHAJOTHH C OGBLIYHBIMH HCCTapH
ynorpefasieMbIMH apH(MeTHYeCKHMH JeficTBHsAMH. Bo
BCSIKOM CJiyuyae 3TH Ha3BaHHs [JIs onepaluil Haj BEKTO-
paMH SfIBJASIOTCS B JOCTATOYHOH cTeleHH OOLUEeNnpHHS-
THIMH, HO YTO BBI3BaJI0 LIMPOKOE PacXO¥KIEHHE BO MHe-
HHSIX — TaK 3TO- YCTAHOBJIEHUE ONpeNeseHHOH CHMBOJIH-
YecKOH 3amHcy 1/l 3THX onepauuid, B 0COGEHHOCTH AJS
pasJMYHHIX BUJOB YMHOXeHHs. B npeauecTByiomem Kyp-
ce *) s yxXe pacckasas BaM, KaK JaJieKH elie Mbl 3/eCh
OT CcOrJiailleHusl, HeCMOTPS Ha BCe CTapaHHusl. '

1 mpeanounTar COBCEM He IOBODHTb 3[1€Ch O CHCTe-
Max 0603HaueHHH BEKTODHOTO aHa/H3a — HHaue s pHC-
Kyio HeB3Hauail cO31aTb ellle OAHY HOBYIO CHCTeMy!

Mexay npouuM, Ha KOHrpecce MaTeMaTHKOB B Pume
(1908) wu3bpamu naxe HHTEPHAUHOHAJNBLHYIO KOMHUCCHIO,
XoTopasi MOJKHA Oblla MPEMIOKHTb €IHHYIO CHCTeMy
0603HaueHHiH; ONHAaKO HEMMOBEDHO TPYAHO BHeCTH

{fpousbedenua 2

*) Cm. 1. 1, c. 98.
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elMHooOpasue cpeiH OOJbILIOTO KOJHYeCcTBa JoneH, u3
KOTOPBIX HH OJMH He XOUYeT pacCTaTbCsl CO CBOHMH INpH-
BbIUKaMH, €CJIH TOJbKO HX He NPHHYXIAIOT K 3TOMY CHJA
3aKOHa WJIH MaTepHaJibHble HHTEPEeCH..

CosganHasi KOMHCCHSI 1O YHUQHKANUH BEKTOPHHIX
0603HaueHHH He HMeJa, KaK M CJelOBaJji0 OXHAATb, HH
MaJgeliero ycmexa. Ha ciaenyroliem HHTepHallHOHAaJb-
HoMm KoHrpecce B KemOpumxe (1912) ona BhHYXKIeHa
6bl1a 00BABHTL, UTO He ycCresna 3aKOHYHTb CBOHX palor,
H NPOCHTb O INPOAJIEHHH ee MaHAaTa [0 CJeAYIOLEero
KOHrpecca, KOTOpbIH Jdo/xkKeH Obl cob6pathess B 1916 .
B CTOKrosbMe, HO He COCTOSIJICSl M3-3a BOHHBL. Takas Xe
cyab6a, nmo-BHAMMOMY, NMOCTHrHeT M «KoMHCCHIO enauHHIL
W BeJMYMH, BXOAsAWMHUX B dopMyas» (cokpauieHHo AEF).
Tlocnenussi omy6ankoBana B 1921 r. mpoekt oGo3Haue-
HHSl BEKTOPHBIX BeJIMYHMH M BbI3BaJja 3THM TOTYac e ca-
Mble pe3KHe BO3DarKeHHs C Pa3JHYHBIX CTOPOH.

O6weynorpe6UTeJpbHasi Telepb TEPMHHOJOTHS BeK-
TOPHOTO HCYHCJEHHS HCTOPHUECKH  BO3HHMKJA TIJIaBHHIM
06pa3oM H3 JBYX HCTOYHHKOB: H3 aMHJbTOHOBA HCYHMC-
JIeHHsl KBATeDHHOHOB M M3 IpaccMaHOBa YYeHH O Ipo-
TsokeHuH. TpynHo uuTaeMble HccaenoBaHust I'paccmana
OCTaBa/JiCh, KaK OBLIO yxKe YNOMSIHYTO, HEH3BECTHLIMH
HeMeIlKUM (PH3MKaM; OHHM J0Jroe BpeMsl COCTaBJISIIH
Kak Gbl TaHHOe YYeHHe Y3KHX MaTeMaTHUeCKHX KpYros.
HanpotuB, raMHJbTOHOBH HJeH INPOHHKJIH B aHIVIHii-
ckyio ¢usnKy, npexnae Bcero, Gaarogapsa Makcsemny.
Ho Bce ke B cBoeM «TpaKTaTe mo 3/JeKTPHUYECTBY H Mar-
HeTU3My» ¥) MakcBeJJ NOYTH BCIOAY IHLIET BEKTOPHBIE
ypaBHeHHS] NPH NOMOIIM KoMnoHeHT. M3 60s3HUH ObiTh
HENOHSITHIM, OH OYeHb MaJO NOJb3yeTcs: OCOOBIM CIOCO-
GoM 06O3HAUEHHS, XOTS, [0 €ro MHEeHHIo, HJIsi MHOTHX
nesiell B PH3NYECKHX PaCCyXKIAeHHSX SIBJISETCH XKeJaTe/b-
HbIM H36eraThb BBeJeHHS KOODAHHAT H C CaMOro Hauaja
COCPEfIOTOYHTb BHHMaHHe Ha CaMOH TOUKe MNpPOCTpPaH-
CTBa BMECTO TPeX ee KOOPAMHAT, a TaKxke Ha Hampas-
JIEHHH ¥ BeJHYMHE CHJIBI BMECTO ee TpeX KOMIIOHEHT.

To, 4TO Tenmepp Ha3HBAIOT BEKTODHBIM HCUHCJIEHHEM
(M3MKOB, BOCXOOUT K paboTaM aHIJIHACKOro HHXKeHepa
no Tenerpadpuu XeBucaina -u amepukanna I'm66ca. ITo-
caepguuit B 1901 r. BHIMYCTHJ CBOH «DJieMeHTHl BEKTOp-

s Maxwell J. C. Treatise on Electricity and Magnetizm,
v. 1—2. — Oxford, 1873.
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Horo aHaausa» *). Xora XesHcaiia, kak u [ud6c, npu-
HaMJIEeXHUT K KoJge ['aMuabTOHa, ogHako 0o6a OHH BK.lO-
YalT B CBOe HcYHcaeHHe naen I'paccmana. M Bor mo
TaKOMY-TO OKOJIbHOMY NYTH, Yepe3 paloOThl 3THX aBTO-
POB, B HeMeLKyi0 (H3UKYy NPOHHKaeT BEKTOPHOE HCHHC-
JIeHHe, a C HMM IpacCMaHOBO YYeHHE O IPOTAXKEHHUH H
raMHJbTOHOBO HCUHCJIEHHEe KBaTepHHOHOB.

Y TI'paccmana u y I'aMuabTOHa MOXKHO KOHCTaTHPO-
BaTb TO oOuiee, 4To 00a OHH CTaBAT CBOeH LeJbl0 ome-
pHUpOBaTh C CaMHMH HanpaBJeHHBIMH BeJHYHHAMH MU
TOJIbKO BHOCJIEACTBHH NEepeXOAUTb K KOMIOHeHTaM. 3a-
MeyaTesJbHO, 4TO o6a OHH 0000OLIMJIM 3HauyeHHe CJ0Ba
«npousBegeHue». Bo3MOXHO, 3TO CBSI2aHO C TeM, 4TO
CBOM TEOpDHH OHH 3apaHee CBS3BIBAIOT C yueHHEM O KOM-
TJIEKCHHIX (THNEePKOMIJIEKCHBIX) uHCJAax (cp. Haluie H3-
JIOXKeHHe TEOpPHH KBaTepHHOHOB B ToMe 1, c. 88—111).
Ho Bo BceMm ocTanabHOM, KaK yxe OblJIO YKa3aHO, TeXHH-
YyecKHe BHIpAXke€HHs y TOTO H APYroro CoseplLieHHO pas-
JuuHel. 'paccMaHy nmpuHaja/iexaT Ha3BaHHUS <«JIHHEHHBIA
3J1eMEHT», «IJIOCKOCTHOH 3JIeMeHT», «BHYTPeHHee.IpOu3-
BelleHHe» H «BHelllHee IpOM3BelleHHe», Torna Kak [a-
MHJIBTOH BBeJ TEPMHHBI «CKaJsp», «BEKTOP», «CKaJjsp-
HOe NpoH3BelleHHe» U «BEKTOPHOE NPOH3BELEHHE>.

B cBs3u c TeM, Y4TO OPTOMOKCAJbHbBIE BO BCEM IpO-
yeMm InocsenoBatead I'paccMaHa 3aMeHHJIH OUYeHb Iielie-
coo6pa3Hble 0003HAYEHHS] YYHTeJs OTYACTH APYTHMH,
a ¢uU3UKH cMellajJd BOeJHHO, JHO0 MOAHGMHLHDPOBAIH
HMeIOL[Hecs] TeDMHHOJIOTHH, a TaK}e NPOSIBUJIH KpaiiHe
60JIbILION NPOM3BOJ IO OTHOLIEHHIO K 3HAKaM -OTAeNbHBIX
omepaluii, nojyyaercsi, HaKOHell, JaxKe JJIs CleLHaJu-
cra GoJsbuias HepasbepHXa B 3TOH MaTeMaTHYECKH
cOBeplIEHHO NMpocToi o6JacTH. B 3Tol nyraHulle Hagex-
HOM NyTeBOJHOH 3Be3J0H sBJsieTCs NPHHIUI, BBICKa3aH-
Hblll Ha c. 43—44. Cienys eMy, MOXHO TaK OXapaKTepH-
sosath Teopun I'amunptroHa u [paccmaHa: Torma Kak
I'paccmMaH B cBOeM <«yYeHHH O JHHEHHOM NPOTSXKEHHH»
3aHHMaeTcsl TeOpHeH HHBAapHaHTOB, KOTOpble NpHHAaJJIe-
KaT K rpynne «ap@PuHHHX» **) npeob6pasoBaHHil, He
MEHSIOIIMX HOJIOKEHHs1 HauyajJa KOOpAMHAT, TOT XKe

*) Gibbs J. W. Elements of Vector-Analysis/Ed. E. B. Wil«
son. — N. Y., 1901.

**) B nactosiell kure o6 3THX npeo6pa3oBaHHiX peub Gyner
Bnepeau (cp. c. 108—133).
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I'paccmMaH B cBoeM «IIOJHOM YYeHHH O IPOTSXKEHHH» U
I'aMH/IbTOH B CBOEM «HCUHCJIEHHH KBAaTEPHHOHOB» KJaJgyT
B OCHOBY CBOMX HCCJeJOBAHHH rpynny mnoBopoToB. [lpu
sToM ['aMHJIBTOH nocTynaer coBepllleHHO HauBHBIM OG-
pa3oM: OH He 3HaeT TOro, YTO BHIGOp OPTOrOHaJbHOMH
rpynnsl AonmyckaeT H3BeCTHHIH mpousBoj. Hapsay c atum
MOTYT BO3HHUKHYTb, KaK YxKe ObLIO OODbSCHEHO, HOBbIE
pa3nuyus B CBSI3H C TeM, YTO Mbl OJMH pas AoNycKaew,
a B Jpyroi orbpaceiBaeM KaK HEUTO HM3JIHLIHee 3epKaJlb-
HOe OTpa)KeHHe (OTHOCHTeJbHO Hauyaja) BceX KOOpJIH-
HaTHBIX Ocel.

MoxHO Jsyullle BCero YysCHUTb cebe BCe MOJIOXKEHHE
Jeq Ha IpHMepe INOHSTHH <«BHelllHee IIPOH3BeJeHHE»
(cBOGOKHBIH NJIOCKOCTHOH 3JIeMeHT), «BEKTOPHOEe NpPOHU3-
pelleHHe» U <«BeKTop». TOoT, KTO H36HpaeTr rpymnmy OpTo-
roHaJIbHBIX Npeo0pa3oBaHUH, HUCKAIOYasi IPH 3TOM CHM-
METPHIO, TOT He JejaeT HHKAaKOH pPasHHLBI MeXJy 3TH-
Mu TtpeMs BeauunHaMu. Ilostomy I'paccman B cBoem
«IIOJTHOM YY€HHH O INPOTSXKeHHH» Hu3obpakaeT CBOOOA-
HBbIA IJIOCKOCTHOH 3JIeMeHT (napaJJesorpaMM, cHaGXKeH-
HBIYl ompeneneHHBIM 06XOJOM) IOCPeJCTBOM BEKTOpa,
KOTOpbIl OH Ha3blBaeT «JONOJHEHHeM» 3TOTO IJIOCKOCT-
HOrO 3JeMeHTa M KOTOPHIHl BIOJHE COOTBETCTBYET BeK-
TOpY, Ha3niBaeMOMYy (H3HKaMH BeKTODHBIM IpPOH3BeJe-
HueMm. Eciu e gonylieHa CHMMETDHS, TO <«IJIOCKOCTHOM
3JIEMEHT» U «BEKTOPHOEe NpOH3BelleHHe» CJefYyeT CYHTATb
reoMeTpHYeCKHMH BeJHUYHHAMH OJHOTO pPOAA, OTJIHYHLI-
MH, OJHAKO, OT «BEKTOPa». DTO COOTBETCTBYET OGHIYHOMY
B (pu3NKe pa3jelleHHI0O BEKTOPOB Ha INOJNSPHBIE M aAKCH-
anbHble. [Tepexoas ke K rpynne ad@uHHBIX npeobpaso-
BaHMi, - yXXe HeJb3sl CYHTaTb TIPacCMaHOB CBOGOAHBIH
NJOCKOCTHOH 3JIeMEHT M BEKTOpDHOE IIpOHM3BeJleHHEe reo-
MeTpHYECKHMH BeJHYMHAMH OIHOIO M TOro Xe poja?).

[Ipexkpe yeM 3aKOHUMTb 3TOT 3KCKYpC, i XOTesq Obl
0COGEHHO NOJYEepPKHYTb. UTO AJSl Hallled oOuleH TOYKH
3peHHsi 80npOCo. OOLIKHOBEHHOZ0 BEKTOPHO20 QHAAU3A
npedcTaganloT 06010 Autlb 4acCT6 OOWUPHO20 MHOXCe-
crea obujux npobaem. - Hanpumep, ckoav3saujue 8eKTopot,
C8A3aHHbLe NAOCKOCTHbIE 3NeMEHTbl, BLHTbL U OUHAMbL
B BEKTODHOM aHaJ/lM3e Ha IepBBIX NOpax COBCeM He NpH-
HHMAalOTCS BO BHHUMaHHe. A MexIny TeM Yyxe s Jeli-
CTBHTEJIbHOTO - IOHUMAaHUs oOnepaluil caMofi BEeKTOPHOH
aare6psl HEOOXONHMO CMOTPETb -Ha HHX KaK Ha 4YacTH
6osiee OGLIMPHOTO LEJIOr0; TOJbKO NPH TaKOM YCJIOBHH
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SICHO BBICTYIIaeT JeXalluid B HUX OCHOBAHHH NPHHUHUI
onpejejieHHs] TeOMETPHYECKHX BeJHYHH IO HX MOBeJe«
HHIO NIIpH Pas3JHYHBIX BHIAAaX OPTOrOHaJbHBIX mNpeo6Gpaso-
BA4HHUH KOOPAHHAT.

V. NPOU3BOAHBIE OCHOBHbIX OBPA30B

durypsi, mopoxjaaemble ToOYKamMu (JHHHH, NOBEPX-~
HOCTH, TOYeYHble MHOXKEeCTBa). DTHM 3aKOHYEHO BCE TO,
YTO si XOTeJ 3Jech CKa3aTb 006 3jeMeHTapHHX o6pasax
reoMeTpHH, H MHe OCTaJOChb TOJbKO pAacCMOTpeTb o6pa-
36l 8bicuieeo nopadka, KOTopble mo2yT ObiT6 U3 HUX CO-
crasaensl. $1 cpenalo 3To B HCTOpHYecKoit ¢dopme, nas
TOro 4YToGbl Bbl NOJNYYHJIH ONpefeJeHHYI0O KapTHHY pas-
BUTHSI T€OMETPHH B pa3JjIHUHbIE BeKa.

A.- o konya XVIII crosreTus B KauecTBe asemenTap-
Holx 06pa30os8 ynoTpebJsiiu no CYyuyeCT8y TOAbKO TOUKL;
HHOro pozxa o6pa3bl, MpaBaa, BCTPEYAJHCh NPH Cayuae,
HO HHKOTZa 3TO He NPOMCXOJHJIO CHCTEeMaTHYeCKH. B Ka-
yecTBe MPOW3BOAHHIX 00pa3oBaHMH TOYeK paccMaTpH-
BaJld Kpugsle U NOBEPXHOCTU, a TaKxKe GoJsiee 06IIHE KOH<
¢durypauuu, cocTaB/ieHHble M3 4YacTell pa3JHYHBIX KpH-
BHIX H NOBepXHOCTeH. 3afymaeMcsi Ha MUHYTY Hal TeM,
0 4ero MHOroo6pasHa oTHOcCsIIasics CloAa 06aacTb.

1) B azsemenraprom npenodasanuu, a UHOTAA H B Ha-
YaJbHOM Kypce JIeKUMH [0 aHaJHUTHYECKOH TeOMEeTpHH,
BCe BBHIIVIAHT TaK, KaK ecqu Obl BCS reOMeTPHSI OTpaHH-
YHBAJaChb NPAMOIO H NAOCKOCTbI0, KOHUYECKUMU CcCeue-
HUAMU W NOBEPXHOCTAMU 8TOpo2o nopsdka. KoueuHo,
3T0 — KpafiHe y3Kas TOYKa 3peHus, TeM GoJsee, YTO yxKe
SHaHHSl JPEBHHX TpPEKOB INPOCTHPAJHCh OTYACTH Jalb-
Lie — Ha HEKOTOpHe BBICLIME KPHBble, KOTOPHE OHH pac-
CMaTpHBAJNH KaK «reOMeTpHYeCKHE MeCTa», OAHAKO 3TH
Belly TOrJa ellle He NMPOHHKIH B peryJsipHoe Npenoja-
BaHHe.

2) CpaBHHM C 3THM YypOBeHb 3HaHHi oxoso0 1650 r.,
Boaeld 3a teM, Kak ®epma u JeKapT cosjnanu aHaJHTH-
uecKylo reoMerpuio. Toraa pasiuyalHu ceomeTpu4ecKkue
H Mexanu4yecKue Kpusvie, NepBLIMH OblIH, NpPeXJe Bcero,
KOHHUECKHEe CeuyeHHs, HO TaKxXe H OTJeJibHble BhiCLINe
KpUBLIE H3 YHCJIA TeX, KOTOPHE Tenepb Ha3bBalOT Qs
2ebpauneckumu Kpusbimu; BTODHIM Ha3BaHHeM O0GO3HAs
YHJAH KpHUBHEE, KOTOpble MOXHO GHJIO ONpEeAeJHTb NpPH
NOMOILH KaKOro-HHOYAb MeXaHus3ma; Cioja OTHOCATCS,
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Hanpumep, yuxaoudel, ob6pasyembie IPH KadyeHHH KoJe<
ca; no 6oJblledl YacTH OHH NPHHAAJNEXKAT K Tpaucyer-
OeHTHbIM KPUBBIM.

3) Kpuseie TOro u apyroro poja npuHajjexar K YH«
CNYy QHAAUTUYECKUX KpPUBbLX, TOHSATHE KOTOPHIX OHJIO
YCT2HOBJIEHO MO3)e; 3TO — KDHBHE, KOOpOUHATOL X, Y
KOTODBIX MOTYT OBbITb NpPEACTaBJEHbl KaK aHaAuTuiecKue
¢ynkyuu HexoTOpo20 napamerpa f, Kopoue roBops,—
KaK CTelleHHEIe PSAAB OTHOCHTEJBHO .

4) B nocnemnee BpeMsi MHOTO 3aHHMaJIHChb HeaHa-
AUTULECKUMU KPUBbIMU, KOOPAHHATH X = @ (), y=y({)
KOTODBIX YXKe He pa3JiarailoTcsi B CTeNeHHOH psn, O6yaAyuH,
HanpuMmep, HeNnpepHIBHEIMH (QyHKUHAMH 6e3 NPOU3BOA-
HBIX: 9THM YCTaHaBJIHBaeTcsl Oojiee obujee noOHATUE KPU-~
801, N0 OTHOWEHUIO K KOTOPOMY BblULEHA3B8AHHbIE AHAAU-
TU4eCKUe Kpusvle ABAAIOTCA AUWbL OCOBEHHO nNpPOCTLIM
YACTHOIM CAYUALM..

5) Haxkoneu, B camoe mocienHee BpeMs O6saronaps
Pa3BHUTHIO TEOPUH MHOXKECTB, O KOTOPOH MBI yXe TI'OBO-
pHJIH *¥), NpUCOEAUHMJICH ellle ONWH, paHee COBCEM He
H3BEeCTHHH OGBEKT, a HUMEHHO — OeCKOHeuHble TOUeHHble
MHOJCECTBA. DTO — COBOKYNHOCTU BGeCKOHeuHo020 Koaude-
CT8a TO4eK, CKOMJIEHUs TOYeK, KOTOphle XOoTs H He obpa-
3yIOT HeNnpephBHYI0 KDHBYIO, HO ONpPENeJsIIOTCS BIOJIHE
ompeneseHHBIM 3aKOHOM 56). Ecau KoMy-HUGYyIb XeJya-
TeJbHO HaHTH B HaUIMX KOHKPETHHIX HAarJsJHLIX Mpej-
CTaBJIEHHSAIX HeYyTO NPHOJU3HTETbHO COOTBETCTBYIOlLEe
5THM TOYE€YHHIM MHOXECTBaM, TOT MYCTb, Hanpumep,
npeacTaBuT cebe HA 3Be3fHOM Hebe MJeYHBIH NMyTb, B KO-
TODOM YeM TOUHee ero pacCMaTPHBAIOT, TeM GoJiblie Ha-
XOISIT 3Be3].

Jaga nucouniivH, HaMeudeHHHIX B 3TOM KpDaTKOM Ie-
peuHe, B YacTHOCTH, s HHQHHUTE3NMAaJbHOH reoMer-
puu (reoMeTpHH GeCKOHEYHO MaJjbiX, WJIH AHddepeHLH-
aJbHOH TeOMEeTPHH) U IJIs1 TEOpUU TOUEUHbLLX MHONCECTE
B paMKax 3TOro Kypca, K COXaJeHHIO, He OCTaHeTCs
MecTa, XOTf OHH, KOHEYHO, TaKxXe SBJAIOTCA BaX-
HBIMH 06J1aCTSIMH reoMeTpuu. BrmpoueM, ux gacTo u3nia-
ralpt noipo6HO B OCOGHIX Kypcax JIeKUHH H KHHrax, Tak
YTO 3J€Ch Mbl MOXEM OUPaHHYUTLCH 3THUM YyKa3aHHeM
Ha 3aHHMaeMOe HMH MECTO cpelH NPOYHUX reoMeTpHyYe-

*) Cp. 1. I, c. 355—381.
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CKHX AHCHHUIIMH C TeM, YTOOH 3aHATbCs GoJiee JeTajJbHO
BELaMH, KOTOphle pexke H3JaraloTcs B JPYrHX MecTax.

O pasnHuuM MEXJAYy aHAJNUTHUECKONH M CHHTETHYEeCKOil
reometrpued. Ho cnepBa s xoTen Obl B CBSI3H C 3THM
nepeuydcleHHeM OCTAHOBUTHCS Ha pasAuuuu mexcoy ana-
AUTUYECKOL U CUHTeTU4UecKol ceomeTpueli, CBA3aHHOM C
paccMOTpeHHBIMH 00/1&CTSIMH.

Ilo cBoemy mnepBOHa4aJbHOMY 3HauUeHHIO CUHTE3 H
anaAu3 ABJSIOTCS Pa3JHYHBIMH CIOCO6aMHU pacCyXIeHus
H H3JIOXKEHHS: CUHTe3 HauHHaeT ¢ YacTHOCTEH H COCTaB-
JisseT U3 HHX Bce Gojiee W Gojiee obumive M, HaKoHell, ca-
Mble oOLiMe MNOHATHSA; aHaJH3 Ke, HAaNpPOTHB, KJaleT
B OCHOBY camoe ofliee U pacuseHsieT ero Ha Bce GoJiee
H OoJiee MeJIKHE OTJeJbHHE YacTHblE cJayuyad. Takos
HMEHHO CMBICJI Pa3jiMYHsl, BHIPaXKaeMmoro, Halmpumep, Ha-
3BAaHUSIMH «CHHTETHYeCKas» H «aHaJHTHYeCKad» XHUMHUS.
B mKoOJbHOH reOMeTpHH TaKxXKe IOBOPSAT COOTBETCTBEHHO
aTOMY 00 aHaause 2eomMeTpuuecKux nOCTPOexuil: TPUHU-
MaloT, 4YTO, CKayKeM, HCKOMBIH TpeyroJibHUK HalifieH, H
PacuJieHsIIOT NOCTaBJeHHYI0 3afayy Ha OTHAeJbHbIEe YacT-
Hble 3aaauu %7). Ho B MaTeMaTHKe 5TH CJIOBA YIHBHTEJb-
HbIM 06pa3oM InpHOGpeaH (COBepLIEHHO HHOH CMBIC:
30eCb CUHTETHHECKOU HA3bl8QIOT TY 2e0MeTPUro, KOTOpas
usywaer uzypul KaK Taxosete 6e3 nomowu opmya, To-
2da Kak QHAAUTUHECKAs 2eOMeTpus nocaedos8aTenbHO
noav3yercs opmysamu, YCTALABAUBAEMbIMU NOCAE B8e-
Oerus nodxodaujeii cucremst Koopdurnar. KoHeuHo, mpH
NpaBHJILHOM TIOHHMAHHH MeXJy OOOHMH 3THMH pasie-
JJaMH TeOMETPHH MOXHO YCMOTPeTb TOJBKO KoAuue-
cT8eHHY!O 2padayuro, 3aBUCHALLYI0O OT TOro, BHJBHra-
I0TCsl JIH Ha NepBblfl N/1aH B GoJibliell cTeneHU gopmyrst
uian ¢ueyps.. Ty aHanuTHYeCKyl0 reOMETpHIO, KOTOpasi
COBepLIeHHO alCTparHpyeTcsi OT reOMeTPUYECKHX MNpel-
CTaBJIeHHH, BpSA JIM elle MOXHO Ha3BaTb reoMeTpHel;
C ApYroii CTOPOHBI, CHHTETHYECKAs reoMeTpUsl He MOXKeT
IlaJleKo YHATH, eCIH OHAa He IpHBJeKaer AJI TOYHOTO Bbl-
paXeHHs CBOHX pe3yJAbTATOB I1e1eC006pasHOro f3bika
¢opmya. Crnenysi TakKOMy NOHHMAaHHIO, MB U NOCTYNaJH
JlI0 CHX IIOp, C CaMOro HadaJja npuMeHssi GopMYyJHl, a 3a-
TeM yXKe 3ajaBasi cebe BONMpoc 06 HX reoOMeTpHYECKOM
3HaYeHHH.

Ho B maTeMaTHKe, KaK M BCIOAY, JIIOAH CKJIOHHH K 06-
Pa3oBaHUIO. TeYeHHH; TaKHMM 00pa3OoM H BO3HHKJIH WKO-
AbL YUCTOIX CUHTETUKOB U 4UCTbLX GHAAUTUKOS, KOTODLIE
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60/bllle BCEro IEHHJNH aGCONIOTHYIO «YHCTOTY METOHa»
H, CJeN0BaTeJbHO, OblIH O0Jiee ONHOCTOPOHHHMH, UYeM
Toro Tpebyer nmpHpoAa Beulefi. B pesyabrate reomMeTph-
aHAaJUTHKH YacTO TOHYJH B CJeNblX BBHYHCIEHHAX, He
CBSI3aHHBIX HH C KaKHMH reOMeTpHYeCKHMH MNpeacTaBJe-
HHSIMH, TOTla KaK CHHTETHKH BCe CaceHHe BHIEJH B HC-
KYCCTBEHHOM H30eraHHH KaKHX Gbl TO HH GblIO (PopMyJ
H [PH 5TOM KOHYaJH TeM, YTO pasBHBaJHU CBOH cOO-
CTBEHHbIH, YKJIOHSOWHHACA OT OOGBIYHOrO $3bIK (OpMY.l.
Takue npeyBenuueHHss B cJen0BaHHH OGBHEKTHBHBIM ca-
MHM 1o cebGe NMpPHHIHUNAM, JeXallUM B OCHOBe, Bceria
NPUBOJAAT B HayyHBHIX WIKOJaxX Kak OBl K npoyeccy oxa-
MeHeHus, U TOTJa HOBBIH TOJMYOK HayKe, CylleCTBEHHBbIM
06pa3oM YCKOPSIIOIIHA ee pa3BHTHE, 4Yalle BCEero IpH-
XOJIHUT H3BHE, T. €. OT «CTOPOHHHX Habumiogarteneil». Tak
H 3Jecb, B TeOMETpPHH, JIHUIb CIELHaJHUCThl 1O TEOPHH
(GYHKUHH BnepBble BLISIBHJH, HalpHMep, pa3/jHyHe MeX-
Jy aHAJUTHYECKMMH W HeaHAJHUTHYECKHUMH KPHBBIMH, KO-
TOpPOe HHKOTJa He OTMeYajioCh B JOCTAaTOYHOH cTeleHu
HH B paboTax y4yeHbIX mpejcTaBHTeseH, HU B yueOHHKax
o6eHx Ha3BaHHBIX IIKOJ. TOYHO Tak e TOJNLKO (PH3UKH,
Kak OblIO yXe YNOMSIHyTO, Jaji XOJL BEKTOPDHOMY aHa-
JIN3Y, XOTsl €ero OCHOBHEIE IOHATHS HMeloTcs yxe y Ipac-
CMaHa, H Bce XXe B yuyeOHHKaX reoMeTPHH YacTo ellle H
Telnepb MOYTH He YNOMHHAeTCsl O BEKTOpax KakK O caMo-
CTOSTEJNbHBIX Bemiax 58)1

He pa3 Haxomuiuchb CTOpDOHHHKH TOro, YToOHl Treo-
METpHIO, KaK CaMOCTOSTeNbHBIA mnpeaMeT MpenoaaBa-
HHUS, OTAEJHUTb OT OCTaJbHOH MaTeMaTHKH M UYTOOH BO-
of1le pa3jenuTb MaTeMaTHKy B Jeje oOyueHHs Ha ee
OTJeJbHble AUCLUIIHHBE, W JAeHCTBHTEJbHO ObLIHM CcO31a-
Hbl, 0CO6€HHO B MHOCTPAHHBIX BBICIIHX LIKOJAX, OTAEJb-
Hble npodeccypsl mo reoMeTpuH, ajirebpe, auddepeHLH-
aJbHOMY HcyucaeHHIo U T. 1. OnHaKo W3 HalUX NocJes-
HUX coo6pakeHHH MOXHO KaK pa3 cleJaTh TOT BHIBOL,
YTO YCTaHOBJIEHHE TAaKHX TeCHBIX TpaHHIl He HaXOIHT
cebe ompaBJaHMS; HANPOTHB, B KaxJAOH HayKe AOJIKHO
6bITb 110 BO3MOXKHOCTH JAONYLIEHO XKHBOe B3aHMoAei-
CTBHE MeXJy PpAasJIHYHBIMH HeHCTBYIOLIHMH B HeH Ha-
HpaBJeHUsSIMU HHTEPECOB TakK, YTOGH Ka)KAoe H3 HHX YyB-
CTBOBaJIO ceGs B NMpHHIMIE NpeACTaBUTeJeM BCel mare-
MaTukH. §l mojgarm Aaxe rojoc, ciaenys TOH ke HIee,
TaKxXe 3a KaK MOXHO 6oJjiee XKHUBYIO CBSI3b MaTeMaTHKOB
C NMpeiCTaBHTENSIMH APYTHX HayK %),
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TpoekTHBHass reomMeTpus M NPHHUMN JBOWCTBEH-
HOCTH.

B. 3akoHYMM Ha 3TOM Hall 3KCKYPC H PacCMOTpPHM,
NpPOAOJKAsH CIel0BaTb HCTOPHYECKOMY DPasBHUTHIO, MOU-
Holll UMNYA6C, NOAYUECHHbLE e2eomeTpudecKumu ucciedo-
aanuamu, Hadunas ¢ 1800 e.,, Korna Ha nepeiHuil miaad
BLICTYNIHJIA TaK Ha3blBaeMas Hosds ceomeTpus. B Ha-
cToslilee BpeMsl Mbl OXOTHee Ha3hIBaeM ee npoeKTUBHOLL
2ceomeTpued, TaK KaK B HeH IVIaBHYI0O pOJIb HTpaeT ore-
pauus NpOeKTHPOBAHMSA, — HaM NPHUAETCS M03XKe NoApos-
Hee 0 Hell roBOpUTb. XOTS M B HacTosillee BpeMs 4acTo
emle ynorpe6/sAioT Ha3BaHHe «HOBaf», HO 3TO, COOCTBEH-
HO roBopsl, HeyMeCTHO, HOO ¢ TOr0 BpeMeHH MHOro pas
NOSIBJISIIUCh IpYyrHe Bce GoJiee «HOBble» TeHAEHIHH.
B kauecTBe ONHOrOo H3 NEPBHIX HOBAaTOPOB I JOJIKEH
3gech HasBaTth [loHcene, kotopeiéi B 1822 r. onmy6auKo-
BaJ cBo#l «TpakTaT o NpOEeKTHBHLIX CBOHCTBAX Puryp» *).

B nanpHeifilleM pas3BHUTHH NPOEKTHBHOH TIeOMeTpHH
C caMOro Hauyaja Mrpajio poJb pasauuue mexcdy CuHre-
TUMECKUM U QHAAUTUHECKUM HANPABAEHUAMU; B Kaue-
CTBe MpeACTaBHTeJNeHd NEpPBOro HampaBJeHHs S Ha30BY
HeMmelKux HccienoBatened Illteiinepa u Illtayara, B Ka-
yecTBe NpeACTaBHUTeNed BTOPOro — Hapsaay ¢ MéGuycom,
npexne Bcero, Ilmokkepa. OcHOBHBlE NpPOH3BENEHHS
3THX TE€OMETPOB €llle U Tenepb He YTPATHJIH CBOErO XKH-
BOro BJHsSHHA, 3T0 — «CHcTeMaTHYeCKOe pa3BHTHE B3a-
HMHOH B3aBHUCHUMOCTH TreoMeTpHYyecKux o6pasoB» Illrteii-
Hepa **), «[eoMeTpusi mosoxenus» lllrayara ***), «ba-
pHUEHTpHYECKOe HcuHcIeHHe» MeEGuyca (cM. CHOCKYy Ha
c. 29) u, HakoHel, «AHaJUTHKO-reOMeTpHYEeCKHEe HCCIe-
JoBaHusi» [TnokKepa ****),

Y1066 OTMETHTb BaXKHeHIIHe pPYKOBOASIHE HIAEH
3TOH «HOBOH» reOMeTpHH, s1 B NEPBYIO OYepeAb OCTAHOB-
JIIOCh Ha CJefyIoLEeM.

1) 'naBHas 3acayra IToHcese COCTOMT B TOM, YTO OH
NepBHIl BLICKA3aJ TY MBIC/b, UTO 0458 TOYKU CYU4eCT8YOT
pasHoyernblie obpasbl, a HMEHHO Ha IJIOCKOCTH TOYKe

*) Poncelet V. Traité des propriétés projectives des figu-
res. — Paris, 1822.
**) Steiner J. Systematische Entwicklung der Abhingig-
keit geometrescher Gestalten voneinander. — Berlin, 1832.
***) Staudt Ch. V. Geometrie der Lage. — Niirnberg, 1847,
**¥*) Pliicker J. Analytischgeometrische Entwicklungen, —
Bd. 1. — Essen, 1828. — Bd. 2. — Essen, 1831,
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MOXXHO TIDOTHBONOCTABHTb HEO2PAHUUEHHYIO NPAMYIO, B
IIPOCTPAHCTBE K€ — HEO02PAHUYEHHYIO NAOCKOCTb; HHaue
roBopsl, B GoJbillell YacTH reoMeTpUYeCKHX NpeMJOKeHHIT
BCerjga MOXHO CJIOBO <«TOUKa» 3aMEHHTb CJOBOM <«IpA-
Masi» HJIH COOTBETCTBEHHO <«IIJIOCKOCTb». DTO — BHIpaXxKe-
HHUe npunyuna 080LUCT8eHHOCTU.

IToHcesMe MpHUMBIKaeT B Pa3BHTHH CBOMX HAeH K Teo-
pUL noanp KOHUMeCKUx cedeHull (Teopus 83AUMHbLX noO-
2aap). Ilo oTHOWeHHIO K oOmpejAeseHHOMY KOHHYECKOMY
CeYeHHIO KaXKJAOH TOYKe p MPHHAJJIEXHT (COOTBETCTBYET),
KaK HM3BECTHO, HeKoTopas npsMmasi m B KadeCcTBe ee IO-
JISIpBI; NOCJEJHIOI MOXHO -ONpeflle/INTb, HanpuMmep, Kak

NpsIMy10, COEIHHSIIOILYI0 TOUKH
% KacaHHsl MABYX KacaTeNbHBIX K
3TOMY KOHHYECKOMY ceueHuio %0),
NpOBeleHHbIX M3 TOUKH p (ecnH,
Kak Ha puc. 48, p Jexur BHe
kpuBoii). Hao6opor, Kaxao#
; npsAMOil m NPHHAAJEKHT HEKOTO-
I pell monaioCc p, TpHYeM HMeeT
Puc. 48 MECTO «3aKOH B3aHUMHOCTH»: IO-

. ’ o ’
aspa s’ mo6oit Touku p’, nexa-
med Ha npsaMo# m, NPOXOAHT
yepes p. K3 s10ro ocyumectBisieMoro npH TNOMOLLH
KOHHYECKOr0 CeYeHHS UYaCTHOTO cJyyash COOTBETCTBHS
MeXJy NPAMBIMH H TOYKAaMH Ha MJOCKOCTH, a TaKXe H3
aHaJIOTHYHOTO COOTHOLIEHHS] MeXJAy TOYKaMH H IJOCKO-
CTAMU B TIPOCTPAHCTBE MO OTHOLIEHHI0 K KaKOH-HHOYAb
TOBepPXHOCTH BTOpOro mopsigka IloHcesne 3aKaIO4YHJ, 4YTO
BCE NPEJIOKEHHS 280METPUL, KOTOPbie OTHOCATCA TOAbKO
K CBOUCTBAM NOAONCEHUS, K B3AUMHOL NPUHAOAEIHCHOCTU
(unu  «8CcTpe4e») TOueK, NPAMbIX U NAOCKOCTeli, MO-
2yr OoiTe «O0Yyaruduposansl» YKA3AHHLIM Bblule CNOCO-
6om. 3HaMeHUTHIH npuMep naet Teopema Ilackaas o 1e-
CTHYrOJIbHHKe, BIHCAHHOM B KOHHYECKOe ceyeHHe, KOTO-
pas npHu «AyaJHu3UpPOBAHHH» (T.e. IPUMEHEeHHH NPHHIHIA
JIBOHCTBEHHOCTH) TEPEeXOAHT B 7Teopemy bBpuanwona
O UIECTHCTOPOHHHKE M3 KacaTeJbHBIX, ONHCAHHOM OKOJO

3TOro K€ KOHHYECKOro ceueHus 61).

2) BnocnencTBuu OoYeHb CKOPO NPHULUIH K 604ee 2ay-
60xomy noHumaruro npuxyuna 0soticreeHrocru. Ero or-
JeJUIH OT TEODHW MOJSIP M CTAJH paccMaTpUBaTh Kak
UCTOYHUK B8Ce20 €80e06pA3H020 NOCTPOEHUS NpPOeKTUS-
HolU eeomerTpuu. DTa mpeKpacHas CUCTEeMaTHKa BIepBble
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nosiBasercs y JKeprona u Hltefinepa. PekoMeHaylo Bam
NpoyecTb XOTs Obl B MpeAHC]0BHH K «CHCTEeMaTHYECKOMY,
Pa3BHTHIO B3aHMHOH 3aBHCHMOCTH TeOMeTpPHYECKHX 00«
pasoB» llrefiHepa ) To MmecTo, re OH B BOCTOPKEH-.
HBIX BBIpaXKeHHSX DUCYeT KapTHHY TOro, Kak IPOEKTHB=
Hasi TeOMeTpPHsl BIepBHE BHOCHT NOPSAOK B Xaoc
reOMeTPHYECKHX NpeNJIOXKeHHH M KaK B Hedl Bce pasMe-
111aeTcsl COBEpIIEHHO eCTeCTBEHHHIM 06pa3oM.

Ha nporsxkennn Haulero Kypca HaM emie 4acTO NpH-
IeTcsi TOBOPUTb 06 3TOH CHCTEMAaTHKe, HO YXKe Temeps
s xoren Obl nath kparxkuii o63op ee. Ilpn sTOM mpwu:i-
LN JBONCTBEHHOCTH OyAeT NPOSBJAATbCS B TOM, 470
TOYKA U NAOCKOCT6 — HJIM COOTBETCTBEHHO (ecau orpa-
HUYHBATbCSl IUVIOCKOCTBIO) TOYKA U NPAMAA— BXOUAT 8
OCHOBHBIE MOHATHS H MNpeNJOXKeHHS («aKCHOMBI») reo-
MEeTpPHH BCerja COBeplIeHHO CHMMETPHUYHO, T. €. UTO 3TH
AKCHOMBI, a 3HAYUT, W JIOTHYECKH BHIBOAMMBIE H3 HIUX
NIpeNJIOXKEHHs] BCErJa MONapHO ABOHCTBEHHH. Tak Hashi-
BaeMble «METPHYECKHe COOTHOLIEHHS» 3JIeMEHTapHOl
reoMeTpuu (Kak, HalpHMep, pacCTOsiHHe, Yroq H T. [L.)
BHauaje COBCeM He BXONSIT B 3Ty CHCTEMAaTHKY; MO3Xe
Mbl YBHUIHM, KaK OHH MOTYT GBITb JOINOJHUTEJNLHO BKJIIO-
yeHpl B Hee. BoJsiee JeTaJbHO 3TO NMOCTPOEHHE BHITVIAIHT
TakK:

a) B ocHeBy knanyrcsa Tpu poda 06pa3os8 B KauecTBe
npocTediX: TO4Ka, (Heoepanuuennas) npamasn, (He-
O2paHuuennasn) NAOCKOCTb.

b) Mexny STHMH OCHOBHBHIMH 06pa3aMu HMeEIOT Me-
CTO CJEeAYIOILHe COOTHOIIEHHs (Ha3blBaeMble axcuomamu
coeduHenusn), He NONMYyCKaloHias UCKIOUEHHH 3HAaYMMOCTb
KOTOPHIX JOCTHraeTcsi HCKYCHBIM BBeJleHHeM HecOoGCTBEH-
HbIX (GeCKOHeYHO yJaJleHHbIX) 3JeMEeHTOB, KOTOpOe BIO-
CJENCTBUH OyneT pa3bsicHeHO 6oJsiee MOAPOGHO: 2 TO4KU
onpedenqloT npamyro; 3 TouKu, He aexcauyue HA OOHOL
npsamod, . onpe0east0oT NAOCKOCTb; 2 NAOCKOCTU onpede-
ASIOT NPAMYIO; 3 nAOCKOCTU, He npoxodaujue yepe3 00HY
npAamyro, onpedeastoT TO4KY.

c) Tenepr oGpa3dyeM OCHOSHble auHeliHble 00pasol
(T. e. Takue, KOTOphle aHAJUTHYECKH ONpeessoTCs JHU-
HeHHIMH YPaBHEHHSIMH).

I. OcHosHoble 06pa3er 1-i crynenu, Kaxapli U3 KOTO-
PBIX COLEPKHT ool 3j1eMeHTOB.

o) COBOKYIHOCTb BC€X TOYEK OJHOH NMpPAMOMH: npamo-
AUHEUHbLE pad TouexK. ' '
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B) CoBOKYymHOCTb BCeX MJIOCKOCTEH, MPOXOMSALIHX. ye-
pe3 ONHY NPSAMYIO: NY4OK NAOCKOCTel.

v) Bce npsMble Ha NJIOCKOCTH, NPOXOAsIIHE Yepe3
OIHY TOYKY: (nAocKutl) ny4oK npamoix.

II. OcHosnete 06passr 2-ii cTynenu, KaxIblii U3 KOTO-
PHIX COJEPKHUT 002 371eMEHTOB.

o) ITI0cKOCTh KaK reoMeTpHUECKOE MECTO ee TOYeK:
noae (nNAOCKasa cuctema) Toxek.

a’) TlnockocTb Kak reoMeTpHyecKoe MeCTO ee Mpsi-
MBIX: n04e (NAOCKAA CUCTEMA) NPAMbBLX.

f) IlnockoctH, mpoxonsiuine yepe3 OLHY HENOJBHXK-
HYI0 TOUKY: C8A3KQ NAOCKOCTEl.

f’) IlpsmMble, mpoxoasiline Yepe3 OAHY HENOJABHKHYIO
TOUKY: C8R3KA NPAMBLX.

II1. OcnosHete obpaser 3-ii crynenu HU3 o3 3jeMeH-
TOB KaXJHH: .

o) IlpocTpaHCTBO KaK MeCTO ero To4eK: HpOCTpaw-
CT80 (NPOCTPAHCTBEHHAA CUCTEMA) TOHUEK.

B) IlpocTpaHCTBO KaK MeCTO €ro mJOCKOCTe#: npo-
CTPAHCT80 (NPOCTPAHCTBEHHAA CUCTEMA) NAOCKOCTElL.

Bo BceM 3TOM mOCTpPOeHHH [eACTBHTENbHO BCIOAY OT-
YeTJHBO BLICTyNaeT MOJHAas [BOHCTBEHHOCTb; HCXOJs M3
JaHHBIX TaKUM 06pa3oM OCHOBaHHH, MOXHO BO3BECTH
BCe 3/laHHe NPOEKTHBHOH reoOMeTpHH ABYMS crnocoGamu,
HaXOASIIUMMHCS B OTHOLIEHHH B3aUMHOCTH ApPYr K Ipy-
ry: IpU OJHOM crnocobGe GepeM 3a HCXOAHBIH MaTepHaJ
TOYKH, NpPH APYroM — OpSIMble, €CIH pedYb HIeT O reo-
MeTpUH Ha NJIOCKOCTH, HJIH HNJIOCKOCTH, €CJIH MBl 3aHH-
MaeMcsl TeoMeTpuell B IPOCTPAHCTBE.

MAOKKEpOBH KOOpAMHATH OPSIMOH M jajbHediee
pa3BUTHe NpUHLUMAA NBOHCTBeHHOocTH. 3) ATo mocTtpoe-
HHE CHOBAa MOXHO NpeJCTaBHTh B 6ojiee yAOGHOM BHIe,
ec/ii MK JAajibllle MepefiieM Ha nyre asaiuza ¥ JIA
3TOr0 NOCMOTPHM IMpeKJAe BCEro, Kakyio (opmy npuHH-
MaeT npunyun deoucreennoctu y Ilaoxkkepa. Kak wus-
BECTHO, ypasHexue npAmoil Ha MJIOCKOCTH, €CJH ero CBO-
6OAHbIA uYjleH He paBeH HYJIO, MOXHO 3amHcaTh Tak:

ux+vovy+4+1=0,

Sra npsmas Gyner ompejesieHa, eCH M3BECTHH 3Ha-
YeHUs: KO3(PGhUUHEHTOB u, U, KOTOpble, MEXHAY NpOYHM,
B 3TOH 3anHCcH (UrypHpPYIOT COBeplIeHHO CHMMETPHYHO
C TeKyLIMMH KOOpJAHHATaMH x, y. Muicib Iln0KKepa u
COCTOHT B TOM, YTOOBI paccmarpusare u, v Kak Koopdu-
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HaTbL nPAmoL, paBHONpaBHLHE C KOOPAHNHATAMH X, Yy TOY-
KM, M NpH TNOAXOASAILHX OGCTOATENbCTBAX CYHTAThb HX
nepeMeHHBEIMH BMECTO 3THX NOCJeIHHX.

Ilpn 2TOM HOBOM HCTOJIKOBAaHHH X, Yy HMEIOT IOCTO-
siHHble 3HaYeHHs, M Hallle YypaBHEHHe BbIpaxaeT YCJo-
BHe TOro, YTO HeKOTOpas IepeMeHHas npsMasi NPOXOAHUT
yepe3 HEMOABHIKHYIO TOYKY X, y, T. €. OHO SBJsieTCS
ypasrernuem 3TOU TouKu 8 koopdunarax npamoi. Haxko-
Hell, MOXKHO He OKa3biBAaTb NPeANOYTEeHHS HH OAHOMY M3
oGoux o6pa3oB B crmocobe BHpaxKeHHs M BOBCe He 'yKa-
3bIBaTh, KaKasi HMEHHO Mapa BeJIHYHH paccMaTpHBaeTcs
KaK IIOCTOSIHHass H Kakas — KaK jepeMeHHasl; Torxa
Hallle ypaBHeHHe TNpPeACTaBHUT COGOH ycJoBHe cOeduHeH-
H020 noaoxenus (MHUUAEHTHOCTH) TO4KU U NPAMOL.
Ilpunyun 0golicTBeHHOCTU KaK pa3 M ONHMpaercs Ha To,
4TO paccMaTpHBaeMoe yDaBHeHHE COBEPULEHHO CummeT-
pUYHO OTHOCHTENBHO X, Yy, C OJHOH CTOPOHB, H u, U,
C ApYro#,—H B 3TOM CBOHCTBe 3aK/I0YaeTcs BCE TO, YTQ
MBl paHblile NMOHHMAaJH NOJA <«ABOHCTBEHHOCTbIO», NMPHUCY-
Leil TeopeMaM COeAHHEHHS.

EcTecTBeHHO, UTO B INPOCTPaHCTBe. ypaBHeHHe nps-
MOH 3aMeHSIeTCSl YpasHeHuem nA0CKOCTU

ux+vy+wz+1=0.

B pesynbraTe 3THX COOGpaKeHHH MOXKHO AaHaJHTH-
YeCKH pasBHBATh [eOMeTPHIO, IIPHHHMAasi 3a OCHOBHbLIE
nepemeHHble JH60 X, Y, 2, 160 u, v, W; PH 3TOM CJOBA
«TOYKa» U <MJIOCKOCTb» IPOCTO IepecTaBasiioTcs. Takum
06pa3oM, BO3HHKaeT H3BeCTHOe 0B0LUCTBeHHOe NOCTpoOe-
Hue eeomeTpul, KOTOpOe BO MHOrHX yueOHHKaX Ha-
I'ISAHO BHIpa)KaeTcsl TeM, YTQ Ha JIeBOil M npasoil moJio-
BHHAX CTPAHHUB NMOMELIAIOTCS B3aHMHBIE TEOPEMBI.

OkuHeM Tenepb OerjbiM B30pDOM BO3HHKAlOllHe Ta-
KHM 006pa3oM . 8cez0a 83auUMHO OBOUCTBEHHbLE BblCULUE
oépasbu OTo nact Ham Kak Gbl NPOJOJIXKEHHe NpelbiLy-
ufefi JBOHCTBeHHOH B cebe CXeMbl JIMHEHHBIX 06pas3os.

Hauunaem ¢ TOro, 4To pacCMOTPHM X, Y, 2 Kak omnpe-
JeieHHble, He CBOJfALIMecH K IOCTOSHHBIM 3HaYeHHSM
GyHKUHH @, %, P HEKOTOpOro mapamerpa f. DTH (YHK-
UMH ONPEAENSAIOT HEKOTOPYIO NPOCTPAHCTBEHHYIO KpH-
BYI0, KOTOpas B YaCTHOM cJayuae (Koria GYHKUHH @,
%» P TOXIECTBEHHO YAOBJIETBOPSIOT KAaKOMY-1u60 Jin-
Heuﬂomy YPaBHEHHIO C MOCTOAHHBIMK, KOS PHUILHEHTaMU)
MOXKeT ObiTh NJIOCKOH KDHMBOH. HJ/IH, HAKOHeL, (ecjH OHH
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YAOBJIETBOPAIOT IBYM TaKHM JIHHEHHBIM YpaBHEHHsIM),
BbIpOKaaercs B mpsimylo. TouHo Tak e, paccMaTpH-
Bas 4, v, W KaK QYHKUMHU {, NOJYyUYUM OOHOKPATHO bec-
KOHEUHYrw nocaedo8aTesbHOCTs NAOCKOCTel, KOTOPYIO
yao6GHee BCero npeiacTaBUThb cebe HpU IIOMOLIH passep-
Thl8arowelica NnosepxHocTu, orubaiolieii Bce 3TH MJO-
CKOCTH.

31ecb ONMH U3 YACTHBIX CJydyaeB COCTOHT B TOM, UYTO
BCE IIJIOCKOCTH NPOXOAST yepe3 OAHY TOYKY, T. €. OrH-
6aoTcs HEKOTOPHIM KOHYCOM, a ApYroi—B TOM, 4YTO
BCE OHH INPOXOIAAT Yepe3 ONHY HenoOBUNMHYI NPAMYIO.

PaccmarpuBasi ke x, y, z KaK (yHKUHH OBYX napa-
METpOB {, ¢/, MOJY4HM HEKOTOPYIO nOBEPXHOCTb, KOTOpas,
B YAaCTHOCTH, MOXET BHIPOAUTHCA B NAOCKOCTb; Ayalib-
HOI K 3TOMYy 06pa3y fBJseTCS 08YKPATHO GECKOHeYHAas
COBOKYNHOCTb NAOCKOCTel, o2ubaemvlx HEKOTOPOU no-
8EepPXHOCTH10; BHIDOXKJAEHHEM 3TOH COBOKYMHOCTH CJYXKHT
c853Ka NAOCKOCTel, npoxodsujux yepe3 00HY HenoOsudi-
HYIO TOYKY.

BroinuiieM Bce 3TH pe3yJabTaThl B BHJE TaKo#H Tab-
JIMUKH:

u =@ (), pa3BepTHBaKmMAACA

x=0q (), \ KpuBast NOBEPXHOCTh
y =1 (t), ¢ (nrockas xpusas) v=7x (t), ( (xonyc)
z2=1(t) / (npanas) w=1 (£) / (npanas)
x=0( 1), u=q(, t'), y noeepx-

y=1(t t’), p MOBEPXHOCTH v=1y (¢ t'), ¢ HOCTB
z=1(t, t’) /) (naockocrs) w=Y({ t') ) (rouxa)

DT0 MOKeT CHYXHTb B KaueCTBe JOCTATOYHOIO MpH-
Mepa TeX IBOHCTBEHHBIX CXeM, KOTOpble OXOTHO COCTaB-
JISIJTACh B TPOJOJIXKEHHE J0Jroro BpeMeHH.

4) ¥Yxe y I[l1okkepa HMeeTCs BecbMa CYyLleCTBEHHOeE
JlajibHeiilllee pa3BHTHe Bcero »Toro moxxona. Ilo anaJgo-
MM C TeM, KaK OH paccMaTpHBaeT TpH Ko3dduuueHta
ypaBHEHHs IJIOCKOCTH KaK ee IepeMeHHble KOODAMHATHI,
OH NPHXOJIMT K MBICJH PaccMaTpuUBaTh BOOGIIe MOCTO-
AHHble, OT KOTOPHIX 3aBHCHT KaKOH-HHOYIb reomerpuue-
CKHi 06pas,— Hanpumep, AeBATb K03(h(HLHEHTOB ypas-
HeHHUsl TIOBEPXHOCTH BTOPOTO NOPAJAKA — KakK nepemernoie
xoopOurate. 3TOro 06pasa, M HCCIAeN0BaTb, UYTO MO-
ryT O3HauyaTb Te HJIH HHBlE YDPAaBHEHHs MEXAY HHUMH.
KoHneuHo, snecb yxke He MOXKeT ObiTh H peUYH O <«ABOMH-
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CTBEHHOCTH» B OyKBaJbHOM CMBbICJIe; OHa OCHOBBIBAJach
Ha clnelu(dHYECKOM CBOHCTBE YPABHEHHS IJIOCKOCTH HJIH
COOTBETCTBEHHO NpsMOi (c. 92) ObHITL CHMMETPHYHBIM
OTHOCHTEJLHO KO3(GhHIHEHTOB U KOOpAHEAT.

Cawm IlaIcKKep OCYLIecTBHJ 5Ty MBICAb, B YaCTHOCTH,
IJis caydass npamelx 8 npocrparcrse. Ilpsmast B mpo-
CTPaHCTBe ompejeJsieTcssi B KOOpPAMHAaTaXx TOYKH [BYMs
ypaBHeHHsIMH, KoTopble ITnIOKKep muieT B BHAe 5%)

x=rz+p, y=sz+o.

Yeroipe nocroanuele r, s, p, ¢ THX YPaBHEHUI MOKHO
Ha3BaTh KOOPOUHATAMU NPAMOL 8 NPOCTPAHCTBE; He-
TPYAHO YCTAHOBHTb, KaK OHH CBSI3aHBl C YNOTpPeG/SBLIH-
MHcs paHbue (c. 50) XapaKkTepH3YIOUMMH INPSIMYI0 OT-
HoweHusiMu X :Y: ... : N, KOTOpEEe MBI COCTaBJSJIH IIO
IByM ee TOYKaM, clelys rpaccMaHoBy npHHuumy. Tak
BoT, [TJIOKKep npexje Bcero paccMaTpHBaeT KaKoe-THGO
OJHO YypaBHeHHe f(r,5,0,0)=0 ¢ 3THMH YeTbpbMs
KOOpJIMHATaMH; OHO BBIJEJSIET H3 YETHIPEXKPaTHO GecKo-
HeyHOH (00%) COBOKYNHOCTH NIpSIMBIX ee TpeXKpaTHo Gec-
KOHEYHYI0 4acTb (00%), KOTOPYIO OH Ha3biBaeT KCMILIEK-
COM JIMHHH; O ero mnpocTefllem. caydyae, O JAuUHeUHOM
Komnaekce y Hac yxe uJja peub (c. 57). [Asa ypasnenus
f(r,s,p0,06)=0, g(r,s,p,0)=0 onpenensior KoHepysH-
yuro AuHUL, KOTOPYI0 HEKOTOphle Ha3bBAIOT TaKXKe Cu-
cTemoll psIMbIX; NepBBI TePMHH JOJKeH YKasbBaTh Ha
TO, YTO peyb HJEeT O NPSAMBIX, OGHINX O60HM KOMIJIeKcaM
f=0, g=0. Hakonen, rpu ypasnenus f=g=h=0
TOFO0 e BHIA ONpeleJsIOT OJHOKPATHO GeCKOHEUHYIO
COBOKYNHOCTb (00!) NpsIMBIX, NOKPHBAIOLIUX HEKOTOPYIO
I'0OBEPXHOCTb, T. €. HEKOTOPYIO AUHEU4aTYt0 n08EepXHOCTS.

Hanoxenue Bcero atoro IIni0KKep gaj B CBOeM mpo-
1i3BegeHun «HoBasi reomeTpusi mpocTpaHCTBa, OCHOBAH-
Has Ha paccCMOTPEeHHH NPSIMOH JIHHHH KaK 3JeMeHTa
NpocTpaHcTBa» *); OH yMep, Koraa ObIO MOYTH 3aKOH-
YsHO IeyaTaHWe NepPBOH YaCTH 3TOr0 IPOHM3BElEHHS,
H f, KaK €ro TOrJallHUH acCHCTEHT, HOJIKeH GblJ «3a-
CJIYXHTb IUNOPHI» H3JaHHEM BTOPOH 4acTH.

O6uwu#i NIKKepOB NPHHUMO NPHMEHSITh J06be 06-
pase KaK 3/eMeHThl INPOCTPAHCTBA, a oOnpelelsioumue

*) Pliicker J. Neue Geometrie des Raumes, gegriindet auf
die Betrachtung der geraden Linie als Raumelement. — Abt, 1, —
Leipzig, 1868. — Abt. 2. — Leipzig, 1869.
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HX NOCTOSIHHbIE KaK KOOpAHHAThl 1aBajJ WM B JAaJjbHeli-
LIeM TNOBOJ K HHTEpPecHHM HcCcJefoBaHUSAM. Tak, BbI-
npawpowuiics HopBexckuii maremaTuk Codyc JIu, Koro-
pHit noaroe BpeMss pa6orana B Jledmuure, poctur 60Jib-
UIHX YCHeXOB CO CBoell 2ceomeTpuell cep. B Helt 3a
3JIEMEHT npocTpaHcTBa Gepercsi cdepa, KoTopasi, Kak U
npsiMasi, 3aBUCHT OT YeThipeX mapaMeTpOB.

Hanee, s ynomsHy ewe uccaepoBanne Lltynu «Ieo-
MeTpHsi AMHaM» *), KOTOpOe OTHOCHTCs K GoJee mo3n-
Hemy BpemeHd. B Hem LLTyan cBsi3biBaeT CO 3HaKOMBIM
yXKe HaM NOHSTHEM OUHAMbL UMb DS\ MHTEPECHBIX OT-
HOCSILIMXCSH CI0Ja U3bICKAHUH.

I'paccmMaHoOBO «yueHHe 0. NPOTAMKEHHOCTH»; MHOro-
MepHasi reoMeTpHs.

C. 3a npegensl 3TO#i «HOBOH reOMeTpPHH», B KOTopou
BCe Ke OCHOBHYIO pPOJIb HI'DAIOT HeOrpaHHuYeHHas MpsMasi
U HeorpaHHYeHHasl IJIOCKOCTb KaK 3JIeMEHTBbl NMPOCTPaH-
cTBa, BHIXOAUT Hauatoe B 1844 r. [paccmMaHOM pa3BuTHE
Ufel, cTaBsilee Ha NepBOe MECTO O2PAHUYEHHble AUHEll-
Hbldl, NAOCKOCTHOL W NPOCTPAHCTBEHHbLLI JAEMEHTOL U
NPHNHCHIBAIOIIEE HM KOMIIOHEHTHI, CJeLysl NpUuHyuny
onpedeaurenell; 06 3TOM MBI yXe TOBOPHJH HOJAPOGHO.
OTH HAeM NPeKpacHbl TeM, YTO 3AeCb Mbl HAEM Ha-
BCTpeuy NOTPeGHOCTSIM MeXaHHKM H (H3HKU Hecpas-
HeHHO OoJiee NJIOAOTBOPHBIM 06pa3oM, YeM 3TO NOCTH-
raercsi, HampuMep, reoMeTpHell MPsSMOA WJIH NPUHIHIOM
IBOACTBEHHOCTH.

_KoHeuHO, BCe 3TH HanpaBJeHHs HH B KoeM Ciaydae
He fIBJSIOTCA CTOJIb P€3KO 06OCOG/NEHHBIMH, KaK 3TO f
szech H300pa3uy panu sayyiuero o63opa. Ha camom mese
BCE€ CBOJHTCS TOJbKO K TOMY, UTO l'IJnoKKep Goabue
Beca INpUAaBaJ MOHATHIO HeOTPAHHUYEHHOH NpAMOH, a
T'paccMaH — NOHATHIO JIHHEHHOro 3JeMeHTa, XOTA y KaX-
JIOr0 M3 HHMX NPH cjaydyae BCTpedaercss W Apyroit obpas.
B uacrHoctu, ums Iltyau morsio Gbi COGCTBEHHO ObiTh
YIOMSIHYTO H B 3TOM, H B NpEABIAYLIEM pasjiele.

- Ho s xouy eme noauepkHyrb, 4to I'paccMaH Hu
B. KOEM cJiyyae He OFpPaHHYHBAJICS HEMOCPEACTBEHHO NpH-
MEHHMBIMH BeLIaMH; HaNnpoOTHB, B CBOEM CBOGOIHOM
TBOpUYECTBe OH BBIXOAMJ JajiekKo 3a HX npegenn. Hau-
6oJie¢ BaXKHRIM NPEACTaBJAETCA TO, YTO OH BBEJ B pac-
CYXNEHHs HeoNpeleJeHHOe UYHCIO n KOOPOUHAT TOUKU

*) Study E. Geometrie der Dynamen.— Leipzig, 1903,
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X1, X2, ..., Xn BMECTO TpPeX KOOPAMHAT X, Yy, 2 H TaKHM
006pa3oM MpHILET K 2eOMETPUU <«N-MePHO20» NPOCTPGH-
crea R, (MM npocTpauncrea n usmeperuti), HaCTOSILHMM
TBOPLOM KOTOpOro sIBJsieTCs HMeHHO oH. Cienys cBoemy
BceoOllleMy NMPHHIHINY, OH pacCMaTPpHBaeT B TAaKOM BbIC-
1leM INPOCTPAHCTBe MAaTPHIBl H3 KoopAauHar 2,3, ...
..., n-+ 1 ToueK, MHHOpPH KOTOPHIX HAIOT €My LeJbIi
Pl OCHOBHHIX 00pa3oB B IpocTpaHCTBe R, aHaJOrHd-
HBIX JIHHEHAHOMY M IJIOCKOCTHOMY 3jieMeHTaM. §I yxe
YNOMHHAEJ, YTO NOJNydYaeMylo TakKum o6pa3oMm abCTpaKT-
Hywo aucuuniuHy [paccMman HasBan yuenuem o npors-
oceHuU. .

DTa ules NPOCTPAHCTBa n H3MepeHHH R, mosayyuja
B nocJiefiHee BpeMs JaJibHelillee pa3BHTHE B TOM OTHO-
IIeHHH, YTO CTaJu paccMaTpuBaTh OecKOHeuHOe KOAU-
4ecT80 KOOPOUHAT Xy, Xa, X3, ... in infinitum («B Gecko-
HEYHOCTb» WJH «I0 GECKOHEYHOCTH») H COOTBETCTBEHHO
3TOMY TOBOPHTb O 6ECKOHEYHOMEPHOM NPOCTPAHCT8E Rw.
C TeM, UTO TaKHe PacCyXAEHHS He JIMIIEHB CMBICJA, Bb
COTJIaCHTeCh, €CJIH BCIOMHHTE, HanpuMep, o6 omepanusx
CO .CTeMeHHEIMH pSAJaMH: CTeleHHOH psAx 3aJaeTcs COBO-
KYIHOCTbIO BCeX CBOHX GeCKOHeYHO MHOrHX Koadouuu-
€HTOB U MOXeT ObITb B CHJy 3TOro HM3o6paxeH (HCTOJ-
KOBaH) B BHIE TOYKH B Rw.

IIpn 3TOM 3aMeuaTe/bHBHIM H NpPH3HaBaeMbIM Telepb
BCEMH MaTeMaTHKaMH fIBJISieTCs TO, YTO TaKOH reomer-
pHYecKHH f3BIK B cJydyae n H JAaxXe OeCKOHEYHO O6O0JIb-
LIOr0 4YHCJa NepPeMeHHBbIX HOCTaBJseT NEeHCTBHTEJIbHYIO
noJib3y; GJarojaps eMy BCe pacCyXAeHHs CTaHOBSTCS
ropasjao xuBee, UYeM €CJIH JepXKaTbCcid OJHHX TOJBKO
aHaJIUTHYECKUX BLIpaX<eHHH, W BCKOpe NOCTHraeTcs Ta-
Kasi JIOBKOCTb B YNOTpeGJeHHH HOBBIX FeOMeTPHYECKHX
NpenCcTaBJIeHHH, KaK ecld Obl Mbl B R, U B R Haxomu-
Jauch y ce6s noma. Bonpoc o ToM, YTO HMEHHO B JeHCTBH-
TeJbHOCTH CKPHIBAETCS 3a 3THM SIBJeHHeM M He cKa3blBa-
ercsl JI 3[leCb HEKOTOPOe eCTeCTBEHHOe Npelpacrosoxe-
HHe YesoOBeKa, KOTOpOe TOJIbKO H3-3a OrpaHHYeHHOCTH
Halllero onbiTa OGBIKHOBEHHO pa3BHBaeTCs JIMWIb B ABYX
H TpexX H3MepeHHsX, NyCThb pelIaloT NCHXOJOrH H (H-
Jocodut!

Ho ecau s moJiKeH 3/eChb TaKxKe OPHEHTHPOBATb Bac
OTHOCHTEJIbHO POJIH MaTeMaTHKH B OOllell KyJbType, -TO
cJeflyeT elle B HECKOJbKHX CJOBax 3aTPOHYTb TOT 060-
POT, KOTOpHI INpHAaJ HAee MHOTOMEPHOH TeOMeTpHH
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B 1873 r. Jeiinuurckuii acrponoM LlénbHep. 3aech mepeR
HaMH OAMH M3 PeJKHX CJy4aeB NPOHHKHOBEHHS MaTeMma-
THYeCKOH TEepMHHOJIOTHH BO BceoOlllee Co3HaHHE,— Bellb
Ternepb KaXXAbl yesloBeK yHorpebisieT 06ODPOTHI peuH,
cofepxkalllie «YeTBepToe HaMepeHHe». ITa nonysspusa-
YUs. «4eTB8epT020 U3MEePeHus» Hayalacb C TeX OILTOB,
xarophie cnuput Chedt npofenan neped LléabHepoMm.
CuaefiT BHJaBas ceGa 3a MeIuyMa, KOTODHH HaXoIuTcs
B HeNoCpeJCTBEHHOM OOHIeHHH ¢ AyXaMH, B €rQ CeaHCH
3aKJII0YaJINCh, MeX/]y NpPOYHM, B TOM, YTO HpeAMeTH IO
€ro KeJaHHIO HCYE3AIH H BHOBb NOABAAJNCH. Ll&nbHep
OTHecCsl [AOBEPYHBO K 3TUM 3KCIepHMEHTaM H €o031aJj
Ias HX Oo6GbACHeHMS TaKylo (H3HKO-MeTadH3HUeCKYIo
TeopHlo, KOTOpas NOJYyYHJia LIHPOKOe paclpecTpanerHe.
CortacHo 3TOH TeOpHH HCTHHHBE (H3HUECKHe Ipouec-
CH MPOTeKaloT B NMPOCTPAHCTBE YeThipeX WJH elle 6OoJbe
1lero YHCJAa H3MepeHHH, MBI Xe B CHJAYy HallHX ApHpO.-
HbIX JaHHHX MOXeM BOCHPHHHMAaTb TOJbKO HEKOTOpOe
TpexMepHoe ero «ceyeHve» x, =0, HO ocoOeHHO Npen-
pacnojioxkeHHbIH MeOHYM, KOTOpHIii, HampuMmep, HaXo-
IHTCA B OOLIEHHH C CYLIECTBAMH, XHBYIIMMH BHe Ha-
1lero APOCTPAHCTBA, MOXET [0 NPOU3BOJY KaK YAalkiaTh
H3 Hero npeiMeThHl — H OHH CTaHOBATCA TOTAa& AJA Hac
HeBHIHUMBIMH, — TaK U BO3BpallaTh HX o6paTHO. OObIK-
HOBEHHO 3TH COQTHOIHEHHsS YSICHAIOT ce6e NPH ONOMOLLH
KapTHHBl CyLIeCTB, KOTOpHe CBSI3aHBl C KaKOH-HHOYIb
JABYMEPHOH MNOBEPXHOCTbIO H CIOCOOHH K BQCHDHATHAM
TOJIbKO B NpeJesax 3TOH nocjefHel; AJsd NpuMepa mnpef-
cTaBuM cefe 00pa3 >KHM3HHM H3BECTHOTO pOJa XKHBOTHHIX,
XoTsa 6bl KJeuledi. Eciu ¢ moBepXHOCTH, HA KOTOPOH XKH-
BYT 3TH cyllecTBa, yOpaTb KaKoH-HHOyIb IpeaMeT, TO
And Hux (Tak cebe 3TO IpPEACTABJSIOT) OH OyHeT Ka-
3aTbCsl COBEpIIEHHO MCYE3HYBIUHM; COBEpIUEHHO aHaJo=
rHYHO npexcTasiser cebe LIénbHep akcnepumentn Ciefi«
Ta. b0 cocTaBjieHO MHOrO NOAPOGHBIX ONHCAHHH KH3«
HU TaKHUX ABYMepHBHIX CYHIeCTB; 0COOEHHO 3aHHMaTelbHO
JesaeT 3TO aHOHHMHBIA aBTOP AaHIVIMHCKOro NpoHn3Beje-
Hus «[lnockas crpana» *).

B HeM aBTOpD OYeHb TOYHO ONHCHIBA€T BHJ IBYMeEp-
HOTO MHpa; OT/JeJbHble CYLeCTBA Pa3/IHYalOTCA IO CBOed

*) Square., A romance of many dimensions.— London,
1884 54). ABTOp B OCHOBHOM TNpecjefyeT Lejb CAeJaTb MNOCTHXKHMOIM
BO3MO2(HOCTb MHOTOMEPHOH IeOMeTpHH,
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reoMeTpHyeckofi ¢opme, KOTOpasi TeM CHOXKHEe, UeM
Bhllle HMX opraHu3auus. I[IpaBHJbHBIE MHOTOYrOJIbHHKH
SIBJIAIOTCST BBICIIMMH CYLIEeCTBaMH; KEHIUHHH, OTHOCH-
TeJAbHO KOTOPBIX aBTOP [EPXKHTCS OYEHb HEBaXXHOrO
MHEHHs, HMEIOT NPOCTO (HPOPMY YEPTH H T. A.

Ko#neuHo, MHe 37eCch He NPHXOAMTCH MOAPOGHO pac-
OPOCTPaHATBCA O TOM, YTO MareMaTHYecKOe NOHHMaHHe
MHOroMepHOH reoOMeTpPHH He HMeeT HHYero oGuiero ¢ me-
Tadu3nYeCKUMH paccyxaeHuaMu lLlénbHepa. Marema-
THKa BHICTynaeT 3jech®), ecau ynorpe6HTb COBpeMeH-
HBIfl TEPMHH, B DOJIH 4UCTO HOPMATUBHOL HAYKU, KOTO-
pas paccMaTpuBaeT (hOpMasbHO BO3MOXKHBIE COYETAHHsA
Belllel M CyLIeCTBYeT COBeplLIEHHO He3aBHCHMO OT eCTe-
CTBEHHOHAYUHBIX HJIA OT MeTadH3HYeCKHX (DaKTOB.

CkansipHbie H BEKTOpHbIE MOJsi; BEKTOPHBIH aHaau3.
ITocne aToro aKCKypca si XOuy elle OCTAaHOBHTbCS He-
CKOJIbKO moJpoGHee Ha TeX BHICLIMX of6pa3ax, KOoTophie
MOXKHO COCTaBHTb B KauecTBe npousgolHslx 06pa3osa-
HUL 2pPACCMAHOBbIX dAeMEHTApPHbLX 00pa308 — B 0COGEH-
HOCTH BEKTOPOB — Hapsily ¢ IpHBEeJEeHHHIMH paHbile
NpOM3BOAHBIMM  0GpPa30BaHHSMH  TOYeK, IJIOCKOCTed
H T. 1. MBl npuxoauM 3aechb K JaJbHeHIIeMY pa3suTuto
BEKTOPHO20 aHAAU3A 8 COOCTBEHHOM CMblCAe, KOTOPHIA
6naronaps ['aMHIbTOHY cHenajcsi ONHHM M3 HeHHeAuIux
opynuii MexaHUKH H (DU3HKH; 1 NpelJjarai BalleMy BHU-
MaHHIO NepeBeJeHHble Ha HeMeUKHH S3BIK «DJeMeHTH
KBaTepHHOHOB» ['aMuIbTOHA ™), a TaKXKe yXe ynoms-
HyThifi paHblle (c. 82—83) «BekropHHI aHaau3» TOXKe
OueHb 3acayxeHHoro amepukanuna I'u66ca.

HoBasi Mbic/ib, mpHCOeNUHAOMIAsACA 31eCh K H3BeCT-
HBIM yXXe HaM MOHSATHSM BEKTOpa H CKaJjsipa, 3ak/ioua-
eTcsi B TOM, YTOGBI CBSI3aTb 3TU BEAUHUHbL C TOUKAMU
npocTpascTea: KaxkIof ToukKe (X, y, 2) HpPOCTpaHCTBA
OTHOCAIT ONpeJe/eHHbIH CKaJsip

S=f(x, y, 2)

M TOBOPAT TOTAA O CKAASAPHOM noAe; C APYTOH CTOPOHHI,
B Ka)XJIO TOYKe NPOCTPAHCTBA NPHKIAABIBAIOT Ompee-
JIEHHBIH BEKTOP

X=09(x, 9,2, Y=v%((x,y2), Z=yxy,-?2)

*) Hamilton W. R. Elemente der Quaternionen. — Bd. 1. —
Lelpzig, 1882, — Bd. 2, — Leipzig, 1884.
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H COBOKYNHOCTb 3THX BEKTODOB HAa3bIBAIOT BEKTOPHbLIM
noaem.

DTHM JaHbl Ha3BaHHUA [BYM BaXKHEHIIHM reoMeTpH-
4eCKHM NOHATHSM, KOTOpbie B COBPeMeHHOH (H3uKe npHu-
MeHSIOTCS Ha KaXJOM LIary; AOCTaTOYHO OyLeT o4eHb
HEMHOTHX NPHMepOB, YTOOb HANOMHHTb 00 HX LIMPOKOM
pacnpocTpaHeHHH. [Ia0THOCT6 pacnpedesenus maccel,
Temneparypa, NOTEHYUANbHASR 3Hepeus B HeNPepLIBHO
TIPOTSXKEHHOH cHCTeMe, paccMaTpHBaeMble Ka)kKJ1as Kak
yHKIHSA MecTa, SBJSAIOTCS IpHMepaMH CKaJIsipHOTO
noas. flose cua, B KOTOPOM K KaXKJOH TOYKe MpPHJO-
XKeHa onpelleAeHHas CHJia, SIBJSIeTCS THNHYHHIM NpHMe-
pPOM BeKTOpHOro noss. JlaapHeAIIMMH NpUMepaMH fiB-
JSAI0TE B TEOPHUH YNPYrOCTH note cosuzo8 AedopMHpO-
BaHHOTO TeJsa, ecyid NpelJCTaBUTh cebe, YTO KaXKJIOH TOUKe
OTHECeH OTpe30K, H300pakaloliui ee CIBHI, NOAOGHO
3TOMY B THAPOAHMHAMHKe nosae CKOpocTeli, HaKOHel, B
9JIeKTPOJHHAMHKE JAEKTPpUYECKOE WU MQA2HUTHOE NOAS,
B KOTODHIX KaXAOH TOYKEe OTHeCeH ONpeleseHHHH BeK-
TOp 9AeKTpUHecKol WIN MA2HUTHOU HAaNPSXKeHHOCTU
MoJIs.

B kaxJo#f TOYKe MOXKHO H3 BEKTOpa MAarHHTHOH
Hanps2keHHOCTH MOJIsl, KOTOPBIA 1o cBoed mpHpoae
SIBJIAIETCS AKCHaJbHBIM, H H3 IOJSADHOrO BEKTOpa 3JeK-
TPHYECKOH HampsXeHHOCTH IOJIsi COCTaBHTb OJHH BHHT,
NO3TOMY 3JeKTPOMAarHHTHOe IoJie MOXHO HHTepIpeTHpO-
BaTb TaKXe KakK NpHMep BUHTOB020 NOAA.

FaMuJIbTOH NOKasaJj, KaK MOXHO HpOlle BCero chae-
JaTb 3TH NOJS [JOCTYNHBIMH MeToiaM AH(depeHIHab-
HOTO M HHTErpaJbHOro HCYHCJIEHHH.

B ocHoBe 3TOro npHMeHeHHsl aHa/JH3a JexaT [Ba
3amevaHus. [lepBoe 3akmalouaercs B TOM, 4YTO AH(De-
peHIHaNbl

dx, dy, dz,

OTHOLIEHHSI KOTOPHIX ONpeNeJsioT HampaBJleHHEe Hepeme-
LUeHHs B JAHHOH TOYKe NMPOCTPAHCTBA, H300paKaloT He-
KOTOpLIl C80600HbLI B8eKTOP, T. €. 4TO OHU 8e0YyT cebs
npu npeobpazosanusx KOOPOUHAT KAK KOMNOHEHTbL C80-
6001020 8eKTOpa. DTO MOXKHO JIETKO BHIBECTH H3 TOTO,
4YTO OHH MOJYYalOTCA NYTeM HpeleJbHOr0 INepexoia H3
KOOpAMHAT MaJIeHbKOro OTpe3kKa, NPOXOASLLero - yepe3
TOUYKY X, Y, 2.
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Brtopoe, Gosee BaxKHOe, HO B TO Xe BpeMms H Oosee
TPYAHOE JJIf TNOHHMaHHs 3aMeyaHHe 3aKIWOYaeTcsi 8
' : [9) (7]
ox’ dy ’ 0z
Jugpepenyuposanus TaKKe UMEIOT XAPAKTep KOMNO-
HEHT c80600H020 BeKTOpa, T. €. NPU Nepexole K HOBOH

/

NpsIMOYroJIbHOH cHcTeMe KoopauHat x’, y’, 2’ HOBble
(3]

a

x” " 9y” oz
J)Ke o6pa3oM, Kak npeo6pa3oBaHHble KOODIAHHATH BEKTO-
pa (a. HMEHHO NOAAPHO20 8eKTOpa) MNOJydYaloTcsl U3 ero
NepBOHAYaJbHBIX KOOPIAHHAT.

910 cpasy Ke CTaHeT SICHBIM, €CJH JeHCTBHUTEJbHO
npojenaTtb COOTBETCTBYIOLIHE BHLIYHCJIEHHS MJs NMOBOPOTA
CHCTeMBbl KOODAHHAT:

B TOM, 4YTO CUMBOAbL YaCTHOCO

CHMBOJIBI NMOoJIy4aloTCs H3 CTAaphX TakKHM

¥ =ax+by+cz,
Y =ayx + boy + co2, (1)
2 =asx + byy + c;2.

OTH ypaBHeHHs NMOBOPOTAa XapaKTepHU3YIOTCSH, KaK-Mbl
yKe noapo6Ho usjaranau (c. 66), TeM, UuTO HX pelleHHe
NoJiyyaeTcsi IPOCTOH NepecTaHOBKOH CTPOK H CTOJOLOB
B CHCTeMe UX KO3(h(HIIHEeHTOB:

x=a;x" + ay + a2,
y="bx" 4 by’ 4 bs2/, (2)
z=cx + cf +ci2.
Vimesi HekoTopyio GYHKUHIO X, Y, 2, MOXeM ee Npef-
CTaBHUTb IOCPEACTBOM (2) TakXe Kak ¢yHkuuio x/, y’, 2’.

I'lo u3BeCTHHIM NpaBHJaM YacTHOro AH¢depeHUHPOBaHHS
HaxoauMm

a _ @ dx a dy 0 0z
ox” ~ ox ox +W o Tz o
a 9 ox d dy o 0z
oy’ ox 0y +W oy’ + 3z dy” ’

ox 0 dy (7] 0z
a9z’ x = 9z’ +0_y 02’ +-5;' 0z’

Bxogsue cioofa YacTHHeE NPOH3BOJAHBE X, Yy, 2 MO
X', Y/, 2 MOXHO cpa3y HaHTH u3 (2), mnocie uero
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fnoJayyaetcs B
d. F) a 3
=4y thigy oGy
[i] a (7] ad
By =% or Thgy tag
a a d [7]
7 =%y Thigy gy

CpaBuuBasi aToT pesyastatr ¢ (I), 3ameuaem neit-
CTBHTEJbHO COBNajeHue ¢ (opMynaMu npeoGpa3oBaHHA
KOOpPAMHAT TOYKH, a 3HAYHT, H. KOMIQHEHT BeKTopa °f).

I'opasno 6osee npocTtoe BHYHCIEHHE NOKa3aao Obl
TONHO TaK e, 4TO INPH RAPALIACALHOM NEpeHOoce CH-
CTeMbl KOODAHHAT TPH CHMBOJA 7‘1—, %, _aa;_ BooOLIe
He H3MEHSIOTCS, NPH CHMMETPHH K€ OTHOCHTEJbHO TOY-
KH OHHM M3MEHSIIOT 3HakK, YeM M N0Ka3blBaeTcs Halle yT-
BepxkJaeHve. Ho ToabkO mpu 3TOM MH He CYHTaJHCh
C H3MeHeHMsMHM Macmraba, T. e. He o0paulaJH BHHMAa-
HHS Ha H3MepeHHe;, HPHHMMas e ero BO BHHMaHHe,
HaiijieM, YTO Hallld CHMBOJIB HMeEIOT H3MepeHHe, PaBHOE
—1, u6o auddepeHuuass KOOpPAHHAT BXOJAAT B HX 3Ha-
MeHaTesH.

Hapn s3TUM BEeKTOPHBIM CHMBOJIOM (—6— 2 i) la-
A p ox ' By ' 0z

MHJIbTOHA MHl OyleM NPOU3BOLHTH Te Ke ONepaluH, Ko-
TOpble MBl paHbllle MPOHU3BOJAUJIM HaJ BeKTopamu. Hauny
C TOro 3aME€YaHHUsl, YTO pe3y/JbTaT NpPHMEHEHHS oOnepa-
d . Jf
UHH ——~ K HEKOTOpO ¢yskuuu f(x,y,2), T. e. -(%,
MOXXHO paccMaTpHBaTb KaK CumBOAUdecKOe npoussede-

2]
Hue us —— U f, u60 opMasbHbIe 3aKOHB YMHOXKEHHS

(a uMeHHO OHH OyAYT HrpaTb pOJb B JAaJjbHeilleM),
B YaCTHOCTH, AHCTPHGYTHBHOCTD (M=a—f+ %¢

dx ox Bx
OCTaIOTCA B CHJIe AJIA 3THX ONepauui.

[lyctpb Tenepb 3amaHo cxassproe nose S =f(x,y, z);
YMHOXKaeM B YCTaHOBJEHHOM TOJBKO YTO CMBICJE 3TOT
CKaJsp Ha KOMIOHEHTH BEeKTOPHOro CHMBosla ['amuib-
TOHa, T. €. 00pa3yeM BeKTOp

of of of
ox’ oy' Tz °

Panbue mMbl Bugenu (c. 77), 4To npousBeleHHUe CKa-

Jspa Ha BEKTOp SfBJIAETCA CHOBA BEKTOPOM, a TaK Kak
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np¥ J0KasaTeJbCTBE 3TOTO TPENJOXKENHs TPHXOAHTCA
onMvpaThcs TOJbLKO Ha TaKHe CBOHCTBA YMHOXKEHHH, KO-
TOPLIE HMEIOT MeCTO H IpH HallleM CHMBOJHYECKOM YM-
HOXKEHHH, TO BBIXOAMT, YTO 3TH TPH HacCTHble NPOHUSBOL-
Hble CKaJApHOTO IOJIS ONpelesIOT BEeKTOp, 3aBHCRITHIT
elle OT TOYKH X, Y, 2, T. €. BEKTOPHOE IOJie; OHO HaXo-
JHTCA CO CKaJSPHBIM NOJIeM B onpefe/leHHOH CBA3H, Xa-
paKTep KOTOpPOI He 3aBHCHUT OT TOrO HJH APYroro Bbl-
Bopa CHCTEMBl KOOpPAMHAT. DTOMY BEKTOPHOMY HOJIO,
B3STOMY CO 3HaKOM MHHYC, HAalOT Ha3BaHHWE, 3aMMCTBO-
BaHHOe H3 METEOPOJIOTHH, a HMEHHO, epaluenT CKaasp-
Ho20 noas. Tak, HampuMep, B H3BeCTHBIX KapTax no-
rojbl, NOMellaeMBIX B raserax, armocdepHoe HaBjreHHe
B KaxkJIOM MeCTe IpeACTaBJIeHO B BHIE CKaJAPHOTO
ToJs S, HarIAAHO H300PaXKEeHHOro NMPH NOMOIUH KPHBBIX
S = const, Bo3Jie KOTOPBIX BHIIMCAHBLI ‘COOTBETCTBYIOLIHE
UM 3HayveHuss §; Toria rpajHeHT [aeT HanpasJeHHe
6uicTpefiiero majeHHsi aTMOC(epHOro [aBJeHHS H OKa-
3bIBAETCSl BCEr4a HOPMANbHBIM K 3THM «KPHBBHIM (paB-
HOro) ypoBHS» 87),

H3 tpex xommnoHeHT X, Y, Z BeKTOpa Bceria MOXHO
(cp. ¢. 77) cocraBuTh cKansp X2 Y% Z2; B yacTHO-
CTH, M3 TpaJHeHTOB JIOO0ro ckajspa InojyyaeM HOBOE
CKaJsipHOe moJe

CORNCHRICHE

KOTOpO® JOJIXKHO GHITb CBSI3aHO HEKOTOPBHIM, He 3aBHCH-
IIUM OT CHCTEMBI KOOPAHHAT 06pa3oM, C BEKTOPHHIM IIO-
JieM 3TOro rpajMeHTa, a 3HauHT, H C NepPBOHAYaJbHHIM
CKaJsipHBIM NOJIeM. DTOT CKaJsip paBeH KBaApaTy AJH-
Hbl TpajeHTa WJH, KaK TOBOpPST, PaBeH KBaapaTy mna-
JeHHsl CKaJsSPHOro MOoJs.

ITpumeHss ellle pa3 3TO Ke NpeNJOXKeHHe, 06pasyem
4]

Ox’ 9y 9z
pHIA CUMBOJIMYECKHH CKaJsip MyTeM CHMBOJIHYECKOrO yM-
HOXKEHHsl KaxKJIOH M3 ero KOMIOHEHT Ha cebsd, T. e. JBY-
KpPaTHOro npHMeHeHHsi 0603HauaeMoi el omepauuu. JTo
JlaeT onepawLHio

H3 CaMOro BEKTODHOro CHMBOJIA HEKOTO-

2
dx? + 6y2 + 6z2 !

KOoTOpas, cJjenoBaTe/lbHO, HMEET CKaHﬂprIfI Xapakrep,
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T. €. OCTaeTcsi HEM3MEHHOH NpPH OpPTOrOHAJBHHIX Npeos-
pPasoBaHHAX KOOPIHHAT.

Ilpy «yMHOXeHHH» 3TOrO cxanapﬂoro CHMBOJIa Ha
cKanasipHoe moJgie f 006s3aTeIbHO [AOJIXKHO CHOBa IOJIY-
YHTbCA CKaJspHOe MoJie

0%f %
dxz + dy? 022 "

KOTOpPOE C NepBOHAYaJbHBIM IIOJIEM CBSI3aHO He 3aBHCH-
IIMM OT CHCTeMH KoOopAHHaT o6pasoM. Ecau mnpexcra-
BUTb cebe TeKyllyl0o B 3TOM IOJie XKHIAKOCTb, INIOTHOCTb
KOTOpOH mepBOHaya/JbHO paBHA €IHHHLE H CKOPOCTb KO-
TOPOH B KaXAOH TOuKe 3afaHa rpafMeHTOM mojs f, TO
3a MOMEHT d{ NJOTHOCTb BO3pacTaer B KaXAOH TOUYKe
H#a BeJIHYMHY, PaBHYIO NPOH3BEJEHHIO 3TOro CKajspa
(B 31Ol TOUKE) Ha df. [TosTOMY
62f aZf aZf
'+' dy? 022

Ha3bBalOT J[HBepreHuuell (pacxoXxieHHeM) TrpaiHEHTa
noJss f. '
IMpexnae mosb3oBanuch, Bcaen 3a Jlame, Tako# Tep-
MHHOJIOTHell: cKanasipHoe mose S ==f(x,y,2) HasuBaH
(byaxuneﬁ TONKH, nepBoe caﬂaax-n-xoe C HHM CKaJjspHoe

noJse ) ( ) +( ) — nepsbim Oughgepen-

quaﬂbnbm napamerpom a BTOpOe CKaJIsipHOe ToJIe
2 2 2
-g—xiz +%y£,- i;z—f,— sTopuim dugpheperyuarvroim napa-
MeTpOM.
Tenepp Mbl 6yneM momoGHHIM Xe 06pa3oM KOMOGHHH-
(4]

dy ' o0z

pOBaTb Halll BEKTOPHHIH CHMBOJ %,
JaHRBIM (NOAAPHbIM) BEKTOPHOLIM NOAEM
X=0(x, 9,2, Y=x(x92), Z=v%(y,2),

npuMeHsisi 06a poia YMHOXEHHSl IABYX BEKTOpPOB, C KO-
TOPBHIMH Mbl paHblile M03HAKOMUJIHCh.

a) Ilyrem sHyTpenHneeo ymHOJNCeHUs BO3HHKaeT CKa-
JsIp, KOTOpHI NpH yXe 3HAKOMOM HaM HCTOJIKOBAaHHH

(4] .
CUMBOJINYECKOro YMHOXEHHS Ha 3 NpUHHMAaeT TaKOH
BHA.

0X [5)4 0z
o Tyt oz
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KoneuHo, oH B CBOIO ouepelb 3aBHCHT OT X, Y, 2 H
npeicTaBJjsieT COOOH I103TOMY HEKOTODOE CKAAfApHOE
noae; MexJay 3THM IMOCJAeAHHM H NaHHBIM BeKTOPHHIM
noJieM CylLIecCTBYeT COOTHOLUEHHe, He 3aBHCSllee OT CH-
CTeMBl KOOpAMHAT. DTO NOJe Ha3bBaeTcsl ougepzexyuer
HCXOJHOI'0 B CMbIC/Je JaHHOTO BHIILIE ONpefeseHHs.

b) Breuwinee ymrodxiernue naetT MaTpHLy

S 9 9
ox 9y 9z {;
X Y Z
€€ TpeMs ONpEAeJUTENSAMH SABJAIOTCSA BbIPaXKEeHHUA
9z 9y  oX 9z  OY oX
dy 0z ' 0z dx °’ 0x dy °

CorsiacHo mpeablAylleMy OHH ONpeRe]siloT co6oil He-
KOTODBIH - NAOCKOCTHOL 3/AeMeHT, WIH QKCUQAbHbLL BeK-
TOp, WIH COOTBETCTBEHHO. AKCUAAbHOEe BeKTOPHOe noie,
npuyYeM XapaKTep CBfI3H OOOHX NoJeH ONsTb-TaKH OKa-
3bIBaeTCS HE3aBUCHMBIM OT BHIGOpAa CHCTEMBI KOOpJIH-
Hat. ITo MakcBensy, 3TO BEKTOpHOe MOJie HMeeT Ha3Ba-
HHe curl (JOKOH, 3aBHTOK) 3aJaHHOro; B I'epMaHHu Ha-
pALYy C 3THM CJOBOM YNOTpPeOJSIOT TaKxXe HeMeIKoe
cioBo Quirl (MyToBKa, Melulasnka), IPOUCXOAsIIee OT
TOrO0 e €aMOro repMaHCKOro KOpHSl; HHOrJa TrOBOPST
TaKXe poTOp («BpalllaTelb»); B PYCCKOH JHTepaType
NOJB3YIOTC HMEHHO 3THM IOCTeIHHM TEPMHHOM.

Tenepp Mbl yXe MOJNYYHJIH NYyTEM CUCTEMATUYECKO20
2eomeTpu4ecKoeo uccAe008aruUsA BCE T€ BEJIHUHHBI, KOTO-
prle H3HK Bcerga LOJKEeH HMeTb NOA PYKOH IIPH CBOHX
HCCJIe[IOBaHHSAX BCEBO3MOXKHBIX BeKTOpHHIX moJged. To,
yeM Mbl 3JeCb 3aHMMaJHCh, SBJISIETCH 4UCTOU 2eomeT-
pueii. $1 ponxeH 3TO 0COOEHHO aKLEHTHPOBAaThb, TaK KakK
Ha 3TH Bellld 4YacTO CMOTPAT KaK Ha INpHHaJJexallue
(u3MKe M COOTBETCTBEHHO 3TOMY H3JIaraloT MX B KHHrax
H JIEKIHUsX Mo (HU3HKe, a HE IO reOMETPUH.

Ho 310 JsuimeHo BcAKoro o6beKTHBHOrO OCHOBAaHHSA
H MOXeT OHITb HOHSTO JIHIIb KaK JaHb HCTOPHYECKOMY
pasBHTHIO, H60 B cBOe BpeMs (H3HKa JNOJXHa Oblja B
3TOM CJyyYae clepBa caMma co3jlaTb cebe TO opylue, B
KOTOpOM OHa HyXJaJjJacb H KOTOPOro He HMeJOCh TOrAa
elie B TOTOBOM BH/le B apceHaJjle MaTeMaTHKH.

3mech Mbl CHOBa BCTpeuaeMcss € TOIO Ke Hecypas-
HOCTbIO, Ha KOTOPYIO 1 y2Ke HEOAHOKPaTHO JOJIKeH Obla



106 NMPOCTENIIME TEOMETPHUYECKHWE OBPA3bl

obpallaTh Ballie BHUMaHHe B [IpOLLIOM ceMmecTpe B 00-
JacTH aHaJuu3a. C TeueHHeM BpeMeHH B (U3HMKe PasBU-
BaJ{Chb BCAKOTO pojJla MaTeMaTHYeCKHe IIOTPeGHOCTH, H
3TO He pa3 coobuajo KpaiHe LieHHble HMITYJbCHl MarTe-
MaTHYeCKOH Hayke. A MeXJy TeM IpenoiaBaHHEe MarTe-
MaTHKH, 0CO6eHHO B TOH (hopMe, KOTOPYiO OHO elle 10
cUX nop no 6osbuielf YacTH HMeeT B LIKOJaX, He yYHThbI-
BaeT 3THX M3MEHEHHIl; OHO INPOJOJIXKAaeT [ABHraThbCs MO
CTaphiM, NPOTOPEHHBIM B NMPOJOJKEHHE CTOJIETHH NMyTAM
H npepocraBjisgeT (pu3HMKe caMod OHUTbCS Hal HaJaXH-
BaHHEM CBOMX BCIIOMOraTeJIbHBIX CPEACTB, XOTS HX Ma-
TeMaTHYeCKasg 00paGoTKa fAasa OHh AJs IpenojaBaHHA
MaTeMaTHKH ropa3iao O6ojee mNOAXOASLIHH MaTepuad,
YyeM MHOTHe BellH, COXpaHseMHe B HeM B CHJAY CTapo-
JaBHUX Tpaiauuui. Kak BuAHTe, H B AYXOBHOH XH3HHM
HMeeT MEeCTO CBOero poja 3aKOH HHepUHH; BCe NPOJAOJ-
XkKaeT HMATH NPSMO BIepe] MO CBOEMY CTapoMy NyTH, H
KaXJO0OMy H3MeHeHHIO, KaxJOMy INepexoiy Ha HOBble
COBpPeMEHHble INyTH NPOTHBOJAEHCTBYeT OOJbIIDE COIpO-
THBJIEHHe.

Ha sroM s 3akaHuuBaio nepBhiil pa3jes, KOTOPHH 1O~
3HAKOMHMA HAac C CaMEIMH Pa3JHYHBIMH BHA4AMH reoMmeT-
pHYeCKHX 06pa3oB, ¢ 0GbEKTaMH F€OMETPHH.

Tenepb MH [IOJKHBEI 3aHSITBCS OCOGBIM METOAOM, KO-
TOPBIA HMeeT oOrpomHefillee 3HaueHHe JAJs GoJiee TO4Y-
HOro HCC/elOBaHus 3THX 00pa3os.



FEOMETPHYECKHE
APEOBPA30OBAHHUA

Géune 3ameyaHus o npeoGpa3oBaHuUAX W HX aHAJH-
THYECKOM H300pa)ieHMH. [1aBa, KOTOpPYIO MBI Temepb
HayuHaeM, SIBJSETCS OXHOH H3 BaXKHEHINHX B HayyHOH
reomeTpid. Ho ee OCHOBHBIE HIleH, a TaKxKe NpocTeilnine
€e YacTH RalOT — 3TO MHe OCOGEHHO KeslaTeJbHO OFMe-
THTb B HAacTOSILlEeM Kypce— TaKiKe OYeHb OXKHBJISIOHIMY
MaTepHaJ s IIKOJbHOFO NpenofaBaHHs; Belb B KOHIE
KOHIOB reoMeTpHYecKHe Npeol6pa3oBaHHS SBJAIOTCS He
YyeM HHBIM, KaKk 0606lleHHeM NPOCTOro NOHATHA (DYHK-
LHH, KOTOpOe HallM cOBPeMeHHble TeHIEHURH K pedopme
CTPEMSAITCS BCIOLY TOCTaBHTb B LIEHTp BCero InpemnojxaBa-
HHs mMaTeMaTHKh %8),

1 HauMHa1O C paccMOTpeHHMst TOYEYHBHIX mpeobpa3o-
BaHHiH, KoTopble 06pa3yloT NPOCTERUINA KJaCC reOMETpH-
YeCKHX npeo6pasosaHui. IIpm uX NpHMEHEHHH TOUKA
OCTaeTcsi 3J1eMEeHTOM NPOCTPAHCTBa, T. €. OHH OTHOCAT
Ka»XIX0i TOUYKe ONATb-TaK#H HEKOTOpPYl0 TOYKy — B MpO-
THBOMOJIOXKHOCTh TaKHM Npeo6pasoBaHHAM, KOTOpHIe Ie-
PeBOAAT TOYKY B ApPYyrHe 3JeMeHTH NpOCTPAHCTBA, Kak,
HanpuMmep, B NpsIMble, MJIOCKOCTH, HIapl M T. m. J1
3Jlecb Ha NMepBOE MECTO BBIJBHTal0 aHAJHTHUECKYIO TpakK-
TOBKY BONPOCa, TaK KaK OHa BCerja JlesjaeT BO3MOXKHBEIM
HanboJsiee TOYHOE BhipaXKeHHe ¢ akToB ). '

AHanuTHYeCKHM H306pakKeHHeM TOUYeyHoro mpeobpa-
30BaHHUs fBJISIETCA TO, YTO B aHaJjiu3e Ha3HIBAIOT BBeJle-
HHeM HOBBLIX NepeMeHHHIX X', y’, 2/, 3alaHHBIX KaK (QYyHK-
IHH CTapHIX NEPEMEHHHX X, Y, 2.

X=q(x, 9,2, y=uxy 2, Z=1vk,y, 2.
Takyio cucreMy ypaBHeHHil MOXHO HHTEPIIPETHPO-
BaTb B TeOMETpPHH [ABYMS pa3JMHYHBIMH CNOCOGAMH —
s cKa3as Ohl «aKTHBHO» M <«IMacCHBHO». IlaccuBHO oHa
npeacrasJseT coGofi H3MeHeHHe CHCTEeMbl KOODAHHAT,
T. e. (HemOABHMKHOH) TOUKe C KOOpPAMHAaTaMH X, Y, 2
DPHIIHCHIBAIOTCS HOBHE KoopauHaTh x', y’, 2’. VimeHHO
TaKdM HCTOJKOBAaHHEM Mbl [0 CHX IOp IOCTOSIHHO H
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NIOJIb30BAJIMCh NPH H3yYEeHUH H3MeHeHUH NPSIMOYTOJbHOM
CHCTEMBl KOODAMHAT; B cjyuae ¢GyHKUHH @, y, P OoJee
obuiero BHAA 3TH (OPMYJB OXBATHIBAIOT TaKXe Imepe-
X0l K CHCTeMaM KOODAHHAT COBepLIEHHO HHOH INpHPO-
Ibl, HampuMep TPEYroJbHBIM, MOJSPHBIM, SJJIHITHYE-
CKHUM H Ap.

B npoTHBOMNOJIOXKHOCTb 3TOMY NpPH aKTHBHOM IOHH-
MaHHH (HKCHPYIOT CHCTEeMYy KoOpAuHaT, a mnpeo6paso-
BBIBAIOT caMo npoctpaHcTBo. C Kaxaoi TOYKOH x, y, 2
COMOCTABJSAIOT TOYKY x,” y’, 2/ H 3THM AEHCTBHTEJBHO
yCTaHaBJIHBAIOT HEKOTOpoe mpeoGpa3oBaHHe TOYEK MPO-
CTPaHCTBA; 3TO U SIBJSIETCS TE€M HCTOJKOBaHHEM, C KO-
TODHIM MBI B JajbHedllleM O6yJeM IIOCTOSSHHO HMeTb
JeJo.

Caenysi 3THM pa3bsCHEHHSIM, MBl NOJYYHM CaMble
nepBble NpPHMepPHl TOYEYHBIX NpeoGpa3oBaHHH, HCTOJKO-
BbIBasi aKTHBHO Te (OpMyJibl, KOTOpble paHbule (c. 64—
65) — npH maccMBHOM NOHHMaHMM — u306paxanau Ia-
pasyieJbHHI NepeHOC, MOBOPOT, 3epKaJbHOE OTpa)KeHHe,
HU3MeHeHHe MacuiTaba NPSIMOYTrOJNIbHOH CHCTEMBI KOOPIHM-
HaT. MoOXHO Jierko y6eiHTbCS B TOM, 4TO IepBble JIBe
H3 YNOMSHYTHIX rpynn (opMyJ [alT NapajielbHbll

IEPEHOC H COOTBETCTBEHHO IIOBOPOT
7 oxoso O Bcero mpocTpaHCTBa, pac-
cMaTpHBaeMoro Kak TBepJoe Tej0 MO
OTHOLIEHHIO K HENOJBHXKHOH CHCTeMe

v KOOpAMHAT; TPeTbsi Tpynna AaeT LeH-
TPaJbHYI0O CHMMETPHIO NPOCTPAHCTBA

(4 OTHOCHTeJIbHO Hauasa O (¢ Kaxuod
Puc. 49 TOYKOH X, y, z COIOCTaBJISIEM TOUKY

—X, —Y, —=2, CHMMETPHYHYIO C Helo
otHocuTenbHO O, puc. 49); HaKoHell, NOCHEAHss rpynna
¢opMya npexcraBiaseT CO00H TaK HAa3bIBaeMyl0 roMmoTe-
THIO Bcero mpoctpaHnctsa’®) c umentpom B Touke O.

Hamu ucciaenoBaHus Mbl HauyHHaeM ¢ OJHOH OCOOeEH-
HO NpOCTOH rpynnel TOYeYHHIX npeobpa3oBaHuil, KOTOpas
OXBaThIBaeT BCE Ha3BaHHble NpeoOpa3oBaHHs KaK 4YacT-
Hble cayuad,—C rpynnsl ad@uHHBIX npeo6pasoBaHHil.

1. AOOUHHBIE NMPEOBPA3OBAHHA

AHaauTH4YecKoe omnpejejieHHe W OCHOBHbie CBOICTBa.
AddunHoe mnpeobGpa3oBaHHe aHAJHUTHYECKH ONpejes-
erca TeM, 4TO X', y’, 2' ABJAAIOTCA NPOH3BOJBHEIMH Ile«
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JbIMH JIMHEHHBLIMH QYHKUHSIMH OT X, Y, 2:

¥ =ax—+by+cz+d,
Y = apx + by + ¢z + d, (1)
2" =asx + by + c3z + ds;

STo HasBaHuHe (JaTHHCKOoe npusaratedsHoe affinis,
npoucxonsuiee ot c1oB ad — «K», «<y» u finis — «KoHeuy,
O3HayaeT «CMeXHHfi») BocxoguT K MéEGuycy u eme na-
Jee K Jinepy. OHO JOJKHO BBIpaXKaTb, YTO NPH TaKOM
npeoO6pa3oBaHUH GeCKOHEUYHO yAaJleHHBIM TOYKaM Bceriaa
COOTBETCTBYIOT ONATb-TAKH OECKOHEYHO yAaJeHHble TOo4Y-
KH, T. €. 4TO, TaK CKa3aTh, «KOHIbl» IPOCTPAHCTBA CO-
XpaHsd0TCA (NnepexomsT ApPYr B Ipyra); B camoMm Jele,
H3 HanHCaHHHX (OpMYJ HeMeMJeHHO INOJyyaercs, YTO
x', y', 2 craHoBsiTcA GeCKOHEYHBHIMH OJHOBPEMEeHHO ')
cx,y, 2

B npoTHBONOJIOXKHOCTD 3TOMY NPH H3y4YaeMbiX B AaJb-
HedllleM OOGLIMX INPOEKTHBHBIX Npe0o6pa3OBaHHAX, NpH
KOTOpBIX X', y', 2 ABASIOTCA APOGHO-JHHEHHBIMH (YHK-
LHSMH X, Y, 2, HEKOTOpHIEe Jexalllie Ha KOHEUHOM pac-
CTOSSHHH TOYKHM NepeXoAsiT B GeCKOHeYHO yJAajieHHbEe B
CBfI3H C YKAa3aHHBIM BHIOM (QYHKLIHH.

B ¢usnke adounHple npeoGpa3oBaHusi, Noi Ha3Ba-
HHeM OJHODOJAHBIX AedopMauHi, HrpaloT OYeHb O6OJb-
Liyl0 pOJb; CJI0BO <«OJHOPOAHBIA» BbIpaxaer 3jechb (B
NPOTHBOMOJIOXKHOCTb «Pa3HOPOJHOMY») He3aBHCHMOCTb
KO3 (hHLHMEHTOB OT pacCMaTpHBaeMOro MecTta B IIpoO-
CTpPaHCTBe, CJIOBO Xe «JAeopManusi» HaMOMHHAET O TOM,
4YTO NpPH 3TOM npeob6pa3oBaHHH, BOOOLIE TOBOPS, H3Me-
HseTcs (opma Teda.

[IpeoGpasoBanue (1) MOXKHO, OYEBHIHO, COCTaBHThb
H3 napaJJieJbHBIX NePEeHOCOB NMPOCTPAHCTBA Ha di, di, ds
napaJjJjesbHO TPeM KOODAHHATHBHIM OCAM H H3 OJHOpPOI-
HOrO JIHHEHHOro npeo6pa3oBaHus, yXKe He COJlepKalliero
CBOGOJIHBIX (MOCTOSIHHBIX) YJIEHOB:

' =ax+ by + ¢z,
Y =ax+ boy + ¢4z, (2)
2  =asx + by + c32;

3TO nocjejHee Npeo6pa3oBaHHe OCTaBJsieT HeHM3MEHHHIM
NOJIOKeHHe HavaJja (LeHTpasJbHO adduHHOe mpeobpaso-
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BaHHe) H SIBJISIeTCH HECKOJAbKO GoJjiee yAOGHBHIM AJs HC-
c/lel0BaHHS.

1) Ilpexnae Bcero pacCMOTPHM BOIPOC O pa3peLid-
MOCTH cucTeMbl ypaBHeHHH (2). Kak yuur Teopus ompe-
IeJIuTeNel, BONPOC CBOLUTCA K TOMY, obpamiaercsl JiH
B HYJIb ONpeleJHTe]b

a; bl [
A=|a b ¢ |, 3)

as by ¢

COCTaBJIeHHBIH K3 K03(P(HUIHEHTOB 9TOro mnpeoGpasoBa-
Husl, uiad HeT. Ciryyaem A =0 Mbl 1033e 3alMeMCs 0CO-
60, a moka Gynem cuuTaTth, 4yto A %= 0. IIpn arom yciao-
BHH CHCTeMa (2) ONHO3HAaYHO paspellMMa, a HMEHHO,

x=ax 4+ by +c&,
y=ax + by + cz, 4)
z=ayx + by +c2,

npuueM Ko3pGHUUHEHTH aj, ..., C; OKa3HBAKOTCA DaB-

HBIMH COOTBETCTBYIOLIHM MHHOpPaM ompelenutens A, re-
JEHHBIM Ha caM 3TOT ompelenuTesb. Kaxnoi Touke x’,
y’, 2’ coOTBeTCTByeT, TaKuM 0Gpa3oM, OJHA U TOJBKO
olHAa TOYKa X, y, 2, U nepexox ot x’, ¥y, 2’ K X, y, 2
TaKxe sBJseTcd adpPuUHHEM nmpeoGpa3oBaHHEM.

2) Tenepp MOXKHO NOCTaBHTb BONPOC O TOM, KaK H3-
MeHSI0TCS NpOoCTpaHCTBeHHHBle 06pa3bl mpH 3THX aduH-

HBIX Hp606p33OBaHI/IHX. Ecin cHayajna BO3bMeM ILIO-

CKOCTb
Ax+ By +Cz+ D=0,

TO, BBOASl BhIpaxKeHus (4) Anas x, y, 2, noayyaeM TakKoe
ypaBHeHHEe COOTBETCTBYIOLLEro o6pasa:
A/x’+B,y,+C,2,+D,=O,

rie A’, ..., D’ cocraBisiioTcs BIOJIHE OIpeLeNeHHBIM
ob6pasom u3 4, ..., D u KoaddHUHEHTOB npeobpasoBa-
HuA’2). Tlpu atom B cuay 1) Kaxnaas TO4YKa BTOPOH
IJIOCKOCTH TOJyYaeTcsl M3 HEKOTOpOH HajJjexxalle Bbi-
6paHHOH TOYKH nepBoi miockocTH. MTak, Kaxao# mjo-
CKOCTH COOTBETCTBYeT ONfATb HEKOTOpas IJIOCKOCTb.
A mockosbKy BCsiKasi mpsiMasi siBJIsieTCs JIMHHeH mepece-
YeHHsl JBYX IJOCKOCTeH, TO, KpOMe TOro, Kaxioi Impsi-
MOH JnoJKHaA 0053aTesIbHO COOTBETCTBOBATb TAaKKe He-
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koTopas npamas. [Ipeo6pa3oBanus, 06aalalomHe TaKUM
CBOHCTBOM, MéGHyc Ha3hBaeT KOJJAHHeaLHsMH, H60 OHH
COXPAHAIOT «KOJITHHEapHOCTb» TPeX TOYeK, T. €. HX CBOMH-
CTBO JieXaTb Ha ONHOM mpaMoil. Takum o6pasom, BCs-
Koe a@@uHHOe NpeoOpasoBaHHe NPEACTaBIseT COGOH
0653aTeJbHO HEKOTOPYIO KOJJIHHEAHHIO.

Hccaenya Takum e 06pa3oM NOBEPXHOCTb BTOPOro

nopAAKa
A?+ 2Bxy+Cy® + ... =0,

a VMEHHO, 3aMeHsis X, Y, 2 UX BhHpaxeHHaMu (4) ue-
pe3 x/, y’, 2’, IONyYUM TOXKe HEKOTOpOe ypaBHEHHe BTO-
poit crenenn, T. e. apduHHOe mpeobpazoBaHHE IepPeBO-
IUT KaXAyI0 MOBEPXHOCTb BTOPOro MNOpsiAKa CHOBA B
NOBEPXHOCTb BTOPOro NOpsiiKa M BOOOIIe KaxkAylo ToO-
BEPXHOCTb M-TO NOPSiAKA ONSATh B HEKOTOPYIO NOBepX-
HOCTb A-TO MOpPSIAKA.

"OcoGeHHBIH HHTepec GYAYyT MMETb AJisl HAC MO3XKe Te
NIOBEPXHOCTH, KOTOpHIE COOTBETCTBYIOT HEKOTOpO#H cde-
pe. Ilpexne Bcero, corsacHo mpeisAyLieMy, TAKHMH IO-
BEPXHOCTSIMH MOTYT OHITb TOJBKO IOBEPXHOCTH BTODOTrO
nopsiika, u6o cdepa sBJASETCS YAaCTHBIM cJydyaeM IIO-
BEPXHOCTH 3TOr0 BHAA; MOCKOJbKY Ke Bce TOYKH chephl
pacrnosoxeHsl B KOHEYHOH YacTH NpPOCTPAHCTBA, T. €.
HH OZHA H3 HHUX He MOXeT nocje npeoGpa3oBaHHsl OKa-
3aThcsl nepe6pollleHHOH B GE€CKOHEYHOCTb, TO HAIUH MO-
BEPXHOCTH 00513aTeJbHO HOJKHEI OBITh NOBEPXHOCTSMHM
BTOPOro MOpsSiJKa, JIeXKAalMMH IeJJHKOM B OrpaHHYeHHOM
YacTH NMPOCTPAHCTBA, T. €. AJJIUICOHAAMH.

3) TlocmoTpuMm Temepb, YTO moJydaercss M3 cBOOOJ-
HOro BEKTOpa C KOMIIOHEHTaMH

X=x—1x%y, Y=y —vy, Z=2z—2,.

[Ipumensis Kk KoopauHaTaM TouekK I u 2 Qopmyan
npeo6pa3oBaHusa (2), mosydaeM AJS KOMIOHEHT

XN=x—x, Y=y —y, 7' =2—2
COOTBeTCTBYIOMIEro oTpeska I’ 2/ opmynl
X=aX+bY+cZ
=a,X + b)Y + ¢,Z, 5)
Z' =aX + bY + ¢, Z.

DTH HOBHle KOMIIOHEHTH 3aBUCAT, TaKHM 006pas3om,
TonbKo OoT X, Y, Z, a He OT OTHeJbHBIX 3HaYeHHH
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KOODIMHAT X1, Y1, 21; X2, Y2, 22, T. €. COBOKYMHOCTH BCeX
oTpe3koB I 2 ¢ onMHaKOBHIMH KoMmoHeHTtaMH X, Y, Z
COOTBETCTBYET COBOKYIIHOCTb OTpe3KoB I’ 2’ Toxe C OZH-
HaKOBHIMH KoMnoHeHTaMmu X', Y’, Z’/, unu, ApyruMH cJjo-
BaMH: Ka)JIOMy CBOGOJHOMY BEKTOPY COOTBETCTBYET
npu ad¢dHHHOM NMpeoGpa3OBaHUH ONSATh-TAKH HEKOTOPHIH
cBoGoaHbIH BeKTOp73). B aTOM yTBepXKAEHHH COAep-
JKHUTCSI CyLIeCTBEHHO GoJiblile, YeM B TOM, 4YTO KaXKAOH
NpsIMOHl COOTBETCTBYET HeKoTopasi mnpsiMmas. A HMeHHo,
paBHble W OAMHAKOBO HamnpaBJieHHBE OTPe3KH Ha JIBYX
napajJieJIbHRX NPSMBIX H300pa)kaioT OAMH H TOT Xe
CBOGOAHBIH BEKTOP, MO3TOMY H COOTBETCTBYIOLIHE HM OT-
PE3KH NOJIKHBE H300pa)kaThb ONHH H TOT XK€ BEKTOp, T. €.
GbiTh NapaJJjielbHBIMH, OJHHAKOBO HaNpaBJeHHbIMH H

paBHHIMH MexAay co6oit (puc. 50). Kaxnpo#i cucreme na-
pajlieIbHBIX NPSAMBIX COOTBETCTBYIOT, CJeLOBaTelbHO,
ONsATb-TaKH napaJlijesbHble MPsIMble, @ PABHEIM OTPE3KaM
Ha HHX— TaKxXe paBHble (MexXAay coGofi) oTpe3KH. DTH
CBOHcTBa Tem OOJiee 3HAYHTEJbHBl, YTO BOOOIIE — KakK
HeTPYAHO yGedHTbCS — JJIHHA OTpe3Ka W BeJIMYMHA yrJa
MeXIy ABYMs MNPSAMBIMH H3MeHs1oTcs npu adgHHHOM
npeoOpa3oBaHUH.

4) PaccmMoTpuM Temepb fBa BEKTOpa HEOAMHAKOBOH
IJUHBL Ha OfHOH u To# ke mpsimo#’%). OHH, KaK H3-
BECTHO, IIOJIyYalOTCS OJHMH -H3 APYroro yMHOXeHHEM Ha
HeKOTOPBIH CKaJsAp; MOCKONbKY Xe X', Y/, Z' siBasiorcs,
coryiacHo ¢opmyJe (5), OJHOPOAHBIMH JHHEHAHBIMH QYHK-
uusamMu ot X, Y, Z, T0 cooTBeTCcTByIOLIME HM BEKTODbI
TOXE OTJIHYAIOTC OAMH OT [APYroro Kak pas TOJbKO
3THM CaMbIM MHOXHTeJeM, a 3TO 03HayaeT, YTO HX AJIH-
HBl OTHOCATCS APYr K JAPYry, KakK JJHHBI NepBOHAYaJb-
HBEIX BEKTOPOB.

DTOT pe3yJbTaT MOXKHO BBICKa3aTb ellle W TaK: JABe
npsmble, nepexoisiliue OJHA B JPYryi0 IPH HEKOTOPOM
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appuHHOM npeo6pa3oBaHHH, HAXOAATCH B OTHOLIEHHH
«nofoGHA» APYT K APYTY, T. €. COOTBETCTBEHHHE OTPE3KH
Ha 06eHX NMPAMBIX HMET ONHO H TO Ke OTHOIIEHHE.
5) HaxoHen, cpaBHHM ewe OGBEMH /[ABYX COOTBET-
CTBEHHBIX TeTpasipoB I=(/,2,3,4) u I'=(1',2',8',4’).
Hmeem

Xy Y
6T =| 2
X3 Y3 23
’

X4 Yy 24
arxy + by + 12, asxy + boyy + co210 asxy + bay, €32y 1
a1%s + b1yz + €123 agxs + boyz + €222 asxs + bay2 + cszp 1
a1x3 =4 b1Ys 4 €123 asxs + boys 4 €323 asxs 4 bays +c323 1
a1x4 -+ b1ys + €124 Q2%+ boys + €224 asxy 4+ bays a3z 1

IIpumeHsiss H3BeCTHYIO TeopeMy 06 YMHOXKEHHH oOIpe-

IenuTeNel, mojydyaeM OTCIOAA PaBeHCTBO 75)

a by e Ol y1 2
6T — | @ by ¢2 0| x2 y2 22
a3 by ¢c3 0| xa ys 23
0 0 0 1 X4 Ys 24

’
1

’ r
2
4

N
N
—

.

B KOTODOM IepBBI/i MHOXHTEJb €CTb A, a BTOPO# paBeH
6T. Takum oGpasom,
T’ =AT.

CnenoBatesibHO, npu adduHHHIX NpeoGpa3oBaHHAX
o0beMBl BCeX TETPAa3ApPOB, a NOTOMY H BooOie o6beMbl
Bcex TeJl (Kak CyMMH 00BbEMOB TeTPas3ApOB HJH KakK
npefenbl TaKHX CyMM) YMHOXAKIOTCS Ha HEKOTOPHIH IO-
CTOSIHHBIH MHOXHTEJb, 2 HMEHHO, Ha ONpeleNUuTeNb Ipe-
ob6pasoBaHus A.

IIpuMeHeHne K Teopuu sajuncoupa. DTHX HEMHOTHX
NpefJIOXKeHHH, KOTOpble Mbl INOJYYHJIH H3 aHaJHTHUe-
CKOro omnpeflesneHus ad¢uHHOro npeo6pas3oBaHus, AOCTa-
TOYHO [JIS TOTO, YTOOGBI COCTaBHUTb cebe BIOJIHe Harjisl-
HOe reoMeTpHYecKoe IIpeJcTaBjeHHe 006 3TOM mpeoGpa-
30BaHHH.

Ilpn 3ToM HaM yAaJoCb NOJYYHTb YNOMSHYTHIE
npelJiOXKEeHHs Mpolle, YyeM 3TO OOHIYHO JAenaercs, OJa-
rojaps TOMy, 4YTO MBI MOIJVIH BOCINOJIb30BAaThCSl NMOHSTHEM
BEKTOpa, KOTOpOe B JaHHOM cJyyae SBJSETCH CaMBIM
NOAXOJSIIIUM BCIIOMOraTeJIbHBIM CPEACTBOM.
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HauGosee “OTYUETIHBYI0O TeOMETPHYECKYI0 KapTHHY
abGHHHBIX npeo6pa3oBaHHi MOXHO MOJYYHTb, €CJIH 32
HCXOZHBH NYHKT B3ATh cdepy B HpocTpaHCTBe R C KO-
opAMHAaTaMH X, y, 2. Jroit cdepe B mpocTparcTee R’
¢ KoopauHataMu X', y,” 2 OyleT COOTBETCTBOBaTb, KakK
MBI BHJEJH, HeKOTOpHH aaauncoun ’®). Eciu 6ynem pac-
cMaTpUBaTh KaKylo-HHOYIb CHCTEMY NapaJjiyieJibHbIX XOPA
cepr, TO HM, COIMacHO 3), MOJXHBHI COOTBETCTBOBATH
TaKXe B3aMMHO TNapaJjjelbHble XOPABl 3JJIMNCOHAA
(puc. 51). Janmee, B cuji1y MOROGHSI COOTBETCTBEHHBIX

, psiloB Touek (cM. 4)) cepenu-
®

R HaM XopA cdepH TaKxke CO-
OTBETCTBYIOT CePeNHHBI XOpA
///// SJUIMNCOHAA, 4 TaK KaK Iep-
/’ ; / BhHe JexaT B OJHOH (A&Ma-
W MeTpaJibHOH) IJIOCKOCTH
(cdeprl), TO BTOpHE B CHIY
OCHOBHOTO CBOMHCTBa 2) Tak-
JKe JOJNIKHBI JieXaTb B OI-
HOH  IJOCKOCTH, KOTOpYIO
Ha3BIBAIOT JHAaMeTpPaJbHOH MJOCKOCTbIO 3JJHICOHMAA.
Ho, Kak u3BecTHO, BCce nuaMeTpaJbHbE NJIOCKOCTH cde-
pBHl IPOXOAAT Yepe3 ee IeHTp M, KOTOpHIH AeJUT mOMNO-
JlaM KaXkAylo NpOXOAsIIYI0O Yepe3 Hero Xopiay (amameTp
cdephl); MO3TOMY COOTBETCTBYIOIlAass Touka M’ (ueHTp
3JUIMNCONAA) NPHHAJJIEKHT BCEM AHAMETPaJbHHIM IJIO-
CKOCTSIM H AEJHT MOnojaM KaXAylo IpOXOASILyIo uepes
Hee XOpAY (ZHMaMeTp 3JJHIICOMIA).
~Jlanee, BaXXHO yCTaHOBHTB, YTO COOTBETCTBYET CHCTe-
Me TpeX B3aHMHO NepNeHAUKYJSPHHIX .AHMaMeTPaJbHHX
nJyockocreit coepol. Ilocnennsis nmeer, oueBHAHO, TO Xa-
paKTepHCTHYECKOe CBOHCTBO, YTO Ka)KAas U3 TaKHX TpeX
TJIOCKOCTeH JeJHT NOmoJiaM XOpAbl, nmapaJjenbHble JH-
HUM TlepeceyeHHs ABYX APYrHX mjockocteil. DTo CBOM-
CTBO coXxpaHsercss mpu addHHHBIX mpeoGpa3soBaHHAX, a
[I03TOMY Ka)XIOH TpOHKe B3aHMHO INepPNeHIUKYJspHHX
JHaMeTpaJbHBIX IJIOCKOCcTed cdepe COOTBETCTByeT Ta-
Kasi TpOHKa JgHaMeTpaJbHBEIX IJOCKOCTEH 3SJJIHICOMIA,
4TO XOpABl, MapaJjelbHble JHUHHH TNlepeceyeHHs KaKHX-
aubo ABYX M3 3THX IJOCKOCTeH, AeJadTcs TpeTbell IJIO-
CKOCTBIO monojaM. Takpe TpPH .IJIOCKOCTH Ha3bBaIOT
TPOHKOH CONpSIXKeHHHX JAHaMeTPaJIbHHX IJIOCKOCTeH, a
HX TPH JIHHHM [epeceueHHs — TPOHKOH CONPSAKEHHHIX
JHaMeTpOB,

'\Q

Puc. 51
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Ho xaxnwiit 3/IHICOHA HMeeT, — KOHEYHO, 31eChb A
MOTY CYHTaTh 3TO H3BECTHHIM — TPH TaK Ha3bIBaeMhe
[JNaBHble OCH, T. €. TPOHKY CONpPSIKEHHBIX AHAMETPOB, U3
KOTOPHIX KaXIblH nepneHAHKysasipeH AByM apyrum. Co-
[JIaCHO MNpeAbAyLieMy HM COOTBETCTBYIOT B CHJY Ha-
wiero adHHHOrO npeo6pasoBaHUsl TPH B3AUMHO IepIleH-
JUKYJSPHBEIX AHaMeTpa cdepsl B R.

Jns npocToTH NPHHHMaeM, YTO HEHTPaMH SJIHI-
COHZA H Llapa fBJAIOTCA Hadasla KoopauHaT B R’ u co-
OTBETCTBEHHO B R, a 3aTeM HalJeXalUHM I[OBOPOTOM
JlelaeM 06e OpTOroHajbHbe TPOHKH ocell ocsaimu X/, y', 2/
B R’ M COOTBETCTBEHHO OCSIMH X, ¥, 2 B R; mpu 3Tom
MOXHO NpeACTaBJATb cebe IO KeJaHHIO, YTO MOBOpa-
yuBaeTcs JHO60 NPOCTPAaHCTBO, JHGO cHCTeMa KOOpAH-
HaT. Bo BcsAKoM ciayuae, o6e 3TH omepaluu H3o6Gpaka-
I0TC 0COGBLIM, MOJAPOGHO pPAacCMOTPEHHHM paHblle TH-
nOM JIHHeHHHIX OJHOPOAHBIX IOJCTaHOBOK KOOpJAHHAT,
a NOCKOJbKY NOCJHeOBaTeJbHOe NpHMEHEHHe HECKOJb-
KHX JHHeHHEIX OJHODOAHBIX MOJACTAaHOBOK BCerja paB-
HOCHJIbHO OJHOMY mnpeoGpasoBaHHIO TOTO Ke THIA, TO
H B HOBBIX KOOpJAHHaTaX ypaBHeHHs HallHX npeoGpa3o-
BaHHUi, nepeBoAduiuX R B R/, Takxke uMeloT BUA (2):

¥ =ax+by+cgz,
Y =axx + by + cx2,
2  =azx + by + cs2.

Ho npu Hamem Bb6Ope HOBHIX CHCTEM KOOPAMHAT
OCH X COOTBETCTBYeT ocb x’, T. €. nmpu y = 2z==0 Bceraa
6ymer Takxke y =2’ =0, OTKyaa GJelyeT, 4YTO Q3=
= a3 = 0; coBepLIEHHO TaK e HaXOJUM, UTO b; = bz =
= =Cy=0.

IToatomy kaxpnoe adduHHOe mpeobpa3oBaHHE C TOYU-
HOCTbIO 0O HajJiexaluM o6pa3oM BHIOPaHHHIX IOBOpO-
TOB IpejcTaBJsieT coO00H He 4TO HHOe, KaK TaK HasbiBae-
Moe «uHcToe ad(PpuHHOe npeobpa3oBaHHe»

X =Ax, y=py, 2=nvz (A0) (6)

HJIH, KaK roBopsAT (H3HKH, YHCTYIO OJAHOPOAHYIO Xedop-
Manuio (mo-aHrauiicku pure strain). Conep:kaHue 3THX
ypaBHeHH#l NOAJaeTcsi, OYEBHAHO, NPOCTOH reoMeTpHYe-
CKOHi HHTeprnpeTamuH. A HMeHHO: NIPOCTPAHCTBO pacTs-
ruBaeTcs (MM COOTBETCTBEHHO CXKHMaeTcs, ecaH |A|<1)
B HampaBJIeHHH OCH X B A pa3 H, KpOMe TOro, eule 3ep-
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KaJqbHO OTpaxaercd (OTHOCHTENBHO IIJIOCKOCTH Y2),
ecau & <<'0; TOYHO TakK 3Ke MPOMCXOAMT M-KpaTHOE H -CO-
OTBETCTBEHHO V-KpaTHOe pacTsKeHHe (CXKaTHe) B HABYX
IpYrHX KOODPAMHATHBIX HampasjieHHsX. Mb MoxeM no-
3TOMY KpaTKo OXapaKTepH30BaTh uHcTOe aduHHOEe mpe-
o6pa3oBaHHe KaK DaBHOMEpHOe pacTsxeHHe (CXaTHe)
NpPOCTPAHCTBA 10 TPEM B3aHMHO INEepNeHAHKYJISPHLIM Ha-
npaBJeHHSIM U NoJydaeM, Takum o6pa3oM, reoMeTpHue-
CKYI0O KapTHHY, HarJsjiHee KOTOPOH efBa JIH MOXHO Tpe-
60BaTh.

Ilpn BBeleHHH KOCOYrOJIbHHIX KOOPAMHAT BCE NMPHHH-
Maer elle 6oJiee NpocTod BHA. A HMEHHO, B NpPOCTpaH-
cTBe R BhiGMpaeM, He H3MeHss NOJOXKeHHS HavaJja, Ka-
KyI0-JJH60 INPOM3BOJBHYIO NpPSMOYrOJbHYIO HJH KOCO-
YyTOJNBHYIO CHCTeMy oced X, y, 2z H INpPHHHMaeM TpH
npsiveie B R’, ahpUHHO COOTBETCTBYIOIIHE 3THM OCAM, 3a
OCH HeKOTOpOH, BOOGIle roBopsl, KOCOYTrOJbHOH CHCTEMBbI
KoopauHat X', y’, 2 B R’. A Tak Kak (OpMyJH nepe-
X0la OT NPSAMOYTrOJbHBIX K KOCOYTOJbHBIM AeKapTOBHIM
KOOpAMHaTaM (NpH HENOABHXKHOM HauaJje) SBJAIOTCA,
KaK H3BeCTHO, JIHHEHHbBIMH OJHOPOAHHIMH ypaBHEHHAMH
BHAa (2), u, ¢ IPYroi CTOPOHBI, KOMIO3HIUS HECKOJIbKHX
TaK¥X IOACTAaHOBOK NPHBOAMT CHOBA K MOJACTAHOBKAaMm
TOro e THNa, TO 3anuch adduHHOro npeobpasoBaHHs
H NpH ynoTpe6JeHHH ONMHCAaHHBIX TOJBKO YTO KOCOYrOJib-
HBIX KOOpJAHMHAT JNOJKHa uMerb BuA (2). Ho, cormacno
HalleMy BHIGOPY KOODAHHATHHIX OCeH, 3TH ypaBHeHHS
JOJIXKHBI TIepeBOAHTh TPH OCH CHCTeMH KOODAMHAT, BBe-
IleHHO! B R, B OCH CHCTeMBHl, BBeIeHHOH B R’, u3 dero,
O6yKBa/JIbHO NOBTODSAS NpPHBENEHHBIE BHIILIE PacCyXAeHHS,
MBI MOXEM 3aKJIOYHTb, YTO 3TH ypaBHEHHs -JefCTBH-
TEJbHO  CBOAATCA K  MNOJYYeHHOMY  OKOHYaTesbHO
Buny (6).

Hrak, npu mnpumeHeHHH (KOCOYrOJIbHHIX) HeKapTo-
BLIX KOODJHHAT, OTHECEHHBIX K JABYM COOTBETCTBEHHHIM
TpoiiKaM ocel, ypaBHeHHs1 ad¢dHHHOTO mpeoGpa3oBaHHUsA
caMu co0OH MOJy4YaloT 3Ty NPOCTYIO clellnajbHylo (op
My (6) 7). ‘

B cBA3M ¢ 3THMH pacCyXAeHHSIMH MOXHO IOJYYHTb
OueHb H3SIIHOe pellleHHe 3aJayd O HAXOXKIAEHHH MeXa-
HU3Ma, MO3BOJSIOLETO NMPOHU3BOAUTh adduUHHEE Npeol-
pasoBaHus. DTy 3ajayy s NMOCTaBHJ B 3UMHEM ceMecTpe
1908/09 r. Bo BpeMsl uTeHHs1 Kypca MeXaHHKH. Hamuayu-
niee pellleHHe KAaK C TOYKH 3pPeHHs] OCHOBHHIX HAeH, Tak
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H B CMBICJIE IeJecO06pa3HOCTH TeXHHUeCKOro YCTpoH-
ctBa MeXxaHuaMa jaa Pemak. OcCHOBHBIM KHHeMaTHYe-
CKHM 3J1eMeHTOM, HCIOJIb30BaHHHIM PeMakoM, sBJAIOTCH
TaK Ha3biBaeMble «HIODHGEPICKHEe HOXHHIBI»; 3TO—
LeNb IIAPHHPHO CBA3AHHBIX CTepXKHeH, 06pa3yIoIMX Pl
nofo6HLIX ApYyr JApYry mnapasjejJorpaMMoB. Bepuiuaot
So, S1, S2, ..., 00OlIHe Ka)XIbM ABYM TaKHM COCEIHHM
napaJJejorpaMmam, npu Bcex AedopmauuAx 3TOH map-
HHDHOH CHCTEMBl ONHCHIBAIOT Ha of0uled npsMoH g, co-
JIepKaiefi 3TH TOYKH, T. €. Ha oOlleHd AHaroHandu BceX
napaJJesorpaMMoB, MofoOHble psAAbl TOYeK (pHuc. 52).

Ecnin u3 Tpex TaKHX HOXHHI[ COCTaBHTb TPEYroJb-
HHK, COelMHfig HMX IUapDHHPHO B KaKHX-HHOYIb BeplIH-
Hax S, TO cucremMa ToyeK, 06pa3oBaHHAs M3 BCeX Miap-
HUPHHX TOueK S, OyldeT mpeo6pa3oBHIBaTbcsl a(pHHUHHO
IIPH BCSIKOM H3MeHeHHH BCei
HIaPHHUPHOH CHCTEMH; K 3TO-

My MOXKHO HeNOCpeACTBeH- @(’ %

HO TNpHATH, NPHHAB JHaro- . VAN
HaJH [JBYX H3 3THX HOX- £ % %
HHIL 33 OCH KOCOYIOJib- AN NN
HOA  CHCTeMH  KOOpAHMHAT I L N
(puc. 53). £ % % % s

Hpyrue Touku, Kotopre % \‘,. NN \

OJIHOBPEMEHHO MOJABEpPraloTcst @ -=-d-=--0----0 b
TOMy Xe apduHHOMY mpeod- Puc. 53
pa3soBaHHIO, MOXHO IMOJY-
YHTb, NoMellasd MeXAYy KaKHMH-JIHG0 ABYMs LIapHHUP-
HBIMH TOYKaMH TPeyroJbHHKa elle OAHH HOXHHIH TOrO
e poAa M paccMaTpuBas HX IWIapHHpPHHE TOYKH
(Ha pHUCYHKe BCe HOXHHLK 0603HaueHb HX AHAroHalb-
HoiMH npsiMbiMu). Crenysi 9TOMy HpMHIHMIY, MOXKHO IIO-
CTPOHTb caMble pa3HooOpa3Hble IJOCKHE, a TaKxke H
NpOCTpPaHCTBeHHble MOJAeJH ad(PHHHO H3MEHsSieMblX CH-
cTeM.
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S He GyAy 34ech 3aHHMAaTbES JaJibHeRUIUM pPa3bopoM
BceX CROHCTB. apHHHBIX Npeobpa3oBaHui, a NOKaxy
Jy4ile, rie 3TH AIpeo6pa3oBaHHs MOTYT HaiTh ¢ebe npH-
MeHeHHe.

Hauny ¢ npumepa, KOTOpBI# MOKaxKeT, KaKHM 3aMe-
Yare/SbHBIM BCIIOMOTATeJNbHbIM CDEACTBOM MJIs: BRHIBOJAA
HOBLIX. TeOMETPHYECKHX TeO0peM SIBJLSIOTCS OHH, a HMeH-
HO, paccMOTpeHHoe Bblllle ad¢uHHOe NPeobpaseBaHHe
cepbl B 3JIMNOCOHIA [NaeT BO3MOXKHOCTb NHOJNYYHTb M3
H3BECTHHIX CBOHCTB chepsl HOBble NpeloXeH#s o6 3i1-
aurncoune. Hampumep, NpH HOCTPOGHHH KaKuX-HHOYIb
TpeX B3aHMHO [EpPHEeHAHKYISPHBIX IHaMeTpOB cdephl
H NpPOBEelleHHH Yepe3 HX KOHIH LIeCTH KacaTeJbHBIX IJIO-
CKoCTel, MOJIy4aeTcsl. OMUCAHHEIH OKOJIO. 3TOH cdephl Kyb
¢ o6beMoMm J = 873, rie r — panuyc mapa.

Hame addunnoe npeobpasoBanme mnepeBOAHT, OUe-
BHIHO, KaXIyl0 KacaTeJbHYIO ILIOCKOCTb cdepnl B He-
KOTODPY10 KacaTeJbHYIO IJIOCKOCTb aJjuncoupa. ITosromy
IpPH NOMOILUH YNOMSIHYTHIX NpelJOXeHHH HaXOAHM, 4TO
KaXXIoOMy TaKoMy KyOy, B3STOMy B INpoCTpaHcTBe R,
COOTBETCTBYeT B MpoOcTpaHcTBe R’ HeKOTOphil omHcaH-
HHH OKOJIO 3J/IMICOHAA HapaJjielenunef, rpaHd KOTo-
pOro KacaloTcs. 3JJJMNCOHAA B KOHHZX TpeX B3aHMHO
CONmpsiXXeHHHIX [JHaMeTPOB H INapajlefibHbE COOTBET-
CTBYIOIMM JAHaMeTPaJbHbIM INJIOCKOCTAM, a pe6pa ca-
OTBETCTBEHHO TapajljieibHbl 3THM TpeM JHaMeTpaM.

R

< ;
A

Puc. 54

(AnamoruyHoe CBOHCTBO HMeeM Ha IJIOCKOCTH LIS KpY-
ra: § 3]HNOCa, Cp. puc. 54.) DTOo paccyxaedAue MOXKHO,
OYEBHAHO, Cpa3y xe OGpPaTHTE:. KaXXIOMy mapaJJele-
NMUAeNy YKa3aHHOrO BHJA, OINHCAaHHOMY OKOJO 3JUIHI-
COHLa, COATBETCTBYET HEKOTAPHIH KyO, ONHCAHHBIA OKOJO
cdepsl, OO TpPeM B3aHMHO COMPSXKEHHBIM RWaMeTpaM
3JITHUIICOHAA COOTBETCTBYIOT TPH B3aHMHO MEPIEHIHKY-
JApHbIX nuaMerpa chepn. Ho Ham u3BecTHO, 4TO TpH
apduHHOM npeo6pa30BaHHM KaXAblH o6GbeM yMHOXa-
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TTCA Ha OHOpEeACJIHTEINDb A 1NOACTaHOBKH; MNO3TOMY JJa4d
o6beMa BCSKOrO napaJiJjieienunena ykKa3aHHOro BHJAAQ,
ONHCAHHOIO OKOJIO 3JJHICOHAA, HMeeT MECTO anpwry.na

J =JA =8r3A.

OHna He 34BHCHT, OYEBHIHO, OT TOro, KaK pacmoJo-
JKeH Hall napaJJejenunel; OH HMeeT, TAKAM 00pasoM,
BCOBra OOHH H TOT YK€ NOCTOSAHHBIH 00beM HE3aBHCHMO
OT TOrO, K KaKOH TpOHKe CONpSKEHHBIX AHAMETPOB OH
oTHeceH. B uacTHOCTH, Zns TPOHKHM IaBHBIX oceil, obpa-
SYIOWIMX APYT € APYroM TpsMble YIJVIBl, MoJyuaeM Mpf-
MOYTrOJIbHLI# napaJiesenunen, -06beM KOTOPOTO, OYe-
BHIHO, paBeH 8abc, ecin 2a, 2b, 2c — NJUHH TJIaBHBIX
ocefi. DTHM Mml ONpPElENHIH YKa3aHHBI [OCTOSHHBIHA
06beM, IOCAe HeTr0o Hallla TeopeMa ITacCUT OKOHYATeJbHO!
BCE MapavljieJieTHNe/s], ONHCaHHbIE OKOJIO 3JIJIWIICOHAA,
rPaHH KOTOPHX NapaJJielbHB TPeM B3aHMHO CONpSKEH-
HHM JHaMeTPaJbHBIM IJOCKOCTSIM, HMEIOT ONHH H TOT
Ke obweMm J =8abc, rae a, b, c— NAUHB TVIaBHHIX IO-
Jyoce#.

Has nokasaTelbCcTBa NPHUJIOKHMOCTH 3TOH TeopeMbl
KO BCAKOMY 3JIMIICOMAY OCTaeTcsl elle YSCHUTb cebe, UTO
BCAKHH 3JJIMICOHJA MOXKHO MNOJYYUTb U3 cdepbl nyTem
Hekotoporo ad¢@uHHOro mnpeo6pasosanusa. Ho 3T0
cpasy mosiydyaercs u3 Buaa (6) ypaBHeHuir addHHHOrO
npeo6pa3oBaHusi; U3 3THX YpPaBHEHHH BUJHO, YTO OCH
3JIIMNICONJA, TNOJyYeHHOro H3 cdeprl, OTHOCATCA, KakK
A:p:v, npuueM A, p, v— TPH IIPOU3BOJLHEIX yucsaa ’8),

OrpaHHYUBAsICh 3THM MaJIeHbKHM NPHMEPOM INpHMe-
HeHHHA adQUHHBIX npeo6pa3soBaHHi B TEOPETHUYECKOH
reoMeTpuu %), s Kesaw c Tem O6oJbuiedl CHIOH MOJA-
YepKHYTb, 4TO acd@duHHbIe npeoOpa3oBaHUS HMEIOT KO-
JoccajJbHOE 3HaUeHHe TaKXKe U Ha MpaKTHKe.

O6pamasch mpexe Bcero K MOTPeGHOCTSIM (PH3HKOB,
ynoMsiHy, yTo ad@uHHble npeo0pa3oBaHHsl HTpaioOT OC-
HOBHYIO DOJIb B TEODHH YNPYTOCTH, B THAPOJHHAMHKe,
BoOGlle B Ka)XAOH OTpPaciH MeXaHHKH HenpepHBHHIX
cpen. KoHeuHo, MHe BpsA JH cledyeT OGBACHATb 3TO
noapoGHee. KTOo XOTb HEMHOro 3aHHMaJjcs 3THMH JHC-
LHIJIHHAMH, ‘TOT ADCTATOYHO XOPOWIO. 3HAaeT, 4TO TaM
BCAKHE pa3, KOrZa OrpaHHYHBAIOTCS H3y4YeHHeM JOCTa-
TOYHO MAaJBIX 3JIeMEHTOB IIPOCTPAHCTBA, NPHXOAUTCH
HMeTb A0 ¢ ONHOPOAHBEIMH JIHHeHHbIMH JedopMa-
HHAMHU.
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IlapaaneanbHoe NpoeKTHPOBaHHE OJHOI NJOCKOCTH Ha
JpYrylo. 3aTo 51 OCTaHOBJIIOCH 3[ecb 6oJiee NMOAPOOHO Ha
BONpOCE O NpHMEHEHHH K NPaBHJIbHOMY H3rOTOBJIEHHIO
yepTexed, HeOOXOAUMOMY KakK AJ51 (PU3UKOB, TaK U IJs
MaTeMaTHKOB. JlefiCTBHTEJNbHO, KOJb CKOpPO pedyb HIET
0 napaJjiieJlbHOM IPOEKTHPOBaHHUH, TO B OCHOBE BCeraa
JexXaT ToJbKO acdduHHBle npeoGpa3oBaHHsA NPOCTpaH-
ctBa. K coxaneHuio, B 3To#f 06/1aCTH NPaBHJILHOTO H30-
6pakeHHsl NPOCTPAHCTBEHHHIX (GHIyp Ha IJOCKOM uep-
TexXXe NMOPa3uTeJbHO MHOrO rpellaT; KaK B MaTeMaTHuye-
CKMX KHHrax mpH H300paxKeHHH IPOCTPAHCTBEHHBIX
KOH(pHrypauuil, TaKk H B KHUrax no ¢usuke npu usobpa-
JKEHHH annapaToB Bbl MOXKeTe HaHTH COBepLIEHHO He-
BeposiTHble OIIHOKH. OcoGeHHO yacTo GbIBaeT — sl MpH-
BOXKY TOJBKO OAMH IpPHMeEp,— 4TO IPH H300paKeHHH
miapa 3KBaTop 4epTAT B (opMe ABYYrOJbHHKA H3 Iyr
Kpyra (puc. 55, cieBa). 3DTO, KOHEYHO, SIBJSIETCS MOJI-
HBIM H3BpallleHHeM JeHCTBUTEJbHOCTH, H60 Ha CaMoM
Jese, KaK Mbl cef4yac yBHIHM, 9KBATOp BCeria cijeayer
H300paxaTb B BUJE 3JJIHUIICA.

3

D=2¢
Puc. 55 Puc. 56

IIpuHuMnD reoMeTpHYeCKH IPaBHJIBHOTO H300paxe-
HHSA 3aKJI0YaeTcs B TOM, YTO GHTypy, KOTOpYIO CJeayeT
H300pa3uTb, NMPOEKTHPYIOT Ha IVIOCKOCTb 4epTexxa mps-
MOJIHHEHHBIMH JyYaMH, HCXOASILIUMH H3 OJHOH TOYKH.
HaunGosee mnpocThle COOTHOLIEHHS MNOJYYalOTCS B TOM
cayyae, Korjia mpeicTaBJasIOT ceGe 3TOT LEHTP NPOEKTH-
pOBaHHSl yAaJeHHBIM B O6E€CKOHEYHOCTb, T. €. KOrja H30-
6paxkeHHe BHINOJHAIT NPH NOMOILH INapaJjyelbHOH
CBSI3KH JIydeHl; 3TO M SBJSETCS TeM CJyYyaeM, KOTOPHIH
Hac 3Jecb HHTepecyeT. BrmpouyeM, 3TH pa3bscCHeHHSI OT-
HoOcsAITCs1 K o6JacTH HauepraTeJbHOH reomeTrpud. S HH
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B KOeM cJyyae He JyMal0 CHCTeMAaTHYeCKH 3[eChb ee H3-
JaraTh, a XOuy TOJIbKO IOKa3aTb BaM, KaKOe MeCTO OHa
3aHHMaeT B oOlleM 31aHUH Bcell reoMmerpud. IToatomy
s TakKxXe He Bcerfa Oyly HMeTb BO3MOXKHOCTb BXOIHTb
B NOJPOGHOCTH JOKa3aTeJbCTB.

Hauynem c¢ uccnenoBanusi n3obpaKeHusl NMJIOCKOH ¢u-
Iypel, T. €. C NPOEKUHH OXHOH KaKOH-HHGYAb MJIOCKO-
cti E Ha apyryro niockocts E’ mpu momomu napad-
JeJpHOH cBs3KH Jyuei 8). Jnsi aToro Hayajso KOOpAH-
Hat O moMellaeM Ha JIHHUH IlepeceyeHHs mJIocKocTed E
u E’ (puc. 56) u HanpaBjsieM BJOJb Hee OCb X; OCb Y
NpPOBOAUM IIPOH3BOJILHO Ha miockKoctH E uepes O, Ha-
NnpUMep NMepNeHAHKYJNSIPHO K OCH X, U OmpenessieM ocby’
KaK NpPOEKIHI0 OCH y Ha NJOCKOCTb E’ NmpH NpOEKTHPO-
BaHHU C IIOMOIIbI0O PacCMaTpPUBAEMOH CBSI3KH Iapas-
JeJbHBIX Jydelf, TaK 4YTO Ha miaockoctd E’ momydyaeMm
HEeKOTOpYIO, BOOOLIe IroBOpPS, KOCOYFOJNIbHYIO CHCTEMY KO-
opauHat. Torga KOOpAMHATBHI ABYX COOTBETCTBEHHBIX TO-
4ek Ha maockoctsix £ m E’ oKa3blBalOTCSl CBSI3aHHBIMH
TaKUMH COOTHOLIEHUSIMH:

¥=x, y =ny,

rie p— HeKOTOpas KOHCTaHTa, 3aBHcsillasi OT 3ajaH-
HOTO IOJIOXEHHS IVIOCKOCTeH M CBSI3KH IapaJlielbHBIX
npsAMbiX 8!); Takum o6pa3om, Mbl AeHCTBHTENBHO HMeeM
3gecb neno ¢ abduHHBIM mnpeobpasoBaHueM. Jlokasa-
TEJbCTBO 3THX (OPMYyJ fBJSETCH HACTOJbKO INPOCTHIM,
4TO MHe BpSJ JIH NPUXOAUTCS Ha HeM 3aJepKHUBAThCS.
OTMmeTHM, YTO S5TH YpaBHEHHS HMEIOT II0 CPaBHEHHIO
c obwelt dopmynoit (6) ypaBHeHu# adduHHOrO mnpe-
o6pa3oBaHHsl TO ympolleHHe, YTO 3Jech A =1, Tak 4TO
x’=x. IlpuuuHa 3TOro, KOHEYHO, 3aK/IIOYaeTcs B TOM,
4YTO OChb X fIBJISIeTCs JIHHHeH INepecedeHHs] OPHIHHAJBHOIM
H KapTHHHOH IJIOCKOCTeH, TaK YTO Ha HeH KaxJaas TOYKa
COBIajaeT Co CBOMM u300pa)keHueM. MoXHO cpasy mno-
JYYHUTb BCe CYlLlleCTBEHHble CBOHCTBa Halllero oToOpaKe-
HHSl, CeLHAJU3NPYys IJsl cJydyas NJOCKOCTH BCe Teope-
MBI, BhIBeJeHHble paHblle MJs NPOCTPAHCTBA; TaK, Ha-
npumep, KaxXAOH OKPYXHOCTH Ha E COOTBeTCTBYeET
aanunc Ha E' u 1. A

Tenepb npexncraBjsieTcsl BIOJHE eCTeCTBEHHBHIM 3a-
JaTb OOpaTHBHIH BONPOC: MOXKHO JH JloOble JBe IMJIOCKO-
ctu E, E’, cBsi3aHHBble 3aflaHHbIM a(@UHHEIM COOTBET-
CTBHEM, TaK pacClOJOXHTb JPYr OTHOCHTEJNBHO ApYyra,
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yTOGBl OAHA H3 HHX MoJydYajach M3 APYrod HOCPeACTBOM
HEKOTOPOro TapaJlJie]bHOTO NpOoeKTHpoBaHHA. Ilas pe-
LeHHsl 3TOro Bompoca OyJeM HCXOAHTb H3 TIPOH3BOJIb-
HOH OKPYIKHOCTH Ha IJIOCKOCTH E H COOTBETCTBYIOLIEro
el 3JIHICa HAa MJIOCKOCTH E’ (BMECTO 3TOr0 Mbl MOIVIH Gbl
TeKXe BOCIOJb30BAaThCs KAaKUMH-HUOGYAb ABYMS COOT-
BETCTBEHHBIMH aayuncamu). LleHTpy M oKpyXHOCTH
cooTBeTCTBYeT IeHTp M’ aanunca (puc. 57).

Puc. 57

[TepeHecem Temepb 3Ty OKPYKHOCTb H3 IJIOCKOCTH E
B mJockocth E’, coBMelias ee LeHTp ¢ Toukoit M’; Toraa
oHa /6O NepeceyeT 3JJIHNC B YeThIPeX TOYKax, JHGO
He OyZeT MMeTb C HHM HH OJHOlH o6uiell Touku. ITpome-
XKYTOUHBIH c/y4yall KacaHHs Mbl paJH NPOCTOTH OCTaB-
JseM 31ecb 6e3 pacCMOTpPeHHS.

B nepBom ciyuae, moKasaHHOM Ha pPHCYHKe, paccMmar-
puBaem oGa auamerpa sanunca A’A] u B’B], Kortopnie

TIIPOXOAAT Yepe3 YNOMSHYThle YeThpe TOUYKH Iepeceye-
HHUf, JexXauye Ha IUIockocTH E’; MM COOTBETCTBYIOT
B CcHJY Haulero apduHHOro mpeobpas3oBaHHs JBa AHa-
merpa AA; u BB, OKpyXHOCTH Ha IJocKocTH E, KoTo-
PbIM OHH pasrsl Mo mocrpoeHHio. Ilostomy, BooGlue, co-
OTBETCTBEHHbIE OTpe3KH, Jexallye Ha npsaMeix AA
u A’A], a takxe Ha mpaMbx BB, u B’B], okasbiBa-
I0TCSl PAaBHBIMH COIJIaCHO 0OlieMy CBOHCTBY a((dUHHBIX
oTobpaxeHuit (cm. 4) Ha c. 112).

CoBMelass Tenepb miaockoctb E ¢ E’ Tak, 4ToOBI
Touka M coBmana ¢ M’ u uTOGH COBHNAJH NpPSMBE OJ-
HOH W3 Ha3BaHHBIX Nap, HanpuMep, uTo6ul AA; coBmnajia
¢ A’A], a sarem BmIBOAA miockocTb E 3a mpenenst E’
B INIPOCTPAHCTBO IIOBOPOTOM BOKPYTI 3TO# .IpSIMOH Kak
BOKPYr OCH, MNoJy4yaeM HeKoTopoe ad¢duHHOe oTobpa-
JKeHHe OJHOH IJIOCKOCTH Ha APYryio, NIPH KOTOPOM KaXK-
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Jas TOYKa JAMHMH MepeceYeHHS COOTBETCTBYeT cefe: ca-
moil. Torja Jierko MOXKHO NQKa3aTb — S QUATL-T2Ki He
OCTaHaBJHBAlOCh: Ha NOAPOOHOCTAX A0Ka3aTelbCTBa, —
4TQ BCE€ NpAMHE, NONapHO COeAHHSIOLIHE COOTBETCTBEH-
Hble TOYKH IUIOCKGCTeH, MapaJiesibHul MeXAy co6oit 32),
KakoB Obl HH OBIE YroJ, o0pa3oBaHHBIH 3ITHMH IJIOCKO-
CTAMH, T. e. 4To adduHHOe oToOpaKeHHe NJIOCKOCTEH
IeHCTBHTENIbHO MOXeT OBITb INPOH3IBEAECHO INapaJiiefb-
HBIM NPOEKTHPOBAHHEM.

Ecin xe Ham Kpyr He nepecekaer 3JJHECA, T. €.
€cJIM ero pajuyc MeHbllle MaJoH HAH Goablle 6O/bLIOH
NOJIyOCH 3J1unca, To o6a oOluX AHaMeTpa CTaHOBAT-
¢ — Ha sI3blKe aHa/Jh3a — MHUMBIMH, KIf YepTEXHHKa
JXe OHH BOOGlle He CyUIecTBYIOT, H BCe ONHCAaHHOE Bbille
NIOCTpOeHHe  OKasblBaeTcd HeBO3MQXKHHM. Toraa, eciu
BCe e JKeJaTelbHO YCTAaHOBHTb 3TO COOTBETCTBHE IPH
NOMOIIH HEKOTOPOro mnapaJjJiesbHOro NpOeKTHPOBaHUS,
He ocTraeTcs HHYero APYroro, Kak npHOeriyTb K. [OMO-
TeTHH W yBeJHYMBaTbh WJIH yMeHbIIATh HAll KPYr IO TeX
Nop, TNOKa He NOJYYUTCS NpeAblAyUHH clyyald; romore-
THIO (M BooOlle mpeoGpa3oBaHHs Moao6usi) u Ge3 TOro
BCcerjia ymnoTpe6GJsSIOT IPH KONHPOBaHMH H300paKkeHHH
(kapTHH) KaK «IepeuepyHBaHHe KapTHHBI B JIPYrom
MacimitaGe». B pesynbraTe mosyuaeM TaKyl0 OCHOBHYIO
TeopeMy: Kaxjaoe ad(pHHHOe COOTBETCTBHE MOXKHO yCTa-
HOBHTb, M NPHUTOM OECUHCJEHHBIM YHCJIOM pa3HYHHX
cnoco60B, KOMOHHHPYSI HeKOTOpoe npeoGpa3oBaHHe MO-
Jo6uss € HEKOTOPHIM [NapaJjjeJbHbIM I[POEKTHPOBa-
HueMm %3),

Akconomerpus (addunnoe oroépakeHne NPOCTpaH-
CTBa C HyJeBnM omnpeaeaunteisem). [opasgo Gosiee uH-
TepecHOH M BaXXHOH, yeM 3To OTOOpa*KeHHe OZHOH IJIO-
CKOCTH Ha JApyrylo, mpeiacrasjsiercs mnpobiema ortolpa-
JKeHHst BCero NpOCTPAHCTBA Ha IJIOCKOCTb NOCPEACTBOM
napaJJjielbHOTO NPOEKTHPOBaHMS — mpo6jeMa, K KOTO-
poll Mbl Tenepb NepexOAHM; NPH 3TOM BO H36exaHHe
MHOTOCJIOBHH YCJIOBHMCSl 3apaHee Bcerfia JIONycKaTh
yBeJHYeHHe HJH YyMeHblleHHe H300paKeHHs NpPH NOMO-
wmu npeo6pasoBaHus mopo6usi. Takum oGpasoM, BO3HH-
KaeT TOT cnoco6 H3oGpaxeHHs, KOTOpbIH B HauepTa-
TeJbHOIH reOMETpPHH Ha3bIBAlOT aKCOHOMeTpHell; Ha mpak-
THKE €My TNpPHHAAJIeXHT 4Ype3BbiYaHHO BaXXHasd pOJb.
Kaxpas ¢otorpadpus npubIMKEHHO npeacTaBisel CO-
60f1 aKCOHOMeTpHYeCKOe OTOOpaxeHHe, €CJAH TOJBKO
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n3o6pakeHHHIH npeaMer ObJI JOCTATOYHO YyAaJeH OT
annapara (ctporo roeops, ¢ororpadus sBAseTCA LEH-
TpaJbHOH INpoeKLHel); TOYHAs Ke aKCOHOMETpHS TpH-
MeHsleTCS IpeXAe BCcero B TeX cJayyasX, KOrjaa XOTAT
H306pa3uTh NPOCTPAHCTBEHHble reoMeTpHuYeckHe QHUTYDHI,
¢du3nYecKHe anmapaThl, apXHTEKTYDHBIE NETaJH H ‘TOMY
nojaoGHoe.

Paspeuinre MHe Temepb cpa3y e BLICKa3aTb TO
NpelJiOXKeHHe, KOTOpOe CBSI3bIBaeT 3Ty AaKCOHOMETPHIO
C HallUMH NpeABAYLIMMH paccyXkJeHHAMH 06 adduH-
HBIX npeo6pa3oBaHHAX: OTOGpakeHHe NPOCTPAHCTBA Ha
IJIOCKOCTb IIOCPEACTBOM MapaJieJbHOr0 NPOeKTHPOBa-
HUsi U npeo6pa3oBaHusi moao6HSA (aKCOHOMeTpHs) aHa-
JIUTHYECKH H306pakaercsi mocpeacTBoM ad@HHHOro mpe-
06pa3oBaHUsl ¢ paBHHIM HYJIIO onmpejenuTesneM 84):

X =ax+by+ cz,

a bl Cy
yl = QgX + b2y + Cy2, A= az by ¢ |= 0. (1)
2’ =ayx + by + 2, a4 by o

DTO KaK pas TOT HCKIIOUHTENbHBI ciaydyal, paccMOT-
peHHe KOTOpDOTrO MHl B CBOe BpeMsi OTJIOXKHJIH Ha Oyny-
umee. Bl BHAMTE, HACKOJbKO BaXKHbl 3TH <«BHIPOXKZAAO-
niuecss» npeo6pa3oBaHHUsl, XOTS HX, K COXaJeHHIO, OYeHb
YacTO H COBepLIEHHO HeCNpaBelJHBO OCTaBJAIOT 06e3
BHUMaHuA. [lanee, okasbiBaercsi CNpaBeNJIHBEIM TaKiKe
H cjeaymollee o6paTHoe NpelJoXKeHHe: Ka)KJaasl Takast
NoJACTaHOBKa c ompejejurtejeM A =0 pnaer HekoTopoe
aKcoHOMeTpuueckoe orobGpaxeHue. Ilpm 3ToM He06XO«
AHUMO, YyTOGE He BCe KO3(P(HUHEHTH 3TOH MOACTAHOBKHA
H Ja)e He BCe COCTaBJeHHblE M3 HHX MHHODH BTOPOTO
nopsiika OblJIM paBHBI HYJIO, H60 B NPOTHBHOM CJjyuae
NOJYYHJIHCh Obl JajibHeHIIHe BBIPOXK/IEHHS, KOTOphle f
MOTy 3JecCb IPONYCTHTb, NOCKOJbKY OHH JIerKO MOTYyT
6HITP HMCCIEeNOBaHBl 1O yKa3aHHOMY HHKe o6pasuy.

Jnsi nokasaTesbCcTBa HAILET0 YTBEpXKAeHHS yGeauM-
csl Tpexje Bcero B TOM, YTO Bce TOYKH X', y’, 2/, moay-
yaemble 3 (1) (mJas NpPOU3BOJIBHBIX X, Y, 2), AEeHCTBH-
TeJbHO JIeKaT B OJHOH NJIOCKOCTH, T. €. B TOM, YTO CY-
LIeCTBYIOT TaKue TPH YHcaa Ry, kg, ks, I KOTOPBIX
BLINOJIHSIETCS] TOXKIECTBEHHO OTHOCHTEJNBHO X, Y, 2 pa-
BEHCTBO )

kyx' + kyy’ + ks’ =0, (2)
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B camom nesne, 3TO TOXKZECTBO KBUBAJEHTHO B CHUJY
(1) rakoit cucreMe Tpex JIHHEHHBIX OLHOPOAHBIX ypaBb-
HeHHH:

kia; + kyay + kiag =0,

kby + koby + k3by =0, 2)
kic, + kycy + kacs =0,

a 3TH NocJe[HHe, KaK H3BECTHO, ONpEeAeNsAIOT OTHOIUIEHUS
ky: kg ks omHO3HAYHBIM 06pa3oM KaK pas B TOM cJyuae,
Korja obpalmiaercss B HyJab onpenenuTeab A U3 Koapodu-
LHMEeHTOB, HO 6e3 obpalleHHss B HYJb BCeX ero [JeBsiTH
MHHOPOB BTOpOro mopsinka. Ilosromy Bce TOYKH uzobpa-
XeHusi x’, y’, 2/ NeACTBHTENBHO JieXKaT B OJHOH IJIOCKO-
cTH (2), onpexnensieMoli ypaBHeHusiMu (2').

BriGepem Temepr B mpocTpaHcTBe R’ Takylo HOBYIO
NPSAMOYTOJIbHYI0O CHCTEMY KOOPAHHAT, YTOGHl MJOCKOCThb
(2) npespatunace B miaockocth x'y’ (2’=0). Torna
KaxJIol TOYKe NPOCTPAHCTBA R J[O/MXKHA COOTBETCTBO-
BaTh HEKOTOpash TOYKa B INIOCKOCTH 2’ =0, H ypaBHe-
HHSl Hallero ad@uHHOro mpeo6Gpa3oBaHHsi HEOGXOAMMO
JOJXKHBL UMeThb B HOBBHIX KOOpAHHAaTax TaKOH BHA:

x¥'=Ax+By+Cgz,
Y = Ayx + By + Cz, (3)
2’=0,

IIpu stom mectb nocrossHHBIX Ap, ..., C; HHUEM
yXKe He perJaMeHTHPOBaHB,, HGO BBHAY CIeLHaJbHOI
¢opMul 3anmHcH NocJeJHeH CTPOKH ONpelenTeNb HalleH
MOJCTAHOBKH BCeria paBeH HYJIO; He NOJKHBI TOJbKO
OJHOBpeMEeHHO o6pamaTbci B HYJb BCe TPH MHHOpa
BTOpOro nopsiika (T. e. He AOJXKHO ObiTh A;:B;:C;=
=A2:B;:(C:), TaK KaK B NPOTUBHOM cJy4ae HMeJO Obl
MecTO JaJbHefilllee BHIPOXKAEHHE, KOTOpPOe MBI HCKIIIO-
YHJIM M3 PacCMOTPEHHS C caMoro Hauasa ).

Joka3aTeqbCcTBO TOroO, YTO ONpeleseHHble TaKUM 06-
pa3oM aHaJHTHYecKHe OTOoGpa)keHHsi mNpocTpaHcTBa R
Ha njockocth E’ (B HaHHOM ciyyae Ha IJIOCKOCTb x'y’).
IeACTBHTENbHO COBIAJAIOT F€OMETPHYECKH C ONpelesieH-
HBIMH BhIIIe aKCOHOMETPHYECKUMH IIPOEKIHSMH, 5 pPaso-
6bl0 Ha HECKOJbKO OTHEJNbHBIX 1aroB, BEIBOAS OXHOBpeE-
MeHHO TJaBHble CBOficTBa 3TOro oto6GpaxeHus (3j,
nopo6HO TOMY, Kak s mocTtynaa paHee (c. 108—113),
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usyuass adp¢uHHbe npeoOpa3oBaHUS C OTJIHYHBIM OT
HYJISl ONpeleHTeJIeM.

1. Tlpexne Bcero, fiCHO, YTO KaXJAOH TOYKe X, Y, 2
U3 R OJHO3HAaYHO COOTBETCTBYeT HeKOTopas TOukKa x’/, y’
Ha E’. HaoGopor, eciu 3aaTh Kakylo-HHOYAb TOUYKY
x’, y’ Ha E’, To ypaBHeHus (3) GyAyT BbIpaxaTh, 4TO CO-
OTBETCTBYIOIAsl TOYKA X, Y, z U3 R JeXHT Ha ABYX
onpejeNeHHBIX IJIOCKOCTAX, KO3(O(OHUHEHTH KOTOpBIX,
COrJIacHO HallleMy NpeJAnoJOKeHHI0, He NPONOpLHOHANb-
HBl M KOTOpHIe II03TOMY HMeEIOT COGCTBEHHYIO (T. €. He
6eCKOHEYHO YyHaJleHHYIO) JIHHHIO NepeceueHHus; BCe TOYKH
3TOH NpAMOH JOJIXKHBI B HallleM nmpeo6pa3soBaHHH COOT-
BETCTBOBaTb 3ajaHHOH Touke x’, y’. IIpm H3MeHeHHU
TOYKH x’, y’ Kaxpaas M3 3THX ABYX IUIOCKOCTEeH mepeMe-
HmlaeTcsl napaJjienbHo caMoii cebe, H60 K03(pGdHIHEHTHI
A;, By, C; u coorsercTBeHHO A, By, C, ocralworcs
HensMeHHbIMH. Cileg0BaTeNbHO, JTHHHS NepeceyeHHsi Tak-
XKe oCTaeTcs napaJjJjejbHOH caMoil cebe, H MBI IPHUXO-
JHM K TOMY pe3yJabTaTy, 4YTO KaXKJAOH TOYKe MJIOCKO-
cti £’ COOTBETCTBYIOT BCE€ TOUYKH OJHOH M3 HpPSMBIX, CO-
CTaBJISIIOUIHX COBOKYMHOCTb IapaJijiesibHBIX NPSMBIX B R.
DTHUM yxXe HaMeueHa CBsi3b Halllero OTOGpa)KeHus ¢ na-
paJieIbHBIM NMPOEKTHPOBaHHEM NMPOCTPAHCTBA.

2. Touno Tak xe, Kak u B 0. 3) (c. 111), oTHocsIILe-
Mycsi K cjyuato obuero ad¢uHHOro npeo6GpasoBaHuS,
HaiineM Tenepb GopMmyab mas komnoHeHT X/, Y’ orpeska
Ha mJuockoctu E’, cooTBeTCTByIOLlero CBOGOAHOMY BeK-
Topy X, Y, Z us R:

X,= A1X+ BIY + CIZ,
Y, =A2X+32Y+(:2Z, (4)
Z'=o.

DTo onATh O3HayaeT, YTO KaxKJOMY CBOGOJHOMY BEKTODY
43 R COOTBeTCTBYeT HEKOTOp:lii CBOGOAHEIH BekTop X',
Y’ Ha KapTHHHOH IJIOCKOCTH HJIH, TOUHee: €CJIH B IpO-
cTpaHcTBe R mepemellaTb HEKOTOPHH OTPe30K napal-
JIeJIbHO €My CaMOMY, COXpaHsisl ero BeJIHYHHY M Hamnpas-
JIeHHe, TO COOTBETCTBYIOLIHH eMY OTPe30K Ha IJIOCKO-
cti E’ Takxke O6ydeT nepeMeliaThCs INapaJjielbHO
camoMy cebe, COXpaHsisl CBOIO BeJIHYMHY H HalpaBJjleHHe.

3. B uyactHOCTH, paccCMOTpPHM eJIHHHYHBLIH BEKTOD
X=1,Y=Z=0 Ha ocHu x, uayuui ot Touku (0,0, 0)
x rtouke (1,0,0). Emy, cornacio (4), cooTBeTCTByeT



A®OUHHBIE MNPEOBPA3OBAHUSA 127

Ha E’ BekTop
X = Ay, V' = A,,

uaymui or Hauanma Q' X TouKe ¢ KoopauHatamu Aj, A..
[Tono6HO 3TOMY, eIHHHYHBIM BEKTOpaM Ha OCAX Y H 2
COTBETCTBYIOT [Ba BeKTopa, uayuie ot O’ K TOoYKaM
¢ KoopauHataMu B;, B, u coorBerctBeHHO C;, Ca ITH
TPH BeKTOpa Ha MJIOCKOCTH E’— 0603HauHM HX KpaTKO
uyepe3 (4), (B), (C) (puc. 58)— moryt OHTb BbIGPaHBI
COBepLIEHHO INPOHM3BOJNbHO, MO0 KOOPAHHATAMH CBOHX
KOHIIOB OHH KaK pas H ONpelessioT YNOMSHYThle BhIILE
uIeCTb NMPOM3BOJIBHHIX NMapaMeTpoB adduHHOro mnpeobpa-
30BaHHA (3), TaK 4YTO 3THMH BEeKTOpPaMH BHOJIHe OIpe-
Jejsercs Hale oToOpaxeHHe; HYXHO TOJbKO, YUTOGHl BCe

81,6, ApAs y »

S

1 z

Puc. 59

STH TPH BEKTOpa He Nonaju Ha OJHY H Ty Xe NPAMYIO,
npHYeM MBI pafgH NPOCTOTH NpPEANOJOXKHM, YTO TaKxke
HHKaKHe [Ba M3 HHX He JexaT Ha ogHoH mpsiMmoil. Tpu
€IMHHYHHIX BEKTOpa, JeXalllHe Ha KOOPAHHATHHIX OCHX
NPOCTPAHCTBA R, HMeEIOT CBOUMH H3006paKeHHAMH Ha
E’—TakoB Hauml pe3yJabTaT— TPH MPOH3BOJIbHBLIX BeEK-
TOpa, HCXOAAIWMX U3 Havyasa O’, KOTOpHe, CO CBOeH CTO-
POHHI, BIIOJIHE ONpelessioT paccMaTpHBaeMoe apduUHHOE
npeo6pa3oBaHue.

4. Yto6nl ycTaHOBHUTb OTOGpaKeHHe MNPOCTPAHCTBA
Ha IUIOCKOCTb 0O AaHHbIM Bektopam (A4), (B), (C)
TaKXKe M reoMeTpHuYecKH, OyJeM CHayaja HUCXOLHTb H3
Kakoii-HuOyapb TOUYKH p(x, y, 2=0), Aexaluleld B mj10CKO-
CTH xy; BekTop, upyuwui or O K p, MOXKHO IOJYYHTb,
YMHOXasi eJHHHYHBIH BEKTOp OCH x Ha cKaasap (4Hc-
JIO) X, €OHMHHYHHH BEKTOD OCH y— Ha YHCJIO Yy H CKJa-
IbiBasi MOJydYeHHHle aBa Bektopa (puc. 59). Ho ato
NOCTPOEHHE Cpa3y Ke MOXKHO mepeHecTH Ha E’, u6o co-
OTHOLIEHHe MEeXJY IIIOCKOCTBIO Xy W HJIOCKOCTbIO E’ fB-
JsieTcsl, OYeBHIHO, OGBLIKHOBEHHBIM [ByMepHHIM adduH-
HBIM COOTBETCTBHEM (C He DaBHLIM HYJ/IO ONpeJeJuTe-
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aeM). Htak, Mu mojsyuuM usobGpakeHue p’ TOUKH -p, YM-
HoXasl cKajsipHO BeKtop (A) Ha x, Bektop (B) Ha y
H CKJaJbiBasi .NOJy4YeHHble IPOH3BENEHHS MO NPaBUJIY
napaJjiesorpamma (puc. 60). Takum o6pasom, Mbl - MoO-
JeM IIOCTPOUTb OTOOpakeHHe Ha IJIOCKOCTb £’ Kaxmoi
TOYKH IJIOCKOCTH XYy, a 3HAUHT, H oroépameﬂue 1o TOuY-
KaM BCAKOH (purypn Ha HeH. .

5. IlepeHocsi 3TH paccyXKAeHUST Ha IIPOU3BOJIbHYIO
TOYKY NpOCTPaHCTBa R, HETPYAHO NPHHTH K TaKOMy pe-
syabraty (pHc. 61): u3oGpaxkeHHe p’ TOYKH p C KOOp-

9(8) "

(8)

o7 (A) “Z(A}

Puc. 60

JHHaTaMH x, y, 2 TNoJyyaeTcs NOCPeACTBOM BEKTOPHOrO
ClI0XKeHUs (Mo mNpaBUIy IapajyesJorpamMma) BeKTOPOB
(4), (B), (C), npeaBapuTeJbHO yMHOXEHHBIX COOTBET-
CTBEHHO Ha X, Y, 2. B cHJly KOMMYTaTHBHOCTH CJIOXKeHHS
3TO NOCTPOEHHE MOXKeT OBbITb BHINMOJHeHO 1:2:3=6
Pa3JHYHBIMH crmoco6aMH, Tak YTO TouykKa p’ moJydaercs
KaK KOHel| LIeCTH Pa3JIHYHBbIX JOMaHBIX, COCTOSIILHX H3
COOTBETCTBEHHO MapaJljie/bHbIX H paBHBIX oTpe3KoB. O6-
pasoBaHHas MMH ¢urypa (puc. 61) sBjasieTcsi, O4eBHIHO,
oTofpakeHHeM MpHHAJJeXallero NpPOCTPaHCTBY R mna-
pajJejenunena, OrpaHHYeHHOro TpeMs KOODJAHHATHBIMH
IJIOCKOCTSIMH H TPeMsi NapaJjlieNbHBIMH HM IJIOCKOCTSI-
MH, TNPOXOASLIMMH Yepe3 TOUKY p. MHl yXKe C IOHOCTH
NpPUBLIKIM CPa3y e BOCOPHUHHMATb MOAOOHBIE MJIOCKHE
¢urypsl Kak H300paKeHHe NPOCTPAHCTBEHHBIX (HUTYD,
B OCOGEHHOCTH KOrja TaKOMy NpeACTaBJEeHHIO MOMOraloT
NyTeM YTOJILEHHSl JieXallux crnepeau peGepd). Ora
NpHUBBIYKA HACTOJbKO CHJbHA, YTO YyKa3aHHOe H300pa-
JeHHe mapaJjiesenunefa KaxeTcsl NOYTH TPHBHAJbHBIM,
Torja Kak B HeACTBUTENbHOCTH OHO NpeJCTaBJsieT COBOM
ype3BbIYAaHHO NMpPHMeYaTeJbHYIO TeOpeMy.

6. Ilpu momomiu 3TOro NoCJeAHero NOCTPOEHHS MOXK-
HO JaTh Ha mjaocKoctu E’ u3obpakeHHe BCAKOH mpo-
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CTPaHCTBEHHOH (uryphnl, T. e. Bcex ee Touek. §I pac-
CMOTPIO TOJILKO OAHH IPHMEp. _

Hwmes map c uneHTpom B Havase O W paauycoM enH-
HHIA, DACCMOTPHM IpexkJe BCEro Te OKPYKHOCTH, MO
KOTODHIM OH IlepeceKaeT KOOpAHHATHHE MJOCKOocTH. Ha-
npuMep, OKPYXHOCTb IlepeceyeHHsl 11apa C IJOCKO-
CThIO Xy HMEET CBOMMH CONPSIKEHHBIMH, T. e. B3aHMHO
NnepneHAHKYJASIPHbIMH, pa-
JHYyCaMH eIHHHYHBIE BeK-
TOpH Ha OCAX X H Yy, TO-
CKOJIbKY K€ OCYLIeCTBJIS-
ercsi abuHHOe oTOGpaKe-
HHe, TO 3TOH OKpPYKHOCTH
COOTBETCTBYeT HEeKOTODLIH
aqnunc (puc.62), nas Ko-
Toporo ToYKa O’ CIOyXKHT
HeHTpOM, a BekTopu (A)
H (B) compsikeHHBIMH IIO-
JyIHaMeTpaMH, TaK YTO Puc. 62
3TOT 3JJIMIC BIHCAaH B Na-
paJsJesiorpamm, MOCTPOeHHH I Ha BekTopax 2(A) u 2(B).
ToyHO TaK Ke M 3JUIHICH, COOTBETCTBYIOLIHE ABYM APY-
THM OKPYXKHOCTSIM IlepeceueHHsl, HMelOT CBOHMH LeHTpa-
Mu Touky O’, a BekTops (B) u (C) M CcOOTBETCTBEHHO
(A) u (C) conmpsizKeHHLIMH TOJYJAHAMETPaMH.

OcHoBhasa teopema [loabke.

7. CocraBus ce6Ge, TakuM 006pa3oM, NMOJHYIO KapTHHY
npupois apHUHHBIX COOTBETCTBHH (3) C paBHBIM HYJIIO
onpejejuTeeM, Mbl JOJIKHH ellle CAeJaTh NOCTeTHHH,
pelIaoUIMi 1War B HalHX HCCJeJOBAHHAX, @ HMEHHO, I0-
Ka3aTh, YTO YHOMsIHyThle adUHHBIE COOTBETCTBUS Aei-
CTBHTEJbHO BO3HHKAIOT IIPH aKCOHOMETPHYECKOM MpOeK-
THPOBAaHHHM TaK, KaK MBl 3TO YTBePXJa/H BhIe. 31ech
IJIaBHYI0 pOJIb MrPaeT TakK Ha3biBaeMoe (yHIaMeHTalb-
HOe mnpenJsioXeHHe aKcoHOMeTpHH, Kotopoe K. ITonbke,
npodeccop HauepTaTeJbHOH TreOMETPHH B CTPOHTEJbHOMH
akagemun B Bepaune, oTKpbla B 1853 r. u onmy6saukoBas
B 1860 r. B cBoeM «YueGHHKe HauepTaTeJbHOH reomer-
pun» *). B onnoit cBoeli pabore**) IllBapu BnepBhie

*) Pohlke K. Lehrbuch der darstellenden Geometrie. — Ber-
lin, 1860.

**) Schwarz H. A//J. reine angew. Math.— 1863.—
Bd. 63. —S. 309.
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onyGJIMKOBaJ 3jeMeHTapHOe A0Ka3aTelbCTBO 3TOrO mpej-
JIOKEHHS U OAHOBPeMeHHO mnoApoGHO omHcas HHTepec-
HYI0 HCTOPHIO €ro OTKphiTHS &7).

Cam Ilonbke ompegnessieT aKCOHOMETPHIO He aHaJH-
THYECKH, a TeOMeTpPHYeCKH — KaK H300paxKeHHe Ipo-
CTpPaHCTBa MHapaJ/liebHBIMH JyyaMH (CBs3aHHOe elle 8
cJlyyae HEOOXOLHMOCTH C HEKOTOPHIM npeobpa3oBaHHeM
nonc6us); ero TeopeMa yTBepxkAaeT TOrAa, YTO HpH Ta-
KOM H300pa*keHHH eIHHHYHble BEKTOpPHl (HCXOHSIIIHE H3
HauajJa) Ha OcsX NPSIMOYrOJbHOH CHCTEMB KOOpAHHAT
B MNpPOCTPAHCTBE MOTYT MNEpPeATH B TPH NPOU3BONbHLLY
BeKTopa ®®) Ha miockoctH E’, ucxomsmux us Touku O,
B ToM, uTO Hame OTOGpaKeHHe, ONpeleJeHHOE aHaJIH-
THYECKH, NEHCTBHTEJbHO NPHBOAUT K TaKHM TPEeM Ipo-
H3BOJIbHBIM BEKTOpPaM, Mbl CMOIJH JIerko YG6emuTbcs
B 1. 3; AJIs1 Hac Mo3ToMy GoJjiee rJyOOKHH CMEICT Npe-
aoxenus Ilonbke 3akaouaeTcsi B TOM, YTO NPOH3BOJIb-
Hoe oToOpaxeHue (3) (c. 125), onmpeneneHHOe awaauTu-
Yecku, MOXKeT OBITb MOJYUYEeHO 2eoMeTpudecKy NMyTeM Ia-
paJjieIbHOrO NPOEKTHPOBaHHSl H H3MeHeHHs Macuitaba,
npuYeM mapaJjlejbHbe NpsMble, YNOMSHYTHe B 0. 1,
OKa3bBalOTCS MHPOEKTHPYIOIIHMH JIyYaMH.

8. 51 xoren O6bl 3JeCb HaMeTHTb IPHMEpPHBIH X0
NpsSIMOr0 aHAJHTHYECKOTO J0Ka3aTeJbCTBAa CHOPMYJIHpO-
BAHHOrO TakKuM o6pa3oM npeasoxeHus. Hanpasass
Hallle BHHMaHHe Ha [Ba ceMeHCTBa NapaJ/lieNbHBIX IJ10-
cKocreil nmpocTpaHcTBa R

A1x+Bly+Clz=§, A2x+B2y+C2z=T]

(rme E, m—InepeMeHHble NapaMeTphl), MBI 3aMeuaem,
uTO Ka)kaas napa 3HaueHHH E, 1 ompefessieT OQHY H3
Ha3BaHHBIX NapaJilelbHHX NpaMbX. Ecan Get Ham yna-
JIOCb TOMECTHTb B IPOCTPAaHCTBe R KapTHHHYIO IJIO-
ckoctb E’, a Ha HeH TaKylo NpPSAMOYTOJNBHYIO CHCTEMY
KoopauHaT X, y ¢ NOAXOASAIIHM MacliTaGoM, YTOGH
KaxARHd Jay4 E, mn Inepecekand 3Ty KapTHHHYIO IJIO-
ckoctb E’ B Touke X' =§, y’=m, T0 oToGpaxeHnue (3)
IeACTBUTENbHO OBbIJIO OB IeOMETPHYECKH OCYLIECTBJIEHO
JKeyaeMblM 06pa3oM.

Ho ans a3toro, mpexpae Bcero, miockoctu E==0,
1 = 0 IO/MXKHB NepeceKaTb YNOMSIHYTYIO MJIOCKOCTb- E’
no xoopauHaTHeM ocsiM Oy’ u coorBercrBeHHO O’x’,
T. €. MO0 B3aUMHO NepneHAUKYJSPHBIM NpPSIMBIM; 0603Ha-
yuM uepes 0;, B, yranl (onpelensiollre NOJOXeHHE IJIO-
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ckoctd E’) mexny mpsamoi E=mn=0 (puc. 63) u Kax-
JOH M3 3THX oOceH, a uepe3 o (HU3BECTHBHIH Ham) YroJa
Mexay miaockoctamu E==0, n=0; Torana mo H3BeCTHOH
U3 cdepuuecKOH TPHIOHOMETPHH TeopeMe KOCHHYCOB,
NpPUMEHEHHOH K TpeXrpaHHOMY YIay, 06pa3oBaHHOMY
njockoctsiMH £ =0, = 0

/7 r
u E’, xocuHyc yriaa 0 (&,7]
BaTeJbHO, 3TOT Yyroa Oy-

Mexnay mpampeiMu  O'x/, ¥
O’y’ paBeH cos0;cos0; )

p

N1 s 7 &
IeT OpPSMBIM B TOM H TOJb- ¢ T~ol ,/
7 ~.

K M CIIYY JIH (2 ]
0 B TOM Ciyuae, ec Py Y/

- sin 0, sin 8, cos a; caeno- _‘iz ’
cigf,ctgBy=—-cosa. (a) i

Ho kaxpgasi miocKoCTb
Aix+Biy+ Ciz=E

nepecekaer E’ nmo mpsMoil Puc. 63
x’ = const; ecan Q' — me-
peceueHHe 3TOH NPSAMOHA ¢ Ocbi0 X', TO COOTBETCTBYIOILEE
3HaueHHe x’ oKasbiBaercss paBHbIM O’Q’ ¢ TOUYHOCTbHIO
[0 MOoJJieXKAallero elle omnpenesNeHHI0 MaciTabHOro MHO-
JKHTEeNs A CHCTEMBI KOODAHHAT Ha E’; omyckas nmeprneHau-
Kyasipu Q'S, Q'R Ha myockocTb § =0 H COOTBETCTBEHHO
Ha npsmyio § =1 =0, noayuaem %)
4 ’
O/QI=QR Q,R=QS,

sin 0, ’ sina ™

a NMOCKOJNbKY Q'S Kak KpaTuailliee PacCTOSHHE MeXay
niockocrsmMu  Ax+ By +Ciz=0 u Awx-+By-+
+ Ciz=E /erko BBIYHC/IAETCS NO HM3BECTHOH (opmyJsie
aHaJMTHYECKOH reOMEeTpPHH B NPOCTPAHCTBE, TO OKOHUa-
TeJbHO HMeeM 0)

¥ =20'Q =2

z\/Af+Bf+C% sin 9 sin a

CoBeplLIeHHO aHAJOTHYHO IOJyYaeM BhHIpaXKeHHe AJIs
KOOPIHHATH 4’ TOYeK, JieXalluX Ha JHHHH nepeceueHnus
niockoctd Agx + Boy + Co2=m ¢ mjaockocteio E’:

n

a\/A§+B§+C§ sinB,sin @

y =1
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Jast toro e 4TOOB KaKABIH Jiydy, onpefessieMbli
J1060i mapoi 3HaueHUWH napameTpoB §, 7, nepecekad,
COrJIaCHO HalleMy KeJaHHIo, IJOCKOCTb E’ Kak pas
B Touke x’ = §, y’ =1, HEO6XOAUMO, YTOOLI

A= '\/A B} + C} sin®, sina=
—A/AZ+ Bi+CE sin®,sina, (b)

OTKyzxa ajs 0,, 0, nosyuaercss BTOpOe ypaBHEHHe

A2 F B+ C sin®,=A A2+ Bi+C sinb,.  (c)

OueHb NpOCTOE BHIYHUCJIEHHE MOKa3blBaeT, YTO YpaB-
HeHus (a), (c¢) mawor aasa ctg6,, ctg B, Toabko onHy
napy J[AefCTBHTENbHBIX pelleHHiH %), onpejeneHHbIX ¢
TOYHOCTbIO [0 3HaKa ==; APYrHMH CJIOBaMH, HMeeTcsd,
MO CYILECTBY, TOJNBKO OXHO (T. €. He CUMTAss CHMMETPHH
OTHOCHTEJbHO ILIOCKOCTH, HOPMaJILHOH K MNpsMOi f =
=1 =0) noJoxeHue maockoctd E’, nns koroporo pea-
JIU3YeTCs aKCOHOMeTpHuecKoe ad(dHUHHOE COOTBETCTBHE
x’=E§, y =m, KOJIb CKOPO MacmTa6 AJs NPSAMOYTOJbHOM
cucTeMBl KoopAauHat Ha E’ Bpi6paH coo6pa3HO paBeH-
crBam (b). Bechb 3TOT XO0& HAeH MOXKHO eme GoJblie
reoMeTpHu30BaTh, €CJAM HCXOAHTb H3 TOrO YCJOBHS, UTO
eJIMHHYHbIe TOUKH Ha ocax X’ U y’ (T. e. TOUKH, AJS KO-
TopuiX x'=1 U cooTBeTCTBeHHO Yy’ ==1) HONKHBI IiO-
nactb Ha npsaMble E=1, n=0 u §=0, n=1. Torna
Halla 3ajaya NpUHHMaeT TakKylo ¢opmy: HaHTH mJoO-
ckocTh E’, KoTopasi mepeceKja Obl 3afaHHYIO TPEYroJib-
HYI0 INpH3MY @O TNpPSAMOYroJbHOMY paBHOOeJpeHHOMY
TPEeYroJbHHKY.

Ilocne aToro moapo6HOro H3J0XKeHHs elBa JH SBJSA-
eTcsl HeOGXOAHMBIM J0JIFO OCTaHABJHBATbCA HA yXKe BHI-
CKa3aHHOM Bbille OGpaTHOM YTBEpXKIEHHH: Kaxjnas ak-
COHOMeTpHYecKasi NPOeKUUs INpeicTaBiaseT coGOH HekKo-
Topoe ad¢puHHOe npeoGpa3oBaHHe C OIpeAeNHTeNEeM,
pPaBHEIM HYJIO. B cnpaBelJIMBOCTH 3TOr0 NpeNJIOXKEeHHs
MOXKHO YOeAuTbCSl, IpUMeHss, KaK 4 Bouie (c. 116), Ha
KapTHHHOH muocKoctH E’ cHayajJa KOCOYroJbHble KOOp-
JHHATBI, MMOJIydaeMhble H3 OCeH Xx M Yy NpoCTpaHCTBA R
nyTeM NapaJjieIbHOTO NPOEKTHPOBAHHS, H Nepexois 3a-
TeM NyTeM HeKOTOPOH JIMHEHHOH NOJACTAaHOBKH K Hamepej
3ajaHHOil Ha E’ mpsMOYrosibHOH cHcTeMe KOOpAMHAT.
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3aKaHUMBas. 3THM HACTOAILYIO IM1aBy 00 abdUHHBIX
COOTBETCTBHSAX, o6Gpally Ballle BHUMaHHe elle Ha BO3-
MOXHOCTb MNOJYYHTb 3KCIePHMEHTaJbHbBIM NyTeM Ha-
[JIIIHOe MpeJCTaBJeHHe O BO3HHKHOBEHHH aKCOHOMeT-
pHUYECKOT0 H300paKeHHsl, a HMeHHO, oT6pachiBass Ha
3KpaH ¢ NOMOLIbIO MPOEKUHOHHOro ¢HoHaps (KOTOpHIH cile-
ILyeT mpeicTaBHTb cebe pacmosOXKeHHBIM KpaliHe Jaje-
KO) TeHeBble H306paXKeHHs HEKOTOPHIX NPOCTHIX MoJe-
Jel (KBajpara, Kpyra, sJUIHNCa, Ky6a); IPH 3TOM BBHI
NOJIyYHTe TOYHOe IMOJTBepXK/JeHHe HalIUX pe3yJbTaToB
0 mnpeo6pa3oBaHMM (QHryp H, B YaCTHOCTH, CMOXKeTe
JIerKo NOJTBEPAHTb Ha ONbITE TaKXKe H CIPaBeAJHBOCTb
TeopeMnl [lofbKe, mojiBeprass TeHeBOe H300parkeHHe Tpex
B3aUMHO NepHeHJHKYJSPHBIX HITAHT BCEBO3MOXHBIM H3-
MeHeHHsIM, NOJIyYaeMbIM NPH NepelBHXKEHHH KaK caMoid
MOJeNH, TaK H NPOEeKLHOHHOH IUVIOCKOCTH (3KpaHa).

Tenepp MBl mepexonuM K HOBOH rJjaBe, KOTopasi pac-
cmaTpuBaer 6oJiee O6lME, a HMEHHO NMPOEKTHBHHIE Ipe-
o6pa3oBaHHs, OXBaThBalllHe ad@HHHbIE npeoGpa3oBa-
HHUSl KaK YacTHBIe CJIyYaH.

Il. MPOEKTHUBHBIE NMPEOBPA3OBAHHA

AHaauTHYeCKOe onpefeJieHHe; BBeleHHE ONHOPOAHBIX
KoopaMHAT. 3Jech 51 TOXe Cpa3y e pacCMaTpHBAlo
TpeXMepHOe NPOCTPaHCTBO.

1) 3a ucxomHelit myHKT s 6epy aHAJHTHUYECKOE Ompe-
IleJleHHe NpOeKTHBHOro mnpeobpasoBanusi. Ho Ha 3ToT
pas mul nosaraem x’, y’, 2 paBHBIMH He LeJBIM, a Ap06-
HO-JIHHEeHHBIM QYHKUHAM X, Y, 2, KOTOphHIe, ONHAKO, BCe —
H 3TO sIBJISI€TCS YPe3BBIYAHHO CYILECTBEHHBIM — HOJIXKHbI
HMeTb OJMH H TOT Ke 3HaMeHaTelb:

’ ax+ by +ciz4-d,

Y X Fby et di’
y = agx 4+ boy 4 cp2 + d, (1)
ax 4+ by +cz+dy’

’ aszx + bsy -+ C32 + dS
agx + b4y + C‘Z+ d4 *

Kaxno#it Touke x, y, z coorBercTByeT B cuay (1)
BNOJIHE ONpe[esieHHasi KoHeuHas (T. €. He GecKOHe4HO
yOanennan) touka x’, y’, 2’ mpu ycaoBuH, 4TO ITOT 0O6-
IIMA 3HaMeHaTeb OTJIHYeH OT HyJs. Ecim ke Touka x,
Y, 2z NpPHOJMIKAETCS K IJIOCKOCTH 92) aux + by + 2+
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+dy=0, TO cooTBeTcTBYyWOIlass Touka x’, y’, 2z’ — 3TO
U sBJseTCS HOBBIM IO CpaBHeHHIO ¢ apPUHHEIM Ipeob-
pa3oBaHHeM — yjaJseTcss B GECKOHEYHOCTb, YKa3aHHYIO
IJIOCKOCTh HAa3bIBAIOT «IJIOCKOCTBIO CXOAa», a ee TOu-
KM — «TOYKaMH CXOZa» M TOBODPAT, YTO NPU NPOEKTHB-
HOM npeoGpa3oBaHHH OHH COOTBETCTBYIOT OeCKOHEUHO
yAaJeHHBIM 3JIeMeHTaM MPOCTPAHCTBA: TaK Ha3blBaeMOH
6eCKOHEUHO yJnaJleHHOH IIJIOCKOCTH M COOTBETCTBEHHO
6eCcKOHEYHO yIaJIeHHBIM TOYKaM.

2) Ilpu ucclenOBaHHH BO3HMKAIOMIMX 3/ech MpobieM
OKasblBaeTcs, KaK H3BeCTHO, OYeHb IeecooO6pasHLiM BBe-
CTH OJHODOJHBIE KOOPIHHATH, T. €. BBECTH BMECTO TpeX
KOOpDAHHAT TOYKH X, Yy, 2 UYeTHpe BeJHMUHHH E, 1, §, T,
onpejejsieMbEe paBeHCTBAMH

3 n
= ¥y==

’ ’

=L
. T
3TH YeThbipe BEJHYHHBI paccMaTpPHBAIOTCA KaK He3aBH-
CHMble NepeMeHHble C TeM €AHHCTBEHHBIM OrpaHHuYeHHEM,
4YTO OHHM He JOJIXKHBl BCe OJAHOBPEMEHHO 06pallaThCsl B
HyJb H YTO HHM OJHA M3 HHX He JOJ/DKHA CTAaHOBHTLCS
OecKoHe4yHO Goabuioit. IlosTOoMy Kaxmaoif TOuUKe X, y, 2
COOTBeTCTBYeT OeCKOHEeUHOe MHOXECTBO CHCTeM 3Haye-
nui pE, o7, pC, pT, rie o -— NPOH3BOJILHEIA MHOXHTEb
(OTNHYHBI OT HyJs1); OGpPaTHO, Kaxpaasi CHCTeMa 3Ha-
yeHut &, m, &, T, rae v 0, 3ajaeTr onpeneseHHYI0 KO-
HEYHYI0 TOYKY X, Y, z (TY ke TOUKy 3aJalOT H BCe CH-
creMbl 3HaueHu#t pg, pm, p&, pt). OmHako npu v=0 no
KpaliHeli Mepe OJHO M3 YaCTHHIX X, Y, 2 CTAHOBUTCHA Oec-
KOHeYHO O60JbINHUM; COO6pPa3HO 3TOMY HPUHHUMAKT, YTO
Kaxpaas cucreMa 3HaueHHH®) E, n, §, v=0 nomxHa
03HauaTh «0eCKOHeYHO yJNaJeHHYI» TOUKYy, IpHueM Bce
cucreMbl pE, pn, pt, 0 XaOT OZHY M Ty Ke TOYKY. DTHM
BBOJSITCSI CTPOr0 aHaJHUTHYECKHM INyTeM Te TOYKH, KO-
TOpble OOBIKHOBEHHO NPHCOERHHSIOT K OOBIUHBIM KOHEY«
HbIM TOYKaM B KayecTBe «OECKOHEYHO YIaJIeHHBIX>.

OnblT NOKa3hBaeT, 4YTO ONEPHPOBAHHE C OJXHOPOI-
HbBIMM KOODAMHAaTaMH BBLI3LIBAGT Yy MHOTHX, BO BCSIKOM
cJlyyae y HaYMHAIOLIMX, HENPUATHOe 4YyBCTBO. 1 aymalo,
YTO BHHOI0O 3TOMY SIBJSIETCS Ta KaK Obl HeOmpeJeJeH-
HOCTb, TeKyYeCTb 3THX BeJHYHH, KOTOPYI0 BHOCHT NpO-
U3BOJIbHBIT MHOXKHUTENb p. BHITh MOXKeET, OTUETIIHBOE NOJ-
YepKHBaHUHE ITOF0 O6CTOSTENbCTBA GyNeT COAeficTBOBATH
YCTPaHEHHUIO TaKOTO OLLYIUeHH .
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Jsi aTOM Ke Hexu NpelCcTaBJseTcCs 1eeco06pasHbIM
106aBHTh 3JeCb KOe-KaKHe COOOpaKeHHs O HeKOTOPHX
reOMeTpHYECKHX MNpeACTaBJeHUSX, KOTODble MOXHO CBS-
3aTh ¢ OAHOPORHBIMU KoopAuHHaTaMH. [Ipu atoM cHadasa
s OyLy rOBOpPHTb O KOOpJAHHATax He B NPOCTPAHCTBe,
a Ha njockoctd E. B atom cayuyae pas o6eHX mpsMo-
YroJIbHBIX KOOPAHHAT IoJlaraem

-5 =N
x-——-’?, y-—-—T.

YcaoBuMcsl paccMaTpuBaTh E, 1), T KaK HPSIMOYroJb-
Hble KOOpJIMHAThl B HEKOTOPDOM TPEeXMEpPHOM MpPOCTpPaH-
cTBe, a Hally miaockoctb E Oy-

JeM paccMaTpHBaTh KakK ILJIO- z a7
cKoCTb T==1 3TOr0 mpocTpaH- SN
CTBa, NapaJlieIbHYI0 INIOCKOCTH

En (puc. 64), nonaras Ha HeH X\
x=Et, y=nm. Ecau coeiHHHUTb 7 z
TOUKY X, y Ha nJjockoctu £ npsd-
Moil uHHel ¢ Touko#i O, To, KakK 0 I3
M3BECTHO, Ha 3TO# NPAMOH OT- Prc. 64

HOLLIeHHUA %— U -_?— 6ynyT coxpa-

HATb ITIOCTOSIHHble 3HAUYEHHS, a HMEHHO, JOJIXKHO OHITh
(Ans BceX TOYEK ITOrO Jyua)

==X,

n_
T-—-y’

TaK Kak npH T=1 Kak pa3 NOJKHb HMeTb MeECTO pa-
BeHcTBa §==x W m=y. Takum o6pa3oM, BBelJeHHUE OJ-
HOpPOJIHBLIX KOODAHHAT O3HauyaeT MNpPOCTO OToGpaxKeHue
mJIocKocTH E B CBS3KY NPSAMBIX, NPOSKTHPYIOLIHX 3Ty
IJIOCKOCTh M3 Hayana KoopauHat O BCIOMOraTelbHOIro
TpeXMepHOro mnpocTpaHcTBa. MMeHHO, OJHOPOIHHIE KO-
opauHatHl &, m, T Ja1060H TOYKH X, y MJIOCKOCTH E sBJsA-
IOTCA NPOCTPAHCTBEHHbIMH KOOPIMHATAMH TOYEK TOMH
npsAAMOIl 3TOH CBSI3KH, KOTOpasi NPOEKTHPYET 3Ty TOYKY
x, y. TlockonbKy Kaxcao#i Touke mJaockoctH E coOTBer-
CTByeT OeCKOHeuHOe MHOXKeCTBO TOYeK TaKoH mpsiMoH,
TO CMBIC HeONpeJeJeHHOCTH OXHOPOJAHBIX KOOpAHHAT
JlelaeTcsl COBEpIIEHHO SICHBIM. VICK/IIOueHHe CHCTeMhl
3HaueHHt E=m=1=0 HMeeT CBOe TreOMeTpHYECKOe
OCHOBaHHEe B TOM, 4TO caMa no ce6e touka O He (pHKCH-
PyeT ellle HUKaKOH omnpenejeHHOH mpsMoOH, a 3HAYUT, H
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HUKakKoH Touku Ha E. Crosb 2Ke OUEBHAHBIM MpenCTaB-
JIsleTCs1 H TO, YTO HeT HYXKAH B OGeCKOHEYHBIX 3HaueHHSX
s E, m, T; Belb JI00yI0 NPSIMYIO MOXKHO IOJYYHTh
nyrtem coeiuHeHHss TOukH O c TOYKaMH, JexXaluuMH
B KOHEYHOH uyacTH mnpoctpaHctBa. Hakonen, craHo-
BHUTCSl COBEpIUEHHO SCHBIM M TO, KakKuUM 006pa3oM Mbl
nsberaeM OeCKOHEYHO OOJbBLIMX 3HAYeHHH MJs1 KOOop-
JUHAT X, Yy, 3aMeHsss OeCKOHEYHO YyJajleHHble 3JeMeH-
Thl IJIOCKOCTH E napajjeIbHEIMH ed NpsMbIMH, Npo-
XOAAIWKMMH Yepe3 TOUKYy O H JieXallUMH B IJOCKOCTH
T=09%).

¥YnorpebieHue TepMHHAa «GECKOHEUHO Yy ajieHHas
npsaMas» TakKXke MOJyyaeT NPH 3TOM HarJsAHOe reoMeT-
pHyecKoe comepxkaHue. AHAJUTHYECKH OH SIBJSIETCS JIHIb
BbipaXkeHHeM TOH aGCTpPaKTHOH aHaJIOrHH, YTO Bce «Gec-
KOHEYHO yJAaJleHHble TOYKH» YNOBJIETBOPSIOT JIMHEHHOMY
ypaBHeHHI0 T =0 coBepLIeHHO NOJOOHO TOMY, KaK Bce
TOYKH KaXJOH KOHeYHOH NpAMOH TOXe YAOBJETBOPSIOT
HEKOTOPOMY JIHHEHHOMY ypaBHEHHIO.

Tenepp Xke MBI MOXeM 4aThb ‘H YHCTO reOMeTpHYe-
CKYI0 HHTepIpeTalHio: KaxAoH npsaMo# Ha MJIOCKOCTH E
npuHagexXuT B cB3ke O HEKOTODHIH . JIOCKHH Ny4YoK
OpSMBIX H, HA0060POT, KaXKAHH IVIOCKHH NYYOK NpPSIMBIX
B cBs3ke O — 3a HCK/IIOUEHHEM IJIOCKOro myuka 1=0, —
ompejesnsieT HeKOTOpylo npsAMylo Ha E; nostomy npen-
cTaBJsieTcsl Liesecoo6pa3HbIM Ha3BaTb NPSAMOH TaKXe H
COBOKYIHOCTb TOY€K, COOTBETCTBYIOIIHX HA MJOCKOCTH E
NpSMBIM 3TOTO MOC/EHEro myuka, uTo W JaeT HaM Kak
pa3 «6ecKOHEYHO YAaJeHHYIO NPAMYIO».

CoBeplIeHHO aHaJOTHYHBIE NPEJACTaBJEHHS MOXKHO
cocTaBUTb cebe, BBOAS ONHOPOJAHbLIE KOODAHHATH B TpeX-
MEpPHOM MpPOCTPaHCTBe. A HMEHHO, MBI NpeICTaBJsieM
cebe 3TO MociejHee KaK «CeyeHHe», ONpefiessieMoe ypaB-
HeHHeM T==1 B HeKOTODOM BCIOMOraTeJbHOM YeThipex-
MepHOM npocTpaHcTBe E, 7, §, T H CONOCTABJSEM 3TO
ceueHHe CO CBfI3KOH NPSMBIX, KOTOpas NPOEKTHPYET ero
U3 HyJeBOH TOYKH (Hayaja) BCIOMOraTesJbHOro Mpo-
cTpaHcTBa. Torna Bce fasbHeflIMe paccyX/JeHHs MOXHO
npoBecTH 0e3 B3SIKMX 3aTPyAHEHHH B NMOYTH OYKBaJbHOM
aHAJIOTHH C MpeAbAYLHM H, B YacTHOCTH, IlepeHeCTH
ClI0la HCTOJIKOBaHHe OeCKOHeUHO yAajJleHHBIX 3JeMEeHTOB.
Ilpun 3TOM npHMeHEHHE YeTHIPEXMEPHOro NpPOCTPAHCTBA
SIBJISIETCS, KOHEYHO, TOJbKO CPeACTBOM IJifA GoJiee ynoo6-
Horo crmoco6a BblpaxeHHsl, KOTOpOMY HH B KOeM cJaydae
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He cjelyeT NpPHIHCHIBATh KaKoe-JHG0 MHCTHYECKOE 3Ha-
YyeHHe.

3) BBoms B ypaBHeHus (1) mpoekTHBHOro mpeoGpa-
30BaHHSI OJHOPOJHBIe KOODAHHATHI, MOXKHO Pa36GHTb 3TH
ypaBHeHHs1 OJarofapsi paBeHCTBY HX 3HaMeHarTesell Ha
c/lelylollHe YeTbipe YPaBHEHHS IPH MOMOLULH NPOH3BOJIb-
HOr'0 MHOXKHTeJIS] IPONOPLUHOHANBHOCTH

't =at+bn+ct+dr,

oM =a.f + bon + ¢t + do, 2
Pt = asf + bsn + ¢t + dsv, 2)
o't =af + b+ ¢t + dyr.

drta cucTeMa ypaBHeHHH, eC/IH He CYHTATh IIPOH3BOJIb~
HOro MHOXHTeNs p’, H306paxaer HauGojee OOLIYIO JiH-~
HefHyl0 OJHOPOJHYIO NOJACTAHOBKY 4YeThbIpeX IepeMeH-
HBIX U NpeJAcTaBjfeT cOO0H MO3TOMYy HeKoTopoe ad¢uH-
HOe npeo6pa3oBaHHe BCIIOMOTraTeJbHOTO YeThIpeXMEpPHOro
NpPOCTPAHCTBA, NPH MOMOIIH KOTOPOrO MhEI IO METOAY
1. 2) MCTOJIKOBBIBaeM OJHOPOJHEIE KOOPAHHATH. M B 3TOM
clydae MOXHO COCTaBHTb cebe 6ojiee KOHKpeTHOe Mpej-
CTaBJIeHHe, €C/IH OrpPaHHYHTbCH NJIOCKOCTbIO. UToGHI IO-
Jy4dTh HaHnbGoJsee oblllee NPOEKTHBHOe NpeoGpasoBaHHe
NJIOCKOCTH, AOCTATOYHO NOABEPrHYTh MPOCTPAHCTBO, B KO-
TOpDOM 3ajaHa CBfi3Ka NPSAMBIX, NPOEKTHPYIOUIUX 3Ty
NJI0CKOCTb, NPOH3BOJbHOMY adduHHOMYy npeobpasoBa-
HHUIO ¢ (UKCHPOBAHHbLIM Hayasom O, a 3aTeM nepecedb
npeo6pa3oBaHHyI0 CBS3KY TOIO e IJOcKocThio. Ilpm
3TOM MBI KaXJplH pa3 OyleM InoJydyaTb TO Xe camoe
IPOEKTHBHOE Npeo6pa3oBaHHe, €CJH, KpPOMe TOro, Co-
OTBETCTBEHHO MHOXHTeNI0 p’ NOJBEpPrHeM INPOCTPAHCTBO
elile NPOU3BOJNBLHOH roMoTeTHH c uHeHTpom O, ubGo mpo-
e€KTHBHOE COOTBETCTBHE BCellel0 ONpejeJsieTcss mepece-
YeHHSIMH NPSMbIX, NPOXOAAILUX yepe3 O, ¢ Hawed mJo-
CKOCTbIO, a KaxKJas M3 3THX NPSIMBIX NIPH YKa3aHHOH
FOMOTETHH NepPeXOJHUT B cels.

[ipuMeHeHHBIH 31€Cb MeTOJ HCNOJNb30BAHHS BCIIOMO-
raTeJbHOro NMPOCTPAHCTBA HA3LIBAIOT NPHHIHMIIOM NpOEK-
THPOBAHHSl M IepeceyeHHs; OH OKa3blBaeTcss H BO MHO-
THX ADYTHX CJay4yasX OuYeHb INOJIe3HHM, TaK KakK II03BO-
JseT, roBops BooGlle, 6oJiee CJHOXHbIE COOTHOIUIEHHS B
NpOCTPAHCTBAX n H3MepeHHH NMpeACTaBJATb B OoJjiee MpO-.
CTO# ¥ TOHSITHOH (opMe NpU MNOMOIIM PaCCMOTPeHHs
BCIIOMOraTeJbHEIX HNPOCTPAHCTB 1 -+ 1 H3MepeHHi.
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4) TiepexoauMm K 3afaye oOpauleHHsl YpaBHeHHil mpe-
o6pasoBanus (2). Teopus ompenenuTesefl yuyuT, 4TO Iies
peMeHHble E, 1, §, T TOXe SBJSIOTCS JHHEHHBIMH OJHO-
POAHLIMH KOMOHHAUMsiMH mnepeMeHHbX E, 7', ¢, v
ONSITb-TaKH, KOHEYHO, C IIPOU3BOJBHEIM MHOXKHTeJeM
TPONOPIHOHAJIBHOCTH QX

pt=at’ + b + cit' +d{v,
on= a;§’ -|— b;n' + C;Q, + d;‘t', 3
0L = afF + b + ¢ + dy, ©
pr=af 4+ b +ct + d7,
JIHIIb OBl TOJBKO ONpefeuTelb
a, b1 [ d‘
as bz Cy dz
as ba C3 da
a, by Cy d,

cucreMbl (2) He ofpamajncsi B Hyab. CienoBaTesbHO,
cucTeMbl 3HaueHud E, m, §, v u &, 1, ¥/, v HaxomATca
TpH Cco6/IOJeHHH STOr0 YCJOBHS BO B3aHMHO OXHO3HAay-
HOM COOTBETCTBHM (C TOYHOCTBIO JO YKa3aHHBIX IPOHU3-
BOJIbHBIX OOLIHX MHOXKHTEJEH).

3aMeyy TYT Xe—H BH 3TOMY cpa3y Ke IOBEpHTE
Ha OCHOBaHHM Halllero ONbITa B HCCAeNOBaHUH ad¢HuH-
HHX npeo6pa3oBaHuf, — 4TO U 31ech ciaydaldl A =0 oka-
3bHIBA€TCS JOCTATOYHO HHTEPECHBHIM H He HOJXKeH ObITb
IIpONylleH; eMy COOTBETCTBYeT OTOOpaX<eHHe BCero mpo-
CTpPaHCTBAa HAa HEKOTOPYIO IVIOCKOCTb, YTO MhHI HMMEEM BO
BCAKOH HEHTPaJIbHOH NpOeKIHH, Hampumep, B (oTorpa-
¢nu. Ho cHavasna Mbl paccMOTpUM OOLIME cayyai, Koraa
A 0.
5) Ma (2) u (3) cpa3y xe BHAHO, YTO BCAKHH pas,
Korga E, m, §, T CBs3aHbl JIMHEHHBIM YypaBHeHHeM, IO-
NOGHOE 3Ke ypaBHEHHe cBsi3biBaeT Takxe &', 1/, ¢/, v/
H HaoGopoT. Kaxkao#i naOCKOCTH COOTBETCTBYET, CJeAO-
BaTe/bHO, TOXE HEKOTOpas MJOCKOCTb; B YaCTHOCTH, Ha-
npuMep, GeCKOHeYHO YJaJeHHOH NJIOCKOCTH MpoCTpaH-
cTtBa R’ COOTBETCTBYeT omnpelesieHHas, BOOOLe roBops,
KOHEYHasl MJIOCKOCTh B NPOCTPAHCTBE R — yKe YNOMSHY-
Tas BhIlE <«IJIOCKOCTb cxoxa» %), Kak Buaute, ynorpet-
JieHHe TepMHHa <«O6eCKOHEeYHO YJAajleHHas MJIOCKOCTb»
OKasblBaeTcsl KpalHe LeJecoo6pasHbiM, TaK KaK TOJBKO

A=
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OHO OJHO TNO3BOJIieT BHICKa3bIBaThb NOAOOHEIE NpeiJso-
KeHusi 6e3 BCAKHX Oropopok. M3 ckasaHHOro Hemocpea-
CTBEHHO 3aKJ/oyaeM, YTO KaXIOH mpsAMOH 00s3aTesIbHO
COOTBETCTBYeT TOXKe HeKoropas mnpsimast. CienoBarelb-
HO, BCAIKOe NPOEKTHBHOE INpeoOpasoBaHHe sBJSETCS IO
TepMHHOJNIorud Mé6uyca (c. 111) HekoTOpo# KoOJLIHHea-
nue.

lFeomeTpuyeckoe onpeneneHune: NpoeKTHBHOE oTOGpa-
XKEHHe Kak KoJdJuHeanus.

6) OmHako BCcsi KpacoTa 3akiwoyaercs B 0GpaTHMO-
CTH 3TOr0 NpeNJOXKEHHS: BCRKasd KoJJHHeallMst MpoO-
CTPAHCTBA, T. €. BCSKOE B3aMMHO OJHO3HAYHOe mpeobpa-
soBaHHe %), KOTOpOe KaXIyio NPsSMYI0O NEePEBOLUT B HEKO-
JOpyio NPSIMYI0O M KOTOpOe, KpOMe TOTO, yIOBJIETBOPSET
elle onpejeJeHHBIM MOYTH CAMOOYEBHAHBIM YCJOBHSAM,
SIBJIIETCA HEKOTODHM NPOEKTHBHBEIM NpeoOpa3oBaHHEM,
T. e. npeo6pa3oBaHHeM, OnpejesseMbIM aHaJHTHYECKH
ypaBHeHHsIMH (1) MM cOOTBeTCTBEHHO (2). .

IIpuHagnexaiee MEOUyCYy HNOKa3aTeJbCTBO NOCJAEN-
HEro NpeAJOKEHHs $ TNpoBedy 3Jech palu yaob6cTBa
TOJIBKO AJSl NJIOCKOCTH; AJSi NPOCTPAHCTBA OHO BHITJISA-
nejo Obl COBepllieHHO aHaJOrHuHo. Xox HAeH 3TOro A0-
KasaTeslbCTBA CBOAMTCH K cjefyiolneMy: B NPOH3BOJBHO
3aJaHHOH KOJIIMHealuH BbiOHpaeM KaK-HUOYIb [Be YeT-
BepKH COOTBETCTBEHHBIX TOYEK M CHauaJa B I. a) HOKa-
3blBaeM, UYTO BCerja CylIeCTByeT TaKoe IPOEKTHBHOE
npeo6pa3oBaHHe, KOTOpPOe IepeBOAUT OAHY H3 TaKuX
NpOU3BOJILHBIX YeTBepokK B Apyryio. Ho Bcsikoe mpoek-
THBHOe NpeoOpa3oBaHHe fABJSETCS B TO XKe BpeMs HeKO-
TOpoH KOJIJIMHeanueH, H Mbl JI0OKa3elBaeM faJjee B 0. b),
YTO IpPH H3BECTHHIX YCJHOBHIX MOXeT CYHIeCTBOBaThb
TOJBKO OJHA KOJIMHEaHHs, B KOTOPOH SBJIAIOTCHA COOT-
BETCTBEHHBIMH Te e caMble JaBe uverBepkH. CienoBa-
TeJIbHO, YKa3aHHOE BHIIIE NPOEKTHBHOE NpeoGpa3oBaHHE
JNCACTBUTEJNbHO NOJNIXKHO COBNAJAaTh C 3aJaHHOH KOJIIH-
HealHell, a B 3TOM H 3aKJ/l0yaeTcsl Hallle yTBepXKIeHHe.
Ilepexoxy K AeTaJbHOMY NpOBEJeHHIO 00eux yacrell 10-
Ka3aTeJbCTBa.

a) OrMeTHM, YTO ypaBHeHHS NMPOEKTHBHOro npeobpa-
30BaHHS Ha NJIOCKOCTH

'Y =af+bm+dr,
o' = at 4 bon + d,1,
o't = af + byn + dsv
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cogepxar 9— 1=8 napamerpoB (H3MeHeHHEe BeJHYH-
Hbl o’ He BJHsSIeT Ha 3TO mpeoOpasoBaHue). TpeGoBaHue
O TOM, .YTOGH H3 ABYX Hamepes 3aJaHHBEIX TOYEK mepBast
nepexoJHya BO BTOPYIO IPH HEKOTOPOM IPOEKTHBHOM Ipe-
o6pasoBaHuH, 3aKiaoyaeT B cebe ABa JHHEHHBIX YCJO-
BUS IJISI MapaMeTpOB 3TOro mpeoGpa3oBaHus, HGO 31ech
HMeIOT 3HayeHHe TOJbKO OTHOLIEHHS TpeX OXHOPOJIHLIX
KoopauHat. Cief0OBaTeNbHO, COOTBETCTBHE IBYX YeTBe-
POK TOYeK mnpexcraBiaser 2-4 =8 JIHHEHHBIX YCJOBHIH,
TOYHee TOBOpS, BOCEMb JIHHEHHBIX OJHODPOIHHIX ypaBHe-
HUH AJ1s1 JeBSITH BeJIWYHH 4y, ..., d3. Takue ypaBHeHHS,
KaK H3BECTHO, BCerja JOMyCKaloT HeTpHBHaJIbHOE pellie-
HHe, TaK YTO BCEria MOXKHO HaHTH KOHCTaHTHI MpOEK-
THBHOTO TIpeoGpa3oBaHUs, NepeBOJALIEro OXHY H3 3a-
NaHHBIX YeTBEPOK B Jpyrywo. PyuaThcs 3a To, 4TO 3TD
nocjejHee AeHCTBUTENbHO SBJAETCA COOCTBEHHBIM IPO-
€KTHBHBIM Npeo6pa3oBaHHeM C He DaBHBIM HYJIO oOmpe-
JeJiLTeJleM H YTO OHO ONpEeNeNsieTCsl OJHO3HAYHO, MOXK-
HO, KaK JIerko. BHIETb %7), TOJBKO B TOM CJydae, €CJad
Kaxjas M3 06eHX 3aJaHHbIX YeTBEPOK TOUEK HaXOLHTCSH
«B 0O06LIEM IOJIOXKEHHH», T. €. eC/IH HHKaKHe TPH TOUKH
HH B ONHOH M3 YeTBepOK He JieXaT Ha ONHOH NpAMOI;
HO BeJb TOJBKO IJISl 9TOrO CJIy4ass HaM H HYXHO 3[ecChb
3TO NpeaJioKeHHe.

b) Ilycts Temepb 3aJaHa NPOU3BOJIbHAS KOJIJIHHea-
nus  (KoJMHeapHoe oToOpakeHHe) miockocredt E, E’.
Ecau 1, 2, 3, 4 — KaKue-i1u60 YeTblpe TOYKH Ha E, u3
KOTOpPBHIX HMKaKHe TPH He JieXXaT Ha OJHOH mpsiMoii, u
ecnu 1’, 2, 8’, 4 — cooTBeTCTBeHHBIe TOYKH Ha E’, yjnoB-
JIETBOPSIOIIHE TAKOMY Ke YCJOBHIO, TO Halle YTBEpXK-
JleHWe 3aKJI0Yaercsi B TOM, YTO 3aJaHHasi KOJJIHHealus
BNOJIHE OJHO3HAYHO ONpeAesseTCs COOTBETCTBHEM O6eHMX
STHX YeTBEpPOK ToueK. JloKa3aTelbCTBO GYIET COCTOATH
B YCTAaHOBJIEHHH TOrOo, 4TO, HCXOAS H3 3THX ABYX B3a-
HMHO COOTBETCTBEHHBIX YeTBEPOK, MOXHO IOCTPOHTh
KOJUIMHEAlHI0 OZHHM H TOJBKO OZHHUM CNOCOGOM, NOJb-
3ysCb TOJNILKO O0eHMMH €ee XapaKTePHCTHYeCKHMH CBOMi-
cTBaMH (OZHO3HAYHOCTb H B3aHMHOe COOTBETCTBHE IIpsi-
MbIX). B KauecTBe TI/IaBHEIO BCIIOMOraTeJbHOrO Cpef-
cTBa NPHMEHHM TaK HasbiBaeMble ceTn MéGuyca, T. e.
HEKOTOpble CHCTEMH! IPSMBIX, KOTOPBIMH Mbl, KaK may-
THHOM, IIOKPOeM HalllH MJIOCKOCTH.

CnepBa mpoBefeM B KaXIOH NJOCKOCTH (puc. 65)
N0 1IeCTb NPSMBIX, COEAHHSIOUIMX MOMAapHO YeThipe 3a-
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JaHHBIE TOYKM; B KOJIJIMHealHd OHH JOJIKHBI COOTBET=
CTBOBaTb OAHAa ApYyro#, uGo, Hanpumep, mpsiMmod / 2 Ha
E nosxHa OBITb CONOCTaBJIeHA HMMEHHO TaKas MNpsMas
Ha E’, Ha KOTOpOH Jexano Obl Kak H3006paxeHue 17
TOYKH I, TaK M u3o6GpaxeHue 2’ TOYKH 2, a TAaKOH npss
MOH MOXKeT GHITh TOJbKO 17 2.

Puc. 65

Ho, kpoMe OCHOBHBIX 4YeThHlpex TOYeK, He06XOIHMO
JOJIKHH OYAYT HAaXOOHUTbCA BO B3aHMHOM COOTBETCTBHH
TaKxe H BHOBb NOJIydyaeMhble IlepeceyeHHus] COOTBETCTBEH-
HBIX NMpSAMBIX, HanpuMep Toyka (I 4, 2 3) HOJIKHA COOT-
BEeTCTBOBaTb TouKe (I’ 4/, 2’ 8’): 310 Takxke ciaeayer
HernocpeICTBEHHO U3 KOJJIHHEapHOCTH U B3aHMHOH OAHO-
3HayHOCTH oToOpaxkeHusi. CoefuHSsS ONATh 3TH HOBHIE
TOUYKH MeXJy cO00H NpsIMBIMH, IlepeceKkasi 3TH NOCJen-
HHE CO CTaphIMH NpPSIMBIMH, COEAHHs CHOBA NMOJYYeHHbIE
TOUKH IepecedeHHs M NPOJOJIKAs BCe JaJjblie 3TOT Mpo-
lecc, nMoJy4yaeM Ha KaxXIo0H M3 IJOCKocTed mo Bce 60-
Jiee TyCTelollell CeTH NPSIMBIX M TOYeK, NPHYEM TOUYKH H
npsMble o6enx cerell 00s3aTesNbHO JOJIKHBI NIONAPHO CO-
OTBETCTBOBATh APYr APYry B HCKOMOH KOJIJIHHEAIHH.

Bcesikasi nmpou3BOJIBHO 3aJaHHasi TOYKa IIOCKOCTH E
Ju60 cama SIBJSeTCs OJHHM H3 y3JIOB CETH, JIH6O MOXKeT
6bITh, KaK Jierko ceb6e YsCHHTb, 3aK/ll0YeHa B HeOrpaHu-
YeHHO CcyxKaloliuecss KJIeTKH 3TOH CeTH, T. €. SIBJseTcs
npefeJbHON TOYKOH /I y3JIOBHIX TOYeK ceTH. B mepBom
clyyae cOOTBEeTCTBeHHast Touka Ha E’ cpa3y xe ompexe-
JsieTcsl OJHO3HAYHO KaK COOTBETCTBEHHBIH y3eJ CeTH.
A nns ompeneseHHs COOTBETCTBEHHOH TOYKH BO BTOPOM
clydyae NPUXOAHTCS BHECTH B ONpefeseHHe KOJJIHHealuu
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0JHO no06aBJieHHe, KOTOpOe IpeAcTaBjsnoch MEGuycy
HacTOJIbKO CaMOOYEBHJHBLIM, YTO OH Jaxe He CYHTaJ
HYXHBIM OTJEJIbHO ero popMyJaupoBaTb. A HMeHHO, ycTa-
HaBJHBaeMoe KoJlIHHeallHell 0TOOpaX<eHHe HOJIXKHO GBHITh
HenpepulBHBIM %); 3TO 03HayaeT, YTO KaxK[OH Ipejelib-
HOH TOYKe KaKOro-iu60o TOYeyHOro MHOXKecTBa Ha £
JOJI)KHA COOTBETCTBOBaTb IpejesnbHast TOYKa COOTBET-
CTBEHHOTO TOYEYHOro MHOXecTBa mJjockoctu E’. Oue-
BHJHO, YTO TOTJa H BO BTOPOM cJ/yuae, COIVIACHO Npelbi-
AylieMy 3aMeyaHHIO, COOTBETCTBEHHass TOYKa Ha E’
onpejensieTcsi OJHO3HAYHBIM 06GpPasoM. 3THM JOKa3blBa-
eTCsl CIpaBelJ/IMBOCTb Halllero YyTBepXKAeHHA b) Ajas BcA-
KOl HelnpephIBHOH KOJIJIMHEalHH.

TakuM e cnoco60M MOXHO JOKasaTb, YTO KaxKJAas
HenpepbiBHAs KOJIJIHHealHsi B TPeXMepHOM NpPOCTPaHCTBe
onpejessieTcss NATbIO H BOOOLIe B nN-MEPHOM NpPOCTpaH-
CTBe 1 -+ 2 mapaMH COOTBETCTBEHHBIX TOUeK.

[IpunoMuHasi ckasaHHOe B HauaJje m. 6), moayyaem
B KauecTBe pe3yJbTaTa CJeLyIOLYI0 TOYHYIO TeOpeMy:
[NpPOEKTHBHble NpeoOpa30OBaHHs fBJSIOTCA eAUHCTBEH-
HbIMH B3aHMHO OJHO3HAaYHBIMH NpPeOOpa30BAHUSMH, IPH
KOTOPHIX Bce 0e3 HCKJIOUeHHA NMpsAMbie NepexofdT CHOBa
B IPSIMEIE.

loBereHne OCHOBHBIX reOMETPHYECKHX 00pa3oB npu
APOEKTHBHbIX NMpeodpa3oBaHmsX.

7) Tlocse aToro orcrynjeHHs 6yaeM NmpOJOJIKATh Ha-
YaToe HaMH B 0. D) HCCJeJOBaHHE NOBEJEHHsT OCHOBHBIX
reoMeTpryeckux 06pa3oB NPH NPOEKTHBHOM HJIH, KaK Mbl
Telepb MOXeM TaKxXe cKas3aTb, NPH KOJJIHHEapHOM Inpe-
o6pasoBaHHH. Mpl BHIeNHM TaM, YTO HeOTrpaHHYeHHas
IIJIOCKOCTb HJIM NpsiMasi NepeXoJAT NPH NPOeKTHBHOM Ipe-
o6pa3oBaHuH B 00pa3sl TOro Xe pofia, TaK 4TO 3TH MOHs-
THS COXPAHAIT IPH TNPOEKTHBHHIX Hpeo6pa3oBaHHUIX
orpefeseHHbIH, HeH3MEHHBIH CMBICIL.

B zToM cBOeM cBoHcCTBe 06uMe NPOEKTHBHBIE Npeol-
pPasoBaHus CXOAHH € apQHHHLIMH, HO OHH OTJIHYAIOTCH
OT 3THX MNOCJEIHHX CBOHM IIOBEJeHHeM IO OTHOLIEHHIO
K NOHSTHIO Mapajjenu3Ma. A HMeHHO, INPH TNpPOEKTHB-
HbIX NpeoOpa3oBaHHAX COXpaHeHHE NapaljennsmMa JABYX
OpsIMbIX, MMeBlllee MecTO NpH apHUHHBIX npeobpasoBa-
Husax (c. 112), nepecraer 6biTh 06si3aTesabHHIM. HaoGo-
poT, OeCKOHeYHO YHaJeHHas MJIOCKOCTb OAHOro mpo-
CTpaHCTBAa MOXeT mepeiiTu B JIOOYI0 KOHEYHyIO (T. e.
He OECKOHEYHO YHaJeHHYl0) IJIOCKOCTb JpPYroro Ipo-
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CTpaHCTBAa — B €ro IJIOCKOCTb cX0Ja; NpH 3TOM Gecko-
HeuHO YyJaJleHHOH TouKe, ofuiedl JBYyM mnapaJJe/jbHBEM
LpSIMBIM, COOTBETCTBYeT, BOOOLle roBOpsA, HeKOTOpas
Jiekalas Ha KOHEYHOM pacCTOSHHH TOYKa IJIOCKOCTH
cxozna, B KOTOpPOH mepeceKaloTcsl NpsiMble, COOTBETCTBYIO-
e o6eMM mnapanJgesbHbIM NPSIMBIM; 33 3THM MOXHO
B TOYHOCTH NpPOCJEAHTb, HApUMep, NMPH TOMOIUH OLHO-
POAHBIX KOOpAHMHAT. B TO e BpeMs Mbl, HECOMHEHHO,
y6exxaaeMcs TakKXke H B TOM, YTO IOHSTHe mapaJJe-
Ju3Ma He mnojaBepraercss O6eCCMBICJEHHOMY YHHUYTOXKe-
HHIO, HO YTO OHO YCTyNaeT MeCTO TaKOMy Gojee obieMy
TIpeACTaBJeHHIO: GeCKOHeYHO yHaajieHHble TOYKH Npo-
CTPAHCTBA 3aNOJHSIT HEKOTOPYI0 IJIOCKOCTb, KOTOpast
MOXKeT ObITb NIPOEKTHBHO IlepeBefieHa BO BCAKYIO APYTYIO
(KOHEeYHYI0) NJIOCKOCTb IIPOCTPAHCTBA M KOTOpash B CHJIY
5TOr0 OKa3blBAaeTCsl COBEpILIEHHO PAaBHONPABHOH CO Bce-
MU 3THMH IJIOCKOCTSIMH; ee TOJIbKO B H3BECTHOH Mepe
TIPOU3BOJILHO BhlJe/sieT NpefHKaT «sBJseTcs 6GecKoHedy-
HO ynaaneHHo#». «[lapanienbHbIMU» Ha3BIBAIOTCH TOTAA
Takie NpsiMble (a TaKXe IJIOCKOCTH), mepeceyeHHe KO-
TOPBHIX JIEKHUT B 3TOH BBIJeJeHHOH NJIOCKOCTH; MPOEKTHB-
Hoe npeobpa3oBaHHe MOXeT NPHBECTH K TOMY, YTO OHH
nepeceKkyTcsi B ONpeldesieHHOM APYroil IJIOCKOCTH H -TO-
ria X yxe He Ha3bBAIOT NapaJiiebHbIMH.

B cBsI3H ¢ 3THUM CBOHCTBOM HAaXxOAMTCS H TO, YTO IO
OTHOLIEHHIO K NPOEKTHBHBIM Npeo6pa3oBaHHsIM Trpacc-
MaHOBHl OCHOBHBle 00pasbl TOKe TepsAT CBOH HHBapH-
aHTHBIY xapakrep. CBOGOAHBII BEKTOP He mepexonuT 6o-
Jiee B CBOGOMHBIH Ke BEKTODP, CKOJb3SILHE BEKTOp -yKe
He MepeXOIUT B CKOJNb3SALMA H T. I.

B camom jese, pacCMOTPHM JIHHEHHBIH 3JieMEHT Hpo-
‘CTpaHCcTBa R ¢ LIeCTbI0 KOOPAHHATaMH

X=1x—x, Y=y1fy2, =2z —2z,
L=yz,—y2, M=x21—2%, N=xy—1Yyx,

u obpasyem aHaJoruuHble BenHyHHH X', ..., N’ u3 Ko-
OpIMHAT TOYeK X|, Y|; X, Yj CBASAHHEIX C TOYKAMH Xj,

Y1; X2, Y2 MPOEKTHBHBIM mpeobpasoBanueM (1) (c. 133):
s ax+ by iz +4d,
"= ayx; + bayy + ¢4z, + d4 H T I

% = axy + biys + 12+ dy
27 agxe + byys + €429 + dy4

HT I
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B cuay stux c¢opmyn Beipawxenus pas X, ..., N’
npUHUMAT Qopmy ApobGei, YHCAUTENH KOTOPHIX MOTYT
ObITh NpeAcTaBJeHH KaK JIMHeHHble KOMOWHALMH OXHHX
TOJIbKO MIecTH BeJHYHH X, ..., N C IOCTOSIHHBIMH KO-
a¢pHLHeHTaMH, TOrfa KaK UX OGIIHA 3HaMeHAaTelb

(@4 + bayy + 421 + dy) (@ix2 + bays + €42, +dy)

COJEpXKHUT caMH KOOpAHHATH TOYEK H HE MOXKET GBIThb BhI-
paxeH HCKJIOYUTeJbHO Yepe3 X, ..., N. Takum oGpa-
30M, KOpJAHHAThl Npeo6pa30BaHHOrO JHHEHHOro 3JieMeH-
Ta 3aBHCAT He TOJBKO OT KOODJHHAT IepBOHAYaJbHOTO
3JieMeHTa, HO H OT CIelHaJbHOro MNOJIOXEHHS €ero Ha-
YyaJjia ¥ KOHLA, MO3TOMY NpPH NepelABHXKEHUH oTpe3ka [ 2
BAOJb ero mpamod X, ..., N OyAyT COXpaHSTb CBOH
3HaueHus, HO X/, ..., N’, BooGue rosopsi, GyayT npu
3TOM H3MEHSITbCA, TaK 4TO OTpe3oK I’ 2’ He sBJseTcH
JIUHEHHbIM 3JIEMEHTOM B IPaCCMaHOBOM CMBIC/IE.

B npoTHBOMOJIOXKHOCTb 3TOMY HeOrpaHWYeHHAasl Mps-
Masi NpPH NPOEKTHBHOM Ipeo06pa3oBaHHH COXpaHsSeTcs
'Kak TaKoBasi; 3TO QOGBACHAETCs TeM, UYTO OHAa H30o6pa-
JKaeTcss OTHOIIEHHAMH BeJHYMH X' : Y" . :N’; u3 Ko-
TOPHIX CHOBA BBINAAAeT CJYXHBILHI NoMexoil 3HaMeHa-
TeJb, OGUIMH BCeM IIECTH BeJHYHHAM; TakKuM 06pasoM,
9TH OTHOLIEHHS AeHCTBUTENbHO BBIPaXKalOTCA HCKJIIOYH-
TeJIbHO uepes oTHouleHuss X :Y: ... (V.

8) MHe ocrajoch HasBaTh eLue HECKOJIbKO BaXHBIX
06pa3oB, KOTOpHle NpPH INPOEKTHBHOM INpeo6pasoBaHUU
nepexonsaT B o6pasnl TOro e poxpa. Ilpexne Bcere Bcsi-
Koe KBajpaTHOe ypaBHeHHe OTHOCHTeJbHO X', y’, 2’ mo-
Jyyaercsl, — B 4YeM MOXKHO YOEIHTbCH, eC/IH YMHOXKHTb
ero Ha KBaJpaT ofLlero 3HaMeHaTelas asx -+ bsy +
+ c42+ dy,— H3 HEKOTOPOro KBaJApaTHOrO YypaBHEHHs
OTHOCHTEJIbHO X, Y, 2, U Hao60pOT. DTO 3HAYHUT, YTO
Ka)[0i TOBEPXHOCTH BTOPOro MNOpSiAKa B IPOCTpat-
ctBe R COOTBETCTBYeT TaKas >Xe IOBepPXHOCTb B IpoO-
crpaictee R’. [TostoMy H mepecedeHHe TaKOH NOBepX-
HOCTH C ILIOCKOCTbIO, T. e. Jibasd KpuBasi BTOpOro
NopsiiKa, TOXe IepeXOAHUT B HEKOTOPYI0 KPHBYIO BTO-
poro e mopsiika. AHaJIGTHYHO 5TOMY, BOOGLIE, BCAKHIM
anre6panyecknii o6pa3, ompefejsieMblii OJHHM HJH He-
CKOMIbKHMH YpaBHEHHSIMH OTHOCHTEJbHO KOOpJMHAT, Ipe-
o6pa3yercsi B OJNHOTHNHEIA C HUM 06pa3 TOro xe mo-
pfilKa; caefOBaTe/IbHO, THN (POA) TaKHX 06pa3ocB HHBa-
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PHAHTEH IO OTHOIUNEHHIO K NPOEKTHBHbIM mpeo6paso-
BaHHUSM.

9) Hapsay c¢ 3THMH HHBapHaHTHbIMH 0O6pasaMmH,
onpejensieMbIMH NMOCPEACTBOM YpaBHEHHH, 51 JOJIXKEH elle
yKasaTb Ha OAHY YHCJOBYIO BeJHYHHY, 3HaueHHe KOTO-
poit ocTraeTcsi HeM3MeHHBIM INPH BCEeX NPOEKTHBHBIX npe-
0o0pa3oBaHMAX; OHa 3aMeHsieT co6OH 10 "HEKOTOPO#
CTeleHH NOHSATHS DPacCTOSIHHUS H YrJa, BeJHYHHB KOTO-
PBIX, KaK H3BECTHO, He SIBJISIIOTCS HHBapDHAHTHBIMH Haxe
npH a¢pOUHHBIX npeoOpa3oBaHUAX, HE TOBOpPS yxKe
O OPOeKTHBHBIX. 51 HMel0 B BHAY, €CJH TOBODHTh CHa-
4yaja o mpsMoOi, H3BeCTHYI0 (QYHKIHIO PacCTOSIHHi YeThHl-
pex Touek I, 2, 3, 4, KaK-HHOYIb pPAaCNOJIOXKEHHBIX Ha mpsi-
MOH, a MMEHHO, YIOMSIHYTO€ yXKe Bhblillle JBOHHOE OTHO-
meHue (c. 15)

12,32 _ 12.3

14 34 14.32

B camoMm gese, HHBapHAHTHOCTb 3TOH BEJHYHHH 1O
OTHOILEHHI0O K MNPOEKTHBHBIM IpeoOpa30BaHUAM JIETKO
MOXKeT ObITb NPOBEPEHAa BHYHCJIEHHEM, UTO MBI, BIIpOYeM,
elle pa3 caenaeM B JaJjbHeflleM, HCXOAA H3 APYTHX TO-
YeK 3peHHs.

CoBeplieHHO aHaJOTHYHO OOCTOMT JAeJI0 H C NMyYKaMH
NpsAMBIX, €CJIH TOJbKO OpaThb BMECTO CaMHX YIJIOB UX
cuHychl. A uMeHHO, o6Go3Hauas uepe3 I, 2, 3, 4 npsMble
(WM MJIOCKOCTH) HEKOTOpOro mydka, mojsydyaem IJjis HX
JBOHHOTO OTHOLIEHHs CJiefyloliee BbipaXKeHHe:

sin (1. 2) , sin(3, 2) _ sin({, 2)sin (3, 9)
sin(l, 4) " sin(3, 4~ sin(l, 4)sin(3, 2)°

Tak Kak ABOHHbIE OTHOLIEHHS OblIH MEPBBIMH YHCJIO-
BbIMH HHBapHaHTaMH [POEKTHBHHIX INpeo6pa3oBaHHi,
C KOTOPBIMH CJYYHJIOCH BCTPETHTbCS, TO OYeHb 4YacTo
NpPOEKTHBHble TeOMeTPbl BHJENH KOHEYHYI0 LeJb BCeX
cTpeMJIeHHH B TOM, YTOOH BCe JaJjibHeHlIHe HHBAPHAHTHI
NPOEKTUBHBEIX Npeo6pa3oBaHUil CBECTH K JABOAHBLIM OTHO-
LIEHHAM, XOTSl 3TO H BHIIVIAENO 4YacTO OYeHb HCKYcC-
cTBeHHBIM. Hawm elile npuietcs B JaJjbHellleM BepHYThCS
K GoJee HETAJbHOMY HM3yUEHHIO 3THX COOTHOLUEHHH.

DTHX HEMHOTHX YyKa3aHHH [NOCTAaTOYHO, YTOGHl MOKa-
3aTb BaM; KaK MOXHO uYepe3 BeCb reOMeTPHYECKHH Ma-
TepHaj MNpPOBECTH PE3KYI0 DPasrpaHMYHUTENIbHYIO JIHHHIO
B 3aBHCHMMOCTH OT €ro OTHOLIEHHsI K IPOEKTHBHBIM
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npeoGpa3oBaHusM. Bce, 4To coxpaHsieTcs NmpH 3THX Hpe-
00pa3soBaHMAX, COCTaBJsieT IpeiAMeT BO3HHKIIEH B' IO-
c/eliHee CTOJIETHE NPOEKTHBHON reomerpuH *°), o KoTopon
s yXe TOBODHJI paHblie H KOTOPYIO Mbl B JaJbHeHlIeM
JOJKHBl OyleM H3Y4HTb ellle GoJiee riay6oko. D10 Ha-
3BaHHe, CTaBlllee Tenepb OOLIEYNOTPeOHTENbHBIM, JYyYlle
YacTO NpPHMEHSBIUErocs paHbllle Ha3BaHHSA <«TreoMeTpHus
NOJIOXKEeHHSI», KOTOPbIM XOTeslH NOAYepKHYTb ee MPOTH-
BOIIOCTABJieHHE <«TeOMEeTPMH Mepbl» HJIH «3JeMeHTapHOH
reoMeTpHH», OXBaThiBalollell Bce, TaKXe M INPOEKTHBHO
He WHBapHaHTHBIE, reoMeTpuueckue cBoiictBa. M6o cra-
poe Ha3BaHHe COBEpLIEHHO CKpbiBaeT TO, 4TO MHOTHE
MeTpHYyecKHe CBOMCTBA, B YaCTHOCTH 3HayeHHe ABOHHOro
OTHOILIEHUS, TOXKe INpHHAJJeXaT K 3TOH [IHCIHIJIHHE.

LienTpajdpbHOE MNPOEKTHPOBaHME MPOCTPAHCTBA Ha
NJOCKOCTb (NMPOEKTHBHOE OTOGpax<eHHe ¢ PaBHLIM HYJIO
onpenenurenem). Temepb s1 xoren Obl elle NOTOBOPHUTD,
TaK Xe KakK W paHblle Npu ap@dUHHBIX OTOOpaXKEeHHSX,
O NpUMeHeHHSX NMPOEKTHBHLIX NpeoO6pa3oBaHHH.

1) s1 nauHy ¢ yKa3aHHH, OTHOCSILIUXCS K HaueprTa-
TEeJbHON TreOMeTpPHH; 3Jecb s MOTY JIHIIb, OCTaBJsf B
CTOPOHE BCAKYIO CHCTEMAaTHKY, NPHBECTH HECKOJbKO Xa-
pPaKTepHHIX NPHMEPOB.

a) IlepBeiM npuMepoM O6yaeT oroGpaxeHue mpo-
CTPaHCTBAHa IUIOCKOCTb NMOCPEACTBOM IleHTpaJIbHOH mep-

: CHEeKTHBB, KOTOpas sBJseTcs

z 7
ﬂ NpsiIMbIM 00OOILeHHEM AaKCOHO-
MeTpHH (mapaJijielbHOf nepcrek-
THBBI); 3AeCb INpPOeKTHpYyIoUile
z=1 npsiMbHle He HCXOAAT H3 OecKo-
(4 HEeYyHO yJAaJileHHOH TOYKH, a mpo-
0 p XOIAT Yepe3 NMPOHU3BOJIBHYIO KO-

>  HEYHYI0 TOUKY.
Puc. 66 IlenTp mpoekuui#t Mb mOMe-
CTHM KaK pa3 B HayajJo KOOp-
guHat O, a 3a KapTHHHYIO MJIOCKOCTh NPUMEM IJIOCKOCTD
z=1 (puc. 66).
Torma nnsi usobpaxenus p’(x’,y,2’) nw06God TOYRH
p(x, y, z) OymeT Bo BCAKOM cJjyuae

2Z=1,
a NMOCKOJIBKY p, p’ JiexkaT Ha ONHOH M TOH Ke NPSMOH,
npoxojsiuiei vepes O, TO
xXiy:Zd=x:y.a
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ITosToMy ypaBHeHHs Halllero OTOOpPaXKEHHs HMeEIOT
BHJ

3 r—Y =2
* 22 Y= =7

STO 0'r06pa>KeHHe SIBJISI€TCS, CJIeNOBaTeJIbHO, YacCT-
HBIM c.nyqaeM IIpOEKTHBHOI‘O npeoépasoBaHuH, a aHaJo-
i C COOTBETCTBYIOIIHMMH COOTHOLUEHUSIMH l'IpPl aKCOHO-
MeTpHH. 3acCTaBJdeT Hac IlpeILHOJIO}KHTb, YTO OHO HMeeT
paBHBIA HyJIO ompenejuTe]b. B camoMm pnese, nepexons
K OILHOPOILHbIM KOOpILHHaTaM, noJjqiyyaem npe06pa30-
BaHHE

rer Il Il ’
8=t oM'=n U= pv=¢
C OnpeILeJIPITeJIeM

A=

(= = R =
o © = O
- - O O

OrtpenbHble CBOACTBA 3TOro npeo6pa3oBaHHs Bl Jier-
KO CMOXeTe BBLIBECTH IO aHAJOrHH C MNpPHBEICHHBIMH
BHIIIE pacCyX/[eHHSIMH, €ClH TOJbKO OyleTe HMeTb B
BHJY, YTO KaxJas NIOCKOCTb, BOOOlLle roBOps, CBsi3aHa
C KapTHHHOH IJIOCKOCTbIO HEKOTOPHIM I POEKTHBHEIM
(AByMepHBIM) COOTBETCTBHEM C He PaBHbIM HYJIO Ompe-
JenuteneM. Orciona, B 4aCTHOCTH, cJelyeT, YTO, HaNpH-
Mep, ABOMHOE OTHOILLEHHe JIIOObIX YeTHPeX TOYeK Ha ofi-
HOH mNpsIMOH HJIM 4YeThIpeX Jydeli, TIDOXOASIIIMX Yepes
OEHY TOUKy, OCTaeTCs NpPH 3TOM NpeoOpa3OBaHHHU Heu3-
MEHHBIM.

PesnbedHan nepcnexkTuBa.

b) Bropoii nmpuMep OTHOCHTCA K HEKOTOPOMY HpOeK-
THBHOMY COOTBETCTBHIO C He DaBHBIM HYJIIO ONpeJesuTe-
JieM, KOTOpOe BKJ/IouaeT B ceGs LEHTPAJbHYIO IepcCrek-
TUBY Kak ApelesbHBIA cayyald M HasblBaeTcs pesbedHOil
nepcnexktuBoii, TpebGyercsd H3rOTOBHTb TAaKOe pesbedHOe
H306paKeHHe HEKOTOPOro InpeaMera, YTOObI OHO MOCHI-
Jajo TrJjia3y 3pHuTesis, INOMeIleHHOMY B onpeleseHHOR
TOYKe; TaKHe XKe JIyYH, KaKHe OpPHTHHAJ MOChLIaJ OHl
Ha6JoaaTeNio, MOMEelIPHHOMY B COOTBETCTBYIOIIEE Me-
cro. Ilpu Hapjexaumum o6pa3OM pAacCHOJOXKEHHOH CHs
cTeMe KOOPIAHMHAT 3TO ONATb-TAKH O3HAYaeT, YTO TOYKa-
OpHIHHAJ M TOUKa-H300paKeHHe JOMKHEI HaXOOUThCH
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Ha ONHOH M TOH 2Xe MPsSIMOH, NpOXoAslleldl yepe3 HayaJo
KOOpAUHAT:
Xiy:Zd=x:y:z2 (1)

Bce pasnuyve mo cpaBHEHHIO C MNpeAbIAYLIHM CJY-
YyaeMm 34KJII04aeTcs B TOM, YTO OpPHTHHaJ He OToOpaxa-
€TCA Ha IJIOCKOCTb, @ JIMUIb CXHMaeTcss B HEKOTOPYIO
Y3KyI0 4acTb NPOCTPAHCTBA KOHEYHOH IIMPHHHI.

51 yTBepxpaio cpasy xe, 4TO 3TO INpeoOpas3oBaHHe
Jnlaetcst GopMyJiaMu

(U +R)x _ (+Ry r__(+4k)z
M=t Y=z F=Z%7—> @

KOTOpble NpEJCTaBJsIOT COG0H BO BCAKOM ciydyae HEKO-
TOpOe NpPOEKTHBHOE NpeoGpa3oBaHHe H YIOBJETBOPSIOT,
ouyeBHIHO, ypaBHeHHAM (1). Ompenenurtenp, cocTaBJeH-
HBI# 171 COOTBETCTBYIOLIMX MM OXZHOPOAHBLIX ypaBHEHHH

oY =(14+k)E, oM =(1+k)n,
=14k 0T =C+kr,

paBeH
1+ 0 0 o
0 14k 0 0
A=| 0 1+4¢k o| =R (L4 k)
0 0 1k

H, CJIeA0BaTelbHO, OyJeT OTJIMYEH OT HYJISl, €CJIH TOJNbKO
He OyaeT k=0 unu k= —1.

Ilpu k=0 ¢dopmynn (2) Kak pa3 U mepexoAsT B mpe-
Ibiayimve ¢GopMyJbl LEHTPaJbHOH IepCHeKTHBb, T. €.
Hau peJsibed Bechb BHIPOKAAeTCs B IJIOCKOCTb; Caydai xKe
k=—1 naer x¥' =y =2'=0, 1. e. Kaxaas Touka mpo-
cTpaHCTBa 0TOOpaxaeTcsi B HYJIeBYIO TOYKY, — OYEBHIHO,
COBepIIeHHO TPHBHAJBHOE BBHIPOXAEHHE.

Insa onpenenennoctd npumeM k& > 0. UToGbl YSCHHTb
cebe reoMeTpHueckuil cMbIca oTOGpaxeHus (2), same-
THM CIepBa, YTO Kaxaas NJOCKOCTb z==const nepexo-
JHMT B napaJijieslbHyI0 eH IJIOCKOCTh C alllJIMKaToH

r__(1+k)z:
L LY ®
B3anMHoe oTo6paxeHHe 3THX ABYX IJIOCKOCTef, ocy-

LIeCTB/IsSIEMOE NPOEKTHPYIOLIMMH NPSAMBIMH, HCXQAALINMH
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n3 touku O, siBisieTCs BIOJIHE HaTIJIsHEIM, TaK YTO OCTa-
eTcsl TONbKO YsICHHTb cebe caM 3aKoH (3).

I[Ipy z=o0 (coorBercTBeHHO T =0) mNoJyYaercs
2’ =1+ k. IlnockocTh, MpOBefieHHAs1 MapasJebHO MJIO-
CKOCTH xy Ha paccrosiHun 1 &, sBisieTcs, TakuM
06pa3oM, IJIOCKOCTbIO CXOJa NpPOCTPAaHCTBa H306paiKe-
HHHi W o6pasyer Kak Obl 3agHHH muaH (¢oH) pesabeda,
Ha KOTOpHIH oTOOpaxaercsi 6eCKOHEYHO ylaJIeHHbIH 3af-
HUA niaH NpocTpaHcTBa 00beKTOB. BaxkHywo poJb ur-
paer elie MJIOCKOCTb, MoJyyalouas- oo
cd mpu z==1, B KOTOpPO# coBINa- z
NaloT NpeAMeT H ero H3aobpaxe-
HHe; B caMoOM JeJe, npu z=1 mo-
Jgyuaercsi Takxke 2’ =1. Eciu Tte- 7 »
nepb z H3MeHsieTCsl, Bo3pacras OT Yooi T2=1*k
1 1o oo, To 27 MOHOTOHHO BO3pa- Henie 3
craetr oT 1 mo 14 &, T. e. ‘eciiu Mbl tz=1 t2'=t
OrpaHHYHMCSl IIpeMeTaMH, MOOMe-
LIEHHBIMH NO3aJH IJIOCKOCTH 2=, 0 o'
TO JNeHCTBHUTEJIbHO MOJYyYHM B Ka- Puc. 67
yecTBe H300paxkeHHs] pesbed Ko-
HeuHOH rayOuHel k. Takoe orpaHuyeHHe Bcerfia MOXKeT
H JOJI2KHO HMETb MeCTO Ha NnpakTHKe (pHC. 67).

CocraBuM [BOfiHOe OTHOLIeHHe IJs TOYeK 2, 1, 2/, 0:

z—1 2’—0_ z—1 (+kz_ 14k
z2—0 2 —1 2z  k(z—1 & °

2t

dT0 moKa3srniBaer, YTO BooOlle npu oTobpakeHuu (3)
JBa 3HauYeHHs 2, 2’ B TOM H TOJILKO B TOM CJyuae COOT-
BETCTBYIOT APYT APYTYy, €CJH OHH 06pasyloT C TOUKaMH 1
u 0 [BoiiHOe OTHOIIEHHe ONpefeJieHHOH BeJIHYHHH (He
3aBHCAIIEH OT 2 U 27).

B Hameli MaTreMaTHYeCKOH KOJIJIEKIHH HMeEETCS MO-
Iiesb, KoTopas u3o0pa)kaeT B penbeHOH NepCrHeKTHBE
wap Ha Ky6e, KpyrJblii KOHYC H KPYTJIBIH UHJIHMHAP; pac-
cMaTpuBaeMasi C IPaBHJbHOTO pacCTOSIHHSA, OHa Jaer
OueHb OTYET/IHBOe BIeYaT/JeHHe TeJ, CAYXKAIUHX OpHIHU-
HajoM. KoHeuHO, oueHb 6O0JIBLIYI0O POJIb HTPAIOT 31€Chb
NCHXOJIOTHYeCKHe MOMeHTh. M 60 OAZHO TOJNBKO TO, 4TO
B rJIa3 BCTYNalOT TaKHe XKe JyuH, KaK OT HeKOTOpOoro
Teja, He SIBJSETCS elle AOCTATOYHBLIM JJIS HOJYYEHHS
BIeYaTieHUs O HaJHYHM 3TOrO TeJia; BO BCAKOM cJiyuae
Upe3BHIYaHHO BaXKHOH sBJfeTCA 3JAeCb TaKxke H IPH-
BBIYKa. A HMEHHO, NOCKOJbKY HaM HeCpaBHEHHO vyaule
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NpHXOANJIOCh BHAETb lIap Ha Kybe, ueM NPHIJIIOCHYTHIHA
3JUJIMIICOMI Ha y3eHbKOM rekcasiape (TaKoB BHJ pellb-
e(PHO MepCneKTHBHOro H306paxeHHs), TO Mbl yXKe 3apa-
Hee CKJOHHB OOBSCHHTh CBETOBOe BIeYaT/JeHHe NepBOH
H3 3THX ABYX NpPHYHH. Bosee moapo6HOe paccMOTpeHHe
OTHOCAILHUXCA CIOa MOMEHTOB TIIPeAOCTaBHM IICHXO-
Jorau.

OrpaHHYych CKa3aHHBIM [AJs Baillero NmepBOro O3Ha-
KOMJIEHHs] ¢ NpHMeHeHHeM INpPOeKTHBHBIX Npeo6pasoBa-
HHA B HauepTaTelbHOH reomerpuu. KoHeuHO, BCe 3TH
3aMeuaHusl HaCTOHYMBO TpeOyIOT nanbHefiiero yray6.e-
HHS, H, IPeXJe YeM OCTaBHTb 3Ty 00/1aCTb, I XOTeJ OBl
[IOPEeKOMEHI0BaTb BaM 3aHATbCA OOGCTOATENbHEIM H3ydye-
HUeM HayepTaTeJbHOH reoMeTpHH, KOTOpas, KaKk MHe Ka-
XKeTcsl, fiBJsSeTcd HeOGXOAHMMOH HAJs1 KaXXAOro mnpemnoja-
BaTeJsl MaTeMaTHKH.

TIpuMeHeHe NMPOEKTHPOBaHUS MIJsA BbIBOJA CBOMCTB
KOHHYECKHX CeyeHmil.

2) Bropoe npuMeHeHHe NpPOEKTHBHHIX MpeoGpa3oBa-
HUu#, Ha KOTOPOM §1 XOUY Telepb OCTAHOBHThCSH, Kacaercs
Jl0Ka3aTeJbCTBA TeOMeTpPHUYECKHX mnpennoxeHuii. Has
3TOH XKe IeJlH MBI y¥Ke HCHOJb30-
Bajad panbuie (c. 118—119) ao-
¢buHHbIe Npeo6pa3oBaHus.

a) KcxomuM H3 TOTO, UTO OKPY3K-
HOCTb, OyAy4YH MNOABEpPrHyTa IpoO-
€KTHBHEIM IpeoGpa3oBaHHAM HJH
COOTBETCTBEHHO I€HTpPaJbHLIM Iep-
CIeKTHBaM, NepeXOJHT B JI06oe
«KOHHYECKOe ceueHHe», T. €. B Ce-
YeHHe NpPOHU3BOJBLHOH MJIOCKOCTHIO
KOHyca, GOKOBasi MOBEPXHOCTb KO-
Toporo obpa3oBaHa IPOEKTHPYIO-

Puc: 68 IIHMH TNPAMBIMH, MNPOXOASAIIHMH

yepe3 TOYKH OKDYKHOCTH; 31€Ch

nepel BaMH MOJeJb, KOTOpas NOKa3biBaeT, KaK TaKUM

0o6pa3oM IOJyyaloTCcs JJIUNC, rumepbosa H napabosa
(puc. 68).

b) st mpoeKTHBHOH reOMeTpPHU CYILECTBYET, cJelo-
BaTeNbHO, TOJILKO OJHO KOHHYecKoe ceueHHe, 6O JI0GbIE
JlBa TaKHX CeyeHHS MOryT ObITb ITPOEKTHBHO mnepese-
IeHB B OKPYKHOCTb, @ 3HAYHT, U Apyr B apyra. [Toapas-
JleJieHUe JXe Ha 3JUTHICH], mapaboJibl U THIepOOoJb He yKa-
3pIBaeT C 3TOH TOYKH 3peHHs Ha KaKoe-iHO0 abCONIIOTHOE
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BHyTpeHHee pasJjuiHMe, a KacaeTcs TOJbKO cJaydaidHOro
NOJIOXKeHHUS] OTHOCHTEJbHO INPSMOH, KOTOPYI0O OObIY4HO
BBIAEJSIOT M3 APYTHX NpPSIMBEIX B KauecTBe «0OECKOHEUHO
YAasneHHOH».

c) ¥YcraHOBHM Temeps . CJAELYIOILYI0O OCHOBHYIO Teo-
peMy O [ABOHHOM OTHOIUEHHWH B KOHHYECKHX CeUYeHUsX:
J106ble YeThipe HeNmOABHXKHble TOUYKH 1, 2, .3, 4 KoHHUe-
CKOro CeYeHHUs MNPOEKTHPYIOTCS M3 MNSATOH IOIABHIKHOM
TOYKH P TOro e KOHHUECKOTO CeYeHHs YeThIpbMS JIYy-
YyaMH, KOTOpble HMEIOT NOCTOSTHHOe ABOHHOE OTHOLUEHHE,
He 3aBHcsllee OT MOJOXKEHUS TOYKH P (Ha ceyeHHH).

L1s HoKazaTenbCTBa BepHEMCS K TOH OKpPY2XHOCTH,
U3 KOTOpOH paccMaTpHBaeMoe KOHHYECKOe ceueHHe BO3-
HHKaeT I[IO0CPEACTBOM LEHTPaJbHOH MNepCNeKTHBHI; I10-
CKOJIbKY mpH 3TOM (T. e. IpH HepcneKTHBHOM mnpeobpa-
30BaHMH) [BOMHbLIE OTHOLIEHHSI OCTAIOTCSI HEU3MEHHLIMH,
TO Hallle NpejJioXeHHe BO BCAKOM caydae GynaeT, BOOG-
lle, CIpaBeJJIMBLIM, €CJIH TOJbKO Ha 3TOH OKPYXHQCTH
yeTbipe TOukH I’, 2/, 8, 4/, COOTBeTCTByIOLIHE TOUYKAM

Puc. 69

KOHHYEeCKoro ceueHus (puc. 69), nmpoekTHpyeTCsi H3 IpoO-
M3BOJIbHBIX IBYX APYrHX Touek P{, P; TOH XXe OKpyxK-
HOCTH Jy4aMH C OJHHAKOBHIM [BOHHBLIM OTHOILEHHEM.
A 310 HenocpeaCTBEHHO BHITE€KaeT M3 TOro, 4TO, COrJac-
HO TeopeMeé O BIMCAHHBIX yIyaX, yriael nyuka P; (I,
2, 8, 4’) cOOTBETCTBEHHO paBHBI yrsaam mnyuka Pj ([,
2, 8, 4'); caenosatenbHo, GyAyT paBHB TakKke OJHO
JIpyroMy H [ABOHiHble OTHOLIEHHS AJIs OOeHX YeTBEepOK
Jyuei, COCTaBJIEHHbIE U3 CHHYCOB YIJIOB.

d) Ha ocHoBanuu atoro npeajoxenus Lllreiinep nan
obillee onpejpeeHue KOHHUECKHX CeUeHHH, HCXOAS u3
IBYX <«IPOEKTHBHO COMNPSIKEHHbIX» INYUYKOB Jyueq,
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B KOTOPHIX KaxKjble JIB€ COOTBETCTBEHHble YETBEPKH JIy-
yell UMelOT OJHHAKOBOe JBOIiHOe oTHolleHHe. KoHHYecKoe
ceueHHe NpeACTaBJseT TOrAa reoMeTpHYeCcKoe MeCTO ToYeK
nepeceyeHHUs] COOTBETCTBEHHBIX Jyyedl 3THX NPOEKTHBHO
CcOnpsiKeHHHX MeXay cob6oi nyukoB. Hageroch, 4To 3THX
HEMHOTHX YyKasaHHM# OyAeT HOCTaTOYHO MAJs TOro, YTO-
6bl chesaTb NOHAATHBIM M/l Bac, Kakoe OTPOMHOe 3Ha-
YeHHe NMPOeKTHBHbIE NPe06pa3oBaHUs HMeEIOT AJsl TEOPHH
KoHHYecKHX ceyeHHH. Ilogpo6GHOCTH Bbl MOXKeTe HaHTH
B JII0GOH KHHre MO NpPOEKTHBHOH reomerpuu !90).

A renepb, ciaenys oOlieMy XOAy MbICJed 3TOro BTO-
poro pasjena Hallero Kypca, -Mbl nepefiieM K HOBBIM
KJaccaM TreoMeTpHYeCKHX npeo6pas3oBaHHH, KOTOpHIe
yXKe He NpHHaLJeXaT K JHHeHHHIM HpeoOpa3oBaHUAM,
paccMaTpHBaBIIMMCS HaMH O CHX NOp, HayHHas ¢ ABH-
JKeHu# ¥ KOHYas Hanbojiee OOLIMMH INPOEKTHBHBHIMH OTO-
6pakeHHSAMH.

11I. BbICULIKE TOYEYHDbIE NMPEOBPA30OBAHHUS

M1 3aiiMeMcsl Temepb HcCIeJOBaHMEM TaKHX Npeos-
pasoBaHUH, KOTOpHle H300paxKarmoTcs yKe He JHHEHHbI-
MH, a BBICULIMMH pallHOHAJbHBIMH, ajJre6panyecKUMH
JH60 faXe TpaHCUEHAEHTHBIMH (PYHKIHUSAMH:

=0 4,2, yY=xx 92, 2Z=9(,y, 2).

Crnenys TeHAEHLHH 3TOTO Kypca, s He CTaHy H3JaraTth
3Jecb OOLIYI0 CHCTEMAaTHKy BONpoOca, a NpHUBELY JHIIb
PSIA OTIe/NbHBEIX NPHMEPOB, KOTOPhle HMEIOT BaXKHOe 3Ha-
YyeHUe KaK JJIs YHCTOH MaTeMaTHKH, TaK H B OCOOEHHO-
CTH JJI NpHMeHeHHH.

B nepByio ouepelp s OCTAHOBJIOCH Ha CAMOM YIOTpe-
6UTETbHOM H3 TaKHX npeob6pa3oBaHHH — Ha npeo6paso-
BaHHM MNOCPEACTBOM OOpaTHHIX paAHycoOB, KOTOpPOe Ha-
3bIBAaeTCsl TaKXKe uHsepcuel.

1. TMlpeoGpa3oBaHne NOCPEACTBOM QJOPATHBIX PpPaauyCOB

IIpu stom npeoGpa3oBaHHH KaxXAOH TOYKE p COIO-
CTaBJisieTcsl, KaK H3BeCTHO, Ta Touka p’ ayuya Op, ucxo-
Jsiliero M3 Hauajia koopauHat O W npoxoAsiiero yepesp,
s Kotopoit mpousBeneHue Op-Op’ paBHO HeKOTOpOH
3aflaHHON KOHcTaHTe (pHc. 70); 3TOMY COOTHOIUEHHIO
npeobpa3oBaHHe H 0053aHO CBOMM Ha3BaHHEM.
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Bul 3HaeT¢, 4TO 3TH npeo6pa3oBaHHsl UrpaloT GOJIb-
WY poJb B YHCTOH MaTeMaTHKe, NpexKJe BCEro B Teo-
pud pyHKIUH KoMIJIEKCHOH nepeMeHHOH. Ho He MeHee
4acTO BCTPEYAIOTCSl OHM TaKXe B (pU3HKe H JPYrHX IpH-
MeHeHHsiIX — 006 OJHOM H3 3THX NpPUMEHEHHH HaM elnle
NpUJETCS TOBOPHTb 0C060.

1) Tlpu u3ydyeHuu Halllero npeo6pa3oBaHHsl 1 CHOBa
HayHy C BBIBOJA €ro ypaBHeHHH B NPSAMOYTOJIbHBIX KO-
opauHatax. [TockonbKy p u p’ JexaT Ha OJQHOM NpsIMOH,
npoxoasuei yepes O, TO NOJKHO OBITb

iy Z=x:y:z, (1) f
a COOTHOIIEHHe MeXIy PacCTOSHHSMH

Op, Op’, ecnu AJs1 NPOCTOTH NPHHSATH " p
YNOMSIHYTYI0O KOHCTAHTy paBHOH enH- /
(]

HUIE, 1acT
P+ P+ 2+ y?+27)=1. (2) Puc. 70
OTciona BHIBOOMM TaKHe YpaBHEHHs I11peoGpa3oBaHus:
¥ = X ; Y
Tr ¥ Yy EEEw
’ 4 .
R e )
TOYHO TaK e MOoJyyaercsi, YTo H, o6partHo !01),
. y—= y
x/2+y/2+ 212 4 x/2+ y/2 +‘2/2 4
zl
== . 4
x/2+y/2+212 ( )

Urak, Kak KOOpAMHATH TOYKH p, TAK U KOOPAHHATH
TOYKH p’ BHIPAXKAKOTCA Yepe3 KOOPAMHATH APYroil TOUKH
(T. e. p’ MIH COOTBETCTBEHHO p) B BHJe HEKOTOPHIX, B
oboux cJydasax OJHHX H TeX ¥Xe PAIHOHAJbHBIX (PYHK-
nuit .3HaMeHaTeJeM CJAYXHT KBaJpaTHUHOe BhIpaxkeHHe;
Mbl 3/leCb HMeeM JeJO C YaCTHBIM CJyyaeM TaK Hasbl-
BaeMOro KBaJpaTHYHOro GHpalHOHAJbHOro mnpeo6pa3o-
BaHusA. CylllecTByeT OGIUHpDHBIA KJacCc TaKuX OHpanuo-
HaJbHBIX (BOOGIle TrOBOPS,, B3aHMHO OJHO3HAYHBIX)|
npeo6Gpa3oBaHuii, KOTopple B 060HX HalpaBJeHHSX H30-
6paxcaloTcsi MOCPEACTBOM pallMOHaJbHbIX QYyHKuHA. ITox
Ha3BaHHeM KpPeMOHOBbIX *) mpeo6pasoBaHHMH OHH clesa-

*) Kpemona (1830—1903)—Bbifalomuiics HTaJbsHCKHI reoMeTp,



154 TEOMETPHUYECKHUE ITPEOBPA3OBAHUSA

JIMChb MPEAMETOM TEOPHH, AOCTHrILel MHPOKOro pasBHTHA.
51 cunTas XKesaTeJbHHIM XOTsI Obl YIOMSIHYTb O HHUX 3/eCb
B CBSI3U C M3yYeHHEM HX NIpoOcTeliliero npeicTaBUTENs.

2) YpaBHeHus (3), (4) nokasblBaioT, YTO, 32 HCKJIIO-
yeHHeM I[OKa YTO Hayaja KOOpIHHAT, KaXHOH TOYKe p
NPOCTPAHCTBA COMNOCTaBJsETCS HeKoTopas ToukKa p’ H,
Hao6opoT, KaxHoH TouKe p’— HeKOoTOpas TOYKa p.
Ecau xe npubauxartb X, Yy, 2 OLHOBPEMEHHO K HYJIO,
TO 3HaMeHaTeJb BbipaxkeHHH (3) okasbiBaeTcss 6ecko-
HEYHO MaJIof BHICLIEro MOpsAKa, 4eMm YHCJAUTENH, U I10-
3TOMY KoOpIuHaThl X', y’, 2’ craHOBATCS GECKOHEYHO
GosbmuMH 192); MBI MOrJIM OBl MOSTOMY Ha3BaTb Hayajo
KOOpDAMHAT TOYKOH CXOza Hallero npeoGpasoBaHHUs.

Ecnu xe, Hao6opot, x/, Yy, 2’ MO TOMY HJH APYromy
3aXCHY BO3pacTaloT GecKOHeuyHo, TO B cuay (4) x, y, 2
CTPEMSTCS K HYJIO; CIeIOBaTeJbHO, €CJH OH Mbl 3aXO-
TeJH NPUAEPKHUBATbCS BBeNAEeHHOH HAMH BhIlle TEpPMH-
HOJIOTHH, TO AOJKHB OBLIH Obl CKa3aTb, UTO 6ECKOHEUHO
yAajieHHasi yacTb NPOCTPAHCTBA COCTOHUT TOJIbKO M3 Oi-
HOA Touku. Ho Beap BBeneHHe «OeCKOHEUYHO yIaseHHOH
TIJIOCKOCTH» OBbIJIO B NMpeAbloyllleM pasfese TOJNbKO YA0G6-
HBIM crocoGOM BhIpaXKeHHs, NPHCNOCOGJEeHHBIM K IpPOeK-
THBHBIM NpeoOpasoBaHUsiM; 3TO ObLIO CBSA3aHO C TeM,
YTO NPH STHX npeobpa3oBaHHAX OeCKOHEYHO yAaJieHHas
yacTb NpOCTpPaHCTBa BeAeT ceOs KaK MJIOCKOCTb, T. €.
MOKeT ObiThb NMpeoGpa3oBaHa B TOYKH TOH HJH HHOH Ko-
HEYHOH ILJIOCKOCTH; 3TOT 2Ke crmocod BhIpa*KeHHsl JaBaJ
BO3MOXHOCTb BbICKa3bIBaTh TEOPEMhI 6€3 BCSIKHX HCKJIO-
yeHu# U 6e3 pasyHuyeHHs OTAeJbHbIX cayuaeB. Ho HuuTO
HaM He MelllaeT BBECTH 3/leCb APYroi, OTIHYHLIA OT mnpe-
IbIAYILIEro cnoco6 BbIpaKeHHsl, YTOOL C ero MOMOILbIO H
Tenepb, KaK H paHbllle, NPHATH K TeopeMaM, CIpaBe//H-
BbIM 0e3 BCSIKOTO HCKJIIOueHHsl. DecKoHeuHO ynaneHHas
o6/acTh TepeBOAHMTCS NpeoGpa3oBaHHeM OOpPaTHLIX pa-
JUYC-BEKTOPOB B OAHY TOYKY; IO3TOMY Mbl Tellepb OyLeM
FOBOPHUTb, UYTO CYLIECTBYET TOJbKO 0O0Ha 6€CKOHEUHO yla-
JIeHHasl TOYKa, KOTOpas mpH HalileM npeoOGpa3oBaHHH
KaK pas COTBETCTBYeT Hauaay KoopiauHaT. Torga Halue
npeoGpasoBaHHe JeHCTBHTEJNbHO OKa3bLlBAETCH B3UUMHO
00HO3HaUHbIM Oe3 8CAK020 UCKAIOMerUn 103),

CKosibKO Gbl MBI HH IIOAYEPKHBAJH, YTO 31€Cb, Kak
U paHblle, HH B MaJiedllel CTeneHH He HMEIOTCS B BHLY
KaKue-1u00 meradusnyeckue NpeacTaBjeHHss O NMPHpoje
0eCKOHEYHO JaJjieKOro, 3TO OKa3LIBAeTCsl HEAOCTATOUYHLIM.
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Bcerna cHOBa M cHOBa HaXxonsitcsi JIOAH, KOTOpHe, Ol-
HOCTOpOHHE NPHUBBIKHYB K KakoMy-HHOYAb OZHOMY U3
3THX IBYX CNOCOGOB BbIDAa)KeHHs, CTpPeMATCS MpulaTh
eMy KaKOH-TO TpaHCLeHJeHTaJbHbIH CMBICJ; TaKue mpel-
CTaBUTeJH ABYX Pa3HBIX TOYEK 3PeHHsl 4acCTo BCTYNaoT
Ipyr ¢ apyrom B cnop. B neficTBHTeJbHOCTH XKe H Te,
H L[pyrHe He MNpaBbl: OHH 3a0bIBAIOT, YTO peub HIET
O TNpOM3BOJBHBIX COrJIALIEHHSX, INPHCNOCOGJEHHLIX B
KaXIOM OTHAEJbHOM cJyyae TOJbKO K TOH HWJIH HHOH
onpeneNeHHOH LeJH.

3) BaxHeilllee cBOHCTBO Halllero INpeoGpasoBaHUs
COCTOHT B TOM, YTO NPH HeM, BooOllie rosops, cepnl Ie-
pexonsiT cHoBa B c(epbl. JlefiCTBHTENbHO, YpaBHeHHE
BCAKOH cepbl HMeeT BHI

2 2 2
A" +y"+2")+Bx +Cy' 4+ D'+ E=0; (5)
nojcraBisis Ciofa BMecTo x’, y’, 2/ MX BbIpaXeHus U3
ypaBHenuii (3), a BMecto x'2+4 y’?+4 22 ero Bmpaxe-
Hue u3 cootHomeHHs (2) (c. 153), monyunm mocie ym-
HOXeHHs Ha x? -+ y? + 2% ypaBHeHHe

A+ Bx+Cy+ Dz+ E(x*+ y* 4 2% =0,

T. ¢. JefiCTBUTeJBHO CHOBa ypaBHeHue cdepnl !%). [Ipu
9TOM, KOHEYHO, CJe/lyeT 3aMeTHTb, YTO ypaBHeHHeM (D)
oxBaThiBalote npu A =0 Takxe H NJOCKOCTH, 3JeCh
nesecoo6pa3Ho 6yAeT paccMaTpHBaTb HX KaK YacTHHIA
cayvyail cdep, a HMeHHO, KaK Takue cepbl, KOTOpble CO-
IepxaT OeCKOHEeYHO yJAajeHHY Touky. [Ipu namewm
npeoGpa30BaHHH OHH IepexoisAT B cdepnl, NpoXoasiue
yepe3s HYJEBYIO TOUKY, KOTOpas KaK pa3 H COOTBETCTBYET
6eCKOHEeYHO yJajeHHOH TOYKe; TOYHO TaK Ke H, obpart-
HO, cdephl, cofepxallHe HYJEBYI0 TOYKY, NEPeXOAsT B
chepbl, comepxkamye OeCKOHeYHO YyAaJeHHYIO TOUYKY,
T. e. B IJIOCKOCTH. Takum 06pasoM, ImpH STHX corIvialle-
HUAX JAeHCTBHTEJNLHO OKashiBaeTcsl CIpaBeAJHBCH Ge3
BCSAKOIrO HCKJ/IIOYEHHs TeopeMa O TOM, 4TO chepam Bce-
ria COOTBETCTBYIOT Cephl.

4) Bcsikue aBe chepsl (a TakXe cepa c NJIOCKOCTHIO)
NepeceKaloTcsi N0 OKPYXKHOCTH; NO3TOMY KaXKAOH OKpyX-
HOCTH COOTEBETCTBYET TOXe OKPYKHOCTb; IPH 3TOM NpsiMHe
JMHHH CJEIYyeT paccMaTpHUBaTb TOXe KaK «OKDYXKHO-
CTH, INpOXOAsiiHe Yepe3 GECKOHEYHO YAaJIeHHYI TOY-
Ky», KOTOpPBIM B CHJly Halllero npeo6pa3oBaHHS COOTBET-
CTBYIOT OKPY2KHOCTH, IPOXOAsilNe Yepe3 HYJEBYI0 TOUKY.
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Husepcop MMocease.
5) 3DTo nocnenHee mpepsoKeHHe OCTaeTcsi, KOHEUHO,
B CHJe, eC/JM BBHINOJNHATh Npeo6pa3oBaHHe NpPH IOMOILH
o6paTHBIX PaZMycOB TOJNbKO B Ipelenax OAHOH IJIOCKO-
CTH; B 3TOM cJyyae OHO NPHBOJHT K H3SILHOMY pelie-
HHIO npo6JeMbl Hamnpap/fIOLIer0o MeXaHu3Ma HJIH «mpf-
MHJa», KOTOpas SIBJAsieTCS Ype3BblYaHHO 3JeMeHTapHOH
M NpHHAaAJeXHUT, COOCTBEHHO, K KPYTy HHTEpecoB Haxe
W HeMaTeMaTHKOB. 3ajaua 3aK/II0YaeTcs B TOM, YTOObI
OpY NOMOLIM IIAPHHPHO COeJHHEHHBIX HeH3MeHseMbIX
IUTAHT 33aCTaBHTb HEKOTOPYIO CBSI3aHHYIO C HHMH TOUKY
ONHKCBLIBATh NMPSMYIO JIMHHIO; B IPeXHee BpeMs HPH KOH-
CTPYMpPOBAHHH MApOBHIX MAalIWH NpHIaBajH ocoboe 3HA-
tieHie TaKOro pojla MeXaHH3MaM, KOTOpble AOJXKHH 0Cy-
LIECTBJATb CBf3b MEXJYy NOpIIHEM, COBEpIIAIOUINM Mps-
MoJidHefiHble JIBHXKEHHS BHepel M Hasad, H KOHLOM
KpUBOLINIA, JBHKYIIHMCS IO OKPYXKHOCTH.
3mecp Hac HHTepecyeT HHBEPCOp, CKOHCTPYHPOBAaH-
Heli B 1864 r. ¢dpanunysckum ocuitepom Ilocenbe u BbI-
3BaBIWIMA  TOrga  GOJIBILOMH
IIyM, XOTSI €ero KOHCTPYKUHS
' m OUeHb NPOCTAa H eCTeCTBeHHa.
. dror amnmapaT COCTOHT,
’ P" npexnae Bcero, H3 COeNHHEH-
A m|  HBIX  IUAPHHPAMH  LIECTH
wtadr (puc. 71), ABe H3 Ko-
TOPHIX HMEIOT AJHHY [ H co-
Puc. 71 eUHSAIOTC B HENOJBHKHOMH
rouke O, ocTajlbHble Ke Ye-
THIpE, HMEIOLIHe IJHHY m, o6pa3yloT poM6, IBe NPOTHU-
BONOJIOXKHbBIE BEPIIHHBI KOTOPOTO COEAMHSIIOTCS C KOH-
unamu wraHr /. JiBe npyrue cBoGoAHbIe BEepILIMHH pomba
o603HayuM uepes p u p’. AnmapaTt HMeeT IBe CTENEHH
cBO6O/IbI: BO-NIEPBHIX, 00€ INTAHTH [ MOXKHO NpPOHM3BOJBHO
npu6JHXKaTh OJHY K APYrof WJH pa3iBHraTh, a BO-BTO-
pbiX, 06e HX MOXHO NPOH3BOJIbHO BpalllaTh KaK LeJjoe
BoKpyr O. Ilpn KaXnoM Takom ABHXKEHHH TpH Touku O,
p, p’, KaK BHIHO H3 OYEHb IIPOCTHIX T'EOMETPHUYECKHX
coobpaxkeHHH, Bcerfaa OCTAlOTCS Ha OXHOH MpsIMOH, mpH-
4YeM npou3BeneHHe

Op-0p' =1>—m?

COXpaHsfeT MOCTOsIHHOe 3HaueHHe !05), He 3aBHcsAmiee oOT
NIGJIOXKEHHA TOYKH ‘P, CJelOBaTeJ]bHO, 3TOT amnapar fAefi-



BBHICIIME TOYEUHBIE NMPEOBPA3OBAHMS 157

CTBHUTE/NbHO BbINOJHSAET 1peodpasoBaHHe MNOCPEACTBOM
oGpatHeix paauycoB c uentpom B O. Tlostomy pnocra-
TOYHO BECTH TOYKY p IO OKPYXKHOCTH, IpPOXOAsiieH ue-
pe3 ToukKy O, yTOObl, COINIaCHO NPENJIONKEHHUSM B M. 4),
JleACTBUTENbHO 3aCTaBUTb TOYKY p’ ABUraThCs IO HEKO=
TOpOH mnpsMOH. A [/ NONYYeHHs] [IBUMKEHHSI TOUKH p
10 OKPY3KHOCTH NPHCOEAMHSIieM K CHCTeMe elile CeAbMOMH
ctepxeHb pC, BTopoil KoHel, C KOTOPOro 3akpelJjieH Kak
pas mocepenuHe Mexay O M HayaJbHBIM [iOJOXEHHEM
TOYKH p; TOTAA OCTAETCSl TOJBKO OJHA CTeneHb CBOGObI
u p’ IeHCTBHTEJbHO NepelBHraercss no npsimoi. Bmpo-
yeM, CJIeAYyeT 3aMeTHTb, YTO TOYKa p’ HE MOXKET OIHCbl<
BaThb BCI0O HeOTpaHHYEHHYIO NpSAMYIO; cBOOONA ee ABH-
JKEHHsI OTpaHHYeHa TeM, YTO paccTtosiHHe ee oT O Bceraa
MeHblue [ - m.

6) M3 o6iwux cBOHCTB npeo6pa3soBaHHUsl NPH MOMOIILH

0GpaTHBIX pajJuycoB s AOJXKEH elle OTMETHTb CBOHCTBO
COXpaHeHHs YIJIOB, KOTOpOe 3aK/I04aercsi B TOM, 4YTO
yroJ, obpasyeMbli JIOOBIMH ABYMSl II0BEPXHOCTAMH B
J1000H TOYKe JIMHHUH HX IepeceyeHHsl, OCTAaeTCs OAHHM
U TeM e OO0 U mocsae npeobpasoBanus. I He 6yny ocra-
HaBJMBaTbCs Ha JAoKa3ateabcTBe!%), 6o 3mech anas
Haulero o630pa HeT HeOOXOJHMMOCTH BJaBaTbCsi B IO-
ApoGHocTH 197).
"~ Crepeorpaduyeckas npoexkuus chepn. Kak uacTHbiil
cayyaidl npeo6pa3oBaHHsi MPH NMOMOLLKM OOGpaTHBIX pajHy-
COB MOKHO paccMaTpHBaThb CTepeorpauueckyio mnpoek-
1110, KOTOpasi HMeeT IpOMajHOe 3HaUYeHHe B INpHUMeHe-
HUAX. MBI ONyuuM ee clelyoliuM 06pasoMm.

7) Paccmorpum Takywo cdepy, KOTOpasi nepeBOAHTCH
HawkM npeoGpa3oBaHHeM (3) B HEMOABHXKHYIO [JIO-
ckoctb 2= 1. Tlo Tpetbeit U3 dopmya (3) ypaBHeHHeM
atoil cdheprr 6ymer '

2

R
€ro MOXKHO IepenHcarb Tak:
1\2 1
2 2 —_ Y =
¥+ y+ (z 2) y
VICKOMBIM OpHIHHAJOM AJs IJOCKOCTH 2’ =1 siBas-
eTcsl, CJeIOoBaTeNbHO, cdhepa ¢ LeHTPOM B TOUKe z = 1/2
OCH 2z H pajiuycoM, DaBHbIM - ; OHa NPOXOAHMT Yepe3

2
HYJeBy10 TOYKY H KacaeTcsd Kap'mxmoﬁ IJIOCKOCTH
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2’=1 (puc. 72). IToapoGHOCTH B3aHMOOTHOILEHHH MeK-
Iy NJIOCKOCTbIO M c(hepoli MOXKHO CHeJaTh BMOJHe Ha-
[JISIAHBIMH, €CJIH BOCIOJb30BAaTbCSl HJSi OTHICKAHHS CO-
OTBETCTBEHHBIX TOUEK CBSI3KOIO JyueHd, HCXOASALIHX M3
HyJIeBOH TOYKH, s IpUBELY
3gecb 6e3 J0Ka3aTeJbCTBA
, TOJIBKO CJIEAYIOIIHE TEOPEMBI:
z=1 P i 1) OToGpaxkeHue sBJAsET-
P cf B3aHMHO OJHO3HAYHBIM
6e3 KaKUX-IHOO HCKJIIOUEHHH,
1k (] ecIu paccMaTpHBaTb GeCKo-
HEYHOCTb Ha IIOCKOCTH KakK
ONHY TOYKYy, COOTBETCTBYIO-
0 . mylo Touke O cdephl.
2) OxpyxkHOCTSIM Ha cde-
Puc. 72 pe COOTBETCTBYIOT OKpYXHO-
CTH Ha ILUIOCKOCTH, B YacTHO-
CTH, OKDYXKHOCTSIM Ha c(epe, npoxoaswum uepes O, co-
OTBETCTBYIOT Ha IJIOCKOCTH OKPYKHOCTH, NIPOXOASILHNE Ye-
pe3 GeCKOHeYHO YAaJeHHYIO TOUKY, T. €. MpsIMble JIMHHH,
3) CoorBeTcTBHE MeX1y O0eUMH NOBEPXHOCTEMH CO-
XpaHsieT YIJIbl; OHO, KaK TOBOPSAT, KOH(POPMHO.
To, 4Tto 3Ta cTepeorpaduyecKasi NPOEKUHUS HMeeT
B TeopuH (YHKIMH KpynHeilllee 3HaYeHHe, BCeM BaM
JOJIXKHO GBITh H3BECTHO; 5§ HANOMHIO, YTO B IpebIAyLIeM
Kypce *) MBI y2e OYeHb YacCTO NMPHUMEHAJH ee ¢ GOJbLIOH
noJsib3oi. M3 nmpuK/JAaJHBIX HAayK, B KOTOPBIX OHa Urpaer
He MeHee BaXKHYI0 pOJib, CjlefllyeT 3AeChb 0COOEHHO OTMe-
THTb reorpaduio U acTPOHOMHIO; OHa Oblia H3BeCTHA
yXe aHTHYHBIM acTPOHOMaM, M ellle Temepb Bbl HahjaeTe
B Ka)XIOM atjace H306paKeHHs MNOJYIIapHd W MOJsp-
HBIX CTpaH 3eMJiH B crepeorpaduueckoii mpoekuuu. Hs
9TOH :Ke NpuKiagHOH 06/1acTH s 3aUMCTBYIO elle He-
CKOJIbKO NPUMEPOB.

4

2. Hexoropble o61ue KapTorpaduyeckue npoexkuunn

SKCKpr B 3TOM HanpaBJIEHHH INDEACTaBJsACTCSA MHe
KaK pa3 B HacToslleM Kypce 0co0eHHO YMECTHBIM. Benn
TeOopHusa reorpaquecxux KapT sBJsSAETCS BeCbMa BaxHOH
ob6aacTbl0 B paMKaXx LIKOJbHOrO npenojaBaHHus; He MOX-
NeXXUT COMHEHHIO, UTO KaxKJAOMy YyualieMycCd éyne’r HH-

*) Cm. T. 1, c. 152,
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TepeCcHO YCJBIAaTh, MO0 KAaKOMY HMEHHO NPHHLUHIY CO-
CTaBJIeHbl KapThl B ero artJjace, U IpenojaBarejb MarTe-
MaTHKH HaBepHOe JOCTHUTHeT OoJiblued aKTUBHOCTH CO
CTOPOHBI YYaUIUXCS HAa CBOUX 3aHATHUHX, €CJH OH JacT
[IpH cJyyae KesaTeJbHbHE NOSICHEHHS IO 3TOMY BOIpPOCY,
YeM ecaH Obl OH 3aHHUMAJCSl HCKJIIOUHTEJIbHO abCTpakT-
HHIMH Bompocamu. [To3ToMy KaKAblH KauAHZAT Ha Y4H-
TeJbCKOEe 3BaHHe NOJKeH OBITb 3HAaKOM C 3TOH o6Ja-
CTbIO, KOTOpasi K TOMY 2Ke JaeT M MaTeMaTHKY HHTepec-
Hble IPUMEpbl TOYEUHBIX NMpeo6pa3oBaHuil.

.Han6onee nenecoo6pasnbim OyJeT ¢ camMoro Hauaja
npeAcTaBJsATh cefe NMOBEPXHOCTb 3€MHOrO Llapa CTepeo-
rpaduyecku OTOGpaxKeHHOH H3 ONHOTO H3 IOJIOCOB Ha
NJIOCKOCTh XY; TOTJa BCSKOE Apyroe oTo6pakeHHe TOYeK
NOBEPXHOCTH L1apa Ha HEKOTOPYIO IIOCKOCTb En m3oGpa-
3UTCA ABYMSI ypaBHEHHSIMH BHIA

E=o(x, y), n=x(x, )

IlepBeiM BUIOM OTOGpaKeHHH, 4acCTO NPHUMeHSEMLIM
Ha NpaKTHKe, SBJSIOTCA H30TOHaJbHbE (T. €. COXpaHslIo-
LIHe YrJbl), WIH KOH(GOpPMHBIe OTOGpaKeHHs; OHH TNOJY-
yaioTcs, KaK YYUT Teopus (GYHKLHH, ecJH paccMaTpH-
BaTh KOMILJIEKCHYIO nepeMeHHYI0 § --in Kak aHajuTHYe-
CKyl0 (GYHKIHIO KOMIJIGKCHOH NepeMeHHOH X - iy:

E+in=[(x+iy)=o(x, y) + ix(x, ).

OnHako s CYHTal 34eCb HeOGXOAMMBIM OTYETIHBO
OTMETHTb, 4YTO KaK pa3 B reorpapuyecKoil mNpakTUKe
OueHb YacTo ymoTpebJslOTCS TaKXKe M OTOOpa)KeHus, He
COXpaHsIolIHe YIJIOB, TaK UYTO HH B KOEM Cjyyae He cJe-
LyeT — KaK 3TO HepelKo ObIBaeT — paccMaTpHBaThb H30-
roHaJjibHble H306paxeHUus KaK eJHHCTBEHHO BaXKHHIE.

Mpoexkuus Mepkatopa. Cpenu kKoHdOpPMHEIX oTOGpa-
JeHHH mepBOe MeCcTO 3aHHMaeT TakK Ha3blBaeMasi MepKa-
TOpCKasl NPOeKlHs, KOTOPYIO OTKPbUI OKoJo 1550 r. ma-
TeMaTHK I'epxapxn MepkaTop, HOCHBLIHH, COGCTBEHHO ro-
BOps, YHCTO HeMelKoe mMs Kpewmep 198). Mepkartopckue
KapTHl 3eMJIH BH HaiijeTe B JI060M aTJrace.

MepkaTopcKkas NpoeKlHs ONpelessieTcss TeM, 4TO Ha-
meidl aHaJUTHYECKOH OGyHKUHeHd [ sABAsieTCA B JaHHOM
ciydae Jorapudm. ITosTomy oHa u3obpaxaercss ypas-
HeHHeM

E+in=Ln(x+iy).
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Msl, MaTeMaTHKH, MOXeM Cpa3y BbLIBECTH CBOHCTBa
paccMaTpHBaeMOl NMpPOEKUHH M3 3TOH KPaTKOH (HopMyJIHl,
TOrda Kak [Js reorpacdoB, He HMEIOIHX AOCTATOYHOTrO
MaTeMaTHYeCKOro o6pa30oBaHHUs, H3yuyeHHE MepPKaTOpCKOH
NpOEKUUH INpeAcTaBJsieT, KOHEYHO, 3HAUYUTENbHBE TPYH-
HOCTH. BBOAS Ha NJIOCKOCTH Xy MOJSIpPHble KOOPAHHATHI
(puc. 73), 1. e. monaras x - iy = re’®, nonyunm

E+4in=Ln(re®)=Inr -+ ip,

=Inr, mn=0.

TaK 4TO

[IpennoJsiaraeM, 4To IOXKHBIH NOJIOC 3€MJIH SBJSETCS
IIEHTPOM IPHMeHeHHOH cTepeorpadHuecKod NPOEKUHH; TO-
raa HyJesasi Touka O Ha IJIOCKOCTH Xy COOTBETCTBYCT

7
v
Y
=
g z >
N 2 Q
e </ N P 3
Y = —St7 5 N
§ @ § E D
SO & 5|0 £§
< 3 S|z 2
I53) S 4 <
x x
-
Puc. 73 Puc. 74

CeBEPHOMY MOJIIOCY, a JIy4H @ = CcOnst, mpoxoAsilue Ye-
pes O, COOTBETCTBYIOT 3eMHbIM MepHAHaHaM. [loaTomy
NpH MEepKaTOPCKOH NpoeKuuH " (puc. 74) sTH mocienHue
npespaujalTcsi B INpsAMble M == const, napaJsenbHble
ocu E; cepepHbl mosoc (E=-—00) JIeXHT Ha HHX
caera, a oxHb# (E=-4o00)— cnpaBa B 6€CKOHEUHOCTH.
ITocKObKY YroJ ¢ OmnpefeJeH TOJbKO C TOYHOCTBIO IO
KpaTHOro 2, TO OToOpaxkeHHe GeCKOHEYHO3HAYHO, H
Ka)kaas mapajJjeibHas (FOpPH30HTaJbHas) MOJIOCA LUH-
pHHOIO 2 sIBJIsSeTCS yxXe H300pa)KeHHeM BCell 3eMHOH
nosepxHoctd. Ilapansenn (Ha NOBEPXHOCTH 3eMHOro
mapa), KOTOpPbIM B crepeorpadudecKoil NPOEKUHH COOT-
BETCTBYIOT KPYTH r = const, npespamaioTcs B MepkKa-
TOpCKOH NpOEKUHH B MNapaljelbHble (BepTHKaJbHLIE)
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npsamble E=const, T. e. B HOpMaJibHBIE TpPaeKTOpHH
K ApsSMBbIM, H300paxaiollUM MepHIHaHEI, Yero U CJejo-
BaJI0 OXHJAaTb, HMes B BHAY H30rOHaJbHOCTb H306pa-
KeHuda. B wactHocTH, 3kBaTOopy (r=1) COOTBETCTByeT
ocb 1 (E=0).

Teopembi Tucco. OrpaHuuych OZHUM STHM NpUMe-
poM, 4TOOBl NOOYIMTb Bac K JajbHeHIIeMy H3yUeHHIO
MHOTrOYHCJIeHHBIX Npeo6pa3oBaHHil Teopuu reorpacduue-
CKHUX KapT; 3aTO $1 pPacCMOTPIO 3[eChb ellle OAHO NpPeAJo-
JKeHHe 3TOH TeopuM obuiero xapakrepa. Kro us Bac 3a-
HHUMaJcsl reorpagHeil, TOT HaBepHOE CJABIXaJ O Teopemax
Tucco %), kKoToprle OH pa3BHJ B CBOeM TpakKTaTe. Mul
MOXeM OYeHb NPOCTO YSICHHTb cebe colep:KaHHe 3THX
TeopeM, HCXOJs M3 Halllefl TOYKH 3peHHSl.

Ilycte uMeeMm nABe reorpaduyeckde KapThl, T. €. ABa
OoTOGpaKeHHsl NOBEpPXHOCTH 3€MHOro Iiapa Ha mJIo-
CKOCTb Xy M Ha IJIOCKOCTb EM. DTH 0TOGpaxKeHUs MOrYT
OBITh KaKUMH YrOJHO, B YacCTHOCTH, He 00s13aHbl OBITb
kKoHopMHBIMH. Ho BO BciKOM ciyyae 06a OHH B3aHMHO
CBSI3aHbl HEKOTOPHIM COOTHOLIEHHeM. BHAA ;

E=o(r, ¥, n=2x(x, ).

HccnenyeM TOJNBKO OKPECTHOCTb ABYX COOTBETCTBEH-
HBEIX TOYEK Xo, Yo U Eo, Mo, T. €. TAKHX, UTO

EB=0(x0, %) Mo="2(%0 Yo)-
Bsenem HoBhe nepeMeHHbe x/, y', &/, n', onpenenss
HX paBeHCTBAMH
x=xo+%, y=yo+v;
E=E+E, n=n+n.
Ilpumenss passnoxeHne QyHKUMA @, x no Qopmyae
Teiinopa, nonyuyaem

(), + (), o
A =(3), ¢+ (5,0 + -

3nech mpousBoAHBE clelyeT 6paTb B TOYKE X = Xy,
Y =1yo, @ MHOrOTOYHSIMH 00603HaYeHbl YJEHBl BLICLIErO
Nopsiilka MaJIOCTH OTHOCHTeJabHO x’, y’. Orpanuunmcs
HaCTO/MIbKO MaJIol0 OKDPECTHOCTbIO TOYKH Xo, Yo, YTOOHI
BHIMCAaHHHE JHHEAHbIE YIeHB JaBajH yXKe JOCTaTOYHoe
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npu6anKeHHe AJs JeHCTBHTeNbHHX 3HaueHHH E/, ', npu
3TOM MBI, KOHEYHO, HCKJI0YaeM TaKHe OCOGHE TOYKH
Xo, Yo, B KOTOPHIX He CYyLIecTByeT NOAOOHOH OKpeCTHO-
CTH, CJeJOBaTeJbHO, TakKHe, HampHMep, TOYKH, B KOTO-
pHIX BCe “yeThpe INepBhHle NPOH3BOJAHBIE OAHOBPEMEHHO
o6palaimTcss B HyJb, TaK YTO JIHHeHHHe 4JeHbl COBCEM
He [al0T HUKaKOro NMPUroJHOro npuGJIHKeHHs . Hpucmar—
pHBAfACh K TOJNyYaeMBIM TaKHM 06pa3oM JIMHEHHBIM
ypaBHeHussM Mexay x’, y’, &/, n’, Mbl NpHXOZHM Hemo-
CpPeACTBEHHO K TaKoMy qayﬂ,uamemanbnomy npensoxe-
HHIO, KOTOpOe JIeXKHT B OCHOBAHHH paccyxpueHui Twucco:
CBSI3b MeXJy IBYMs reorpaduueCKMMH H306pakKeHHIMH
OIHOH M TOH e MeCTHOCTH B OKPeCTHOCTH J1060H TOouY-
Ku (Jaumpb Obl OHa Oblia Heoco60#H) npHOJHKEHHO BHI-
paxaercss HEKOTOPHIM a(@UHHBIM cooTBeTcTBHEM. [IpH-
MeHsisl Halll NpexHHe TeopeMbl 06 apdUHHHIX npeobpa-
30BaHHSX, Mbl HeHCTBUTEJbHO NOJy4aeM Bce TaK HasH-
BaeMble «npeasoxceHus Tuccos.

$1 HanoMHIO TOJNILKO TIJaBHble MOMeHTHl. Mul 3Haewm,
4YTO NpexKJe BCero Hy>Ho o6paTHTh BHHMaHHe Ha oIpe-
nenutenb ad¢uHHOrOo npeobpa3oBaHHsA — 31eCh, CJeNO-
BaTeJbHO, Ha ONpeleuTe/b

(), (2]
(%), (2

KOTOpBIH, KaK H3BeCTHO, Ha3BBAIOT (byﬁxnnona.nbnuu
onpeaenuTeseM GYHKUHH @, ¥ B TOUKe X ==Xg, Y == Yo.
Cayuait A=0 B 3THX NpHUMeHEHHsX BCErAa HCKJOYaIKoT,
H6o Toraa HeGosbllasi YacTb INIOCKOCTH XY, OKpYXaio-
mas TOYKY Xo, Yo, H300paxaercss Ayroii HeKOTOpPOH KpH-
BOH B IJIOCKOCTH Em, a Takoe u3o6paxxeHue reorpad
elBa JIM COYTeT 3a mpHeMJeMylo KapTy. IlosTtomy MHI
IOJXKHBI 3leChb Bceria NpHHHMaTh A =0. PaHblie Mbl
(c. 115) yxe cocTaBuim cebe HarJIsAHYIO KapTHHY BceX
Ilerajeidl Takoro ad@HHHOro npeo6pasoBaHHs, NOITOMY
MBI MOXeM Tellepb Cpa3y NepeHeCTH CIOAa TakKoe npen-
JIOXKeHHe: OKPEeCTHOCTb TOYKH Eg, 1o HOJydYaeTcss C pac-
cMaTpHUBaeMo# 3/eCb TOYHOCTbIO H3 OKPECTHOCTH TOYKH
X0, Yo, €CJIH TOJABEPTHYTb 3Ty IIOCJAEAHIOI YHCTBIM Ie-
¢opmanusasM B [ABYX B3aHMHO INepHeHAHKYJSIPHHX Ha-
NpaBJeHHsIX U NOBEPHYTh €e NMOTOM elle Ha HeKOTOPhIi
nogxoxsmui yroj. B kuure Tucco Bl yBHAMTE, 4TO OH

A=
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IeCTBUTENIBHO BHIBOZHT 3TO mnpepjoxeHHe ad hoc *)
HarJsJHeIM 06pa3oM, TaK 4TO Bbl HMeeTe 3[eCh HHTe-
PecHbIl MpHMep TOro, Kak NIpeACTaBHTENH NPHKI&IHBIX
HayK CBOMMH CHJaMH YyIOBJETBOPSIOT MaTeMaTHYECKHM
3anpocaM CBOHMX [HCIHIJIHH; MaTeMaTHKy B TaKHX cJy-
Yyasgx 3TH BeIMH KaxXyTcsl, KOHEYHO, OYeHb IPOCTHIMH, HO
BCe XXe [JIs1 Hero NOy4YHTeJbHO 3HaTb, B YeM HYXKAAIOTCA
3TH NpHKJaJAHble HAayKH.

Tenepp, HaKoHell, i PacCMOTPIO €lle OXHH, IOCHeA-
Huil, o6Gliuil Knacc TOYeYHBIX npeoOpa3oBaHHi.

3. HauGouaee o0lne B3aUMHO 0OJHO3HAYHbIEC HENMPEPbIBHbIE
TOYyeYHble npeoGpa3oBaHus

Bce ¢yHKiuH, KOTOPBIME MBI 0 CHX NOP MNOJb3OBa-
JIUCb [JISl 3allHCH OTOOpakeHu#, ObIH HempepHIBHBIMH
H CKOJIbBKO YroiHo pa3 aucddepeHIHPYEeMBHIMH H Jaxe
aHAJUTHYECKHMH (T. e. pasjoXuUMBIMH B psaf Teisopa);
3aTO Mbl JONYyCKaJH TaKXe M MHOrO3HauyHbE, Jaxke Gec-
KOHeYHO3HauHble ¢yHKuuu (Hampumep, Jorapudm). Te-
Iepb Ke Hallle rJaBHoe TpeGoBaHHe OyNeT 3aK/IHOYaThCs
KakK pa3 B TOM, YTOGb HamlH oToGpaKaioumue (yHKIHH
6Ll B3AHMHO OJHO3HAUYHBLIMH 6e3 BCSKOro HCKJIOYEHHS,
a BO BCeM OCTaJbHOM OyaeM TpPeGOBAaThb TOJNBKO HX He-
NpepLIBHOCTH, He JeJasi HUKAaKHUX NPEeANoJIoXeHHHA o cy-
[IeCTBOBAHHH INPOMU3BOAHHIX H T. A. 3ajaya Halua CBO-
OHTCSI K OTHICKAHHIO TeX CBOHCTB TIeOMeTpHYeCKHX
¢uryp, KoTopele OCTalOTC HeH3MEHHBIMH IDH STHX HaH-
6oJsiee OOIIHX B3aHMHO OJHO3HAYHBIX H B3aHMHO Helpe-
PBHIBHBIX Npeo6pa3oBaHHUsX.

IIpencraBbTe cebe, HanpuMep, YTO BH H3TOTOBHJIH
KaKyl0-HHGYAb NMOBEPXHOCTb MJIH TEJNO H3 PE3HHBl U Ha-
METHJIH Ha Hell KaKHe-HHOYIb ¢urypsl. Uto B 3THX ¢H-
rypax ocTaHeTcsi HEeM3MEHHBIM, €C/IH Bhl CTaHETe CaMbIM
IPOH3BOJILHBIM 06pa3oM JAedOpMHpPOBaTb pe3HHY (pac-
TATMBaTh, CXKHUMaTbh, U3ru6aTh), He -pa3pbiBas ee?

COBOKYNIHOCTb CBOHCTB, NOJYYaeMBIX NPH H3YyYEeHHU
3TOrO0 BOHpOCa, o6pasyeT o6JacTb TaK Ha3bIBAEMOro
Analysis situs («aHaJau3 moJIOKEHHSA»), MOKHO OBLIO GBI
CKa3aTb — 06J1aCTb yYEeHHSI O YHUCTEHIINX COOTHOLIEHHSX
NOJIOXKEHHS, COBepIIeHHO He 3aBHCALIMX OT OTHOIIEHHI,
CBSI3aHHBIX C IOHATHEM BeJHUHHH !!10), DTo HasBaHue

*) Ias RarHOrO caydas (4art.).
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BrepBHIe BBeJ PHUMaH, KOTOpHI B cBoell 3HaMeHHTOH pa-
6ote 1857 r., nocBsinleHHOH Teopuu abesneBBIX (PYHKIHH,
npulleJ K HeoGXOZMMOCTH MOJZOGHBIX HCCJENOBAaHHH; HC-
X0l H3 TeOpeTHKO-QYHKUHOHAJbHBIX HHTEpecoB *).
Bnpouewm, u nocie atoro yacro 6niBajJo TakK, YTO B Teo-
MeTpHH COBepllleHHO yMmanauuBaloT o6 Analysis situs u
o6pamalTcss K 3TOMY YYEHHIO TOJIbKO B TEODHH (YHK-
IlMH, Korja B Heil oGHapyxuBaeTcsi notTpe6HocTb. CoBep-
IIeHHO He TaK moctynaer Mébuyc B cBoeil pabore 1863 r.
Hcxons M3 YHCTO reoMeTpHYecKMX HHTEpecoB, OH Ha3Hl-
BaeT TaM GUrypsl, KOTOpble NOJYYalOTC OJHA H3 JApYroit
NOCPeACTBOM B3aMMHO OJNHO3HAYHBIX B3aHMHO HellpepHIB-
HBIX JAedopMauui, sJeMeHTapHO COOTBETCTBEHHLIMH, H6O
CBOHCTBA, MHBAapHaHTHble IO OTHOLIEHHI0O K 3THM IIpe-
00pa3oBaHUAM, SABJAIOTCA Hanbosiee NMPOCTBIMH H3 BCeX
BO3MOXHBIX CBOHCTB.

-Poa u cBa3HOCTL moBepxHocTeill. 31ech Mbl OrpaHH-
YuMCcs  TOJIBKO HcCiefoBaHHsIMH mnoBepxHocredl. Crona
OTHOCHTCS IIpeXkJie BCero OAHO OTKphiToe MEGHYyCoM CBOil-
CTBO, KOTOPOro ellle He 3HaJ PuMaH, a HMeHHO, AelieHHe
TIOBepXHOCTeH Ha OJHOCTOPOHHHE M JBYCTOPOHHHe. MuI
TOBOPHJIH yKe paHbile (c. 33) 06 OZHOCTOPOHHeM JIH-
cre Mé6uyca u Mbl BHAENH, YTO, HENMPEPHIBHO ABHrasch
[0 €ro NOBEPXHOCTH, MOXXHO He3aMeTHO HepeHTH C Ol-
HOH ero CTOpPOHH Ha ApYrylo, Tak 4To 3JeCb TepseT
CMBICJI pa3jiHieHHe ABYX CTOPOH. JICHO, YTO 3TO CBOM-
CTBO COXpaHsieTCs NPH BceX HenpephBHBIX AedopMalHsax
H 4YTO mo3ToMy B Analysis situs melcTBHUTeNBbHO cienyeT
3apaHee pas3JjiMyaTb OLHOCTOPOHHHE H JIBYCTODOHHHE IO-
BEpXHOCTH.

31ech Mbl paaH NPOCTOTHI 3afiMeMcsi TOJNBKO ABYCTO-
POHHHMH TOBEpPXHOCTSIMH, TeM O6oJjiee, 4TO TOJbKO OHH
OOLIKHOBEHHO H NPHUMEHSIOTCS B TE€OPHH (YHKIUH; BOpO-
YyeM, TeOpHs OJHOCTODOHHHX IOBEPXHOCTEH He sIBJseTCA
cyulecTBeHHO GoJiee TpyAHOH. OKa3biBaeTcs, YTO BCSKYIO
'(IBYCTODOHHIOIO) IIOBEPXHOCTb BIIOJHE XapaKTepU3YIOT

*) Puman ynotpebJsier B 3Toif paGoTe C/I0OBO «aHaJau3», Caenys
Jleii6HH1y, B NepBOHAYaJbHOM METOAOJIOTHYECKOM CMEICAE, a He B
TOM TMOHHMaHHH, Kakoe 3TO CJIOBO NPHOGPENO B KayeCcTBE MaTeMaTH-
yeckoro TepMnHa. Tepmunbl «Analysis situs», a Takxe «Geometria
situs» co3nan eme JlefiGHUL (B pPYKONHCHHX pab0Tax M NepenucKe C
Tiofiredcom), umess B BHIY, OAHaKO, CKOpee 0COGOe TeOMETPHUECKOR
ncuncaenne (Calculus situs), ne moswsyiomieecs ajre6poi, B MPOTHs
BONOJIOXKHOCTL aHAAHTHYECKOH reoMeTpHH,
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B cMbicae Analysis situs aBa HaTypaJspHHX uyHCcsIa: YHMC-
JIO u ee TPaHHYHBIX KPUBHIX (KOHTYpPOB) H 4HCJIO p (TaK
Ha3blBaeMbI «poi») He pa3bHBAIOLIMX €e Ha YacCTH 3a-
MKHYTBHIX JIHHEH — «CeyeHHHA» (He HMeIoUIHX OGIIHX TO-
YeK C TIpaHHYHBIMH KOHTypaMH); TOYHee TroBOpf, JABe
JBYCTOPOHHHE NOBEPXHOCTH MOTYT OHITb TOTAA H TOJIBKO
TOrja B3aHMHO OJHO3HAaYHO U B3aUMHO HeNpepbIBHO
oTOGpaKeHsl OJHAa Ha APYryio (SIBJAAIOTCH <«3JeMeHTap-
HO COOTBETCTBEHHBHIMH» IJIH, KaK Temepb TrOBOpST, ro-
MeOMOpP(HBIMH), KOria AJs HHX o06a 3TH 4HCJIa p H ®
coBnajgamoT. Mul 3auuwu Ob CIMLIKOM AaJjieKo, ecau Obl
sl 3aX0TeJl H3JIOXKHUTh 3/eCh J0Ka3aTeJbCTBO 3TOi Teo-
pemnt !'1); g MOry TOJBKO pa3bsCHUTb Ha OTHe/bHBIX
IpHMepax 3HaueHHe 0O0HUX YHCEJ U H p.

IIpencraBum ceGe pacnosoxKeHHBIMH pSAOM cdepy,
KOJIbI[EBYIO NOBEPXHOCTb H, HaKOHell, NOBEPXHOCTb ABOIi-
HOro KoJjblla (uMelomero ¢opMy KpeHpaens), Kak 3TO
CXeMaTHYeCKH NMOKa3aHo Ha puc.75. Bce TpH noBepXHOCTH

G <, e,

Puc. 75

ABJISIIOTCS 3aMKHYTBIMH, T. €. OHH He HMeIOT I'PaHHYHBIX
KoHTypoB: u = 0. B nepBom cayuae (cdepa) Kaxaoe ce-
YeHHE N0 3aMKHYTO!l JIMHHH pa36HBaeT MOBEPXHOCTb Ha
JBe OTJAeJbHBIE YacTH, T. €. Takxke H p=0. Bo BTOpPOM
cayuyae (kosbLo) MepHaHaH € mpeicTaBiseT cO6G0H 3aMK-
HYTYIO JIMHHIO C€YeHHs, KOTopas He pa30HBaeT NoBepX-
HOCTH, HO €CJIH OHa yKe IpOBefleHa, TO BCsKas Apyras
3aMKHYyTasl JIMHUS CeYeHHs1 MAeHCTBHTeJbHO pa3buBaer
TOBEPXHOCTb; 3TO MBI H HMeeM B BHAY, KOTJa TrOBOPHM,
yro p = 1. HakoHeu, B TperbeM npHMepe p = 2, KakK
NCKa3BBalOT [ABa pas3jHyHbIX MepuiauaHa €, €, (mo ox-
HOMY Ha KaxjaoM yiuke). IlpuGaBisini HOBblE YIIKH
(«pyuKHU»), MOXKHO NPHATH K INOBEPXHOCTSIM C NPOH3-
BoJbHBIM p. Eciim Xe MBI JKejaeM TaKXe H YHCIY [
JIaTb KaKoe-HHOYIb OTJIHYHOE OT HYyJsl 3HauyeHHe, TO JO-
CTAaTOYHO MNpPOAENaTh B 3THX IOBEPXHOCTAX | MaJeHb-
KHX [BIpOYEK, TaK Ha3blBAEMBIX <«IPOKOJIOB», KOTOpbie
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KaX[u# pa3 JaloT HEKOTOPYIO KOHTYpHYIO JHHHIO. Takum
06pa3oM, MBI JeHCTBHTENbHO MOXeM 006pasoBaTh NoBepx-
HOCTH C JIIOOBIMH 3HQYeHUSIMH p H U, H C HUMH JOJXKHBI
6LITh TOMEOMOP(HH BCe ApYrHe MOBEPXHOCTH C TAKHMH
¥)e p, U, KaK Obl OHH HH OTJIMYAJHCh OT INEPBHIX IO-
BepxHocTeli mo cBoeMy BHeluHeMy BuAY. Teopus ¢yHK-
LHiA [aeT MHOrO NpUMepPOB TaKHX INOBEPXHOCTEH.

§1 nojXeH pa3bSACHHTbL ellle TEPMHH «CBSI3HOCTb»,
KOTOpbIf BBeJq PuMaH; 3THM TepMHHOM OH 0603Hayaer
Yyucao 2p -4 p M Ha3HBAaeT COOTBETCTBYIOILIYIO IIOBEpX-
HocTb (2p + p)-cBsi3HOM. Ecanm mOBEpXHOCTb OLHOCBSI3HA
(2p+upn=1), 0 p=0, p=1, 1. e. oHa TroMeomMOppHa
1Iapy C OAHHM IPOKOJIOM; TaKOH IIap MOXKET ObITb TaK-

\ JKe HemnpephlBHO IpeoGpa-

' 30BaH pacIlHpeHHeM 3TOro

NMpoKoJa B IJOCKHH JHCK
(puc. 76).

Janee, PuMaH BBOIAHT
NOHSITHE IIONEpPeyHoro ce-
YeHHs HJIM «paspesa», KO-

Puc. 76 Puc. 77 TOPHH BefeT OT OJXHOH

rpaHHYHOH TOYKH (Ha KOH-
Type) K apyroii. O paspe3ax MOKHO, CJ€LOBaTeNbHO,
TOBOPHTb TOJBKO TOrAa, KOrAa JeHCTBHTENBHO HMe-
I0TCS1 KOHTYpHI, cjeloBaTenbHo, korga p = 0. Hmeer
MeCTO TaKoe TpefJioXKeHHe: KaXXAblfi paspe3 yMeHb-
maeT CBA3HOCTb Ha eAMHMIY, TaK 4YTO, B 4YacCTHO-
CTH, KaxAyl0 NOBepXHOCTb ¢ u > (0 MOxXHO mnpeobGpaso-
BaTb B OJHOCBSI3HYI0O HpH momomu 2p -+ p— 1 paspe-
30B. Ecan, Hanpumep, BO3bMeM KOJIBLEBYIO NOBEPXHOCTh
(puc. 77) c omHuM npokojoM (p=p=1), To MOKHO
cHayaJla NPOBEeCTH pa3pe3 §i, HAYHHAIOIUHMHACH H OKAHYH-
BaIOIIMACA B 3TOM IpPOKOJe, a 3aTeM BTOPOH paspe3 ¢
TaK, 4TO6bl OH HayuHAaJCs W 3aKaHYHBaJcs riae-HUOYAb
Ha IepBOM paspese, NPOXOAsi B OCTaJbHOM IO NOBepX-
HOCTH 06e3 nepeceyeHHs] C NpPeXHHM pa3pe3oM, He pas-
‘6uBAIOUM MOBepXHOCTH. Toraa CcBSI3HOCTb HOeHCTBH-
TeJIbHO YMEHbIIHTCST OT 2-14 1= 3 no 1.

Teopema 2iinepa o MHororpaHiukax. To, uro
Analysis situs naxomut ceb6e npumeHeHHe B (u3HKe,
B YaCTHOCTH B TeOpHH MNOTeHIHaJa, SBJSETCS XOPOLIO
usBecTHHIM !12). Ho OH HMeeT TOYKH CONPHKOCHOBEHHS
TaKXKe H CO IIKOJbHBIM NpenojaBaHHeM, a HMEHHO, B
BHJe 3HJepoBa NpelJoxXKeHHs O MHOrOrpaHHUKax, O KO-
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TOPOM §si B 3aK/IIOYeHHE CKaxXy elle HeCKOJbKO CJIOB.
Diinep nmoAMeTus, YTO AJSI OOBLIKHOBEHHOrO0 MHOrOrpaH-
HHKa ¢ MJIOCKUMHU I'paHsMH, uMemouero E BepmuH, K pe-
6ep u F rpaHei, Bceria ONpaBJhIBaeTCs COOTHOILE-

Hue !13) Ed F— K2

Ecan Tenepb craHeM KakK-1u60 B3aUMHO OJHO3HaYHO
H HenpepeBHO JehOpMHPOBATb 3TOT MHOTOrPaHHHK, TO
B 3THX TpeX 4YHcJaX, a 3HAUYHUT, U B 3TOM paBEHCTBe
HHUYTO He M3MEHUTCS; CJI€NOBaTeJbHO, 3TO PaBEHCTBO CO-
XPaHUT CHJY H B TOM cJjayuae, ecau E, F, K 6yayT o3Ha-
YyaTh YHcJa BepLIMH, IOBepXHocTelt (rpaHeill) u peGep
npH Jio60M pas3bueHHH cpepHUeCKOH NOBEPXHOCTH HJIH
BOOOIle KaKOH-HHOYAb roMeoMop¢dHOH eil NMOBEpPXHOCTH,
JUuLIb OB TOJNBKO KaxJas 4acTHYHas o6jacTb (rpaHb)
6bl1a oJHOCBsI3HA. 1 BOT OKa3blBaeTcs, UTO 3Ty TEOpEMY
JIeTKO MOXHO cpa3y o6OGUIMTL Ha HMOBEPXHOCTH J1060ro
ponra. Ecan Kakyio-HHOyAb NOBEPXHOCTb, AONYCKAIOUIYIO
POBHO p He pa3GUBAIOIIMX ee HAa YaCTH 3aMKHYTHIX JH-
HHH ceYeHHs, pa3fejuTb MocpeACTBOM K KOHEUHBIX OYT
Ha F OJHOCBSI3HBIX YYacTKOB NOBEPXHOCTH H €CIH IpH
3ToM obpasyercsi E BepIIHH, TO

E4+F=K+2—2p.

$I mpemocraBasi0 BaM CaMHM INOZO6paTb K 3TOMY
NpUMephl, a TaKxXKe HaWTH JA0Ka3aTeJbCTBO HJIH NpPOYECThb
O HeM; HMeIOT MecTO, KOHEYHO, elle ropasfo 6oJjee IH-
pokue 0600611eHHs] 3TOH TEOpEMHI.

Ha stom MBI ocraBjisieM oOliee yyeHHe O TOYEUHBIX
npeo6pa3oBaHusX H TONbITaeMcsi AaTb 0630p BaxKHei-
IIMX KJIacCOB TaKHX NpeoOpa3oBanuii, KOTOpble MepeBo-
IST TOYKH B IPOCTPAHCTBEHHLIE 3JIEMEHTHl HHOro poja.

1V. NPEOBPA30BAHHUS C HBMEHEHHEM
NPOCTPAHCTBEHHOIO 3JIEMEHTA

1. A BoiicTBeHHble NMpeo6pa3oBaHusA

IlepBHifi TakOH KJdacc COCTOUT H3 TeX COOTBETCTBHH,
KOTOpHle B ABYMepHOH 006J1aCTH IepeBOAST TOYKY B Ipsi-
MyI0 H Hao60poT, a B TpeXMepHOH OOMEHHBAIOT TOYKY
C IJIOCKOCTbI0. $1 OrpaHHYHBAIOCh 3eCh NEPBLIM CJAydYaem
(IJIOCKOCTBIO), @ BO BCEM OCTAJIbHOM CJEAYI0 TOMY XOAY
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ujel, KoTopeli BnepBblie OB ynotpebJen IlnokkepoM
B 1831 r. Bo BTOpOH uacTu ero yxe ynommyToﬁ Bblllle
i(c. 89) pabotel. Ilpn aToM HCXOZHOH TO‘{KOPI sBAsEeTCH
aHaJHTHYecKas GOpMYJHPOBKA.

IlepBass unes [lnokkepa 3ak/aioyaeTcsi, KaK Mbl yxe
3HaeM (c. 92), B ToM, 4TOGH NPOBECTH MOJHYIO napas-
JieJb MeXJy KOHCTaHTaMH u, U, BXOASIUUMH B ypaBHeHHe

npsMon
ux+ovy=1 (1)

H paccMaTpHBaeMbIMH B KauecTBe «KOOPIAHUHAT NMpPSIMOii»,
H MeXJ1y OGBIKHOBEHHRIMH (JeKapTOBBIMH) KOOpAHHA-
TaMH TOYKH, a 3aTeM NOCTPOHTb 3/laHHe AHAJHTHUYECKOMH
reOMeTpPHH [BYMsi COBepLIEHHO aHAJOTHYHBIMH <«B3aHM-
HEIMH» HJIH <AYyaJbHBIMH» COCOGAMH, MOJIb3YSiCh 3THMH
ABYyMsl BHAAaMH KoopAuHaT. Tak, Ha NMJIOCKOCTH COOTBeT-
CTBYIOT OJHa Jpyrofi Kpusasi, H3obpaxkaemMas B KOOp-
JHHAaTaxX TOYKH ypaBHeHHeM f(x,y)= 0, KaK reomerpH-
4yecKoe MeCTO TOYeK, YIOBJETBOPSIOIIMX 3TOMY YypaBHe-
HHIO, M KpHBas, onpefeisieMass B KOOpAHHAaTaxX NpsMOi
ypaBHeHueM g(u,v)= 0, kKak orubamouas OJHOKPAaTHO
6eCKOHEYHOro ceMeHCTBa NPSAMBIX.

IIpeo6pazoBaHne B COGCTBEHHOM CMBIC/Je, KOTOpOe
MBI XOTHM Telepb pacCMOTpeTb, IOJydaercsi, KOHEYHO,
JHIIb TOrfa, KOrja Mbl Hapsily C paccMaTpHBaBlleHcs
JI0 CHX NOp OJHOH mJocKocThio E BBeleM ellle BTOPYIO
njaockocTb E/ M CBs2KEM KOOPAMHATH 4, v NpsMOil Ha E
¢ KoopauHaTtamu x’, y’ Touku Ha E’. Camoe oluiee npe-
o6pa3oBaHHe TaKOro THNA JOJKHO OHITb, Clel0BaTelb-
HO, 3alaHO ABYMS YpaBHEeHHSIMH

u=eo(x', y), v=xx"Yy), (2

T. e. ¢ KaxXAo# TouKoH x’, y’ Ha maockoctH E’ comocras-
JsieTcs Ta npsiMasi Ha IJocKocTH E, ypaBHeHHe KOTOpPOH
ToJiyyaeTcs 1nocje noactaHoBkd B (1) aTux 3HaueHui (2)
JJS U Y v.

1) PaccmoTpuM cHavyasa mpocTeflunit mpuMep TaKOro
npeo6pa3oBaHHs, a HMEHHO npeo6pas3oBaHHe, OIpeje-
JsieMoe ypaBHEHHSIMH

u=x', v=y (3)

3T0 npeo6pasoBaHHe NPOCTO OTHOCHT KaXIOH TOuUKe X/,
y’ nnockoctu E’ npsimyio

Xx+yy=1 (3a)
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Ha miaockoctH E. M3BecTHO, YTO 3TO KaK pa3 Ta mpaMas,
KOTOpas sIBJSETCA NOJAPOH TOYKH x', y’ (MHl mpeamoJia-
raeM Temnepb, YTo IIocKOoCcTH E, E’ HajoXeHH OfHa Ha
APYTy10 TakK, YTO HX KOODJAMHATHBIE OCH COBNAAAlOT) IO
OTHOLIEHHIO K OKPYXKHOCTH x? 4 y? = | paguyca eiuHuIa
C LEeHTPOM B Hauaje KoopauHat!!t); Hame npeoGpaso-
BaHHe SIBJISIETCS, CJIEAOBATENbHO, M3BECTHHIM IIOJISPHEM
COOTBETCTBHEM 110 OTHOLUEHHIO

K OKpyxHocTH (pHc. 78). ?T(zi’{)h ¥ 9(ty0)
Mu 3ameuaem, uTo AJIs ONpe- \ U=

JleleHUs]  3TOrO  COOTBETCTBH S N

JOCTaTOYHO BMeECTO 0GOMX ypaB- \ / 0

HeHu#l (3) B3fITb OOHO JIHIIb A§ @

ypaBHeHHe (3a), u6o 3TO mO- _j

clelHee INpeAcTaBiasieT co6Go#H

ypaBHeHHe  mNpsIMOH, COOTBET-
CTBYIOLIEHd NPOU3BOJBHO B3ATOH Puc. 78

Touke x’, y’. [TocKo/nbKy ypaBHe-

iue (3a) coBeplIeHHO CHMMETPHYHO OTHOCHTENBHO X, Y,
C OJHOH CTOpOHBI, H ¥', y’ — c HApyroi, To o6e NJIOCKO-
ctu E, E’ poJxHB 1O OTHOLIEHHIO K HalueMmy npeobpa-
30BaHHIO HrpaTh OJAHHAKOBYIO POJib, T. €. KaXKIO# TOUKe
Ha nJaockoctH E Toxe [OMXKHA COOTBETCTBOBATh He-
KoTOopass mpsiMasi Ha mjockoctd E’, u B clyyae B3auM-
HOro HaJIOXKeHHsl 3THX NJIOCKOCTeH OAHON M TOH Ke TOUKe
IlOJIKHA COOTBETCTBOBATh OJHA H Ta XKe NpsMas Hesa-
BHCHMO OT TOrO, CYHTaeM JIH 3Ty TOYKY NpHHAAJexRaulei
nnockocty E unu E’. BBuALYy mepBOro cBOHCTBa 3TO Ipe-
o6pa3oBaHHe B 6ojiee Y3KOM CMBbICJe Ha3bBalOT ABOM-
CTBEHHBIM HJIM AYyaJsbHBIM, BBHAY e BTOPOro — B3aHM-
HBIM. MOXHO, clelOBaTeJbHO, He pasjinyas OGeHX IJIO-
CKOCTeH, MPOCTO IOBOPHTb O CONOCTAaBJEHHH CO BCSKHM
II0JIIOCOM Ollpejie/IeHHOH NOJISAPbl U BEIPA3HTh TOra CBOil-
CTBO B3aHMHOCTH YXe yKa3aHHeIM paHbiue (c. 90) o6-
pasom. ’

[lo noBomy AanbHeHIINX CBOHCTB 3TOro npeobpaso-
BaHHA 3aMeuy, YTO C KpHBOH, mpoberaeMoH Ha IJOCKO-
ctu E’ touko#t x’, y’, MBl GyleM CONOCTaBJATb, COMJIACHO
NPUHUUNY [ABOHCTBEHHOCTH, KaK COOTBETCTBYIOIUHMH 06-
pas KpuByw Ha mjockoctn E, orubaioulyio COOTBeT-
CTBYyIOLIHE NpsIMBIE U, .

2) CoBeplieHHO aHaJOrH4YHO HAIUHUM IPEXHUM pa3'b~
siCHeHHEM O Hau6ojiee OOLIHX <«KOJIJIMHEAUHUsIX®> MOXKHO
JIeTKO J0Ka3aTb, YTO caMoe obliee ABOHCTBEHHOe COOT-
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BETCTBHE MOJYy9aercsi, ecau, oGo6iiass ypasHeHHs (3),
TOJNIOXHTb 4, U paBHHIMH OOLIMM JApPOGHO-THHEHHHIM
¢yHKuuaM OT %/, ¥’ ¢ ONMHAKOBEIM 3HaMeHaTeJeM:

_ax t+by to o= 2% + by’ +ca (4)
a3x’ 4 by’ +c3 ' asx’ + by’ +¢5 °

BBoasi 3TH BbIpaXKeHHs AJs 4 H v B ypaBHeHue (1) H
yMHoOXast o6e ero 4acTu Ha oOwuHd 3HaMeHaTesb, MOJY-
YyaeM, B CHJIy HPOH3BOJBHOCTH [I€BATH KO03((HUIHEHTOB
ai, ..., C3 HanboJiee obliee ypaBHEeHHE

axx’ 4 by’ + cx + ayx’ + byyy’ +
+ oy —agx’ — by’ — =0, (4a)

JIHHeHHOe KaK OTHOCHTEJbHO X, Y, TaK H OTHOCHTe/b-
HO X', y’.

Ho u, obpaTHo, kKaxpmoe TaKoe ypaBHeHHe, «GHJIH-
HelfHOe» OTHOCHTENbHO X, y U X', y’, npeAcTaBJsieT co6oi
HEKOTOpOe [BOHCTBEHHOE COOTBETCTBHE MEXKAY IJIOCKO-
cramu E, E’, u6o, KoJb CKOPO OAHA H3 3THX Iap KOOp-
nuHaT QHKCHPOBaHa, T. €. KOJb CKOPO paccMaTpHBaeTcs
¢duKcHpOBaHHAs TOYKa Ha OJHOH M3 IJIOCKOCTeH, JeBas
YacTb YKa3aHHOrO ypaBHEHHs sIBJISETCsl JHHeHHOH (QYHK-
IHell oCTaJbHBIX ABYX KOOpAHHAT, TaK YTO YpaBHEHHe
H300paKaeT HEKOTOPYIO NpsIMyi0 Ha JApYrofi IJIOCKOCTH,
CONpSIKEHHYI0 ¢ 3TOH (PUKCHPOBAHHOH TOYKOH B NepBOH
TIJIOCKOCTH.

3) Ho 310 cooTBeTcTBUEe B 0OllleM cJjydae He sB-
JisieTCsl y:Ke B3aHMHBIM B ONpeJile/IeHHOM BhIIIE CMBICIE,
a MMeHHO, B3aHMHBIM OHO OyAeT TOJbLKO B TOM CJyuae,
eCcH B ypaBHeHHsX (4a) Kaxjable JBa CHMMETPHYHBIX
yjeHa HMeI0T OAHHaKoBble KO3(HLUHEHTH, T. €. eClH
35TO ypaBHeHHe HMeeT BHJ

Axx’ 4 B(xy’ + yx')+ Cyy’ + D(x + x') +
+E@W+y)+F=0. (5
OnpenenenHoe TakuM o6pa3oM mnpeoGpa3oBaHHe
ONATb-TAKH XOPOILIO H3BECTHO H3 YYEHHs O KOHHYECKHX

CCYEHHAX; OHO BbIpaxaeT COOTBETCTBHE MEXKAY II0JIO-
COM H NOJIAPOIO IO OTHOLUEHHIO K KOHHYECKOMY CE€UYEHHIO

Ax?+ 2Bxy 4~ Cy?>+ 2Dx 4+ 2Ey—+ F =0.

Bcesikoe Takoe moJsipHOe COOTBETCTBHE SBJSIETCSH
JOBOHCTBEHHbIM H B3aHMHBIM,
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Benen 3a u3/moXKeHHBIM MOXHO HENOCPEeACTBEHHO me-
peliTH K pPacCMOTPeHHIO OJHOI'0 CyllecTBeHHo 6oJee 06-
Hlero Kjacca npeo6pasoBaHHi ¢ mnepeMeHOH 3jeMeHTa
IPOCTPAHCTBA, a HMEHHO, KJjacca Ipeo6pa3oBaHHi Ka-
CaHHs, WJIH «KacaTeJbHHX» Npeobpa3oBaHui,

2. KacareabHnle npeoGpa3oBaHus

drtH nmpeoGpa3oBaHusi, Ha3BaHHbEe TaK Codycom JIu,
NOJIy4yaloTCsl, €CJH BMeCTO GUIMHEHHOro ypaBHeHHsi (4a)
NOJIOKHTb B OCHOBY KaKoe-nuG0 ypaBHeHHe GoJiee BBHICO-
KOH CTeNmeHH OTHOCHTEJIbHO YeThipeX TOYeK Ha OoGeux
IVIOCKOCTSAX:
Q(x, y; ¥, y)=0,

YAOBJIeTBOpsIOLIEe, KOHEYHO, HEOOXONUMBIM YCJIOBHEM
HeNPepHBHOCTH; 3TO YypaBHEHHe Ha3bIBAIOT, COMVIACHO
Ilniokkepy, HampaBJAOIIMM ypaBHeHHeM. [Js miocko-
CTH BCe OTHOCsIeecs] CIOfla HMEeTCsl yKe B YHOMSIHYTOM
Bbllle npou3sBefeHuH Ilnokkepa (c. 259—265). Ecuau
¢uKcupoBaTth cHavama X, y, T. €. pacCMaTpuBaTb OIpe-
neneHHylo Touky P(x,y) Ha miockoctu E (puc. 79), 1O

linocxoems E Tnockocms E' /
P K’
: \

Puc. 79

ypaBHeHne Q =0, paccmaTpuBaeMoe KaK YpaBHEHHe
IJISl TEKYLIIUX KOOpAMHAT x’, y’, H3o6paxaer HEKOTOPYIO
ompefeneHHylo Kpuyio C’ Ha mnjockoctu E’; sty Kpu-
BYI0O Mbl CTaBHM B COOTBETCTBHe TOYKe P KakK HOBHIfi
3JIEMEHT IIOCKOCTH E’ (nmpexJe TaKuM 3JieMeHTOM GOblia
npamas). Ecau ke Temepb (HKCHPOBAaTh KaKylo-HHOYZb
Touky P’(x’,y’) Ha mnuockoctH E’, HanmpuMmep KakKylo-
HHUOYIb TOUKy KpuBo# C’, TO 3TO ke ypaBHeHHe Q = 0,
B KOTOpDOM MBI Tenepb NpHJAaeM NOCTOSIHHble 3HaYeHHS
BTOpOii mape nepeMeHHBIX X', y’, a X, Yy CUHTaeM TeKY-
LIMMH KOOpJHMHATaMH, ompejessieT HEeKOTopylo KpuBywo C
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Ha E, W 3Ta KpHBas HOJKHA, KOHEYHO, NPOHTH yepe3
nepBOHaYaJbHYI0O TOYKYy P. DTHM MBI yCTaHaB/IHBaeM
COOTBETCTBHE MeXAYy ToukaMu P mjockoctd E u oo?
|(IlBpraTHOH 6eCKOHEUHOCTbIO) KPHBBIX Ha IIJIOCKOCTH
E’, a Takxe COOTBETCTBHE MeXAy TouKaMH P’ Ha mio-
ckoctH E’ u 002 kpuBeix C Ha miockoctd E coBepiueHHO
aHAJIOTHYHO IpeXHeMY COOTBETCTBHUIO MeXJy TOYKaMH
H NPSMBIMH.

Ecnu tenepp Touka P GymerT ABHraThCsA MO IJIOCKO-
ctu E, onucbiBas NpOH3BOJbHYIO (0603HAaYeHHYI0 Ha
puc. 79 nyHKTHpOM) KpuBYyI0 K, TO KaXIOMy OTHAeNb-
HOMY IIOJIOXKEHHIO TOYKH P 6yneT COOTBETCTBOBATb OMNpe-
nenenHas KpuBas C’ Ha muockoctH E’. Ho, uTo6n H3
STOr0 OXHOKpPaTHO GecKOHeYyHoro cemeiicrBa KpuBhX C’
noJyYuTh Ha E’ TonbKo OIHY onpefiesieHHYI0 KpHBYIO,
KOTOpYI0 MBI OGydeM CYHTaTb COOTBETCTBYIHOUleH KpHBOH
K na E, mbl nepeHeceM Ha paccMaTpHBaeMHii 31ecb
ciayyadl o6mMA «NpPHHUMI orubamoueii», yxe IpPHMEHeH-
HBli HaMM NIpH JBOHCTBEHHOM COOTBETCTBHH: KpHBOH K
Mbl OTHOCUM Ty KpuByio K’ Ha miockoctu E’, KoTopas
orub6aer Bce KpuBble C’, COOTBETCTBYIOIlHe Ha OCHOBa-
HHH ypaBHeHHsi Q = (0 OTZeJbHEIM TOYKaM KpuBoi K.
Takum o06pasoM, Mbl JefCTBUTENbHO MNOJYYHJIH H3 Ha-
npasJsioulero ypaBHeHus Q = (0 TaKoe COOTBEeTCTBHE
MeXJAy NJIOCKOCTSIMH, NMPH KOTOPOM KaXAOH KpHBOH on-
HOH NJIOCKOCTH COOTBETCTBYEeT OmnpejeseHHasi KpHBas
Apyro#l, 160 MOXHO NPOBECTH TaKHe XKe TOYHO paccyx-
JIeHHsl, MCXolsi, Hao60pOT, H3 NpPOH3BOJIbHOH KpuBoit K’
Ha mJockocTH E’.

UTo6GHl NMpeiACTaBHTb 3TH pAaCCyXIeHHUs B aHAJIHTHYe-
ckoii (opme, 3aMeHUM MBICJIEHHO KpuByio K MHoOro-
YrOIbHUKOM C OYeHb MaJleHbKUMH NpPsSIMOJHHEHHBIMH
CTOPOHaMH — KaK 3TO JJIs1 HarJIsiAHOCTH OXOTHO AeJaloT
B au(depeHINaJbLHOM HCYMCIEHHH — H CIpOocHM cebs,
yTO OyAeT COOTBETCTBOBATb OJHOH OTAENbHO B3SITOH CTO-
poHe MHoroyrojbHuka. IIpH 2TOM, KOHeYHO, cJeayeT
BCeria HMeThb B BHAY NpeleJbHbI Nepexoi K KpHBOH,
TaK 4TO B Ipelese IOA CTOPOHOH MHOTOYroJbHHKa cJe-
JlyeT NMOHHMAaTh He YTO HHOe, KAK COBOKYNHOCTb TOYKH P
M HanpaBJeHHsl KacaTeJbHOH K KpuBoii K B 3TOH TO4-
Ke — TaK Ha3blBaeMblil JIMHEHHBIH 3JIeMEeHT.

CaBuHeMcsl B 3TOM HampaBJeHHH OT TOYKH P, B pe-
3yJbTaTe 4ero IOJYYHM HEKOTOpyw TOoukKy P; (puc. 80)
¢ KoopjiuHaTaMH x - dx, y - dy, rie dx, dy mnpous-
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d
BOJIbHO MaJibl M B Ipenelie CTPEeMATCA K HYJI0, a —d—i{‘-

BCe BpeMs HMeeT ONpejeleHHOe 3HaueHHe p, XapaKTe-
pHu3ylollee 3alaHHoe HampaBJeHHe. Touke P cooTBeT-
cTByeT Ha maockocTH E’ kpuBas C’, ypaBHeHHe KOTODOH
OTHOCHTEJIbHO TEKYIIHX KO-

r
OpAMHAT -, y/ HMeeT BHA lnockocms E /,7/Joc/(acmz: E ’/
P I pr
Q(x, I’H x” y')=0, \
% LAV 174 -
a tTouke P, — kpuBas Ci c '
ypaBHeHHEM £
Q(x +dx, y+dy;
x', y)=0. Pic. 80

Pasnarasi JieBy10 4YacTh MOC/€JHEr0 YpPaBHEHHs MO
cTeneHsM dx W dy W NPHHHMAsi BO BHUMaHHe BBHAY
OKOHYAaTeJbHOIO INPENeNbHOrO Iepexoaa TOJbKO JHHeH-
Hbie YIeHBl, nosy4YaeM AJsi C| ypaBHeHuUe
Q

0Q 5}
Qx, 43 &', ¥')+ 57 dx + 5, dy=0.

M3 o6Goux sTux ypaBHewuit (maa C’ u Ci) mnoay-
4yalTCAd KOOPAMHATH X/, y’ TOUYKH mepeceueHus P’ Kpu-
Buix C” u Ci, KoTOopasi B mpeiese ob6paiiaercss B TOYKY
KacaHusi kpuBoii C’ c¢ orubarooueii K’; sTH ypaBHeHHs,

d
IIOCKOJIbKY %=p, MOXHO TakK»ke 3aMeHHTb ypaBHE-

HHUSIMH
0Q aQ

Qx, 4 ¥, ¥)=0, S +5,p=0. (2)
Ho xpuBme C’ u C{umeior B Touke P’ B mpepene
o dy’
obiiee HampaB/eHHe KacaTeJbHOM p’=d—i,, KOTOpoe

OJHOBPEMEHHO SBJISIETCS TaKke M HampaBJeHHEM OrH-
6awoieit K’ B Touke P’. ITocKoabky ke Q = 0 spjsieTcst
ypaBHeHHeM KpuBOH C’ ¢ TeKylIHMH KOOopIAMHaTaMu x’,
y’, TO 3TO HampaB/ieHHe KacaTeJbHOH oOINpejessieTcsi H3
ypaBHEHHs

R ., 0 .,
—67,-dx+-5y—,dy——0,

s 0 0Q
'07+Wp=0' 3)
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Ecnu, cnepoBarenbHo, u3 Bcedi KpuBoi K H3BecTHa
OlIHAa TOJIBKO e€e TOYKa P M HampaBlieHHe p KacaTeJbHOH
B Heil, TO 3THM caMbIM omnpejlejeHa Touka P’ coorBer-
ctBylomel KpuBoii K’ BMecTe c HampaBJieHHEM IOCJen-
Hell B aToit TouKe. I'oBOpAT mo3ToMy, 4TO Halle mpeos-
pasoBaHHe OTHOCHT B CHJY ypaBHeHHH (2), (3) Kax-
JOMY JIHHEHHOMY 3JIeMEHTy X, Yy, p KPHBOH Ha IJIOCKO-
ctu E onpeneneHHbIH JHHeHHBH 3sneMeHT x/, y’, p’ Ha
niockoct E’.

IlpuMeHss 3TO paccyxKIeHHe K KaxKAOH CTOPOHe al-
NIPOKCHMHPYIOIIEr0 KPHBYI0O MHOrOYroJbHHKa H COOTBET-
CTBEHHO K KaXJOMy ee JHHEHHOMY 3JI€MEHTY, MOJyYHM
Ha nJaocKocTH E’ CTOpPOHBI MHOrOYroJibHHKa, amnmnpoKCH-
MHpYIOLIEr0 COOTBETCTBYWOILYI0 KpuBylo K’ M cooTset-
CTBEHHO JIMHEHHble 3JeMEHTHl 3TOH pr;l;oﬁ. IToaTomy

P aBHEHHS , PpelleHHble
(Iﬂqcxocmb E fnockocme £ g'll)‘HOCPITeJIbHO( <, Z;, npex-
‘ (? k" K/ CcTaBJASIIOT aHaJHTHYECKH KpH-
X Bylo. K/, eciin TOJIBKO X, Y, p
' npoGeralT 3HaueHHs KOOPAH-
Kt A HaT M HampaBJ/IeHHs Kaca-
K1 TesbHON BO BCeX TOYKaX KpH-
f I Boit K (puc. 81).
Puc. 81 Tenepr cTaHOBHTCS Tak-
XKe siCHeIM, noueMmy JIu . Ha-
3BaJl 5TH Npeo6pa3oBaHHsi «KacaTeJbHHIMH». A HMEHHO,
ecJIH JBe KpUBble Ha NJOCKOCTH E KacawoTcs oiHa Ipy-
rod, To 3TO O3HayaeT He 4YTO HHOe, KaK TO, YTO OHH
HMeIOT OOIMiA JMHeliHbIA 3JeMeHT; HO TOrja H COOTBET-
CTBYIOIIHE UM KpHBBble Ha MJOCKOCTH E’ TakKe NOJKHBI
HMeTb OOLUMH JIMHEHHBIH 3JIeMeHT, T. €. OOMIYI0 TOYKY
¢ o6mMM HampaBJlenueM B Heid. KacaHue ABYX KpHUBBIX
sIBJISIETCs], CJel0BaTe/NbHO, CBOHCTBOM, HHBapHaHTHBLIM
NpH 3TOM Npeo0pa3oBaHHH, HAa YTO U LOJKHO YKa3Ll-
BaTb ero HasBaHWe. JIM pasBua yueHHe 006 3THX
KacaTe/lbHbIX NpPeo6pa3oBaHUAX CYLIECTBEHHO JaJiblie,
06001UUB ero JJs cjay4Yas MNpPOCTPAHCTBA; OH Ipel-
npuHan B 1896 r. cosmectHo c¢ Ileddepcom cucre-
MaTHuyeckoe H3J0XeHHe 3TOro YyueHuss B «['eomerpuu
KacaTeJbHbIX npeoOpasoBanuii» *), HO, K coxaJje-

*) Lie S, Scheffers G. Geometrie der Beriihrungstrans-
formationen, — Bd, 1, — Leipzig, 1896,
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ant)k’)‘ TOJABHHYJICI HeHaMHOro JaJjbllle JEepBOro TO=
Ma *).

Ilocsie 3TOr0 KpaTKoro H3j0XKeHHsI TeOpHH Ipeobpa-<
30BaHUH C 3aMeHOH MPOCTPAHCTBEHHOr0 3JeMeHTa £
XOUy OXHBHUTb 3Ty TEOPHIO XOTs OBl HECKOJIbKHMH Ha-
IJISAHBIMH IpUMepaMH, 4YTOObl NOKa3aTh, KaKoe 3Haye-
HHe 5TH BellM MOryT HMeTb B NPHKJAAHBIX HayKax.

3. HekoTtopbie mpumepbl

Buj aare6panyeckuX KPHBBIX ONpeNEJE€HHOr0 Mopsij-
Ka MJaM Kiaacca. Paspemnte MHe cHauaJa cKa3aTb He-
CKOJIbKO CJIOB O JIBOHCTBEHHHIX Npe06Gpa30BaHUSAX H O TOH
pOJIH, KOTOPYI0O OHH HMrpaioT B y4YeHHu o ¢opme anreb-
paHyecKuXx KpHBBIX. IIpucMOTpHUMCS, KaK H3MeHSIOTCH
THNHYHBle (OPMBI KPHBHIX NpPH ABOHCTBEHHBIX Hpeobpa-
30BaHHSX, HalpHMep, IPH B3aHMHOM MOJISIP-
HOM COOTBETCTBHH OTHOCHTEJNBHO KaKoro-
HHOYAb KOHHYECKOTO CeYeHHs; IPU 3ITOM
HaM I@pujercsd, KOHEYHO, OTrpaHHUYHUTHLCA
OYeHb HEMHOTHMMH XapaKTepHBIMH cJjyuasi-
Mu. Tak, B cilyyae KPUBBIX TPETbero nopsii-
Ka, 1 OTMeyalo crepBa HeUeTHHI THUN KpH-
BOH, XapaKTepu3yeMHIll TeM, YTO CO BCSAKOH
npsAMo# KpHBas mepeceKaeTcsl B OJHOH HJIH
B TPeX TOUKax.

Ha mnpuBeneHHOM 3CKH3HOM HaGpocke
(puc. 82) KpuBasi HMeeT OAHY ACHMITOTY,
HO H3 Hee MOXHO cpa3y NOJYYHTb KpH- ,
BYIO C TpeMsl aCUMITOTaMH, IPOEKTHBHO Puc. 82
npeo6pa3oBaB MJIOCKOCTb YepTeXa TaKHM
o6pa3oM, YToOH KaKas-HHGynb mpsMasi, Iepecekarouias
Hally KPHBYIO TPHKIH, Nepeulta B 6eCKOHEYHO yaaJieH-
HyI0 npsMylo. B paccMaTpuBaeMoM ciydae KpHBas
HMeeT TPH HAeHCTBHTENbHHIX TOYKH nepernba, Korophie
HMeIOT o0co6oe CBOHCTBO —JeXaTbh Ha OAHOH mps-
MoH g. 4

Ilpn nyanusaupoBaHuH (ABOHCTBEHHOM Npeo6GpasoBa<
HHM) 3TOM KDHBOH IOJy4yaeTcsi KpUBasi TpPeThero Kiaacca,
K KOTOPOM M3 KaXJIOH TOYKH MOXHO NpPOBECTH OJHY
HJIH TPH JeHCTBHTe/NbHbIE KacaTeJbHble. TouKe mepern6a

*) IlepBre Tpu TIJMaBE BTOPOr0 ToMa OhIM HameyaTaHbl yxe
nocne cMepta Jiu B 1904 r,
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COOTBETCTBYeT NPH 3TOM OCTPHe, YTO, KOHEUHO, CJIeLyeT
cebe YSICHHUTb OOCTOSITEIbHBIM pa3MBILLIEHHEM; BB MO-
¥)eTe, MeXJy NpPOYHUM, HaHTH NOAPOOGHOE pa3BHUTHE 3THX
Hied B MOHX INpeXHHX JIeKUHAX IO reoMeTpud. BosHu-
Kamouas NPH 3TOM KpHBas TpeTbe-
- ro knacca (puc. 83) umeer, cie-
JIOBaTeJbHO, B leJIOM TPH OCTpHS,
a KacaTeJbHble B HHX JOJIXKHBI
NPOXOAMTh 4Yepe3 OAHY H Ty Xe
A TOuKy P’, KoTOpas HXyaJbHO COOT-
BETCTBYeT NpsIMOii g, colepxalieif

HallM TPH TOYKH Neperuoba.
AnasornuHsle KpaTKHe 3ameya-
Puc. 83 HHUS s cleJalo elle O KPHBOH yeT-
BEpTOro mnopsifka M UYeTBEPTOro
Knacca. Kpuasi yeTBepTOro nopsiika MoxeT HMeTb GopMy
0BaJIa ¢ OJHOH BNAaAMHOH; MOTYT Ha)Ke BCTPETHUTbCS KpPH-
Bble C JABYMsl, TPeMsl H UeThIpbMsl BHafHMHaMH (puc. 84).

=

Puc. 84

B mepBoMm cayuae uMeloTcsl AB€ AeHCTBHTENbHbIE TOYKH
neperuGa U OfHa AeHcTBUTeJbHAs NBOHHAas KacaTelbHas,
a B OCTaJbHBIX — 0 BOCbMH

' TOueKk neperu6a H OO YeTHl-
pex IBOHHBIX KacaTeJbHHIX.
Hyanusupysa, Mbl JOJKHBI
, K YyXe CKa3aHHOMY paHblle
npubaBuTh elle TO CO0Opa-
JKeHye, 4YTO JBOHHOH Kaca-

Puc. 85 TeJbHOH B3aHMHO COOTBeT-

CTByeT JHABOHHasi ToukKa. Ta-

KHM NIyTeM IOJIy4YaloTCsl THIBI KPHUBHIX YETBEPTOro KJac-

ca, HMeloUlHe OT ABYX 1O BOCbMH OCTpHEB H OT ORHOH

o ‘qeérbxpex JBOHHBIX TOYeK, KaK 3CKH3HO NOKa3aHO Ha
pruc. 85. :
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BoJsee neranbHoe uayyedue pasiuuHbIX (opm anreG-
panyecKHX KpHBBIX IIpelCTaBjsieT CBOoeoOpas3Hylo mpe-
JIECTh, HO §1 He MOry, K COXaJleHHIO, OCTaHaBJIHBaTbCA
Ha 3TOM noApobHee H [OJIXKEH YNOBJIETBOPUTbCS 3THMH
KPaTKHMH yKasaHHsMH. OHH, ONHaKO, NOCTATOYHO SICHO
NOKAa3bIBAlOT, KaK HallM ABOHCTBEHHBIE Npeo6pa3oBaHHsA
TOABOAAT NOJA OJHH M TOT 3Ke 3aKOH BelllH, KOTOphle A
HaWBHOTO IMpeJACTaBJIeHHs HAaCTOJbKO pa3jIHyHBl, Ha-
CKOJIBKO 3TO TOJIBKO BO3MOXKHO.

IIpumeHeHune KacaTeJbHBIX MpeoGpa3oBaHuii K TEOPHH
3yOuateix kKosec. Temepp s nepefily K NpHMeHEHUSM
TEODHH KacaTeJIbHBIX Npeo6pa3oBaHuii; 3/lech HHTepec-
HbIM o006pa3oM OGHapyXHBaeTCs, 4YTO HIes KacaTelb-
HOoro mnpeo6pasoBaHusi, KaK H OOJbLIIMHCTBO HAeH, nei-
CTBHTEJIbHO YJayHBIX B TEOPETHYECKOM OTHOLIEHHH, Ha-
XOZHT cebe Ha NpaKTHKe LIHPOKOe MoJie NMPUMEHEHHH H
4TO ee TaM AeHCTBHTENbHO IPHUMEHSJH elle 3aJ0Jro A0
€e TeopeTHYecKOH pa3paboTKH. §1 HMelo 3lecb B BHAY
ri1aBHBIM 0o6pa3oMm cTapoe yuyeHHe 0 3y6YaThlX KoJjecax.
OHo o6pa3syer cnelnnaabHYyIO [1aBy KHHEMaTHKH — 0Gillero
YYeHHs] O NOABHXKHBIX MeXaHH3Max, KOTOpoe, HalpuMep,
Uil TeXHHKH MallHHOCTPOEHHsI HMeeT LeHTpaJibHOe 3Haye-
HHe. K 3TOfi e 06GjacTH KHHeMaTHKH NpHHAJJeXaT H
T€ NPSAMHIA, OAHH NPHMep KOTOPHIX MHl HellaBHO HUMEJIH.-
K kuHeMaTuKe OTHOCHTCS M MHOroe M3 TOro, 0 uem s
yXke He pa3 JoJxKeH ObJI TOBOPHTb B 3TOM Kypce:
s MOTy 3Jecb, KOHEYHO, BBIXBAThiIBaTb TOJbKO HeOOJIb-
LIHMe YacTH M3 Ka)XXJOH OTAEJbHOH HHCUUNJIMHH H_Ha
NPOCTBIX NpHMepax MNOo. BO3MOXKHOCTH O6oJjiee "HarVIsILHO
BBLISICHATb HX CMBICJ M 3HaueHHe. PasobpaTtbcsi Xe B
NoJApO6GHOCTAX TNOcJde 3THX HaGpPOCKOB BHI JOJIKHHI CTa-
paTbhCsl CaMH, MOJb3YSICh CHelUaJbHBIMH KypCaMH.

3anaya KOHCTPYKUMH M3 3y6uaThiX KoJecC 3aKJio-
YyaeTcss B IlepeHOCe PaBHOMEDHOro [BHXKEHHS C OAHOIO
Kojeca Ha JApyroe. ITOCKOJNBKY e NHpH 3TOM MAOJXKHBI
6bITh NepeHeCeHbl TAKXe M CHJbl, TO HeJOCTaTOYHO 3a-
CTaBHTb KaTHTbCA OAHO KoJeco no Apyromy (puc. 86),
a HeoGXOZMMO ellle CHaGAMTb OAHO KOJeco BHICTYNaMH,
3ybuaMH, KOTOphle “BXOAMJIH OBl B BHIEMKH ApYroro.
IlosToMy 3amaua 3akKalouyaercsi B NPHAAHHH NPODHASM
uId o6GpasyloluM 3THX 3yOHOB. TaKoH (GopMbl, YTOOHI
paBHOMepHOe BpalleHHe OJHOI'o KoJeCa BHI3bIBANIO TOXKE
paBHOMepHOe BpauleHHe apyroro. Takas mnocraHoBKa
BOIIpOCA NpeACTaBJsieTCcsl, KOHEYHO, H B reOMeTPHYECKOM
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OTHOLIEHHH OYeHb 'HHTepecHo#. §I cpasy xe coobuy
BajKHeHIIYIO YacTb pellieHHsi 3TOH NMpob/eMbl. A HMEHHO,
3y6lUH OAHOro Koseca MOryT ObiTb BbIGpaHH, MO Cylie-
CTBY, NpPOHM3BOJIbHBIM 00pasoM C TaKHMH CaMOOYeBHA-
HbIMH H OOYCJOBJIEHHBIMH INPAKTHYECKOH IpHMEHH-
MOCTBIO OrpaHMYeHHSIMH, KaK, HampuMep, TO, YTO OT-
HeJbHbIe 3yOUbl He JOJIKHBI CTaJKHBATbCS APYr C APy«
roM H T. I.; 3yOLBl 3Xe BTOPOro KoJjieca OKasblBalTCA

Puc. 86 Puc. 87"

TOrZa BIIOJIHE ONpeJeNeHHHMH, a HMEHHO, OHHM IOJy-
4aloTcs M3 3yOLOB NMepBOro KoJeca NMOCPeACTBOM HEKO-
TOpOro pa3 HaBcerja YCTaHaBJIHBaeMOro KacaTeJIbHOrO
npeo6pa3oBaHHs.

3nech GyneT MOCTAaTOYHO [AaTh KpaTKoe NOsICHEHHe
XoJa MbICJeH, MpUBeALIero K 3Tod TeopeMe, He OCTaHaB-
JIUBasiICh Ha MOJIHOM ee JoKasaTesabcTBe. HemocpencTBeH-
HO BHAHO, YTO BCe 3aBHCHT TOJBKO OT OTHOCHTEJNBHOrO
IBHXKEeHHsT O6GOHX Kosec. MOXKHO NO3TOMy CYHMTaTh, Ha-
NpUMep, YTO NepBOe KoJeco R; COBEPIIEHHO HENOJBHXK-
HO, a BTOpoe R, KpoMe CBOero BpaullaTeJbHOro ABHKe-
HUsl, KPYXHT eile BOKpYr R;. Ilpu stoM Kaxpas ToYkKa,
HENOJBHXKHO COeIHHEHHas ¢ Ry, onucelBaeTr B Hemo-
IBHXXHOH IJIOCKOCTH KoJsieca R| HEKOTOPYIO 3MHILAKIOHAY
(puc. 87), npuueMm sTa nociefHss aubo OyneT BHITIHY-
ToH, u60 OydeT MMeTb OCTpHs, JHOO JenaTb NETVIH B
3aBHCHMOCTH OT TOTO, JIEKHT JIM paccMaTpuBaeMas TO4-
Ka BHYTpPH, Ha WM BHe nepudepun Koseca R,. Takum
00pa3oM, KaxAOH TOYKe IOABHKHOH IJIOCKOCTH KoJjieca
Ry cooTBeTCTBYyeT ompelesieHHass KpHBas Ha HeENOIBHXK-
HOH IJIOCKOETH Kojeca R;; eclu K ypaBHeHHIO, OCylle-
CTBJSIIOLIIEMY 3TO COOTBETCTBHE, MOJABICKATb 1O BhILIE-
yKa3aHHOMY cnoco0y KacaTesnbHOe npeo6pasoBaHHe, TO
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KaK pa3 H moJydaeTcss TO XapaKTepHoe HJjs 3y6yaThX
KoJIeC KacaTesbHOe npeoOpa3oBaHHe, KOTOPOe Mbl HMe-
JH B BUAY. A HMeHHO, Jierko yGeIuTbCsl B TOM, YTO JB€
KpUBbBIe, COOTBETCTBYIOLIME HADYr APYry B CHJYy TakKoro
npeo6pa3oBaHusl KacaHHs, NeHCTBUTEJbHO KaTATCA ONHA
o Apyroi BO BpeMsi OTHOCHTEJBbHOTO JBHIKEHHs KOJIeC.

HakoHen, emie HeCKOJbKO CJIOB O TOM, KaKOH BHA
NPHHAMaeT HaMeYeHHBIH 3/leCb .TeOPETHUYECKHH NPHHIMI
TIpH NPaKTHYECKOM KOHCTPYHPOBaHHM 3yOUaTHIX KoJec.
Sl npuBeny ToAbKO mpocTeHIIHiE ciayyad Tak Ha3blBae-
MOTrO LIeBOYHOrO HJIH NPSIMOGOYHOro 3auemJeHus. 34ech
3y6unl KoJeca R, sIBISIOTCSA NPOCTO TOYKaMu (puc. 88)

()

Puc. 88 Puc. 89

HJH, BepHee, TaK KaK TOYKH He Jaau OBl HHKaKO# Ie-
pelayd CuJ, MajieHbKUMH KPYIVIBIMH HandaMy HJIH IIH-
NaMH, TakK Ha3blBaeMbIMH leBKaMH. KaxaoMy Takomy
MaJIeHbKOMY KpYyry COOTBeTCTBYeT IIpM KacaTeJbHOM
npeo6pa3soBaHHH HeKOTOpasi KpHBasi, KOTOpas OYeHb
Majlo OTJIHYaeTcs OT SMHUHUKJIOUAH, a HMEHHO, SBJIseT-
Cs KDHBOH, MapaJjie/IbHOH K HeHll H OTCTOsiled OT Hee
Ha pacCTOSIHHH, paBHOM paauycy ueBkd. [lo aTum Kpu-
BBIM H KaTATCA HallM KPYXKKH IIPH BpalleHHH Kojeca Rg;
3TH KpHBhLIEe, cJeloBaTesNbHO, 00pa3yloT (JaHKH Tex
3yO6IOB, KOTOpPHIE NOJIKHB ObITb HacaxKeHnl Ha R;, uro-
OH 3a HHX 3alelJAJHCh Kpyrasie 3yO6Lbl, LEBKH, KO-
Jgeca Rj.

HimeloTcs eule JBa 3alemyeHHusi, KOTOpbie TaKiKe
OYeHb YacTO NPHMEHSIOTCS Ha NpakTHKe, a HMEHHO,
3BOJIbBEHTHOEe H ULHKJIOHAHOe 3alelieHHsl. ¥ IepBOro
H3 HHX— s GyAy 3Jlech oYeHb KpaToK — mpoduiau 3y6-
0B 060UX KOJIeC COCTOSIT H3 5BOJIbBEHT (pa3BepThlBalo-
LIMX) OKPYXKHOCTH (pHc.-89), T. e. U3 KPHBHIX, KOTOpbIE
o0pasyloTcss NpU pasMaThiIBAHHH C Kpyra HaTsIHyTOH
HHTH M 3BOJIOTHl KOTODBIX SIBJSIIOTCSI, CJ€IOBATESbHO,
OKDYXXHOCTSIMH; Y BTOPOH Ke MOJEJNH 3TH NPOQHJH CO-
CTOAT H3 AYr LHKIOHA,
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$1 Hapeloch, 4TO 3THM s JAaJ Bam IO KpaliHell Mepe
NepBOHAYAJbHYI0 OPHEHTHDOBKY OTHOCHTEJNBHO  TeX
npo6JeM, 0 KOTOpHIX HJET peyb B YueHUH O mpeobpaso-
BaHHAX C NepeMeHOH 3jJeMeHTa NPOCTPAHCTBA; Temepb
e, nepell TeM KaK COBCeEM OCTaBHTb 3TOT BTOpOiH pas-
JeJl, TpakTylowud Boobule o mnpeo6pasoBaHHsX, MHe
OCTaeTcsl OCTAaHOBHTBbCSl elle B BHAE INPUJIOKEHHs Ha
OJHOH BaXXHOH rJaBe, KOTOpass He MAOJXKHA OTCYTCTBO-
BaTh B 3HUHUK/IONEJHH TreOMeTpHH, a HMEeHHO, Ha MOJib-
30BaHHM MHHUMBIMH 3JIEMEHTaMH.

V. TEOPHSA MHHMbBIX 3JIEMEHTOB

YyeHHe 0 MHHMOM, KaK H3BECTHO, NOJYYHJO CBOe
pasBUTHe npexje Bcero B ajre6pe W aHaaHu3e, B 0COOEH-
HOCTH B Y4YeHHH 06 ypaBHEHHUSIX U B TeOpHH (GYHKUHH
KOMIJIEKCHO! NepeMeHHOH, rlie OHO OTIPa3JHOBAJO CBOH
BesqHyafiine TpuyM¢n. Ho BCKOpe H B aHaJHTHYECKOH
reOMeTpHH Hayaju MNpPHAABaTb NEPEMEHHBIM X, y KOM-
NJIEKCHBIE 3HAUYEHHS X = X| -} iXg, Y=un = iy, u npuco-
eJIMHWIH, TakuM 06pa3oM, K [eACTBHTEJbHHIM TOYKaM
LIMPOKHH KJIacC KOMIJIEKCHBIX TOYEeK, He CBS3LIBas cliep-
Ba 3Ty TEPMHHOJIOTHIO, B3fITyl0 H3 aHaJH3a, C KaKHM-
au60 TreoMeTpHYECKHM COLepXKaHHEM B COGCTBEHHOM
cMbicae caoBa %),

ITonbsa Takux HOBOBBeJeHHH, KOHEUHO, 3aKII0YaeTcs
B TOM, YTO OHH [eJalOT H3JHLUIHHM TO pasjHyeHHe OT-
JelIbHBIX CllyYyaeB, KOTOpPOe CTAHOBHTCS HeOGXOAMMBIM,
€CJIH OrPAHHYHTBLCA JAeHCTBHUTEJbHHIMH 3HaueHHSIMH Iie-
peMeHHbIX, H Nal0T BO3MOXHOCTb BBICKa3niBaTb OOLIHE
TeopeMbl, He NONyCKalouMe HHKaKHX HckiaoueHHit. Co-
BEpIIEHHO aHaJIOTHYHbIe COOOpaXKeHHsi NMPHBEJH Hac yxe
B NIPOEGKTHBHOH reOMeTpPHH K BBEJeHHIO OeCKOHEUYHO yna-
JIeHHBIX TOYEK, a TaKXKe 3aNMoJHAeMbX HMH GeCKOHEYHO
yAaJeHHBIX IUIOCKOCTH H npsaMuXx. M1 B mepBoMm, u BO
BTOPOM CJIyuyasiX Mbl JejaeM TO, YTO JOBOJIbHO YAAYHO
Ha3blBAIOT <IPHCOEJHHEHHEM HeCOOCTBEHHHIX TOYEK»
K COOCTBEHHbIM, HAarJsiJHO BOCIPHHHMAaeMBIM TOYKaM
NpOCTPaHCTBA.

Mbl BLINONIHUM Tenmepb 06a NMPHCOEAHHEHHS OJHOBpe-
MeHHO. Jlns aToro BBeleM, KaK H paHbllle, OXHOPOJAHbIE
KOOpAMHATHI, CJeAO0BaTeJbHO, MOJOXKHM, YTOOH oOcCTa-
BaTbCsi INOKa UTO B I[Ipefesnax IJIOCKOCTH, X:y:1=
=E:n:1 n-06ylem jomyckaTb Ajas E, 1, T TaKxe H
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KOMILTeKCHhle 3HaueHHs.” CucreMy xe 3HaueHuit 0, 0, 0
MBI HCKJIIOYaeM.

PaccmarpuBas mpu 3THX YCJOBHSX, HalpHMep, OIOHO-
pOJHOe KBaJpaTHOe ypaBHeHHe

AE2 4 2BEn + Cn? 4 2Dkt 4 2Ent + F12=0, (1)

MBl Ha30BeM COBOKYIHOCTb BCeX KaK JeHCTBHTEJbHBIX,
TaK U KOMIUVIEKCHBIX CHCTéM 3HauyeHHH §, m, T, eMy
YIAOBJIETBOPSAIOIUX (HE3aBHCHMO -OT TOro, IIpelCTaB-
JAIOT JH OHH KOHEeUHble HJH OGeCKOHEYHO yHaJIeHHble
TOYKH), KpUBO# BTOporo mopsiaka. OueHb 4acTo TaKylo
COBOKYNHOCTb Ha3BIBAIOT NPOCTO KOHHYECKHM CeyeHHeM,
HO 3TO Ha3BaHHe MOXeT BHI3BaTh HeJOpa3yMeHHs; eClH
He y J1ofeH, 3HAIOMHUX NpeIMeT, TO y MHOTHX, He IpH-
BHIKIIHX K NPUMEHEHHIO MHHUMBIX 5JIeMEHTOB; Bellb Olpe-
JleJleHHasi TaKMM 06pa3oM KpHBasi MOXKeT, HallpuMep, He
MMeTb HU OJHOH AeHCTBUTENbHOH TOUKH.

PaccmMoTpum KoMGuHamuio ypaBHeHus (1) c JuHei-
HHIM YpaBHeHHeEM

o +fn+yr=0, (2)

KoTopoe 6yleM CYHTAaTh ONpejeseHHEM KpDHBOH NepBOro
nopsiika, T. €. NPSIMOH JHHHH. DTH JABa YpaBHEHHA
HMEIOT POBHO JBa OOIIHX pelleHHs B BuJAe TPOeK §:1M: 7T,
T. €. BCIKasi KpHBas NepBOro mopsiika H BCsKass KpHBasd
BTOPOrO NOpsilKa BCerfa «MepeceKalTcs» POBHO B JABYX
TOYKaX, KOTOpHle MOIYT, KOHEYHO, ObIThb JeHCTBHTEJb-
HBIMH HJIM KOMIJIEKCHBIMH, KOHEYHBIMH HJIH GeCKOHEUHO
yAalleHHBIMH, pasjMYHbIMU MM coBmapamowumu. [lpu
3TOM, KOHEYHO, MBICJHMBl BBIpOXKJam0llHecs ciaydad,
KOTOpBIE NDHBOJSAT K MCKJIOYEHHSM H3 3TOH TEeOpeMHI.
Ecnu neBasi yactb ypaBHeHusa (1) pacmazaercs Ha ABa
JIMHEAHBIX MHOXHTeJs H eCJH OJHH H3 HHX HIAEHTHYeH
C JIeBOH 4YacTbio ypaBHeHHs1 (2), HHBIMH CJOBaMH, €CJH
KpHBasi BTOPOro MNOpsiiKa sIBJSIETCS <«IapoH MpPSIMBIX»,
OlHa M3 KOTOPHIX COBmajgaeTr ¢ npsamo# (2), To Kaxpas
TOYKa 3TOH mocjefHeli Gynaer obiuelt Toukoil (06ouX 06-
pasoB). DTO CBOAHTCS K TOMY, 4TO O6pallaloTcs B HYJb
Bce KO3(P(HUHEHTH TOro KBajpaTHOrO ypaBHeHHS, KOTO-
poe mnojydyaercs NpH HCKJIIOYEHHH OJHOH HEH3BECTHOH M3
0o60HX 3ajJaHHBIX ypaBHeHHH. Eme 6Gosee IIHpPOKHE BbI-
POXIEHHS MOJYYaloTcsl, KOHEYHO, B TOM cJydae, eclH:
JieBasi 4acTb OJHOrO HJH JAaxke OOOHX ypaBHeHHH caMma
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TOXK/ECTBEHHO 06paniaercs: B HYJIb:
A=B= ... =F=0
HJH
a=pf=vy=0.

B naibHefiniem, OJHAKO, s OCTaBJIO B CTOPOHE BCe
9TH U MOJOGHBIE UM OCOGEHHOCTH, KOTOpHIE IO CYLIEeCTBY
SIBJASIIOTCS TPHBHAJbHBIMH. IIpH TakoM YCJIOBHH MH
uMeeM IIpaBO MNepexojsi, HampuMep, K PacCMOTDPEHHIO
JBYX KpDHBHIX BTOpPOro NOpsjKa, BLHICKa3aTb TeOpeMy
O TOM, YTO OHH BCerja HMelOT pPOBHO 4YeThipe OOLIHE
TOYKH. _

MHuMBIe UMKAMYECKHE TOYKH M MHMMasi OKPYXKHOCTb
cthep. BBeneM Tenepb B NpPOCTPAHCTBE OILHOPOAHBIE
KoOpAMHATH x:y:2:1=E:m:{:tv u OydeM uM IpH-
JaBaTb NPOHU3BOJIbHBIE KOMILJIEKCHbie 3HaueHHs], BBIKJIIO-
yass cHoBa cucteMy 0:0:0:0. CoBOKynHOCTb pelLIeHHH
OHOrO JIMHEHHOr0 HJH COOTBETCTBEHHO KBaXpaTHOro
OIIHOPOJHOrO YpaBHEHHSI OTHOCHTENIbHO 3THX YeThipex
nepeMeHHHIX Ha30BeM TOrJAa NOBEPXHOCTbIO IEPBOro MO-
pAlKa (MJOCKOCTBIO) HJH COOTBETCTBEHHO MOBepX-
HOCTbIO BTOpOro mnopsiika. Toraa omsTb-TakKH, e€ciH OT-
6pocHTb TpPHBHAJbHBEIE HMCKIIOUEHHs, HMeeT, BooGlle ro-
BOpPsi, MeCTO TeOpeMa O TOM, YTO NOBEPXHOCTb BTOPOTrO
TopsiiKa MepeceKaeTcss C NJOCKOCTbIO O KPHBOH BTOPOro
TOpsilKa M 4TO JIBe MOBEPXHOCTH BTOPOro MopsiikKa mepe-
CeKaloTCsl N0 NPOCTPAHCTBEHHOH KpHUBOH YeTBEpPTOro mo-
pslKa, KOTOopas B CBOIO O4yepelb HMMeeT CO BesKOH mJo-
CKOCTBIO UYeThIpe OGIIMX TOYKH. IIpu 3TOM HHYero He
TOBOPHTCS O TOM, MMeEIOT JIH 3TH KpHBhle IlepeceyeHHs
JeHdCTBHTeJbHbIE BETBH HJH HET, JieXXaT JH OHH B KO-
HEYHOM PacCTOSTHHU WJIH B G6eCKOHEYHOCTH.

U Bor yxe B 1822 r. IloHcesie B CBOEM YNOMSIHYTOM
Bbille TpakraTe «O NpOeKTHBHHX cBoHcTBax ¢uryp» *)
TNpPHMEHHJI 3TH IOHATHS K OKPYXXHOCTAM H cdepam;
npaBjia, OH He IMO0Jb30BaJC OJHOPOAHBIMH KOOpAHHA-
TaMH H O0OYCJIOBJE€HHBIMH HMH TOYHBIMH aHaJHTHYe-
CKHMH (OpMYJHPOBKaMH, a cJefoBaj OGoJjblie CBOeMY
CHJILHOMY UYBCTBY reOMeTpPHYecKOi HempepblBHOCTH. s
O3HAKOMJIEHHSI C €ero 3aMeyaTesJbHBIMH pe3yJbTaTaMH
B TOYHOH (opMe OyneM HCXOAHTb H3 ypaBHEHHS OKDYyXK-

HOCTH
(x —aP+(y—bP=r?

*) CM. cHOCKy Ha c. 89,
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KOTOpOe 3amHIieM B OZHODOXHHIX KOODAMHATAX:
E—ar)+(n— b1 —r=?=0.

IlepeceueHne 3TOf OKPYKHOCTH ¢ GeCcKOHEYHO yuia-
JIeHHOH npsiMmoii T =0 omnpejensercs, CJIeLOBaTEJbHO,
YPaBHEHHSIMH

E2+4+n2=0, =7=0.

B aTHX ypaBHeHHSX OTCYTETBYIOT KOHCTaHTH &, b, r,
XapaKTepH3yiolllie IepBOHayYa/IkHO 3aJaHHYI OKpYyX-
HocTb. Clle0BaTeNbHO, J106asi OKPYXKHOCTb IlepeceKkaer-
csl ¢ GeCKOHEUHO yJajleHHOH NpsMOH B OAHHX H TeX Xe
JABYX IOCTOSIHHREIX TOYKax

E:m==xi, 1=0,

KOTOphle KPaTKO Ha3hBAalOT (MHHMBIMH) KPYTOBRIMH HJIH
UHKJIHYeCKUMH ToykaMu. CoBepllleHHO TakKHM ke oGpa-
30M BHIBOJAT, YTO B NpPOCTPaHCTBe Bce c(epnl Nepece-
KaloT G6eCKOHEYHO YyAaJeHHYIO IIIOCKOCTb IO OAHOMY
H TOMY e MHUMOMY KOHHYECKOMY CEUEHHIO

E+n°+=0, =0,

KOTOpO€ HA3HBAIOT TaKXe NPOCTO [(MHHMOH) OKpYXKHO-
CTbio c(ep.

OnHako HMMeeT MeCTO Takke M ob6paTHasi TeopeMa:
BCSIKasi KPHBasg BTOPOro INOpsAKa, NpoOXojsllas yepes
ob6e LHUKJHYeCKHe TOUYKHA OECKOHEUHO yldaJjieHHOH mpsiMOi
B ee IVIOCKOCTH, €CTb OKPYXKHOCTb, H BCsIKasi NOBepX-
HOCTb BTOPOro INOpsAKa, IepeceKamomas GeCKOHeYHO
yAaJeHHYI0O IJIOCKOCTh MO MHHMOH OKpYXKHOCTH cdep,
ecTb cdepa, TaK YTO 3[ecb MBI HMeeM JeJOo C Xapakre-
PHUCTHYECKHMH CBOHCTBAMH OKpPYXKHOCTH H c(ephl.

Sl HamepeHHO He cKa3al: «GeCKOHEUHO YHasIeHHBIe»
LHKJIHYeCKHe TOYKH H «GECKOHeYHO yJajleHHas» MHHUMasd
OKPYXKHOCTb, KaK 3TO 4YacTo JenaioT. A HMeHHo, pac-
CTOSIHHE OT IHKJHYeCKHX TOYeK A0 Hayaja KOOpAMHAT
He sIBJISIeTCS1 OmpejieleHHo GeCKOHeUHBIM, KaK 3TO MOIVIO
6bl KasaTbCsd Ha NepBHIA B3risld, HO uMeeT Gopmy

—— ,‘/ 2 2
A2 2= itt—"—=-(07n B CHJLy 3TOr0 OKa3blBaeTcst
HeolpeJesJeHHbHIM; MEHss XapaKrep NpeleNbHOro nepe-
X0Ja K LUHKIHYECKHM TOYKaM, 3TOMY PAaCCTOSTHHIO MOXHO
NpHAaTbh NPOH3BOJbHOE (Hamepex 3aJaHHOe) 3HayeHHe,
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TouHo Tak e sBJIseTCA HeONpelesJeHHBIM paccTosi-
HHe OT LHUKJIHYECKHX TOYEK M J0 BCAKOH (npyroii)” ko-
HEYHOH TOUKH; TO JKe caMoe HMeeT MeCTo IJisg paccrosi-
HHUA OT J1I060f TOYKM MHHMOH OKpYyXHOCTH cdep (mpu-
Haasexaulel OGeCKOHEYHO YyHaJieHHOH IIJIOCKOCTH) [0
JI060H KOHEUHOH TOYKH NMPOCTPAHCTBA. DTOMY HHUCKOJIb-
KO He NpPHXOAHTCS YIAHBJIATbCA, MO0 MBI Belb OJHOBpe-
MEHHO Tpe6OBaJH OT LHMKAHYECKHX TOYeK, 4YTOOBl OHH
HaXOJHJIHCb HAa PAaCCTOSHHH r OT HEeKOTOPOH KOHeYHOM
TOYKH (JIeXasNH Ha Kpyre pajguyca r C LEHTPOM B 3TOH
TOYKe, Tle r MOXeT IpHHUMAaTb INPOHU3BOJBHO 3aAaH-
HOe 3HaueHHe) M GBUIM TaKXe O6ECKOHEYHO YyJaJeHHl OT
3TOH mnocJelHel; 3TO Kaxylleecsi NPOTHBOpeuHe Halla
gHaJMTHYeCKass (opMyJa MOXKET YHHYTOXKHTb JHLIb
TeM, YTO OHa MNPHBOAMT K IOJYYeHHOH BhIle Heomlpe-
JeTeHHOCTH. DTH NpOCThle BellH cielyeT ceGe pa3 Ha-
BCerja BIIOJIHEe YSCHHTb, TeM GoJee, YTO O HHX 4YacTo
FOBOPAT Y IHUIYT MHOTO HeNpaBHJBLHOTO.

IIuknnyecKHe TOYKH M OKPYKHOCTb cdep HDalT BO3-
MOXHOCTb. B OYeHb KpacuBOH (opMe BKJIOYUHTH TEODHIO
OKpYXHOCTeH H cdep B OGIIYI0 TEOPHIO reOMeTPHYECKHX
00pa3oB BTOPOro NOPsiKa, TOrga KakK INpPH 3jeMeHTap-
HOM H3JIOXXEHHH NOJydaercsi psii KaXKYIIUXCS pacXOox-
Jenui. Tak, B 371eMeHTapHOH aHAJIHTHYECKOH reoMeTpHH
BCErja roBopsT TOJNLKO O ABYX TOYKAax NepecedyeHHs: ABYX
OKDYXHOCTEH, TaK KaK HCK/IIOYeHHe OJHOro HeH3BecT-
HOro M3 HX YpaBHeHHH NPHBOAUT JIHIIb K KBaApaTHOMY
ypaBHeHuo. C Hamefi Keé TOYKH 3peHHs, BCSAKHE JBe
OKPYXHOCTH HMeloT OOILHMH elle H Jexamue Ha Oec-
KOHEYHO yZlaJleHHOH mpsiMoit 06e LHKJIHYeCKHe TOYKH, KO-
TOPHIX He NPHHHMAaeT BO BHHMaHHe 3JieMeHTapHOe H3J0-
JKeHHe; TaKUM 06pasoM Mbl JIeHCTBHTENbHO NMPHXOAHM K
YeTHIpEM TOYKaM INepecedyeHHs, TpeGyeMuIM YIOMSHYTOM
obuiedl TeopeMoil 0 IBYX KPHBHIX BTOPOr'o MOpsigKa.

CoBepLIEeHHO aHANOTHYHO 3TOMY BCerja rOBOPST B
NepBYIO0 OYepelb TOJbKO 00 ONHOH OKPYXKHOCTH, MO KO-
TOpOH nepecekalorcs ABe chepbl H KOTOpas MOXKeET GhITh
KaK JeHCTBHTe/NbHOH, TaK H MHHMOH; Temnepb, OLHAKOo,
MBI 3HaeM, YTo B GeCKOHEYHO yJaJeHHOH NJIOCKOCTH BCe
cthepH HMEIOT, KpOMe TOro, OGIIYI0 MHHMYIO OKPYXXHOCTb
H YTO OHa JONOJHSET IEePBYI0 KOHEUHYIO OKDPYKHOCTb
JI0 TOH NPOCTPAHCTBEHHOH KpPHUBOH YETBEPTOro NOpsiKa,
KaKoOBOH J0JKHA OBITh JIHHHSI TNepeceYeHHsl COrJacHO
Haweil oOlLell TeopeMe,
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Muumoe npeoGpasoBaHue. B pgomosiHeHHe K 3TOMY
si XoTesl Obl ellle CKa3aTh HECKOJBbKO CJIOB O TaK Hashl-
BaeMOM MHHMOM npeo6pasoBaHuH. [lom 3THUM HasBa-
HHeM NOHHMAaIOT KOJNJHHeallH C MHHMBIMH Ko3¢ddHu-
ILIHEHTaMH, KOTOpble NepeBOAST HPEHMYIIEeCTBEHHO HHTe-
pecyloliie HaC MHHMble TOYKH B JeHCTBHTEJbHbIE TOYKH.
Tak, sagecb B TeopHH HHMKJIHYECKHX TOYEK IPHMEHSIOT
¢ 60Jb1UOH MO/B30H Npeobpa3oBaHlie

=t n=in, v=r,

n60 OHO mepeBOAHMT ypaBHeHHe E2+4nm2=0 B ypaBHe-
Hue §'2— 12 =0, a N10TOMY LHKJIHYECKHE TOUKH &’ :n =
= =i, T=0 npeBpawaiTca B AeHCTBUTEJbHbE GeCKO-
HEYHO yJiaseHHble TOYKH

§’ . 7]' =4 1’ =0;
5T0 — OeCKOHEeYHO YJhaJileHHble TOYKH OGOHX Hampabiie-
HHH, HAKJIOHEHHbIX K ocsaM noj yraamu 45°. Bce okpyx-
HOCTH IEPEeXOMsiT, CJelOBaTeJbHO, B KOHHYECKHE ceye-
HUs, TpoXoAsuiMe 4Yepe3 obe 3TH JdeHCTBHUTeJbHble Oec-
KOHEYHO yHasleHHble TOUKH, v
a 3TO NPOCTO BCEBO3MOXK- v
Hble DaBHOCTODOHHHe TH- /
nep60Jbl, AaCHMOTOTHI KO- /{ .
TOPHX 06PasylOT C OCAMH S
YNOMSIHYTHE Yriabl =45° 59,/ 2l
(puc. 90). IToabaysicb 06-
pasoM 3THX rumep6oJ, mo-
JKHO cebe HarJsiiHO yscC-
HHTb BCe TeOpeMunl 00 /
OKDY2KHOCTSIX, 4TO SBJSA-
eTcsl upe3BblYaliHO yno06- Puc. 90
HEIM H NOJIe3HbIM JJISl MHO-
rux uenei '6), B 0CoOGEHHOCTH TaKXe H AJs1 aHaJOrHY-
HBIX paccyXJIeHHH B mNpocTpaHcTBe. B pamkax srtoro
Kypca MHe NPHXOAMTCSI, OJHAaKO, OrpaHHYHTbCS CleJaH-
HBIMH 3aMedaHusMH; GoJiee NOAPOOHOEe pa3BUTHE 3THX
ugefl NaloT OGHIKHOBEHHO B Kypcax H KHHraX IO NpOeK-
THBHOH reoOMeTpHH.

Bo3Hukaet BONpoC, Heslb3sl JIH NOAOHTH K 3THM MHH-
MBIM TOYKaM, IUIOCKOCTSIM, KOHHYECKUM CEUYEHHSIM U T. H.
TaKXKe C YUCTO NeOMEeTPHYECKOH TOYKH 3peHHs, He <«BHI-
yXKHBasi» HMX HAaCHIbHO — KaK 3TO MBI JAeJaJH A0 CHX
nop — u3 ¢opMysn aHanusa. BoJsiee cTapbie reoMeTphl -~
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Tloncene, a Ttakxe IllrtefiHep—He [pOCTHIIH B 3TOM
OTHOIlIeHHH emte sicHOCTH; s lllreliHepa MHUMHe BeJH-
YHHB B F€OMETPHH BCe elile SBJSIOTCS «NPHBHIACHHSAMHY,
KOTOpbEe, HaXOoAsch KaK 6bl B BBHICIIEM MHpe, OOHapy-
JKHUBAIOT ce6sl CBOMMHM NEHCTBHSMH, HO O CYUIHOCTH KO-
TOPHIX MBI He MOXeM NOJYYHTb $iCHOTO IpelCTaBJIeHHs.
Bmepsoie IllTayar B cBOHX yXXe HasBaHHBIX paHbUIe CO-
unHeHusx «[eoMerpus nonoxenusi» *) (HiopHGepr, 1846)
u «Jlo6aBnenus K reomerpun» (HiopuGepr, 1856—1860)'
TIOJMHOCTBIO Pa3pellns 3TOT BONPOC, H ero HAesAMH HaM
JIeRyeT ellie HeMHOro 3aHsTbcs. BmpoueM, 3TH KHHIH
Hlitayara umraoTcs OYeHb TPYAHO, H6O OH pasBHBaeT
CBOH TEODHH NEJYKTHBHBIM IIYyTeM Cpa3y B HX OKOHYa-
TeNbHOH ¢opMe, He cchulasich Ha aHaJHTHYecKuHe ¢op-
MYyJbl U He Jesiasi HHAYKTHBHEIX YKa3aHHH.

Y106HBIM Xe I/ MOHHMAaHHUsI sIBJIsSIeTCS BCer[a JIHUIb
reHeTHYecKoe H3J0XKeHHe, KOTOpoe cJefyeT NMyTH, NpOH-
JeHHOMY INPEeXNOJIOKHTEJIbHO aBTOPOM INIDH BO3HHKHOBe-
HHU ero uied.

IBym paGoram IllTaynra coOTBEeTCTBYIOT HBe pas-
JIMYHble CTafMH B pPa3BHTHH €ro TEOPHH, K KpaTKOMY
H3JIOXKEHHIO KOTOphIX s Telepb nepeiny. B paGote
[1846 r. peup cmepBa HAET TOJBKO O NMPOH3BOJBHHIX 00-
pasax BTOpPOro noOpsiiKa ¢ JeHCTBHTeNbHBHIMH Ko3(pdu-
LIMeHTaMH; s roBopio «o6pa3ax», Tak Kak He Xouy (HK-
CHpPOBATb YHCJIAa HX H3MepeHHEi (IpsiMasi, MJIOCKOCTb HJIH
TnpocTpaHcTBO). PaccmorpuM, HanmpuMep, KpHBYIO BTO-
poro mopsiiKa Ha IUVIOCKOCTH, T. €. KaKoe-HHOYZb KBaj-
paTHOe YypaBHeHHe C HeHCTBHTENbHBIMH KO3(pQHLHeH-
TaMH, OJHOPOJHOE OTHOCHTE/NbHO TpeXx IepeMeHHBHIX,

AE? 4 2BEn + Cn? 4 2DEt + 2Ent + Ft2=0.

Jasi aHAJIHTHYECKOTO HCCJeNOBaHMs sIBJISETCS B Ta-
KOM cJllyyae coBeplueHHO 0e3pasjiMYHbIM, HMEEeT JH BO-
ofllle 3TO ypaBHeHHe AeHCTBUTENbHble peLIeHHs HJIH HET,
T. €. HMeeT JH KDHWBAas BTOPOro MOpsiiKa XeHCTBUTEJb-
HYI0 BETBb WJH JKe COCTOHT M3 OJHHX TOJBKO MHHMBIX
Touek. Bompoc 3ak/iiouaercs B TOM, KaKHe MMEHHO Ha-
IJIsiiHble NPeACTaBJEeHHS YHCTHIH reoMeTp MHOJIKEH CBfl-
3bIBaTh C NOJOOHOH KPHBOH B 3TOM MOCJHEIHEM Clyuyae,
KaK OH [OJIXKeH ONpelesHTb TaKylo KPHBYIO reOMeTpH-
YeCKMMH CcpeAcTBaMH. TOT e BONpPOC BO3HHKZET M B

*) CM. cHOCKy Ha c. 89,
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OIIHOMEpHON 06JiacTH, KOria pedb HAET O NepecedeHHH
KpPHBOH ¢ KaKOH-HHOYJb NpSMOH, HampHMep C OCBIO X,
onpelensieMol ypaBHeHHeM 7 = (; Toraa TOYKH mepece-
YeHUs — 6e3pas3HyHO, GYAYT JH OHH JAEeHCTBHUTENbHHIMH
WM MHHMBIMH, — [IOJIYYAIOTCSl H3 yPaBHeHHUs1 C AeHCTBH-«
TeJbHBIMH KO3(ppHIHEeHTaMH

AE2 4 2DEv 4 F12=0

H BONPOC 3aKJII0Y3aeTCd B TOM, MOXHO JIH CO ClIydyaem
KOMIIEKCHHIX KOpHeli CBsi3aTb KaKOe-HHOYAb I'eOMeTpH-
yecKoe coflepKaHue.

Hurepnperauus mno llrayary camoconpsikeHHBbIX
MHUMBIX oOpa3oB. Mpes llltaynra 3akmaiouaercs npexne
Bcero B ciefyiomeM. OH paccMaTpHBaeT BMeCTO KPHBOH
BTOPOro NOpsSiIKAa COOTBETCTBYIOUIYI0 €H IOJISIPHYIO CH-«
creMy, 0 KOTOpOH MHl y2Ke roBopHiH Bhille (c. 170), T. e.
B3aHMHO [BOHCTBEHHOE COOTBETCTBHE, H300paxKaemMoe
ypaBHEHHEM

AR+ BEN + &)+ Cm' + DEY +E7)+
+EMMY 4+ 1'1)+ Fi"=0.

B cuay meficTBHTEJBHOCTH KO3((GHLHEHTOB OHO Npef-<
CTaBAsET COOOH HCKIIOYHTEIBbHO JeHCTBHTEJbHOE COOT-
HOIEHHe, OTHOCsIlee KaXKAOH MJeHCTBHTENbHOH TOUYKe
HEKOTOPYI0 JeHCTBHUTEJbHYIO INpSIMYI0 HE3aBHCHMO OT
TOro, 6yner JiH caMa KpHBasi AEeHCTBHTEJIbHOH MJH HET.
Ho monsipuasi cucreMa co CBOEH CTOPOHBI BIOJIHE OIlpe-
AeNisieT KPHBYIO KaK COBOKYNHOCTb TOYEK, JeXKalluX Ha
CBOHX COGCTBEHHHIX IOJsipaX, NpHYeM KaxAbli pas
OCTaeTcs OTKPHTHIM BONPOC O TOM, CYWIECTBYIOT JIH Ta-
KHe TOYKH B AeHCTBUTEJNbHOH o6sacTH. Bo Bcsikom cay-
Yae MOJISIpHAsI CHCTeMa BCerAa SBJsSEeTCS JAeHCTBHTEJb=
HBIM [pe/CTaBHTeJ]eM oOnpefensieMOd YpaBHEHHEM KpH-
BOH BTOpPOro MOpsiKa, W OKa3blBaeTcCs Lesecoo6pas3HbIM
NOCTABATL 3TOrO HPEACTaBHUTENs BO IJIaBy HCCJIEAOBa-
HHUSI BMeCTO 3aJlaHHO¥ HaM KpHBOH.

Ilepecekass Hawly KpHBYIO OCbIO X, T. €. IoJjaras m
H 1’ paBHBIMH HYJIO, COBEpIUEHHO aHAJOTHYHO IOJy4YaeM
Ha 3TOH OCH HEKOTOpoe OAHOMepHOe Bceraa JHeiCTBH-
TeJbHOE MOJSAPHOE COOTBETCTBHe, KOTOpoe 3ajaercs
YpaBHeHHeM

ALY + D (EV 4 E7)+ Fee' =0
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M Bcerjla NPUBOJUT BO B3aHMHOe COOTBETCTBHE IIO JBe
JNeACTBUTEJNbHBIE TOYKH. TOukaMH mnepeceyeHHsT OCH X
C KpPHBOH $§iBJsAIOTCA 06€ TOYKH, COOTBETCTBYIOLIHE KaX-
nas camoii ceGe!l”) B 3TOM NOJNSPHOM COOTBETCTBHH,
€ro TakK Ha3blBaeMble OCHOBHBIE TOYKH.

OHu Moryr GBHITb AeHCTBHTENbHBIMH . HIH MHHMBIMH,
HO BO. BCAKOM CJiyuae BOIPOC O HHX MPEACTABJsET JIHIIb
BTOPOCTENEeHHBII HHTEepeC, a Ha NepBHIH IJIaH BHIJIBH-
TaeTcs ONATb-TaKH INMOJIIPHOE COOTBETCTBHE, KaK BCeria,
SIBJISIOILeecs: JIefICTBUTEJbHBIM NpPEACTaBUTEJEM 3THX
TOYEK.

| 3.

Kaxabie 1Be TOYKH (T' ;—,—) , BBAHMHO CONpsA2KEH-

Hble B OJHOMEPHOM IOJIIPHOM COOTBETCTBHH, Ha3HIBAIOT
napoll TOYeK «HHBOJIOLHMH» — BhIpaXKeHHe, BBeJEeHHOEe B
XVII B. [le3aproM; mpx 3TOM pasjiMyaioT JBa IJaBHBIX
THIAa TaKHX HHBOJIOUMH B COOTBETCTBHH C TeM, $IB-
JIAI0TCS M OCHOBHBIE TOYKH JeHCTBUTEJbHBIMH HJIH MHH-
MBIMH, H NPOMeXYTOYHBIH CJyuad, B KOTOPOM OHH COB-
nagaot. Ho nns- Hac 3mech ryiaBHBIM SIBJISIETCS CaMo
NOHSITHE HMHBOJIIOLHH; pa3jMyYeHHe Ke OTHAeNbHHX CJy-
yaes, T. €. BOIPOC O NMPHPOJe KOpHel KBaJApaTHOro ypas-
HEeHHsl, UMeeT JIHIIb BTOPOCTENEHHHIl HHTepec.

XoTs 3TH paccyKIeHHsl, KOTOphe MOryT GBITh, KO-
HEYHO, HEeNnocpeJCTBEHHO IlepeHeceHbl Ha TPH H3MEpeHHH,
H He JaiOT elle HCTOJKOBAaHHSI MHHMHIX 3JIeMEHTOB, HO
3aT0 — 3TO KacaeTcsi 06pa3oB BTOPOro mnopsiika — ycra-
HoBJleHa ofLlasi TOYKa 3peHHs, CTOsLas BhIllle pase-
JieHHs1 Ha JeHCTBHTe/NbHble H MHHMBle 3JeMeHTH. Kax-
‘Abld 06pa3 BTOPOro nopsiika u3oOpaxkaercsi HEKOTOPOH
'IeHCTBUTEJNBHON INOJSPHOH CHCTEMOH, M C 3THMH IIO-
JIADHBIMM CHCTEMAaMH MOXHO ONEepPHPOBAaTb reOMeTpHYe-
CKH.TOYHO TaK e, KaK aHAJHTHYECKH — C JeHCTBHTE/b-
HBIMH YpaBHEHHSIMH 3THX 06pa3oB.

IosichuM 3To Ha mpuMmepe.

Ilycte npaHa HekoTOpasi KpuBas BToporo nopsixa,
T. €. B CHJIy NpelbAYylero HeKoTopas nmoJsipHasi CHCTeMa
Ha IUIOCKOCTH; NPHCOeIMHHM K HeH elle OIHY Kakyio-
HHOyAb 1psiMyl0. 34eCh HENOCPeACTBEHHAsl HHTYHIHS
‘TIOAICKa3biBa€T HaM BO3MOXHOCTb OYeHb MHOTHX pa3s-
JINYHBIX CJIy4aeB B 3aBHCHMOCTH OT TOTO, HMe€eT JH BO-
ofuie KpuBasi NeHCTBHTeNbHblE TOYKH HJIH HET H Iepe-
KaeTcs 1M OHa B MepBOM cCJyYae C HPSIMOIO B JIeHCTBH-
TeJbHHX TOYKaxX HJIH HeT. Ho Bo BcsgKoM ciyyae Halua
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IJIOCKas MNoJsipHasi CHCTeMa oOnpelessieT Ha NpsMoil g
(puc. 91) HekoTOpyl0 JHHEHHYIO NOJSIPHYIO CHCTEMY,
T. e. HEKOTOPYIO HHBOJIIOIHIO: KaXA0H Touke P mnpsiMod
g COOTBETCTBYeT moJsipa p’, a 3Ta MNOCJHeNHsis mepece-
KaeTcsi ¢ ¢ B HeKOTOpoi Touke P’; Touku (P, P’) u mpo-
GeraloT Ty HHBOJIOLMIO, O KOTOpO# HAeT peub. ILomoa-

HUTENbHO MOXHO IOCTa- o
BHTb BONpPOC 06 OCHOB- ——Pt—
HbIX TOYKax 3TOH HMHBO- A A
JIOUHH, O TOM, GYAYT JiH =T ) e
\P2 Pr a
r ' -
—P-———-———u—.._ _{ : 1
P’ ' + >P
! !
|
1
P ; P
Puc. 91 Puc. 92

OHH JeHCTBHTEJbHBIMH MJH MHHMBIMH. DTUM MBHl BHIpa-
3WJIH B TeOMeTPUYECKUX TeDMHHAX KaK pas To, K UeMy
MBl NPHLULIM B Hayajle HalUlMX pa3bsiCHEHHH, HCXOAsl M3
ypaBHeHHH.

IlpuMeHHM Tenepb 3TH pacCyKIeHHs, B YaCTHOCTH,
K MHHMBIM LHKJHYECKHM TOYKaM H K OKpYKHOCTH cdep.
Brlllle MBI CKa3aJjid, 4TO JBe NpPOH3BOJIbHBIE OKDYXKHOCTH
nepecekaloT GeCKOHEUHO YJaJieHHYI0 MNpPsSIMyl0 B OXHHX
H TeX XKe JBYX TOYKax, a HMEHHO, B IMKJIHYECKUX TOY-
Kax; reoMeTpHuecKH 3TO OyIeT Tenepb O3HA¥aTb, 4YTO
NoJIsSIpHBlE CHCTEMBl 3THX OKpYXHoCTel 006pa3syloT Ha
6eCKOHeYHO yHaJleHHOH nmpfAMOH OAHY H Ty Xe OZHOMep-
HYIO MOJISIPDHYIO CHCTEMY, T. €. IPUBOAAT K OJHOH H TOH
Ke uHBONIOUMH. B camom nerne, ecim mposexem (cp.
c. 90) xacatenbHble K KaKOH-HHOYAb OKDYIKHOCTH H3
GeCKOHeYHO YAaseHHOH TouKH P, To moasipa p| aroi
nocjenHedl, GyAyYH JIHHUeH COeJHHEHHs] TOYEK KacaHHSA
KacaTeJbHbIX, HCXOASMHX M3 P, oKasbiBaeTCsi NepIeH-
IUKYJIsipHOH uX oblieMy HampasJjeHuio (puc. 92). A Tak
KaK BCe NpsiMble, MPOXOAsLIHe Yepe3 OAHY H Ty XKe Gec-
KOHEYHO YJAJIEHHYIO TOUKY, MapajIebHLl MeXay co6of,
TO H MOJsAPa pj TOH Xe TouKu P, B3sTast M0 OTHOLUEHHIO

K KaKoH-HHOYIb npyrou OKpYXHOCTH, 6yner nepneH/H-
KyJsipHa TOMY e CaMOMy HampaBJieHHI, YTO H pj,
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a 3HayuT, MapajieabHa NpPAMOH pj; APYTHMH CIOBaMH,
p{ H p, B CBOI Ouepelb MepeceKaloT GecKOHeuHo yna-

JIEHHYI0 TpsIMyil0 B OXHOH M Toi XKe Touke P’. Hrak,
MOJIIPDHBIE CHUCTEMbl BCEX OKpYXKHOCTeH 06pasyioT B Ie-
peceueHHH ¢ OeCKOHEYHO YJaJleHHOH InpsAMOH — TaKoB
Hall pe3yJbTaT — OJHY y Ty Xe MOJSPHYI0O CHCTEMY,
TaK Ha3blBaeMyi0 <«a0COJIIOTHYI0 HHBOJIIOLHIO®», IpHYEeM
TOYKH Ka)KAOH mapel 3TOH moc/aefHeH, paccMaTpHBaeMbie
U3 J1060H KOHEYHOH TOYKM, BCSKHH pa3 BHAHB B ABYX
B3aHMHO IepNeHAUKY/SPHLIX HampaBjieHHsX !18),

IlepeBemeM 3TH paccyxmeHHs Ha s3blK aHauau3a. Hc-
X0Jsl U3 OJHOPOJHOTO YpaBHEeHHsI OKPYXKHOCTH

(E—at)+(n—>b1fF —r’v*=0,
HJH
&2+ n? — 2akt — 2bmt 4 (@® + 6% — r?) 12 =0,
TOJIy4aeM COOTBETCTBYIOLLEe MNOJISPHOE COOTBETCTBHE
B 4+ —a@v +E1)—b(nt +1'1)+
+ (@4 b2 —r?) 1t =0;

OTCIOfla MBI TOJYYHM COOTBETCTBHE, YyCTaHaBJHBaeMoe
Ha OeCKOHeYHO yAaJICHHOH MNpsiMOH, eCJH NpHMeM T =

7/ s -
=1 =0:

B+’ =0, =0, v =0.

OTH ypaBHeHUs NeHCTBHTEJIbHO He 3aBHCAT OT KOH-
CTaHT a, b, r, XapaKTepH3YOLIHUX HCXOAHYIO OKPYKHOCTb.
K ToMy :Ke, KaK YuHT aHaJHTHYeCKash FeOMeTpHs, ABe
TpsiMble, HAYIIHe K TouKam &, m, 0 u &, 7/, 0, okash-
BalOTCSl B CHJIy NEpPBOro H3 3THX YpPaBHEHHH B3aHMHO
TIepNEeHAUKYNSIPHBIMH, TaK YTO Mbl JEHCTBHUTENLHO CHOBA
NMPUXOAHUM K BHICKa3aHHOH BHILE TeOpeMe.

CoBeplIeHHO aHAaJOrHYHble COOTHOLIEHHS HMEIOT Me-
cto ans cdep B mnpocTpaHcTBe. Bce OHH co3paioT Ha
6ECKOHEYHO YIaJeHHOH MJOCKOCTH ONHO H TO K€ TaK
HasblBaeMoe a6COJIIOTHOe IOJISIpHOE COOTBETCTBHE, 3a-
JlaBaeMoe ypaBHEHHSIMH

B4+ +'=0, t=0, =0,

a TaK KaK M3 NMEepBOro M3 3THX YPaBHEHHH CJeAyeT, UTO
Hanpasjenus E:m:t u & :n':%’ B3aUMHO NepneHAHKY-
JIAPHBI, TO KaXH0H GeCKOHEYHO yJaJieHHOH Touke P co-
OTBETCTBYeT IpPH 5TOM Ta GeCKOHEYHO yAaJeHHas Inps-
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Masi, KOTopasi BHICeKaeTcs (Ha GeCKOHEYHO YaasIeHHOH
IJIOCKOCTH) IJIOCKOCTbIO, INEPNeHAHKYJISpHOR HIAyLieMY
K P HanpaBseHH0. 3TO AaeT HaM AEHCTBHTEJbHHIH reo-
MeTpHYeCKHH 3KBHBAaJIeHT TeOpeM O MHHMOH OKpYIKHO=
CTH B 6€CKOHEYHOCTH.

INoanas wunrepnperauuss no Ullrayaty otaeabHBIX
MHHUMBIX 9/ieMeHTOB. MOXHO, KOHEUHO, CKa3aTh, UTO 3TH
paccyXeHHs NpeACTaBJAAI0OT c060ii ckopee 06X01 MHHMO~
ro B reOMeTPHH, YeM ero HCTOJKOBaHHe. JlefCTBHTEIbHYIO
JKe HHTepNpeTalHIo OTHENbHBIX MHHMBIX TOYEK, MpPAMEIX
u, miaockocte#t Illtayar nan BhnepBrle JHIIL B CBOHX
«Jo6GaBnenusax» 1856—1860 rr. nyrem paanbHeiillero
Pa3BHTHA H3JI0XKEHHOro Bhllle mojaxofa. §I Xouy pasb-
SICHHTb BaM H 3Ty HHTepNpeTalHIo, TaK KaK OHa IO CyTH
SIBJIIETCA Ype3BbIYAHHO NPOCTOH H OCTPOYMHOH M TOJb-
Ko B ab6cTpaKkTHoM u3noxeHuu llltaynra kaxercs Kpai-
He cTpaHHod u TpyaHo#. Ilpm 3TOoM s BO Bcem Oyay
cJefioBaTh TOMY ee aHaJUTHUYECKOMY H3JI0XKEHHI0, Kakoe
npan Ulroabu B 1871 r. LllTonbl, GHIBIIK{ TOrjaa co MHOIO
BMecte B ['érTHHrene, npountan Bcero Illltayara, yero s
caM HHKoraa ve mor cienatb. M3 Gecex co lltonbuem
s M TO3HaKOMHJICS C PasjiMYHBIMHU OYeHb HHTEPECHBIMH
TaKXe M B JpYyrux oTHoweHusix uaesmu llrayara, Han
KOTOPHIMH §1 BIIOCJEJACTBHH MHOro paborasn cam. B Hm-
JKecjelylolleM s CHOBa OCTAHOBJIOCh TOJBKO Ha BaX«
HeHINMX dYepTax xofa uaei Illrayara, He nmpuBOAs IOJ<
HOCTBIO BCeX JeTajeil; NpH 3ToM GyAeT COBepLIEHHO JO-
CTaTOYHO OTPAHHYUTHCS CJAyYaeM IJIOCKOCTH.

HauHeM c npeamosioxkeHusi, YTo HaM 3ajaHa HeKas
MHuMas !'1°) Touka P CBOMMH TpeMsi KOMIJIEKCHBIMH KO-
opauHarama E, v, T, pasjarasg HX Ha JefCTBHTEJbHYIO
H MHHEMYIO YacTH, nuLIeM

E=E§ 4+ n=n+in T=T14Ii. (1)

3ajaauMcsd LeJbl0 NOCTPOUTh HEKYI0 AeHCTBUTENb-
Hy1o ¢urypy, Kotopas AaBajia -6bl HCTOJKOBaHHE 3TOH
TOYKH P, mpHyeM CBSi3b 3THX JBYX 06pasoB [JOJXKHA
ObITb MPOEKTHBHOH, T. €., BHIpaxKasicb TOYHee, He NOJIXKHa
HapyllaTbCsl HH NPH KaKOM MHeHCTBUTEJbHOM INPOEKTHB-
HOM Ipeo6pa3oBaHHH.

1) IlepBriit mwar B yKa3aHHOM HalpaBJeHHH 3aKJIo-
yaeTcss B TOM, 4YTO MH (HKCHpYeM BHHMaHHe Ha TeX
IBYX HOeHCTBHTEJNbHHIX TOYKax P;, P, OLHOPOAHBIMH
KOOpPAHHAaTaMH KOTOPHIX CJYyXKaT JeHCTBHTeJNbHLIE H
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COOTBETCTBEHHO YMHOXEHHble Ha —i MHHMBIE 4aCTH (4TO
Jaetr Ko3(pduUHeHTH MNPH §) 3aAaHHBIX KOOpAMHAT
TOYKH P:

Pl:glr N, T P2:§21 N2, To. (la)

OTu nBe TOYKH PasjiUYHBEL, T. €. He HMEIT MecTa pa-
BEHCTBA E;:my:711=§2:M2:1Ty, H60 B NIPOTHBHOM CJy-
‘yae §, m, T OTHOCHJHCH OH JpYyr K ApYry Kak Tpu nek-
CTBHTE/JIbHBIE BEJHYHHH H H306paxanud Ob NOITOMY
HedcTBUTENbHYIO TOuKy. Iloatomy Toukum P;, P; ompe-
JeJISI0T HEKOTOpPYIO HAEHCTBHTENbHYIO NMpSMYIO g, ypas-
HeHHe KOTOpOH HMeeT, KaK H3BECTHO, BHJA

E n =
B m = 0; (2)
E2 M2 T2

Ha 9TOH NPAMOK JIEXHT KaK 3aJlaHHass MHUMas TOuKa P,
TaK M ee «KOMIJIEKCHO CONpSIXKeHHasi TOYKa» P ¢ KOOp-
IUHaTaMH

E=§ —i&, = —iny, T="1T; — iTy, (T)

TaK Kak o6Ge Tpoiiku koopamHat (1), (1) ymomierso-
PSIIOT, OUEBHIHO, yPaBHEHHIO NpsiMoOi (2).

2) KoHeuHo, mocTpoeHHass TakuM o6pasoM Inapa ToO-
yeK Pj;, P; HM B KoeM cjyyae He MOXeT CJYXHTb Jeii-
CTBHTEJNbHLIM INpeACTaBHTeJ]eM MHHMOH Touku P, u60
OHAa BeCbMa CyLIECTBEHHHIM 00pa3oM 3aBHCHT OT CaMHX
KOHKDEeTHBIX 3HaueHHH E, w, T, Toraa Kak Touka P xa-
pPaKTepH3yeTCs TOJIbKO OTHOLIEHHsIMH 3TuX unces. Cie-
J0BaTeJNbHO, MOJYUYHTCSI Ta XKe camasi Touka P, eciH MbI
BMecTO §, 1), T HanHllleM HX NpOH3BeleHHs

08 = p,&; — P82 + i (0251 + 0:52),
on = pM; — PN + £ (PN + P1M2)s (3
PT = 0,7, — PTp + i (P27; + 01 T2)

Ha NPOU3BOJIbHYIO KOMIJIEKCHYIO KOHCTAHTY:
P =p; + ipy,

HO TOria, pasiefisis BHOBb HeHCTBHTENIbHYIO H MHHMYIO
YacTH, MHl IOJYYHM BMeCTO ToueK P; M P; yxe npyrue
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TeHACTBUTENbHbIE TOUKH P{ m Pj ¢ KOOpPAHHATaMH:
I =
= (&1 — 0:52) : (O — P2M2) : (07T — 02T;),  (3a)
P&y imy = (05, +0.5) : (o, +0my) : (0p7, + 0,Ty)-

PaccMaTpuBasi COBOKYMHOCTb BCeX map Touek P, Pj,
NoJyyaeMbBIX TaKuM 06pa3oM NpH BCEBO3MOXKHEIX 3Haue-
HHUAX P1, P2, Mbl NPHXOJAMM K HEKOTOPOMY reoMeTrpuye-
cKoMy o6pasy, Ajisi KOTOPOro HMeIT 3HauYeHHe TOJIbKO
OTHOLIEHHST E:M:T, T. €. TOJNbBKO <«reOMeTpHYecKas»
TOYKa P, W KOTOpBHIi NO3TOMY BIIOJIHE TOAHTCS OHIThb
npeacraButesneM aias P. Kpome Toro, cBsisb 3TOoro o6-
pasa ¢ P saBiasieTCs B caMOM JleTleé NPOEKTHBHOH, HGO
npy J1060M JHHEAHOM AeHCTBHTENbHOM Npeo6pa3oBaHHH
BEJIHYHH E, 1, T HX KOMIOHEHTH &, M1, T1 H &2, Mo, T2
NOABEPraloTCcs, OUEBHAHO, TOMY e NpeoGpasoBaHMIO.

3) Uro6ml Temepb HccaenoBaTh OJiMKe reoMeTpuue-
CKYy10 IIPUPOAY 5TON COBOKYNHOCTH TOYEYHBIX Hap, 3aMme-
THM DNpexje BCero, Yto, KakoBo Obl HH OBLIO P, TOYKH
P{, P} Bcskuil pas Jjexar Ha npamoit PP, (puc. 93),

H60 HX KOOpAHHATH YHAOBJIE- v L .
TBOPSIOT, OYeBHAHO, ypaBHe- K & F 2 g
Huio (2). [danee, Korma p Puc. 93
npobGeraet BCEBO3MOXKHbIE

KOMIlJIeKCHbIe 3HaYeHHs, T. €. KOrha p; H p; NPHHHMAIOT
BCEBO3MOXHble JeliCTBHTe/NbHBle 3HauyeHHs (NpHYEM HX
o6mui AeHCTBHTENbHBIH MHOXHTENb He HMEeT cylle-
CTBEHHOTO 3Ha'—IeHHﬂ) P{ npoéerae'r BCe JeHACTBHTENb-
Hble TOYKH NpsiMOii g, a P; Bceraa MpeACTaBJsieT COGoM
KaKyl0o-TO ApPYryi0 AeHCTBUTEJbHYI0O TOYKY TOH Ke mpsi-
MO g, ONHO3HAWHO CONOCTaBJEHHYIO C NepBOH; B 4acT-
HOCTH, NpH p; = 1, p = 0 mosyyaoTcsi B KayecTBe CO-
[OCTaBJIEHHBIX TOYeK TOUKH P; u P;. DT0 comocTaBijieHHe
crenaercss OoJjiee HarJIssAHBIM, €CJIH BBECTH OTHOILIEHHE
P2/p1 = —M\, a UMeHHO, TOrAa GyieM UMETb

s Pl
By v = (& + A% (1 +Anp) 1 (5, +4,), (3b)
ans Pl

G %=(8—38) i (n —n): (n=1w) G0
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4) U3 stux GopMyJ MOKHO AaJjee JIeTKO 3aKJIOYHTh,
4TO NpH nepeMeHHoM A Touku P, m P; KakK pas npoGe-
raoT N0 BCEM NapaM TOYeK HEKOTOpOH HHBOJIOLUMH Ha
npsiMmoit g. B camoMm Jese, npH BBeleHHH Ha NpPSAMOH g
CHCTEMH KOOpAMHAT OJHOPOAHbIE KOOPAHHATH KaxXIOH
TOYKH P{ WIH COOTBETCTBEHHO Pj OKa3HBalOTCH, KaK H3-
BECTHO, IEJEIMH JHHeHHHIMH GYHKUHSAMH IlapaMeTpa

A{==A HIM COOTBETCTBEHHO A= — -~ YpaBHeHHi (3b).

ITosToMy ypaBHeHHe A{A;==— |, cBsi3bIBalolllee MeXAY
coboit ob6a 3TH mapamerpa, yCTaHaBJHBaeT HEKOTOpoOe
CHMMeTpHYecKoe OHJHHEHHOE COOTHOILEHHe MeXIy
KOOpAHHAaTaMH ToYeK P{ u P3, a STHM B CHJy ompe-
JeneHus Ha c. 190 u pmoKa3swBaeTcsi Hallle yYTBepxKAae-
HHue. .

5) OcHOBHHle TOYKH, T. €. COOTBETCTBYIOIHE CaMHM

ce6e TOUYKH 3TOH HHBOJIIOLUH, NOJy4YaeM NpH A= — %,
clneloBaTeNbHO, NpH A = i; 06e OHH OKa3HBaIOTCS
MHHMBIMH, a HMEHHO, OfIHa M3 HHX COBIajaeT C Haluei
HCXOIHOH TOYKOH P, a BTOpas SBJASETCH KOMIIEKCHO
conpsiKeHHOH ¢ He#l Touko#t P, IToka yTo MH npHuLIH,
TakuM 06pa3oM, BCero JIHIIb K HOBOMY H3JIOXKEHHIO
NpPeXHUX WTAayATOBCKUX uaedd. Hapsay c¢ Toukoit P MH
BBEJH B DaccMOTPeHHe TOYKy P, KoTopasi HOMOJIHSET
TOYKy P 10 HeKOoTOpOro OJHOMEepHOro ob6pasa BTOPOro
nopsjiKa, OnpeflesieMOro HEKOTOPHIM JeHCTBHTEJbHBIM
KBaJIpaTHHIM ypaBHeHHEM, H NOCTPOHJH B KauecTBe Jef-
CTBUTEJIbHOIO NpEACTaBHTe]sl STOro o6pasa COOTBET-
CTBEHHYIO HHBOJIOLHIO. 3ameuy elle, YTO TaKas HHBO-
Jiouusi 6GyAeT BIOJIHE ONpejeJieHa, €CJH H3BECTHbl JBe
KakKHe-HHOylb napel ee TOYeK, Hampumep P;, P; u
P{, P3; pna Toro e, 4To6bl OCHOBHbie TOYKH 3TOH HH-
BOJIIOUUH OBIIM MHHMBIMH, HEOGXOAHMO H JOCTaTOYHO,
yTO6B 3TH Naph TOYeK HAXOJWIHCh B <CKpEIleHHOM
TOJIOXKeHHH» (pasllensiJin ApPyr Apyra), T. €. 4To6H OfHA
u3 Touek P{, P; Haxoaunacb Mexay P, u P,; a BTO-
past BHe oTpe3Ka P;P,.

6) Ilias noaHoro pelleHusi Hallefl 3again HaM He
XBaTaeT Telepb elle TOJbKO CpPeACTBa, MO3BOJISIOLIErO
NpeBpaTUTL 3TOro oObuiero npeAcTaBHTe]sl [ABYX TOYeK
P u P B mpenacraBuTesnss OAHOH TONBbKO TOYKH P (uaH
TOJbKO ToukH P); Llrayar Haues Takoe CpPeACTBO JHIIb
B 1856 r., monb3ysch OAHOH OuYeHb KpPacHBOH HAee.
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‘A HMeHHO, TOYKa P] C KOOpAHHATaMH
G4 A% s (g 4 Ang) : (v + ATy)

npo6eraeT NpsMyio g B OZHOM BIOJIHE ONpefeeHHOM Ha-
NpaBJeHHH (HJH «B ONpeJesIeHHYI0 CTOPOHY») (pHc. 94),
gcmx 3aCTaBuUTb A IIpo-
exaTb OT HyJAAa o T i
BCeM J.leﬁCTBH'l}‘,eJ!beIM £ & K 2 g
IOJIOXKHTEJIbHEIM 3Havye- Puc. 94
HUAM JO0 -00 H 3aTeM
yepe3 Bce OTpHIATENbHBie 3HaYeHHS] ONSATb BEPHYTbCA
K Hyao. Jlerko yGeauTbcsi B TOM, YTO MH MOJY-
Yy OBl TO JKe camoe HampaBJieHHe Ha g, eCJH On
HCXOJH/IH H3 KOODAMHAT TOYKH P, yMHOXEHHHIX Ha Ipo-
H3BOJIbHEI MHOXMHTEJb P, T. €. eClIH Ohl paccMaTpHBaH
TOYKY El +A§2, «e.y H UTO, JaJiee, NPHU AEHCTBUTENbHOM
TNPOEKTHBHOM npeo6pa3oBaHHH TOYKH P HampaBieHue
OBHXKEHHSI TOYKH-H300paXkeHHs INOJYYaeTcsi H3 TOJbKO
YTO ONpefe/eHHOr0 HanpaBjeHHs C INOMOIIbIO TOro Xe
npeoGpa3oBanus. IlosToMy OylneT BHOJIHE COIJIacHBIM
C HawkMH TpeOOBaHHSIMH, €CJIH MH pa3 HaBcerjga ycijo-
BHMCSL CONOCTAaBJATh 3TO HaNpaB/ieHHe ABHXKEHHS C Iep-
BOH24aJbHOH TOUYKOH P, uMelowed KoopAMHATH §i -
i+ 2 ... A TaK KaK KOMIUIEKCHO CONpsiXKeHHasi TOUKa P
uMeeT KoopAuHatHw §; -+ i(—E&2), ..., TO ¢ Hel, corJac-
HO 3TOMY YCJOBHIO, HNPHXOIZHTCS CONIOCTaBJATb TO Ha-
npaBJieHHe IBHXKEHHS, KOTOpOe HMeeT TOYKa C KOOpHH-
HataMH & 4 A(—E2), ... NIpH NOJIOXKHTENbHO BO3pac-
TapouemM A (OT HyJsi yYepe3 IOJIOXKHTe/lbHble 3HauYeHHS
K 400 H 3aTeM OT+—o0 J0 HYyJs), T. €. HanpapjeHHe
Ha NpsIMOH g, NPSAMO NPOTHBOMOJOXKHOE NpeAbAyLIeMY
HampaBJIeHHI0 JABHXKEHHS, M 3THM JOCTHraercs xeJja-
TeJbHOe pa3iunieHne. Bripaxasicb KpaTKO, Mbl NONPOCTY
BBOJUM DasjiHyeHHe MeXIy -}-i ¥ —i TeM, UTO MHI pasJiu-
YaeM MOJIOXKHTENbHBII H OTpUIaTeJbHBIH mpober nei-
CTBHTEJIbHBIX A-3HaueHHl. BMecTe ¢ TeM MBI TOJNYYHJH
B KOHIe KOHIOB CJjlejlyloiliee MPaBHJO MAJIsi ONHO3HAYHOrO
M IPOEKTHBHO WHBAapHAaHTHOrO MOCTPOEHHs NeHCTBHTEJb-
HOH reoMeTpHYecKol (UrypH, HpeAcTaBJsIolied MHUMYIO

TOUKY
& = &)t (4 i) ¢ (g - i)

Crpoum TOuKH Pi(Er:m:7i) u Pa(E:m2:Te), coenn-
HAIOILYIO HX NPSIMYIO g H Ty MHBOJIOLHMIO TOYEK Ha mps-

A<0 2=0_ A>0 A=o00 A<LQ




196 TEOMETPUYECKHE TNPEOBPA3OBAHHUSA

MO#i g (MM COOTBETCTBEHHO elle OAHY Iapy ee TOYEK),
B KOTOPOH TOYKH

Pl (& + A5,) : (n, + Any) i (7, + Avy)

P —zt) (n—gm): (n—am)

ABJAIOTCA MOMApPHO CONPSIXKEHHbIMH; . HAKOHEN, TPHCO-
eIHHseM elle CTPeJKYy, YKasblBalollyl0 HampaBjieHue
IBHXEHH TOYKM P{ TNpH NOJIOXKUTEJbHO BO3pacTaio-
mweM A. ‘

7) Ham ocranoch eume y6eAuTbcsi B TOM, UTO TaKxke
n, o6paTHO, KaxJaas Takas AeHCTBHTeNbHasi ¢urypa, co-
cTosllllasi M3 INpsAMOM, ABYX JexalHuXx Ha Hed B CKpe-
LIEHHOM MOJIOXKeHHH map Touek Py, P, u P{, P{ (uau
COOTBETCTBEHHO H3 TOYEYHOH HHBOJIOUHH 06e3 nmefcTBH-
TEJbHBIX JABOHHHIX TOYEK) H CTpeJKH, YKasuBalouei
HampasJ/ieHHe, NpeICTaBJAsIeT OAHY H TOJbKO OJHYy MHH-
Myl0 TOuYKy. B camom pmene, nmpucoeIHHSii HEKOTOpHIH
Hajajexame BHIGDaHHHIA AeACTBUTENBHHIA INOCTOSTHHBIR
MHOXHTe/Ib, MOXKHO 6e3 Tpyla—si ONATb-TaKH paspe-
waip cebe He BAAaBaThCs 31eCh B NOAPOGHOCTH — HpPH-=
JlaTh KOOpAHHaTaM TOYKH P, Takue 3HaueHHs &z, 12, T2,
yro6H KOOpAHHATH TOYeK P{ M Pj HaXOAMWJIHCb B OTHO-

INEeHUusX
(&1 A% : (g + Anp) & (71 Ato)

(§'| —‘%‘gz) . ("ll - ';,—"12) : ("-'1 - %72)

WJIH, UTO TO Xe camoe, 9TOoObl ABOHHBIE TOYKH 3aJaHHON
HHBOJIIOLHH HMeJH KOOpAMHATH §; =ik, ...; 3HaKOM
Je napaMeTrpa A, KOTOpHIi IOCJe 3TOro ele OCTaeTcs
NPOH3BOJIbHLIM, CJIefyeT PACHOPSAAUTLCA TaK, YTOGH Ha-
npasseHue ABukeHus Touku (E -+ A%): (M1 4 An2): (mi
H AT3) IpH MOJOXKHTEJNbHO BO3PACTAIOLIEM, HAaUyHHasi OT
HyJIsi, mapaMeTpe A COOTBETCTBOBAaJO HampaBJIeHHIO, 3a=
JaHHoMy ctpenkoli. Torma Touke P ¢ KOoOpAMHAaTaMu
Ei i, ... 6y11e'r COOTBETCTBOBATb B CHJY NPEABIAYIIHX
paccyxieHnii KaK pa3 3ajiaHHas HHBOJIONHMS C 3alaH-
HbIM HanpaBleHHEeM ABHKEHHsi B KauecTBe ee NeHCTBH-
“TeJIbHOTO NpeiCTaBHTEJIs.

n

H
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Hasnee, MOXHO yGelHTbC B TOM, UTO, HCXOIsl H3 Ka-
KOH-HUOYb ApPYrod mapel TOYEK 3TOH HHBOJIOLHH, MBI
NnpuieM K TeM e CaMblM OTHOIUEHHSIM KOOpAMUHAT, T. €.
K Toil Xe Touke P.

PemuB Takum o6pasom Haumy npo6jeMy IJs TOUKH,
MBI MOXeM (ocTaBasich Ha IJIOCKOCTH) Cpasy ke mepe-
HECTH 3TO pelleHHe H Ha cJyyadl npsaMoi, MoJb3ysiCh
NPHHIHKIOM [ABOHCTBEHHOCTH. B pesysnbrate Ajas KoM-
MJeKCHOH npsMod ee OJHO3HAYHLIM IPEACTABUTENIEM B
ZeHCTBHTENIbHOH 06J1aCTH  sIBJsieTCS  JefCTBHTEJIbHAS
TOYKa, ABe Napel Jyueil, MpHHaLJIexauye NyYyky Jydei
C LEHTPOM B 3TOH TOYKe H pas-
Iensiioliye OJHa Apyrywo (HJH
COOTBETCTBEHHO HeKOTOpasi HH-
BOJIIOLHSA Jiyueli 6e3 [elicTBHU-
TeJbHBIX ABOHHBIX Jyyei) H, Ha- e

KOHell, onpeJesieHHOe HalpasJie- PPN 7
-~ ~,
\\\N\
~1

HHe BpalleHHs B 3TOM MyuKe
(puc. 95).

OTH UHTepIpeTalHH IO03BO- Puc. 95

JIIIOT TaKXe—H B 3TOM 3aKJIo-
YaeTcss HMX TIpoOMajHoe 3HaueHHe — NPEACTaBJATb BCe
COOTHOLIEHHS] MeXAY KOMIJIEKCHBIMH 3JeMeHTaMH HJH
MEeXJAY KOMIJIEKCHBIMH M JefCTBHTEJIbHBIMH 3JieMeHTaMH
NpH TNOMOLIM HAIJISIAHBIX CBOHCTB HCKJIOYHTENbHO HeH-
CTBHTEJIbHEIX FeOMeTPHYEeCKHX QHTyp. ’

BsauMHOe pacno/ioKeHWe MHHUMBIX TOYEK W MPSMBIX.
YTo6H NOSICHUTb 3TO Ha KOHKPETHOM IIpHMepe, MOKaxy
BaM, YTO COOTBETCTBYET B 3TOH HHTEpNpEeTalHH Clepyio-
LieMy YTBepXAeHHIO: (JeficTBHTeNbHAasT WM MHHMas)
TOYKa P JleXKUT Ha (AeHCTBHUTENBbHOH MM MHHUMOH) mps-
Mofi g. Ilpn sTOM, KOHEYHO, NMPHXOAMTCA pa3jHyaTh Ta-
Kde clyyau:

1) neficTBuTe/IbHAsA TOYKA W JefiCTBUTe/IbHAsl MpsMas,

2) neficTBHTeJbHAasi TOYKa H MHHMasi NpsiMasd,

3) MHHUMas TOYKa M HeHCTBHUTEJbHas NpsMad,

4) MHMMas TOYKa H MHHMasi mpsiMasi.

Cayuaii 1) He TpebyeT OT Hac 0COOHIX Pa3bSACHEHHH;
sjech nepel HaMH OJHO H3 OCHOBHHIX COOTHOLIEHH
OBOHYHOfi reoMeTpHH.

B cnyuae 2) uepes 3afaHHYyI0 JeHCTBHTENABbHYIO TOY-
Ky 00si3aTesibHO HOJIXKHA MPOXOAHTh HApSAYy C 3aJaHHOM
MHHMO# DNpPAMOH TaKKe H KOMIJIEKCHO CONpsiKeHHan
C Helo npsiMas; CJelOBaTeJbHO, 3Ta TOYKA HOJKHA COB-
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najaTh C BepLUIMHOH TOro myuka JyyeH, KOTOPHIM MH
noJjb3yeMcss JJisi H300paykeHHsT MHHMOH HpSMORH.

IMonoGHo aToMy B ciyyae 3) peficTBHTeJNbHasi mps-
Masi DOJKHa GBITb TOX/ECTBEHHAa C HOCHUTEJIeM TOi nps-
MOJIHHeHHOH HMHBOJIIOIMH TOYEK, KOTOpas CJAYXHT npef-
CTaBUTeJIeM 3aKaHHOH MHHMOH TOYKH.

HaunGosee wWHTepecHHIM  sBJisieTcs  caydait 4)
(puc. 96): 3nech, OYEBHAHO, KOMIJIEKCHO CONpsiKeHHas
TOYKa MAOJKHA TaKkKe JiexXaTb Ha KOMIIJIEKCHO cOnps-
JKEeHHOH mpsIMOH, a OTCIOZa cJje-
IyeT, 4TO KaXKJas Iapa TOYeK HH-
BOJIIOLMH TOYeK, H3o0paxamwined
TOYKy P, JodqXHa HaXOZHUTbCHd Ha
HeKOTOpoH nape NpsIMBIX HHBOJIO-
LIHH OpSMBIX, H3006paxaromiell nps-
Myl0 g, T. €. 4To o0e 3TH HHBO=~
JIOUHMH JOJKHH OHTb pacrnojio-
JKeHbl NepPCNeKTHBHO OAHA OTHOCH-
TeJbHO JApYrod; KpoMe TOFO, OKa-
3bIBaeTcs, 4YT0 H CTpeJKH o6eHx

Puc. 96 HHBOJIIOIHH TaKXe pPacHoJoXeHH
NepPCHeKTHBHO.

Boo6uie, B aHaJIUTHYEeCKOH TIeOMETPHH INIOCKOCTH,
yZenasiiomled BHHMaHHe TaKXe M KOMIIEKCHOH 06J1acTH,
Mbl INOJYYHM MOJHYIO JAeHCTBUTEJNbHYI0 KapTHHY 3TOH
IJIOCKOCTH, €CJH K COBOKYNHOCTH BCeX ee JAeHCTBHTEJb-
HbIX TOYEeK H NpPSIMBIX NPHCOEJHHHM B KauyecTBe HOBHIX
9JIEMEHTOB COBOKYNHOCTh PacCMOTPEHHHIX BHIIlIE WHBO-
JIIOLHOHHHX (HUryp BMeCTe CO CTpeJKaMH HX HampaaJe-
Huil. 31ech OyleT HOCTAaTOYHO, €CJIH s HaMeuyy B OOGIHX
ouepTaHHAX, KaKoH BHA NpHHsAJC OB 0NpH 3TOM IO-
CTPOEHHEe TAaKOH [AeHCTBHTEJHbHOH KAPTHHH KOMILIEKCHOMH
reometpud. Ilpu stom a O6yny ciaexoBaTb TOMY IIO-
PAAKY, B KOTODOM Temepb OOBIYHO H3JaraloT IepBHIE
npeAJioXeHHsl sJieMeHTapHOH reoMeTpHH.

1) HauumHaloT ¢ aKCHOM cylIeCTBOBaHHsl, Ha3Haue-
HHe KOTOpHIX — JaTh TOYHYI0 (OPMYJHPOBKY HaJHYHS
TOJNILKO YTO YHOMSIHYTHIX 3JIeMEHTOB B pacIlHpeHHOH IO
CpaBHeHHIO ¢ 00ObIYHOM reoMeTpueit 061acTH.

2) 3ateM aKCHOMBI COeJHHEHHs, KOTOphie YTBepXKs
Jlal0T, YTO TaKKe H B onpefejeHHOi B I. 1) pacmiupeH-
HOH ob6JsacTu yepe3 (Kaxk[ble) 1AB€ TOYKH MPOXOAUT OLHA
H TOJbKO OJAHA mpsiMast M 4TO (BCAKHe) JIBe NpsMHe
HMeIoT OXHY H TOJBKO OAHY oO6uylo Touky. Ilpn 3TOM
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TIOAOGHO TOMY, YTO MH HMMEJH BHIIe, NPHXOAHUTCH KaX-
Ablfi pa3 pasjHyYaThb YeThipe Cjyyass B 3aBHCHMOCTH OT
TOro, SBJAIOTCA JH JeACTBUTEJbHEIMH 3ajJlaHHBIE 3Je-
MEHTbl, H INpeICTaB/IseTCsI OYeHb HHTEPECHHIM TOYHO
TIPOAYMAaTh, KakKHe HMEHHO NEHCTBHTEJbHbIE NMOCTPOEHHS
€ MHBOAIOLUAMH TOYEK U MPSAMBIX CJHYXKaT H300paKeHHEM
3THX KOMILIEKCHHIX COOTHOLIEHHH.

3) Yto e KacaeTcs aKCHOM paclnojioxeHus (mopsii-
Ka), TO 34eCh MO CPaBHEHUIO C NeHACTBHTEJIbHHIMH COOT-
HOUIGHHSIMH BHICTYNAIOT Ha CLEHYy COBepileHHO HOBhLIEe
06CTOATENILCTBA; B YAaCTHOCTH, BCe JAeHCTBHTENbHbIE H
KOMIIJIeKCHbIE TOYKH, JeXallHe Ha ONHOH (HKCHpOBaH-
HOH mpsMOH, a TakXe Bce JIYYH, HDOXOASIHE Yepe3
OfHy GHMKCHDPOBAHHYIO TOYKY, 06pa3yloT ABYMepHHIAI KOH-
THHYyM. BeJb KaXXAbli U3 Hac BEIHEC H3 H3yYeHHsI TeO-
pHH QYHKUMH NPHBBIYKY H300paxKaTb COBOKYNHOCTb 3Ha-
YeHHH KOMIVIEKCHOH INepeMeHHOH BCeMH TOYKaMH ILJIO-
CKOCTH.

4) HakoHell, YTO KacaeTci aKCHOM HeNpepHBHOCTH,
TO fi YKaxy 3Aecb TOJbKO, KaK H306paxaloTcs KOM-
IJIeKCHbIE TOYKH, Jiexaluue KaK yrofHo G6JH3KO K Ka-
KOo#-HHOYAb HAeHCTBHTENbHOH Touke. s sroro uepes
B3ATYI0 [eACTBHTEAbHYIO TOYKYy P (HJIH uYepe3 Kakylo-
HHOYIb [PYryio GJH3KYIO

K Hed AeHCTBHTENDbHYIO _P 5

TOYKY) HYXKHO TPOBECTH Jp; 5 A V3
KaKy1o-HHOYAb NPSAMYI0 H

paccMOTpeTbh Ha Heil TaKue Puc. 97

IBe pasgeidiollHe OJHA

Apyryo (T. €. JexallHe «CKpelleHHHM 0GpasoM») mapbl
Touex (puc. 97), utoGei ABe TOUKH Py, P{, B3ATbIE U3 pa3-
HBIX Nap, Jexaju OJH3Ko OfHAa K ApYroil H K Touke FP;
eCc/iM Tenepb HEOrpaHHYeHHO cOauKaTh TOYKH Py u P
TO WHBOJIIOLHUS, onpelessieMasi Ha3BaHHHIMH napaMd TO-
geK, BHIpOXKJaeTcs, T. e. obe ee 10 CHX NMOD KOMILIEKCHble
IBOiHBIE TOYKH COBNAajaloT ¢ Toukod P;= P{. Kaxnas
H3 o0euX MHHMEIX TouYeK, H306pa)kaeMHX 3TOH HHBO-
Jgouueii (BMecte ¢ ToH wiH Npyrofi CTpeJKoii), mepexo-
AT, CJeOBaTeJbHO, HENpephlBHO B HEKOTOPYIO TOUKY,
GJAU3KYI0 K TOuKe P, WK Aaxe HeNOCPeACTBEHHO B TOY-
Ky P. KoHeyHO, Ajsg TOro uroO6nl OHTb B COCTOSIHHH
C HOJIb30H NMPHMEHSTh 3TH NpeNCTaBJeHHS O HelpephiB-
HOCTH, HeOGXOAHMO JeTalbHO ¢ HHMH Iopabo-
TarThb.
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XoTss BCe 3TO NMOCTPOeHHe M SIBJASETCS TO CpaBHe-
HUIO ¢ OOBIYHOH AEeHCTBHUTENbHOH reoMeTpHeH a0CTaTOY-
HO TpPOMO3JKHM M YTOMHTEJbHBIM, HO 3aTO OHO MO-
XKeT J1aTh HecpaBHeHHO GoJblie. B yacTHOCTH, OHO cmo-
co6HO NMOJHATb Ha yYPOBeHb NOJHOH reoMeTpuyecKoil Ha-
rasigHOCTH anrebpanyeckne obOpasbl, NOHHMAaeMble Kak
COBOKYNMHOCTH HMX HEHCTBHTEJbHBIX M KOMILJIEKCHBIX 3Jie-
MEHTOB, H NIPH €ro NOMOIUH MOXHO HAarJsiHO YSCHHUTb
cebGe Ha caMuX (Qurypax Takue TeopeMbl, KaK OCHOBHas
TeopeMa aJre6p HJIH TeopeMa besy o Tom, uto naBe
KpUBBle M-TO H N-TO NOPSAAKOB HMMEIOT, BOOOLle roBOpS,
POBHO mn obuux Touek. JlJsi 3TOH mesau cienoBajio Obl,
KOHEYHO, OCMBICJHUTh OCHOBHBIE [IOJIOXKEHHs B 3HaYH-
TeJbHO Gojiee TOYHOH M HarasaHOH ¢opMme, yeM 3TO
6BlJIO CHeNaHO 0 CHX IOp; BIpPOYeM, B JIHTepaType yxe
HMeeTCsl BeCb CYLIECTBEHHO HEeOOXOAUMBIH [IJs TaKHX
HCCJIeIOBAHHH MaTepHaJl.

Ho B GosblmMHCTBe cilyuaeB NIpHMeHEHHE 3TOro reo-
MEeTPHYECKOro TOJIKOBaHHUs NpHBeNO OH BCe XKe MpPH BCeX
€ro TeOpeTHUYECKHX NpEeHMyIllecTBaX K TaKHM YCJOXHe-
HHUAM, YTO NPHXOAUTCS AOBOJBCTBOBATHCS €ro NPUHIM-
NHaJIbHOH BO3MOXKHOCTbI0 M BO3BpamlaThCs (PaKTHYECKH
K OoJjiee HaHBHOH TOYKe 3peHHs, 3aKJIoyalouleics
B CJelylouleM: KOMIJIEKCHasi TOUKa eCTb COBOKYMHOCTb
TpeX KOMIJIEKCHBIX KOOpPAMHAT, H C HEl0 MOXHO OmnepH-
POBaTh TOYHO TaK e, KaK H C NEHCTBHUTEJbHBIMH TOY-
KaMH. B camoMm Jnene, Takoe BBeJleHHE MHHMHIX 3JieMeH-
TOB, BO3JlepKUBaolIeecss OT KaKHX Obl TO HH GBLJIO IpPHH-
LUNHAJbHBIX pacCcyXJeHHH, BCeria OKa3blBaJoCh IIOJO-
TBODHBIM B TeX CJyuyasiX, Korjla HaM NpPHXOAHJIOCh HMETb
JleJI0 C MHUMBIMH LHKJIHYECKHMH TOYKaMH HJIH C OKPYX-
HocTbio chep. Kak yxke OhIO CKa3aHO, BIepBHie CTal
[OJIb30BAaTbCSI MHHMBIMH 3JIeMEHTaMH B 3TOM CMBIC/IE
TToHcene; ero mnocnefoBaTeJsIMH B 3TOM OTHOUICHHH
6pTH npyrue (GpaHIy3CKHe reoMeTphl, IMIaBHEIM 06pa3oM
Illany u Oap6y; B I'epManuu psix reoMeTpoB, B 0cOGeH-
HOCTH JIH, TakXe NPUMeHSJH ¢ GOJbLUINM YCIHEXOM TaKoe
IIOHHMaHHe MHHMHIX 3J1eMEHTOB.

StuM OTCTymjeHHeM B 06JacTb MHHMOro sl 3aKaH-
MHBalo BeCb BTOPOH OTJeJ MoOero Kypca H o06palaioch
K HOBOH rJiaBe,



CUCTEMATHKA
H OBOCHOBAHHUE TEOMETPHH

1. CHCTEMATHKA

H3yueHHble HaMH reoMeTpuueckue Npeo6pas3oBaHHs
MBI NIpEXJe BCero HCIOJb3yeM [JIsi YCTAaHOBJEHHs CHCTe-
MaTHYeCcKOro mnofipasjejieHHsi Bced 006J1aCTH TeOMETpHH,
KOTOpOe NO3BOJIUT HaM 0603peTb C OJHOH TOYKH 3peHHs
KaK OTHeJbHble YacTH reOMeTpPHH, TaK H HX B3aHMHBIe
CBSI3H.

1. 0630p kaaccupmKauum reoMeTpUYECKUX JMCHHUIIHH

3n1ech peub HIET O TeX HIesiX, KOTOpble i CHCTEMaTH-
YeCKH pa3BHJ B Moeldl «DpJaHreHCKOH mporpaMme»
1872 r. *).

1) B panbHeiimeM, Kak W 0 CHX moOp, MH Gynem
cHCTeMaTHYeCKH NOJb30BAaTbCS aHAJH30M IIPH HCCIEHO-
BaHUHM TreOMeTpHYECKHX OTHOILEHHH, npeiacTaBasisa cebe
COBOKYNHOCTb 8CeX TO4YeK NPOCTPAHCTEA U300PANCEHHOINO
npu noMoOuyu COBOKYNHOCTU 6CeX HUCAOBbIX TpPOEK —
sHavenull Tpex «koopdunar» x, y, z. Ilpn Takom u3so-
6paxeHHH KaxJOMY Nnpeo6pa3oBaHHIO NPOCTPAHCTBA CO-
OTBETCTBYET OIpelesNeHHOe NmpeoOpa3oBaHHE 3THX KOOp-
puHat. C caMoro Hayaja Halle BHHMaHHe OCOGEHHO
TIpUBJIEKIH clelylolllie YeThipe BHAa INpeobpa3oBaHHH,
H300paKaeMBIX HEKOTOPHIMH CHEYUQAbHOIMU AUHEUHBLMU
no0cTano8Kamu KOOpIHMHAT X, y, 2: NApasLesbHble Ne-
peHocel, nosopoTel 0KoAO Hauara Koopduuwar O, 3ep-
KaAbHOe OTpajxcerue OTHOcuTeabHo 370U gice Touku O H
eomoreruu ¢ yenrpon O.

2) BBeznenue kKoopAMHAT MorJo GH, MOXaJy#H, 3acTa-
BUTb JAYMaTb O CYyIIeCTBOBAaHHH IIOJHOro TOXAeCTBa

*) Klein F. Verschiedene Betrachtung iiber neuere geomet-
rische  Forschungen. — Erlangen, 1872.  [Pycckuii  nepeBoa:
Kae#in @. CpaBuuresbHoe 06Go3peHHe HOBEIIHX TIeOMETPHYECKAX
Hcenenosanuit//HsB, ¢u3.-MaT. o-sa npu KasaHck., yH-Te. — 1896,—
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MeXJy aHaJH30M TpPeX He3aBHCHMHX HEePEeMeHHHX X, Y,
2 H reomerpueii B Yy3KoM cMuicie ciaoBa. Ho B nefi-
CTBHTEJIbHOCTH 3TO He Tak. JleJo B TOM, YTO reoMeTpHs
3aHUMaeTcsi, KaK 3TO s YyXKe paHbllle HMeJ cjaydyad OT-
MeTHTb (CM. c. 42—44), TOJbKO TAaKMMH COOTHOILIEHHsI-
MH MeXAy KOOpAHHAaTaMH, KOTOphle OCTalOTCS HeH3MeH-
HEIMH IIpH TNepeyHCJeHHbIX B H. 1) JIHHeHHBIX mojacTa-
HOBKax — GyleM JIH pacCMaTpHBaTh mOCJelHHe KakK
HM3MeHEeHHs] CHCTEeMbl KOOpPJAHHAT HJH KaK mpeobpa3oBa-
HHSl TIPOCTPaHCTBAa; 2e0oMeTpus AR6AReTCA, Taxkum obpa-
30M, Teopuell UHBAPUGHTO8 YNOMAHYTOLX AUHEURbLX NO0-
cranosox. Bce e COOTHOIIeHHS MeXAYy KOOpAMHaTaMH,
He HMelOlHe HHBapHAHTHOrQ Xapakrepa,— KaK, HalpH-
Mep, YTBepXKJeHHe O TOM, YTO HEKOTOpas TOYKa HMeeT
KOOpJAHHATH 2, 5, 3, — CBsA3aHbl C onpelleIeHHOH pa3 Ha-
Bcerja. (HKCHPOBaHHOH CHCTeMOH KOOpAHHAT, H IpH-
HaJjeXxaT K HayKe, KOTOpas [OJIXXHa HHIMBHAYaJH3H-
POBaTh KaXAyl0 TOYKYy caMy no ceGe H paccMaTpPHBaThb
H30JIHDOBAHHO ee CBOHCTBA: K TOnoepaguu WIH, eciu
YrofHO, K ceoepapuu. JIns noscHeHHs s HaAmOMHIO He-
CKOJIbKO TpPHMEPOB TreOMeTpHYeCKHX CBOHCTB. Tak, Ml
FOoBOPHM, UTO ABe TOYKH HMEIOT OonpejejeHHoe (B3auM-
HOE) paccrosHue, ecd TOJNbKO (PHKCHPOBaHa HeKOTOpas
elHHHHa (IJHHH); C HalleHd TemepemlHeH TOYKH 3peHHs
9TO O3HayaeT, 4YTO ¢ MOMOIIBIO HX KOOpAHHAT
Xt, Y1, 21, X2, Y2, 22 MOKHO COCTaBHTb BhIpaxeHHe
A/ (x; — %) + (y1 — y2F + (21 — 22, KOTOpOE sIHGO  OC-
TaeTcss HEH3MEHHBIM IIPH BCeX YKa3aHHHX NOACTaHOBKaXx,
JIH60 TOJMBKO YMHOMXKaeTCsd Ha HEKOTOPHIH MHOXHTeNb,
He 3aBHCALIMH OT CHEIHAJbHOr0 IOJOXKEHHs B3fTHIX
-rouek 12°), [lomoGHEII Ke CMBICA HMelOT (passl: <«JBe
npsmMele 06pasyioT omnpelejeHHHH y2o4», «HEKOTOpOe
KOHHYEeCKOe ceueHHe HMeeT oOnpefiejieHHble 24a8Hble OCU
B OKYCol» U T. .

L1 COBOKYITHOCTH 3THX reOMeTpHYeCKHX CBOHCTB M
GyneM ynoTpe6G/sATh Ha3BaHHE <«MeTpHYecKasi reoMeT-
pHusi», YTOOH cpasy e OTJIHYHTb OT Hee pa3jHYHble
Apyrue «BHJB reoMeTpuii». MH NOJyYHM HX, BHJEJsis
IO Ompejie/leHHOMY INPHHIHUNY H3BEeCTHble IPYNNbl Teo-
PE€M MeTpHYeCKOH reoMeTPHH H paccMaTpHBas HX caMH
mo ce6e; BCJAEACTBHE 3TOr0 BCce 3TH HOBBle BHIH reo-
MeTpHH fBJAIOTCSA, MO KpaiHell Mepe Ha NepBHIH B3IVIsA,
YacTAMH MeTPHYECKOH reoMeTpHH KaK HauboJiee 00beM-
JIOILEro «BHAA reOMETPHHY.
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3) 3a HCXOAHHH NYHKT MH 6epeM NOAPOGHO H3YyUeH-
Hule paHblle agurnsie npeobpasosanus, T. €. LeldHEe
JIHHeHHHe NOACTaHOBKH NEpPEMEHHHX X, Y, 2:

¥ =ax+by+cz+4d,
Y =apx + by + oz + do,
2 =a3x + by + cz+ds,

B 9HCJIO KOTOPHIX BXOJAT mpeo6pa3oBaHHsl, pacCMOTpeH-
Hule B 1. 1), Kak yacTHble CJaydYaH, H BhHAEISAEM H3 YHCIA
BCeX reoOMeTPHYECKHX NOHATHA H TeopeM O6oJiee Y3Kui
Kpyr TeX NOHATHH M TEOpeM, KOTOPHE OCTAlOTCH HEH3-
MeHHBIMH INpH JIOOBIX ad¢dHUHHEIX npeobpa3oBaHUAX;
COBOKYIHOCTb X MBI pacCMaTpHBaeM Kak IepBHIil HOBHH
BHJ, reOMETPHH — KaK TaK Ha3nBaeMyo apduruyro 2eo~
MeTputo, NI TEOPU0 UHBAPUAHTO8 agdpunHelx npeobpa-
808aHull.

ITosToMy MBI MOXeM H3 Hamero 3HaHH adpGHHHREIX
npeo6pa3oBaHMil TOTYAC JKe BHIBECTH MOHSATHSI H TEOpEeMHl
5TOH reoMeTpUH; § YNOMSHY 3IeCh JHIIb HEMHOrOE:
O pacCTOSIHHAX H yriax B ad($HHHOA reoMeTpHH He MO-
XxeT GbITb 6oJjiee U peyH; TOYHO TaK XKe TepsieT CMHICI
TIOHATHE TJIaBHHIX oOcefl KOHHYECKOTO CceYeHHs, Hcye-
3aeT pasiHyHe MeXIy OKPYKHOCTbI0O H ajuuncoM. Ho
3aTO B MPOCTPAHCTBE COXpaHfETCS pa3HIeHHE KOHEUHO20
H 6eckoneuro Oasexkozo u BOOOIIe cOXpaHsieTCs BCe, YTO
CBfi3aHO C 3THM pa3/HYeHHeM: IOHSATHE NAPAANCAUSMA
0dsyx npamelx, TMoApasjielleHHe BceX KOHHYECKHX ceve-
HHA Ha aaauncel, eunepboast, napaboast U T. I., jajee
TIOHATHSA O YeHTpe N OuameTpax KOHUHECKO020 Ce4eHus
H, B YaCTHOCTH, OTHOIUEHHE CONPAJNCEHHOCTU OuameTpos.

4) Ianee, Mpl ofpamaeMcss K NpOeKTUBHbIM, T. €.
ApoOHO-THHEHHBIM, npeobpas3osanuam

¥ =(ax+by+cz+d)(ax+by+cz+dy),
Y = (axx + boy + ¢z + dy)/(asx + by + cz + dy),
2 =(agx + by + c52 + dy)/(ayx + by + c,2 4 dy),

KOTOpHe BKIOYaloT addHAHHE npeo6pa3oBaHHS Kak
YyacTHHE cjydaHn. EciH H3BecTHble reoMeTpHYecKHe CBOH-
CcTBa ocTaloTcsl 6e3 H3MeHeHHs NPH BCeX 3THX mpeobpa-
30BaHHAX, TO OHH JOJKHBI, KOHEYHO, NpHHAAJIEXKATh
Takke W K addbuHHOH reoMeTpHUH; S3THM H3 Noc/aeSHeH
BbIIEJISIeTCSl TaK Ha3nlBaeMasi NMPOEKTUBHAS 2e0METPUR
KaK Teopus UHBAPUAHTO8 NPOEKTUBHbLX npeobpasosa-
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nuil. TlocnenosartenbHoe BhJejeHHe addUHHOH H MPoOek-
THBHOH TeOMEeTPHH H3 METPHYECKOH MOXKHO CPaBHHUTb
¢ paboToll XHMHKa, KOTOpHIH, NpHMeHss1 Bce 6oJiee CHIlb-
Hble CpeJCTBa pa3JIOXKEHHs, BBIIEJNseT M3 NaHHOro Be-
uiectsa Bce GoJiee IeHHble COCTaBHble YacCTH; HalIUMH
CpEe/ICTBAaMH pas3JIOXKeHHs sIBJSIOTCA CHauana adHHHbIE,
a 3aTeM NPOeKTHBHbIE Npe06pa3oBaHHus.

UTo Ke Kacaercsi TeopeM NpPOEKTHBHOH reOMeTpHH,
TO OTMETHM JIHIIb, YTO TeNepb OTNAaAaeT HCKIIOYHTEJb-
HOe MOJIOKeHHe GeCKOHeYHOro M Bce CBSI3aHHEIE C 3THM
noHsTus apdUHHON reoMeTpuH. Temepb MMeeTcs TOJbKO
OLHH 8ul cobcT8enHoz0 (Hepacmafalolllerocs) KOHu4e-
CKO20 ce4eHus; 3aTO COXpaHsieTcsi, HampuMep, C8a3b
mexcdy nOAOCOM U NOAAPOI0O M TOYHO TAK Ke 00paso-
8aHUe KOHUYECKO20 Ce4eHUs NPOEKTUBHOLIMU NY4KAMU
Ay4eii, 0 KOTOPOM MBI rOBOPHJIH Bhille (c. 150—152).

Caenysir TOMy 2Ke HPHHLMIY, MBI MOXEM IepedTH OT
METpHYeCKOH TreOMeTPHH TaKXe H K JApPYrHM BHAAM
reoMeTpuH.

5) OnHoit u3 BaxKHeHIIHUX SBJASETCA ceomeTpus 00-
partnetx paduycos. OHa OXBAaTHIBAET COBOKYNMHOCTb TexX
CBOHCTB MeTpPHYECKOH reoMeTpHH, KOTOpble COXPaHSIOTCS
TpPH BCeX BO3MOXHHIX npeoOpas’osanusx Nnpu NOMOUU
obparHeix paduycos (c. 152); Takum o6pasoMm, B 3TOH
reOMeTpHH, HanpuMep, NOHSITHE NPSAMOH HJH IWIOCKOCTH
TepsieT BCSIKOE CaMOCTOsiTeIbHOe 3HaueHHe, HO 3aTO CO-
XPaHSIOT CMbICJ NOHSATHS OKPYNCHOCTU W Cghepsl, MO OT-
HOLIEHHI0 K KOTOPbIM NOHSTHs NPSIMOH H IIOCKOCTH 3a-
HHMAIOT NOJYHHEHHOEe MOJIOXKeHHe B KauyecTBe YacCTHHIX
CJIy4aes.

-6) HaKoueu, Sl BHIE/ISIO ellle ONHH BHA FeOMETpHH,
KOTODHIi MoJyyaeTcsi KaK bl MyTeM NpDHMEHeHHs CaMoi
CHJIbHOH NpPOTPaBH H OXBAaThIBAaeT NO3TOMY HaHMEHbllee
KoJiuuecTBo TeopeM. Dto Analysis situs (romosorus),
0 KOoTopoM s yxe ynomuHana (c. 163—167). 3naecb peun
HIET O COBOKYNHOCTH TeX CBOHCTB, KOTOpble cOXpa-
HSIOTCSl NPH BCeX B3aHMHO OJHO3HAYHHIX B3aHMHO He-
npepHIBHLIX Npeo6pa3oBaHusXx. A yTo6bi He mpeaocTas-
JISITh BceMy GeCKOHeYHO ynajleHHOMY, KOTOpPOe IpH ofipe-
HAeJIEHHBIX TakuM o6pa3om npeoGpa3oBaHHsiX Bceraa mne-
pexonusio 6n caMo B ce6Gs, HCKJIIOUHTENHHOH POJH, MH
MOXXeM NPHCOeJHHHTb eule JHOGO MpOeKTHBHHE npeobpa-
30BaHHusA, JNO0 NPeo6GpPa3oOBaHHMA NOCPEACTBOM OOPATHBIX
pazuycos 1),
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Teopusi TPYNN Kak OCHOBA I€OMETPHYECKOTO KJIacCH=
¢uKkaunonsoro mpuxuuna. HaMeuenHylo Takum obpasom
cXeMy MBI Temepb OYEPTHM ellle YyeTye, BBOJASI OCHOBHOE
LI Hac noHAaTue epynnsl. HeKoTopylo cosokynnocTs
npeo6pasoBaHuii MbHl Ha3biBaeM (KaK yiKe paHblie OLLIO
0OBbAICHEHO) TIpYNNOH B TOM CJydyae, €CJIH CAOXeHue
(T. e. KOMIO3HIHA ~— Pe3yJbTaT nNocAed08aTEAbHOZO Bbl-
noaxenus) JIOOHX ABYX M3 3THX NpeoGpasoBaHUU B pe-
3yJbTaTe CHOBa OaeT HeKkoTOpoe npeobpasosanue, KO-
TOpoe NPUHAOAEHUT TOU ke COBOKYNHOCTU, W €CJIH,
KpoMe Toro, npeo6pas3oBaHHe, o6paTHOe IO OTHOLIEHHIO
K J1000My H3 3THX Npeo6pa3oBaHHH, TaKxke HNpHHaAJse-
KHT TOU %ce cosokynrocTu, IlpuMepoM rpynnu siBjsieTcs
COBOKYIHOCTb O8udiceHuti, a TaKxke COBOKYNHOCTb KO.l=
auneayuli (IPOEKTHBHBIX Npeo6pasoBaHuit), H60 KOMIO-
3HIMSA ABYX ABHXKEeHHH CHOBa ecTb HEKOTOpOe JBHKEHHE,
a JBe KOJUIMHeallHH pAaBHOCHJIbHbH HEKOTOPOH OLHOH;
KpoMme TOro, B 0GOMX Cay4asix JUIsi KaXJoro npeoGpaso-
BaHHS CylLeCTBYeT eMy oOpaTHoe.

OrasabiBasich Tenepb Ha HallW pa3JjiHYHBIE BHAH reo-
MeTpui, MH BHIHM, 4TO Npeo6pa3oOBaHHs, CBs3aHHbIE
C KaxJ0H M3 HHX, KaXAbH pa3 o06pasyloT rpynmy.
Ilpexne Bcero, Bce JIHHelHBIe NONCTAHOBKH, IPH KOTO-
PHIX ocTaioTcs 6e3 H3MeHeHHH COOTHOLUIEHHS MmeTpuye-
ckoti ceomeTpuu (mapaJiiesbHble IEPEHOCH, IOBOPOTHI,
3epKaJbHble OTPaXKeHHsi M TIOMOTETHH), COCTaBJSIOT
rpynny, KOTOpoH [AalOT Ha3BaHHe eAa8HOU epynnsl npos
CTPAHCTBeHHbLX npeobpasosanuti'®?). CToMb Ke JErko
MOXHO yOeIHMTbCsl B aHAJOTHYHOM 3HAUYEHHH APOuHHOL
epynnet (cocTosilliefi U3 BceX ad(UHHBIX NpeoGpasoBa-
HU) LIS ap@uHHOU ceomeTpun U NPOEKTUBHOU epynnot
(BceX KOJIMHealHH) IS NPOEKTUBHOU 2eoMeTPUlU.
Teopembl eeomerpuu obparHolx paduycos OCTAOTCS B
cuje mpH BceX Npeo6pa3oBaHHSX, NOJydYaeMBIX KOMIO-
auuMeid JIOOBX Npeo6Gpa3oBaHHN MOCPEACTBOM: O6PaTHBIX
PaiHyCcoB ¢ NOACTAHOBKaMH{ IVIaBHOH TIpymnel; BCe OHH
BMeCTe B3AThie CHOBa 06pasyloT HEKOTOpYyl0 rpymmy,
a_MMeHHO — epynny . o6parreix paduycos. Hakonen, B
cayuae Analysis situs umeeM neno ¢ epynnoii scex 83a-
UMHO OOHO3HAUHBLX HenpepuiBHoLX 0TOOpPaKcerut 123),

Tenepb 51 XO4y YCTaHOBHTb, OT CKOJIbKHX He3aBHCH-
MBIX NapaMeTPOB 3aBHUCHT OTHAeJIbHAA ONepalHus B KaxX-
Jo# M3 athx rpynn. B ruaBHOH rpynme coxepxarcs
JBHXKEHHs ¢ LIECTbI0O NMapaMeTpaMH H K HHM [PHCOEAH-
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HsleTCsl ellle ONHH napaMerp (Ko3ddHUHEHT roMoOTeTHH),
TaK 4YTO B OOLLEM HMEEeTCHa Cemb napameTrpos; Mbi Bbl-
paxaeM 3To, oGo3Hauass eaasHyto epynny uepes Gr.
¥YpaBHeHHs1 obuiero apdHHHOro npeoGpa3oBaHHs COAep-
¥)ar 3-4 = 12, a ypaBHeHHs NpOEeKTHBHOro npeoGpaso-
BaHUA 4:4=16 npon3BOJBHHIX KO3(rDHIHEHTOB, IpPHYEM,
OJHaKO, B IOCJelHeM cjyyae ONHH OOLIHA MHOXHTENb
He HMeeT CYILIeCTBEHHOro 3HaueHHs; TaKHM o6Gpa3oMm,
adpunnan epynna ectv wnexoropas G, a npoek-
TusHas — nexoropas @;s. I'pynna obparueix paduycos
npeiacrasiser coboi — g coo6Gmamp 3T0 34ech 6e3 10-
KA3aTeJIbCTBa — HeKoTopyro B 1, HaKOHel, epynna scex
2omeomopuamos BooOlle He HMeeT KOHEYHOro YAC/Ha Ia-
paMeTpoB, TaK KaK ee OollepamHH 3aBHCAT OT NPOH3BOJIb-
HHX (GYHKUHMH HJIH, €ClIH YroiHO, OT 6eCKOHeYHO MHO-
rHX napaMmeTpoB (3Ty rpynmy oGo3HayaeM udepe3 Bs).

B ycraHOBJeHHOH HaMH CBSI3H pa3AHYHHIX BHIOB
reoMeTpHit ¢ rpynnamu npeoépasosam&ﬁ MOXHO yCMOT-
PeTb OCHOBHOL npunyun, CIyXKalui Aas XapaKTepHc-
THKH BceX BooOlLle BO3MOXKHBIX !24) reomerpuii. B stoM
HMEHHO H 3aKJIoyaeTcsi OCHOBHAsi MBICIb MoOeH 3pJiaH-
reHcKoll TNporpaMMbl: nycre Oauwa Kaxkas-aubo epynna
npoCcTpancTeennblx npeobpasosanuii, Koropas codep-
JHCUT 2AABHYIO 2pYNNY KAK CBOI0 HACTb; T020a Teopus UH-
sapuanTos 3Toli epynne. dacT onpedesenHbill 8ud 2eo-
MeTpuu, U TaKum 006pa3om MONHO NOAYUUT6L At06YI0
803MOXMCHYI0 2eomeTpuro '), B KauecTBe XapaKrepHc-
THKH KaXXJOH reOMeTpUH BCeria CTaBsAT Ha nepBbm miag
ee rpymnmy.

DTOT NPHHUMIN B JIHTEPaType INpOBelleH MNOJHOCTHIO
TOJBKO JJIsi NepBbIX TpeX cjayuyaeB Hameli cxeMsl !26);
HMH, KaK HauboJsiee Ba*KHBIMH MJH HauboJsiee H3BECTHHI-
MH, Mbl 3afiMeMCsi ellle HEMHOro, H NpH 3TOM Mpexie
BCErO pacCMOTPHM IlepexoJ OT OJHOro ciaydas K
Lpyromy.

MeHsiss NMOPSANOK H3J0XEHHUss Ha OOpaTHbIA, A HauH-
Halo C NMPOEeKTHBHOH TeOMeTpHH, T. e. C rpynnn &5 scex
npoexTusHolx npeobpa3osanuil, KOTOpble Mbl 3aMHCHI-
BaeM B OJHOPOIHBIX KOOpAHHATAX:

'Y =af+bm+cf+d,
o'n’ =ak + b + cX + dor, (1
0t = as + byn + ¢3¢ + ds,
o'v =ag 4+ bm+ cf+ dyt.
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Uro6n npuiity orciofa K adduHHOA rpymme, BOC-
TOJIb3yeMCsl TeM 3aMeYaHHeM, YTO NPOeKTHBHOE COOT-
BETCTBHE CTAHOBHTCA a(PHHHHIM B TOM cCJaydae, ecCaH
OHO mnepeBOAHT OeCKOHEYHO YAaJeHHYI0 NJOCKOCTb B
cebs1, T. e. ecaH KaxXIoH ToyKe ¢ T=0 COOTBETCTByeT
Toyka ¢ v/ = 0. Ha camoM fele 3TO CBOOHTCS K TOMY,
4yT0 a4 =bs=1c4=0, u nostomy u3 ypasHeHuii (1)
NOJYYaloTCs NyTeM AeJeHHs (NMepBHX TpeX ypaBHeHHH
Ha YeTBEPTOEL), €CJIH, KPOMe TOro, 3aMeHHTb YaCTHHE
ai/dsy ... npocro uepes aj, ... , TAKHE YpaBHEHHS B He-
OJHOPOIHOM BHIE:

¥ =ax+by+cz4d,
Y =apx + box + cox + do, 2
2  =azx + byx + c3x 4 ds,

a 5TO JEHACTBUTENbHO — HAIK cTapble GopMmynan addun-
Horo coorBeTcTBHsi. Takum o6pasoM, yciosue Heusme-
HAemocTu 6ecKkoneuHO YyOasenHOU NAOCKOCTU BHLENsIET
H3 NpOeKTHBHON rpynns &5 HekoTopyio 12-mapamerpn-
YeCKyl0 <«NOArpynny», a HMeHHO, KaK pa3 agpuunyro
epynny.

BnosHe aHaJOrHUHBEIM 06pa3oM MOXKHO HPHATH K
eaasHoll epynne @;, onpenenss Te NPOEKTUBHbIE HJIH CO-
OTBETCTBeHHO acddHHHHE npeoGpa3oBaHHsl, KOTOpHE,
KpoMe 6eCKOHeYHO JIaJIeKOH IJIOCKOCTH, EPEBOASAT B cebs
TaKXe H MHUMYIO OKPYKHOCTb cgep, T. e. Te npeobpaso-
BaHHs, NPH KOTOPHX KaXJOH TOUKe, yIOBJIETBOpSIOMIEH
ypaBHEHHSM

E+n*+2=0, =0,

COOTBETCTBYeT TOYKA, YAOBJETBOPSAIONAS TeM e ypas-
HeHHsIM. Bbl Jerko MoxeTe y6eIuMTbCs B IPaBHJIBLHOCTH
3STOr0 YTBEPXKAEHHsS, CTOMT TOJIbKO OOpaTHTb BHHMaHHE
Ha TO, YTO Hallle YCJOBHe ONpeJesisieT C TOYHOCTbIO HO
HEKOTODOro MOCTOSSHHOrO MHOXHTeJsi KaK pa3 ILIecTb
(OIHOPOAHHIX) KOHCTAaHT KOHHYECKOTO CeYeHHs, COOTBET-
CTBYIOLIET0 OKPYXXHOCTH cdep B cHIYy adPHHHOrO COOT=
BEeTCTBHSI B IVIOCKOCTH T’ = 0, H NMO3TOMY HaKjJaALBaeT
Ha 12 KoHcTaHT ad¢uHHOrO cooTsercTBHs 6—1=25
yCIOoBHi, TaK YTO ocraercsi Kak pa3 12—5=7 napa-
MeTpoB rpynns @;.
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Npunuun Kaau: npoekruBHas reomMeTpusi — STO BCH
reomeTpus. Becb 3TOT Xon ume#t monyuua B 1859 r. ouenb
BaXXHBIH HOBHIH O0OOpPOT B PYKaxX BEJHKOro aHIJIHHCKOro
reomerpa Kaau. B To BpeMs Kak [0 cuX mop KasaJjoch,
uTo ad@HHHAsE H TNPOEKTUBHAsI TeOMETPHS SIBJSAIOTCSA
CpaBHUTeJbHO 6oJjiee CKYAHBIMH H3BJIEUEHHUSMH M3 MeT-
pHuecKoil reomeTpuH, Kaju cuutaeT BO3MOXKHBIM, Ha-
060pOT, KaK APUHHYIO, TAK U METPUYECKYIO 2EOMETPUIO
8KAM04UTb B NPOEKTHBHYIO B KauecTse ee 4aCTHulX CAY-
4aes (T. e. «IPOEKTHBHAasi TeOMETpHS — 3TO BCSI reOMeT-
pHsi»). DTO COOTHOLIEHHE, Kaxylleecs, NOxXanyH, Ha mep-
BB B3IVIsi[, NapafoKCaJbHbIM, OOHapy:KHBaeTCs B TOM
ciayyae, ecld K HccaeayeMblM GHrypaM INpHCOEJHHHTD
onpezneJeHHble 06pasbl, a HMEHHO, 6eCKOHeuHO yodainew-
HYI0 NAOCKOCT6 WJIH COOTBETCTBEHHO OKPYNCHOCT6 cghep
Ha Heli, To20a agpurHble UAUW COOTBETCTBEHHO MeTpu-
Yeckue c8olcT8a (pueypbl 0KA36LEBAIOTCA HE 4Hem UHbLM,
KaK npOeKTUBHbIMU CBOLUCT8aMU pacuiupernod (nonoa-
HeHHoUl) Takum obpa3om uzypet.

[losBosbTe MHe 3TO pa3bACHHTbL NpexJe BCEro Ha
JBYX OYeHb NPOCTHIX NpHMepaX, NpHYeM 5 JIHIIb BHI-
CKaXXy B HeCKOJbKO H3MeHeHHOH ¢opMe yxKe paHee HU3-
BectHble BaM ({akrte. To, 4To ABe MpsiMble NapaJljesbHBl,
He HMeeT I/ NPOEKTHBHOH reoMeTpHH BHauyaje HHKa-
KOro 3HaueHHsi; eCJIH Ke K HaHHbBIM o6pa3aM (K oGeuMm
NPSIMBIM) TPHCOEAHHHTb GECKOHEYHO YAaJeHHyIo IIo-
CKOCTb, TO CTAHOBHUTCSl NIPaBUJIbHEIM (cp. ¢. 142—143) 10
YHCTO MPOEKTHBHOE YTBEPXKJEHHEe, UTO ABE AaHHbIE Mps-
Mble IepeceKaloTcsl Ha JaHHOM
njaockoctd. Heuro nonoGHoe ume-
OKEYHae), eM B TOM CJydae, ecJH mnpsMas

3, pacrnoJioXeHa NepneHAHKY/IsAPHO K

= HEKOTOPOH MJIOCKOCTH. DTO MOXKHO

csectd (cp. c. 189—191) k HekoTO-

pPOMYy HOJIIPHOMY COOTHOLIEHHIO —

Bellb 3TO €CTb HEKOTOpOe mpoeKs

Pes ' THBHOE CBOMCTBO Hallled ¢HrypHI,

’ ‘ paclIHpeHHOA NPHUCOEAHHEHHeM K

Puc. 98 " Hell OKpYKHOCTH cdep (cp. puc. 98);

B caMoM Jeje, Touka P, fBJSIO-

IASCH CNelOM TMpPSAMOf, H INpsAMast g, ABJAAIOLIAACS

cJIeIOM IIJIOCKOCTH Ha GeCKOHEYHO yAaJieHHOH MJIOCKOCTH,

JOJKHBH 10 OTHOLIEHHIO K OKDYXXHOCTH cdep npeacra-
BHTb NOJIIOC H MOJsApY 127),

o0
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Tenepp s xoTenm Gbl MOJHee PasBHTb HaMeUeHHbIA
3Jlecb XOA HIeH W MOKa3aTh, KaAK OH NPHBOJAHUT K HEKO-
TOpPOMY BIIOJIHE CHCTEMAaTHYeCKOMY NOCTPOEHHIO I'eOMET-
puu. HauGonbmas 3acayra B 3TOM OTHOLIEHHH NPHHAN-
JIEXKHT aHrJIM4aHaM; 1 yKe Ha3BagJ Kaiu u psoM ¢ HUM
A AoJKeH ynoMsiHyTb eile CuabBectpa m CasbMOHa H3
Jy6auna. DTu reoMeTpsl co3iajiu, HaunHas ¢ 1850 r., Ty
anre6paHyecKylo [NHCUHIVIHHY, KOTOPYI0O HashHBalT B
6oslee y3KOM CMHICJIe TeOpHell HHBAapHAHTOB JIMHEHHBIX
OJHOPOAHBIX MOACTAHOBOK *) M KoOTOpas JejaeT BO3-
MOXHBIM IIpH NOMOIUM NpuHUMNa Kaium nath mONHYyIO
CHCTEeMAaTHKY reOMeTpPHH Ha aHaJHTHYecKOH ocHoBe. lis
TIOHHMAaHHUsl 3TOH CHCTEeMaTHKH HaM HeoOXOAMMO mpej-
BapUTeJbHO 3aHATbCA HEMHOro caMoH Teopued HHBa-
PHAaHTOB.

2. OrcrynjaeHue B 06JacTb TEOPHH HHBAPUAHTOB
JIMHEHHBIX MOACTaHOBOK

KoHeuHo, 3mecb s1 MOry H3JOXHTb B (opMme Kpar-
Koro pedepara JHILIb IJaBHble XOAbl MLICAEH H pe3yib-
TaTel, He NPHBOAS HH JeTaJself, HH JOKa3aTeJbCTB %),
~ 1) Ilepexonss Temepb K Haulied Teme, Mbl NpefCTaB-
JsieM cebGe 3aJaHHLIM IIPOH3BOJIbHOE YHCJIO NepeMeHHBIX
U COOTBETCTBEHHO 3TOMY TOBOPHM O Ouxapnod, TepHap-
Hotl, kearepHapHod, ... (waH Os8ou4Hol, TpoUuuHOL, 4er-
sepuunol, ...) obaactu. iMes B BHIYy NO3:Ke paccMar-
pUBaTh NmepeMeHHHle B NEPBHIX TPeX cJyyasX KaK OJHO-
pOIHbIE KOOPAHHATHl Ha MNPSMOH, HA IUIOCKOCTH HJH B
TIPOCTPaHCTBe, BBOJAMM AJ1 HUX 0003Ha4YeHHs

&En EmTn EnGT

npuyeM ypaBHeHHe T ==0 Bcerjaa HoJXHO OymeT Xapak-
TepH30BaTh GECKOHEYHO yJAaJIeHHbIe 3JIEMEeHTHL. '

2) Mwn paccMaTpuBaeM TIpyNNH BceX OIXHOPOJHHIX
JHHEAHBIX NOJACTAHOBOK 3THX NEépeMeHHHX, NpHYeM Ha
nepsoe BpeMs Mbl OGyiaeM NPHHHMaTh BO BHHMAaHHE He
TONIbKO OTHOUIEHHS] NepeMeHHHX (TaK Mbl OyleM Io-
CcTynmaTh MO03)Xe B NPOEKTHBHOA reOMETPHH), HO TAaKXKe

*) TepMHH «TeOpHSi MHBApHAHTOB» YIOTPeGANOT Takxe B Gosnee
UIHPOKOM CMBIC/IE, OTHOCS €ro K Jio6GbM rpymnam mpeoOpasopaHHi;
B TOoM GoJjiee YSKOM CMBiCJe, B KakoM MH OylAeM ero NMOHMMaTb B
RasbHefieM, ero CTaa Bnepsuie ynorpebnsTh CHabBecTp.
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H HX HHAHMBHAYaJbHbBIE 3Ha4YeHHA. OTH HOACTaHOBKH

3anuchiBaeM B TAKOM BHIE: ,
Y—attbn+dr, §’=al§+bln+ cL+d,r,
W =at+-bmt+d,t, n’=a2§+b2n+c2§+ dyr,
Y—=ag+bmtd,r, t'=af+bsn+cii+dsv,
v=ag+bm+ci+dyr.

Yucsno mapaMeTpoB B 3THX TpeX Ipynmnax paBHO COs
OTBETCTBEHHO 4, 9, 16. ,

UTo6H. B AajbHeHIIeM MOXHO GHIJIO OXBAaTHTb OJHOHN
3aNmHCbI0 NPOCTPAHCTBA pAasJHYHOTO YHCJIA H3MepeHHH,
MHB OyzeM -BHIIHCHIBaTb B ¢opMyJax Bceria AHIUb Ie-
peMeHHble £ H T H COCTaBJIeHHble H3 HHX WJIEHHl, OTZe-
Jsis MX APYT OT JApyra MHOIOTOYHEM.

Torna B ciyuae 6uHapHO# oGaactu Hajno OyzeT mpo-
CTO HTHOPHPOBATb MHOrOTOYHE, a B CJydyae TPOHYHOMH
HJIH YeTBEPHYHOA 06JacTH 3aMeHATb HX WIEHaMH, CcOxep-
JKallHMH 1] HJIH COOTBETCTBEHHO M H [, aHaJOTHYHLIMH
BLINHCAHHHIM uWleHaMm (c & ¥ t). Mu GyzneM, TakuMm obpa-
30M, F'OBOPHTb O NepeMeHHHIX &, ..., T H O BHIOJHSAEMHX
HaJ HUMH NOJCTaHOBKax

E=at+...+dr,

e e e e )
T,=a4§+ oo + d4T.
CucreMaTHKa TeOPUH MHBAPHAHTOB.

3) Uto kacaeTcs 06BbEKTOB TEODHH HHBapHAHTOB, TO

MOXHO pas3jiHuaTh lBe CTaJUH B IOCTaHOBKe BONpOCa.

Bo-nepBhIX, NycTh AaHH Ji0Obe OTJeJNbHbEE CHCTEMbl 3Ha-
YeHHH nepeMeHHBIX

gl’ so ey Tl; §2’ sy 172;. §3’ 00 ey 73; ---;

HMesl B BHAY reOMETPHUYECKHE NPHJIOKEHHS, MB MOXeM
yXe Tenepb 0603HauaTb HX INPOCTO KaK TOYKH 1; 2;
3; ... Kaxnylo U3 3THX cHCTeM 3HauyeHHWHl B OTJAeJbHOCTH
nojsepraeM mojcTaHoBKaM rpynnn (1); Bompoc cBo-
IUTCS K TOMY 4YTOGHl 06pas’osare Taxkue KOMOUHAYUL
HaQWUX cucTem 3Hauenuil, KOTOpble OCTABAAUCL Obl UH~
BAPUAHTHBLIMU NPU TUX OOHOBPEMEHHbIX NOOCTAHOBKAX.

4) Bropas cradus B NOCTaHOBKe BOIpOCa HMeeT AeJ0
Hapsily ¢ TaKHMH TOYKAaMH TaKxXe H C (YHKyuUamu ne-
pemMeHHblX, a UMEHHO, B NIepBYIO Ouepelb C yeabimu pa-
YUOHANBHOIMU (QYHKYUuAMU;, TPU 3TOM MOXKHO OrpaHu-

t=at+dv,
T’=a4§+d479
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YHTECS OOHOPOOHOGIMU UENBIMH PalUOHAJBLHBIMH (YHK-
LHSMH —B TeODHH HHBAapHAaHTOB HX Ha3HBAIOT @op-
mamu,— TaK KaK YJIeHH OIHMHAKOBOrO H3MepeHHs H Oe3
TOro INepexoAAT JApYyr B JApyra mno NpHYHHE OXHOPOJLHO<
CTH NOACTaHOBOK. Takum o6pasoM, HaMm NpHAeTCH pacs
CMaTpUBaTb CHauyala AuHelinole gopmor:

¢o=af+ ...+ 0%,
3aTeM keadparuuHsie opmol
f=A84 ... +2Gtv+ ... + K*?

H T. 1. Ham npugercs Takxe paccMaTpHBaTh OLHOBpe-
MEHHO HECKOAbKO (Oopm OIZHOTO H TOro e H3MepeHH,
pas3iuyasi MX NPH I[OMOIUH HHAEKCOB, HampHMep:

o=0af+...+87, =o0f+ ...+ 07, ...

HcXooHBIM NYHKTOM MOTYT CJOYXHTb TaKxke (opmer
€O mHo2umu pAOAMU hepemeHHblx, Hanpumep GHIuHeH-
Hble (GOPMHI

f=A8E+ ... + Ao+ ... + N1+t ... 17T,

Ins BHISCHEHHS BO3HHKalolleH 3lech o6uweil npoG-
JeMbl Mbl JOJIXKHH CHayajla pa3oGpaTbcsi B TOM, KaK
npeobpa3yroTca KO3(pPuyuenTo, 3TuxX (Hopm, eclnu nepe-
MeHHble MOJBepraloTcsi NoAcTaHOBKam rpymnm (1), a
3HaueHHe GOPMH ¢ HJH COOTBETCTBEHHO [ OCTaercsi He-
H3MEHHBIM,

PaccMoTpuM cHauasa JuHeHHyl0 (opMy, noJaras

o=of+ ...+ 0t=at ...+ 87.
Ecau BBectH BHpaxeHus (1) ana &, ..., v/, T0 AOIXKHO

HMETb MeCTO TaKoe TOXKHECTBO OTHOCHTEJbHO IepeMeH-
HBX §, ..., T

a4 ...+ ot=ad(@+... +d)+ ...
oo+ @+ ... +dp)=
=_(G'¢11+ v+ 0a)E 4. (@d ... F8d).

Orcioga HaXOAHM

a=aa’ + ... +ad,

. R @)
6=d1a'+ ce +d46,o

e o o o o
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Takum oGpa3oM, HoBble Ko3dduuHeHTH o, ..., 8§’
JIHHeHHOH (OpPMH CBf3aHE CO CTaphIMH Ko3dduuueH-
TaMU d, ..., 0 B CBOIO OYepelb JHHEHHOIO MOACTAHOB-
Koo, nmoJayuaemolo u3 (1) ciaemyromum npocThm oGpa-
30M: MNepecTaBjsieM BepPTHKaJbHBE H TOPH3OHTaJbHLIE
paln B cxeMe Ko3((UIHEHTOB («TpPaHCIOHHpyeM» MOJ-
CTaHOBKY) H, KpOMe TOro, MeHseM MeCTaMH cTaphble
BeJHUYHHbl (He MMeIOllMe IUTPHXOB) H HOBHlE (CO HLITPH-
xamu). ITlonyyaemylo TakuM 06pasoM NOACTAaHOBKY Ha-
3bIBAIOT KOHTpAepeOueHTHOU 1O OTHOLIEHHI0O K IepBOHa-
yajqbHOH noactaHoBke (1) u roBopsiT AJs KPaTKOCTH,
4TO KO3 Puyuenrsl a, ..., & sunelinol Gopmor npeobpa-
BYIOTCA KOHTPAzcpeOUeHTHboIM 06pasom Nno CPABHERUIo
¢ nepemennbimu E, ..., 1. PaHee paccMoTpeHHBle psAHl
nepeMeHHslx &, ..., t1; &, ..., T2} ..., KOTOpHE MOA-
JeXaT Bce BMecTe KaxKAblH pa3 OJHOMYy H TOMY IXKe
npeo6pasoBanuio (1), B aHaAJOrHYHOH TEPMHHOJIOTHH
HOCAT Ha3BaHHe KO2PeOUEHTHbIX NepemeHHblX,

Ilepexonss k Ksadparuunoill ¢popme f, coobpasum
npexjae BCero, Kak BeAyT ceGs NpH JHHeHHOH moAcTa-
HOBKEe BXOJsllie B Hee 4YIeHH BTOPOrO H3MepeHHS
g, ..., Et, ..., 1% Ha ocHoBaHuu (1) cpasy ke Haxo-
JHM IJISl YIeHOB BTOPOro H3MepeHHsi C HOBHIMH Iepe-
MeHHBIMH TaKHe BhIpaXKeHHs:

2=l ... + 2adfr+ ...+ d‘;’r“’,

§T "‘aa4§2+ +(ald4+a4d1)§“+ +d1d4“.

. . e e o o e o o

/2_a2§2+.”+2ad§1:+...+d2" (3)

OT0 MBI MOXeM BHIDa3HTb B TakoHi ¢opMe: WIEHH BTO-
poro H3MepeHHsi OTHOCHTEJbHO IlepeMeHHBIX HCIbITHI-
BaIOT OXHOBPEMEHHO C HHMH OJHODOAHYIO JIMHEHHYIO
NOACTAaHOBKY, MOJyyaeMylo HenocpeacTBeHHo u3 (1).
Ho f sBasiercs nuHefHOH ¢opMOHl 3THX KBaApaTHUHLIX
YJIeHOB, TaK 4TO, NOBTOPSAS B TOYHOCTH - IPEXHHE pac-
CyXJIeHHs, Mbl BHIHM, YTO Koaq)qmuuemu A, ..., 2G,,..
..., K, npeo6pasoBhiBaOTCs JHHEHHO-OXHOPOAHO, a
HMEHHo, KOHTpaI‘peIlHeHTHO o omomenmo K MOACTa-

HOBKe (3) wieHOB B §-r, ceer T4 .upyrpmu C/I0BaMH,
ypaBHeHHS, conep}xamne A, ..., 2C ., KunA, ..
... 260, .., K, no.uyqaxo'rcx U3 (3) TO‘IHO TaK Xe,

Kak ypaBHeHHs (2) u3 (1).
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5) Tenepp MH MoOXeM CcGHOPMYJTHPOBATb 00wyt
npobaemy Teopuu uxsapuanTos. Ecnu 3ajaH Kakofi-
au6o panx Toyek I; 2; ..., a TaKXe psji JHHEHHBIX,
KBaJIpaTHYHBIX JHOO BHICIIHX GOPM @1; @25 ...; [13
fe; ..., TO NOX uHBapuaxHTOM NOHUMAKOT TaKyl GYHK-
LU0 KOOPAHMHAT &1, ..., T1; &2, «.vy T2y ... U KOIPGDU~
YUEHTOB Oy ..., O1} Ogy +ooy O25 oo Al oovy Kij Asy L.
..., Kg; ..., KOTOpAs ocTaerca 6e3 uameneHus npu Au-
Helinolx nodcranosxax nepemernuix (1) u npu coorser-
CTBEHHLLX TOALKO 4TO OnpeOeserHblX NOOCTAHOBKAX Cii-
crem koapuyuenros. TpebyeTcs usayuuTs COB0KYNRHOCTo
8cex 8000Uje BO3MONHbLX UHBAPUAKTOS.

B snuTepaType BCTpeuYalTCs TaKXe NPU Clydae CJO-
Ba: KOBAPUAHT W KOHTPABAPUAHT JJs 0GO3HAUeHHS
0cOOHIX BHIOB o0pa3oBaHuii, 0603HaYaeMHX 3AeCb 006-
LIMM Ha3BaHHEeM HHBapHaHTOB'?°), A HMeHHO, ecliH B
HHBapHaHTHOe BbIpaXkeHHe BXOAST CaMH DPSAHl NepeMeH-

HbIX &1, ..., T1; &2 «.., T2} ..., TO TOBOPAT O KOBAPUAH-~
Tax; eclu XKe B Hero BXOAAT KO3(PHLUHEHTH JHHEHHHIX
dopm ay, ..., O61; 02, +.., O2; ..., TO yNOTPeOJAAOT TEP-

MHH koxTpasapuant. CJIOBO Ke UHBAPUAHT YNOTPeG-
JSIIOT TOrla B NPHMEHEHHH K TaKUM BBIPaXKeHHSM, KO-
TOpHIE He cOoJepKaT HM KOOpAHHAT §i, ..., HH Ko3ddu-
LHEHTOB €, ... H COCTaBJeHbl HCKJIOUHTEIbHO H3
Ko3¢(pHUHEeHTOB KBaJAPaTHYHHX HJIH BhicliHX (popM. Bhl-
IeJieHHe W NPOTHBONOCTABJIEHHE INepPBHIX [ABYX CJIyyaeB
ob6bsicHseTCA TeM, 4YTO pslbl IepeMeHHmX §, ..., T,
C OJHOH CTOpPOHH, H @, ..., 6, C APYroil CTOPOHH, OGHa-
PYKHBaIOT 0O H3BECTHOH CTeNeHH B3aHMHO obGpaTHoe
MmoBeJleHHe: KOria OAHH H3 -HHX INOJABEpPraloTCsi HEKOTO-
poii JIHHEHHOH NOACTaHOBKE, APYrHe HCHLITHIBAIOT KakK
Pa3 KOHTparpeAHeHTHYI0 TOJACTAHOBKY HE3aBHCHMO OT
TOro, Kakof psifi NepeMeHHHIX sIBJIsieTC HCXOAHbLIM. Ta-
KHM o00pasoM, H3 KaXJ0ro HHBapHaHTHOro o6pa3oBa-
HUs, COCTABJEHHOTO M3 BeJHYHH OAHOrO pPOAA, MOXKHO
IpH NOMOIUH NOAXOASILEro Nnpeo6pa3oBaHHs NOJYYHUTH
TaKoe e oOpasoBaHHe H3 BEJHYHH JAPYroro poja.
B reoMeTpHYeCKOM HCTOJKOBaHUH 3TO JaeT, OYEBHAHO,
npunyun 080UCTBEHHOCTU, TaK KaK @, ..., 0 CTAHOBATCA
ONHOPOAHLIMH JIMHEfiHHIMH HJIH COOTBETCTBEHHO IJIOCKO-
CTHBIMH KOODAMHaTaMH, ecad §, ..., T paccMaTpHBaTh
KaK ToueyHHle KOOpPAMHATH. Bnpouem, pasnudeHue TOro,
BXOJST HJIH HE BXOAAT CHCTEMH SHayeHHH f, ..., T HIH
COOTBETCTBEHHO 3HAUYeHHWH &, ..;, § B Te BHIPAKEHHHA,
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KOTOpPHE HaJ0 paccMOTPeTb, KOHEUHO, COBEpIIEHHO JIH+
LIEHO OCHOBHOI'O 3HAYeHHS; TO3TOMY 8 OJasbHeliwen
Mol O6yOem ynoTpebaaTe CAOB0 <«UHBAPUAHT> 8 Oosee
wupoKom cmeicae,

6) Tenepr s nonnTalock Gojiee YETKO OYEPTHUTh B
TpyroM HampaBJIeHHH 3TO NOHsATHe WHBapHaHTa, YTOGH
cllelaTh BO3MOXKHHIM aKKypaTHOe IOCTPOeHHE TeOpHH.
B npanbHeiiieM Mu OyzeM paccMaTpHBaTh B KauecTBe
HHBAapPHAHTOB TOJIbKO PGUUOHAAbHbIE QYHKYUU KOOpPOuU-
HAT U KO3gpuyuenTO8, KOTOPHE CBEPX TOrO SIBIAAIOTCS
OLHODOAHHIMH OTHOCHTEJIbHO KOOpPAMHAT KaXAOoH OT-
JleIbHOH BXopsiieli B HUX TOUYKH H OTHOCHTEJNBHO KO3(d-
(ULIHEHTOB KaxJ0H OTAeNbHOH BXoAslleidl B HHX (HOPMHL.
Kaxayo Takylo palHOHaJbHYI0 (YHKIHIO MH MOXEM
TIpeACTaBHThb B BHJE YacCTHOro ABYX LEJHIX PaBHOHAJb-
HBHIX OJHOPOAHHEIX (GYHKUMH, KOTOphHle MH OyaeM Hccle<
JAOBaTb KaXAyi0 B OTAENBHOCTH. Tak KaK oOIIHH MHO-
XKHUTeNb YHCJAUTENS] U 3HaMeHaTels1 He MeHsieT BeJHYHHH
YaCTHOro, TO YHCJIHTEJb H 3HAMEHaTeNb, KOHEYHO, He
006s13aHH HeNpeMeHHO GHITh HHBapHAHTaMHU B TOM CMHIC-
Jie, B KAKOM MH [0 CHX NOp NOHHMAaJH STOT TePMHH, HO
MOryT INpH KaXIOH JIHHeHHOH mNOACTaHOBKe mpHOGpe-
TaThb KaKOH-IH60 MHOMHTEJb.

MoXHO noka3aTb, YTO 3TOT MHOMXHTEJNb 3aBHCHT HC<
KJIIOYATENBbHO OT KO3(D(PHIUEHTOB NOACTAHOBKH H fB-
JisleTcst BCeria HeKOTOPOH CTenensvto onpedeaurens noo-
CTAHOBKU

Takum nyrem MB NPHUXOAHM B KOHIEe KOHIOB K pac-
CMOTPEHUIO TAKUX HeAblX DPAYUOHAAbHbLX OOHOPOOHbLY
pyrkyul dannolx psados eeauuuH, KOTOpble Npu Yycra-
HOBAGHHBIX BbLULE AUHEHbIX NOOCTAHOBKAX NEPeMEeHHbLX
U KO3(PuyuenTo8 YMHONCAIOTCA HA HEKOTOPYIO CTEeneHs
r* onpedeautrean nodcranosku. VX Has3HIBalT OTHOCU-
TeAbHbIMU UHBAPUAHTAMU, TAaK KaK OHH HCIOBITHIBAIOT
JIMIIb HeCyuleCTBEeHHble H3MeHeHHs, a B cjydyae NOACTa-
HOBOK, A/l KOTOPHX r =1, H BOBCe He H3MEHSIOTCH.
Iloxasatenb A HOCHUT Ha3BaHHE 6eca UHBAPUAKTA.
B npOTHBONOJIOXKHOCTb 3TOMY TO, YTO MBI JAO CHX [MOP
Ha3blBaJli NPOCTO HHBapHAHTOM, Ha3bIBAIOT @0COAIOTHOLM
UHBADUAHTOM; TaKuM 06pa3oM, KaxXAbili a6COIOTHHIH
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MHBAapHAHT PaBeH YacTHOMY ABYX OTHOCHTENbHBIX HHBa-
PHAHTOB OAHHAKOBOrO Beca.

7) 3T0 meACTBUTENBHO JaeT HaM PYKOBOASLIYIO TOY-
Ky SpeHHs AJ CHCTeMaTH3aHHH TEOPHH HHBapHAHTOB.
IIpocTeAIIHMH OTHOCHTeJIbHBIMH MHBapHaHTAMH SIBATCH
7e, KOTOpHe MpPEACTaBJSAIOT COGOH MHOrOYJIeHH Haubo-
JAee HU3KOU CTenenu OTHOCHTENbHO NAHHBIX PsiIOB BeJH-
YHH; HCXOAS 3 HHX, NEPeXORAT K HHBapHaHTaM GoJlee
BEICOKOH cTeneHu. Ecau Jy, J; nmpeacraBisior co6oi Ka-
KHe-JTH60 OTHOCHTeAbHbHle HHBAapHAHTH,, TO BCSKOE MpO-
H3BeJeHHe HX cTemeHeit JP'J¥ okasmBaercs Toxe OTHO-
CHTeJIbHBIM HHBapHaHTOM; BeAb ecad J; NoJyyaeT INpH
[OACTAHOBKE MHOXKHTENAbr™, a J, — MHOXHTeNb ', TO
Jhyk BOCIIPOH3BOAHTCA C TOYHOCTBIO 10 MHOXHTEJS
remtkd,  CocraBiisissi CyMMY TaKHX YJIeHOB, YMHOMEH-
HBIX, KpOMe TOro, Ha HEKOTOphle MOCTOSIHHble MHOXH-
FeJHu:

Z Ckxkz-..Jfllgz...,

(k1 k2y o0s)

M CJels IPH 3TOM 3a TeM, YTOOBI OT/AelbHHE cjaraeMbe
YMHOXKAJHCh BCerja Ha OJHY M Ty e CTeleHb ompeje-
JIUTeJI r, T. €. 3a TeM, YTOOH Bce OHH HMeJH paBHBIH
BeC HJH— KaK TOBOPAT — OLIH «H300apHYHEIMH», IIO-
JiydaeM, OYeBHAHO, CHOBA OTHOCHTeJIbHHIH HHBAapHAHT
6osiee BBICOKOH cTemeHH, TaK KaK OOGIIHH MHOXH-
TeJib OTAENbHBIX YJEHOB IPOCTO BHIXOAHT 3a 3HaK
CYMMHIL.

LlenTpansvrod npobaemoll Teopuu UHBAPUAHTOB SIB-
JisieTcsl, KOHEeYHO, BONPOC, MOXKHO JH TaKUM o006pa3oMm
BCerja IoJIyYUTb 8Ce HHBAPHAHTHI: YTO SIBJSIETCS B KaxkK-
JOM OIpefieJIeHHOM cJiyyae MOJHOH CHCTeMOH HaHHH3-
HIMX MHBAPHAHTOB, H3 KOTOPHIX MOrYT OLITb NOCTPOEHBI
YKa3aHHbBIM LeJBM H PalHOHANIbHBEIM CIOCOG0OM BCe OT-
HOCHUTeJIbHBle HHBapHaHTH? M BOT OCHOBHasi TeopeMa
COCTOHT B TOM, YTO Ka#OOMYy KOHEYHOMY 4UCRY 3a0QH-
HblX BeaudUn 8ce20a co0T8eTCT8YeT NOOOOHAA KOHEYHAs
«NOAHAA CUCTEMQ UHBAPUAHTOB», T. €. KOHEYHOe HUCAO
UHBAPUARTOB, U3 KOTOpbLX BCe npo4ue COCTABAAIOTCA
yeaoim payuoHasbHoim 06pa3om. DTHMH OKOHYaTeJbHbLI-
MH pe3y/JbTaTaMH CHCTEMaTH1eCKOH TeOpHH HHBapHaH-
TOB Mbl 00f3aHBEl HeMeLKHM [ICCleiOBaTe/sIM, 2 HMEHHO,
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Topnany u I'mnbGepty (paGoTa KOTOporo onyGJaHKOBaHa
B 1890 r.)*).

lMpumepn. Temepp s XoTen O6bl H3JI0XKeHHBlE a6-
CTPaKTHHE HJeH pa3bsCHHTb HECKOJbKO KOHKpeTHee Ha
npocTelx npumepax, KOTopble HaM NIPHIOAATCS Bcaeld 3a
5THM B TeOMETpHH, NpPHYEM S H TYyT, KOHeuHo, Oyny
6oJblle pedepHpOBaTh, YeM HOKA3LIBATh.

1) HonmyctuM cHauaja, 4To B GunapHoil obaactu 3a-
JaHO HEKOTOpPOe 4UCAO TOUEK

b ts B Ty By T3y ...

]

B TakoM cayyae HMeeT MeCTO TaKasi HHTepecHas
TeopeMa: npocTeliiiue UHBAPUAHTb. NOAYHANOTCA C NO-
mouybro onpedeauteseti 8TOpozo nopsdka, KOTOpPsie MOXc-
HO COCTABUTbL U3 3TUX KOOPOUHAT, U 3TU OnpedesuTesu
06pa3yroT 8 TO dce Bpems NOAHYIO CUCTEMY UHBAPU-
QHTO8. .

W3 nByx Touek I, 2 MBI MOXKEM COCTaBHTb OAMH
onpejeuTe/Ib BTOPOro Mopsiika

Bi T
B2 T3

n

Alz =

.

OH peficTBHTeNBHO NpeAcTaBisieT cO6ofi mesylo pa-
IHOHAJBHYI0 (YHKUHIO NepeMeHHBIX, OJHOPOAHYI0 KakK
OTHOCHTENBHO Ej, Ti, TaK H OTHOCHTeJBHO E2, To. B ero
HHBapHaHTHOH NpHpoAe MH yGeIuMcsi cpasy, €ClIH BH-
YHCJIHM €ro, IOJb3ysCh TeOpeMOH YMHOXKeHHs onpele-
JIHTEJel:

’ /4
A & T ag +4dvy af +dT
2=\, /= ==
B2 T ag,+d7, ag,+4dT
a d, TR 1
— = rA
a, d, B T 12
TaK 4TO, AEeHCTBUTEJIbHO, MHI HMeeM JeJI0 C HHBaPHAHTOM
seca 1. Tlomo6HbIM ke oGpasom n Touek 1, 2, ..., n
nn—1
JaloT B 06weM --(n2—)—PIHBapHaHTOB Beca 1:
Et )
Aik= gk T (lt k=1v 2' ey n);

*) Hilbert D. Uber die Theorie der-algebraischen Formen//
Math, Ann. — 1890. — Bd. 36. — S, 437.
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Mbl 3allH Obl, KOHEYHO, CJHILIKOM JaJieKo, €CJH GHl
CTaJi NOKa3hBaTb 3/eChb, YTO 3TH ONpeAe]HTeNH 06pa-
3YIOT NOAHYNO CHCTEMY HHBAPHAHTOB, T. €. UTO KaXAHIH
OTHOCHTEJIbHLIE HHBAapHAHT 7 TOYEK MOXKeT OBITh Npej-
CTaBJIeH B BHJEe CYMMhl H306apHYHBIX YJIeHOB:

Y CASAlm . ..

M3 3THX OTHOCHTeJIbHBIX HHBApHAHTOB NOJYYaOTCS
caMbie OOlIHe palHOHaJbHble abCONIOTHbIE HHBAPHAHTHI
B BHJAE YaCTHBIX YHCJAHUTeJNs] H 3HaMeHaTeJs, HMeIOLIUX
OJHMHAKOBHIH Bec; TaKHM 00pa3oM, NPOCTBIM NPHMepOM

a0CoJIIOTHOrO HHBapHaHTa GblJIO OH YacTHOe 2%.

51 xoTes 6bl Ha 3TOM NPHMEpe Pa3bACHHTDH €lle OAHO
6osiee TOHKOE NOHATHE, Hrpaiollee B TEOPDHH HHBApHaH-
TOoB G6OJbLIYIO POJIb, @ HMEHHO, IOHATHe cu3ueull*))
(T. e. «CBA3bIBAHHI» HJIH COOTHOIIEHHH HHBAapHaHTOB).
A HMEHHO, MOXET CJIYYHTbCS, YTO HEKOTOPHE H3 Ymo-<
MSAHYTBIX arperaTtos, COCTaBJEHHBIX H3 OCHOBHBIX HH<
BapHaHTOB, TOXJECTBEHHO 00pallalTcs B HYJAb; Tak,
HanpuMep, B Cllyyae 4eThipex ToYeK

ApAsy 1+ Ay + AjAys =0,

YTO CBOJAHUTCA NONPOCTY K H3BECTHOMY TOXIECTBY H3
TEOpHH OINpelesHTesed, KOTOPHIM K TOMY XK€ HaM yxe
caydajnoch BocnoJib3oBaThes 130). ITomo6HOe TOXKAECTBO,
CBsI3BIBAlOllee HHBAPHAHTH IOJHOH CHCTEME,, M HasH-
BaeTc cusuecuei. VMes HeCKOJbKO TaKUX CH3HUTHH,
MOXKHO IYTEeM CJOXEeHHS H YMHOXeHHs IoJyYaTb H3
HHX HOBHIe; MOXHO, KaK H B clyyae CaMHX HHBapHaH-
TOB, NOCTaBHTb BONPOC O NOAHOL cucTeme cu3uzuti, U3
KOTOPHIX BCe IpPOYHe MOryT ObITb MOCTPOEHH YKa3aHHHM
oGpa3oM. TeopHs mokasmiBaer, YTO BCeriaa CyIIECTBYET
KOHeYHasi CHCTeMa CH3HrHH nojao6GHoro poaa. Tak, Ha-
npuMep, B cjlyyae YeTbipeX TOYeK 3Ta IIOJIHasg CHCTeMa
COCTOHT H3 OJHOrO TOJIbKO BBHILIEHANIHCAHHOrO ypaBHEHHS.
T. e. BCé TOXKAECTBa, CBA3BIBAIOlIHE LIECThb OMNpeleJHuTe-
aeit Ao, ..., A4, ABIAAIOTCA CJAEACTBHSMH 3TOr0 OIHOTO
TOXKJECTBA; B CJyyae GOJiblllero YHcJIa TOYeK TaKas CH-
cTeMa COCTOHT H3 BCEX YpaBHEHMH TakKoro e THna. Pa-
syMmeeTcsl, 3HaHHe 3THX CH3HTHi HMeeT QyHIaMeHTa/bHOe

*) «CH3Hrusfi» — acCTPOHOMHYECKHA TePMHH, O3HAYalOWHA COefH-
HeHHe HJH NPOTHBOCTOSIHHE ILIaHET,
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BHaUeHHEe JJsi 3HaHHA BCeH cHCTeMB HHBapHAaHTOB,
#60 B TOM cJayyae, Koria fABa H3o0apHuHble arperara
npocTeHIUNX HHBaDHAHTOB OTJAHYAIOTCS ONHH OT APYroro
yjIeHaMH, HMelOLHMH MHOXHTejieM JIeBYI0 4aCThb KaKoi-
HHOYAb CH3HTHH, 3TH arperaThl TOXJAECTBEHHH, H HaM
He3aueM NeEpPeyHCIATb UX ABaXKAHL.

2) Ecau 3ajaHbl OTJeJbHBIE TOYKH B TPOHYHOH JIHGO
B YeTBEPHYHOH 0O6JIaCTH, TO CTPOHM COBEPIIEHHO TaKHM
XKe o00pa3oM TNOJHHE CHCTEMH HHBapHaHTOB IOCpen-
CTBOM OIpefesHTeJlel TpeTbero W YeTBEPTOro MOPSAKa,
COCTaBJIEHHBIX H3 HX KOODAHMHAT; HanpuMep, B TPOHYHOMH
obnlacTH (yHIaMeHTaJbHHH HHBAapHAaHT Tpex TOYeK
CHOBa uMeer Bec 1: '

B momn
A123= E: M2 T2,
s M Ta
Tlpennaraio BaM caMHM NpPOAyMaTb, B KaKOM BHJE
npelCTaBJfeTCa 34eCh BCe Ipoyee, B YacCTHOCTH OThIC-
KaHHe CH3HTHH.
3) TIlepefizem Temepp cpa3y e K pPacCMOTPEHHIO
ksadpaTuuHoll opmel, HanpuMep, B YeTBEPHUYHOH 006-
JIaCTH:

f= AB+ 2BEn -+ Cn? + 2DE; + 2Ent +
+ F2 4 2GEv + 2Ht 4 2/t + K2,
Mul MoxXeM, Npexjae BCero, COCTAaBHTb UHBAPUAHT,

8aBucalHA TOMbKO OT 10 KoadpduuuertoB A, ..., K,
a UMeHHO, onpedesuTendb

A B D G
A B C E H
~—|D E F I}
G HJ K
Tak kak A, ..., K npeo6pa3yioTcs KOHTparpeiueHT-
HO N0 CpPaBHEHHWIO C YJIeHaMH, KBaJAPaTHYHHIMH OTHOCH-
TeqbHO §, ..., T, TO JIerKo MOXKHO YOeIHTbCS B TOM,
YTO 8eC 3T020 UHBAPUAHTA pPaseH —2:
AN =r~2A.

ITonnasi cucTeMa HHBapHaHTOB, COCTABJEHHBIX HC-
KJIIOYHTEJbHO H3 KO3(PGhHUHEHTOB (POpPMBI, COCTOHT H3



CHUCTEMATHRA 219

ONHOT® TOJNBKO 3TOro A, T. e. 8CAKuf UEJHA pamuox
Ha/lbHHIA HHBapHaHT, cojepxawmuii Jauwpb A, ..., K,
SIBJISIETCS] KpaTHRIM HEKOTOpOH creneHu A.

Ecnn ke x kospduuueHram ¢OpMH NPHCOEAHHHUTH
Koopdunate. E, 1, §, T KakoH#-JH6O TOUKH, TO caMa
¢dopma f okasblBaeTcs npocreduwium OOWUM UHBAPUAH=
TOM, WJIH, COIJIaCHO YNOMSIHYTOH BHILle TepMHHOJIOTHH,.
KosapuanTOM, TaK KaK caMo onpeaejeHHe npeo6paso-
BaHui , Koabduuuerto A, ..., K OHJIO OCHOBaHO Ha
Tpe6OBaHHH ee HHBApHAHTHOCTH, H, BOOOINE, BCAKAs 3a<
naHHas ¢opMa sBIAETCS, OYEBHAHO, CBOHM Xe CO00-.
CTBEHHHIM KoBapuanToM. OHa BoBce He H3MeHsieTCSl NPH
HallHX INOACTAHOBKax B CHJIy CaMOro HX OIpejeJieHHSd,
npeAcrasiAs coboH, cleloBaTeqbHO, HHBapHaHT Beca 0,
UM aGCONMIOTHHIH HHBapHaHT. B ciaydae dsyx 7Touex
Ely e, Tt H E2, ..., T2 B KaUeCTBe HOBOro KOBapHaHTa
NOSIBJISIETCSl TaK Ha3biBaeMasi noaspHas gopma

Ag & 4 BE M+ &) +Cme + . .« + K770,

8ec KOTOpo#t cHOsa paBeH HYJIIO, T. €. ONSATb-TaKH Npef-
cTaBJagiolas co6oif abcoAtOTHbLE UHBAPUAHT.

HaxkoHen, paccMaTpuBasi ONHOBPeMeHHO c f ellle Ka-~
Kyto-nubyods aunelinyro ¢opmy @, T. €. COBOKYNHOCTb €e
kosdduuuenTos a, B, y, 6, noiaydaem ciaenyouui cog-
MECTHbUL UHBAPUAHT 6eca— 2, KOTOPHIH BO3HHKaeT H3
ONnpefieJIuTeNsl C IOMOILBI0 «OKafMJIEHHS» €ro 3JeMeH-
TaMH &, ..., O:

A B D G a
B CEHS
D E F I y|.
G HJ K b
a By 8 O

CorJlacHO CKa3aHHOMY paHee ero MOXHO HasBaTh
Tak:xKe KOHTpasapuantom. Kak H3BeCcTHO, 3TOT ompene-
JIUTEeNIb HUrpaeTr OOJBIIYI0O POJb B AaHAJHTHYECKOH TIeo-
METpHH B TeX CJyyasiX, KOria XOTST NOBEPXHOCTb BTO-
poro mopsiika NpeACTaBUTb B IJIOCKOCTHHIX KOOpDAHHA-
TaX; Kak BUIHTe, B 3TOM CJyyae B OCHOBe JIEXKHT YHCTO
aHaJHMTHYeCKHA mnpouecc o6pa3oBaHHs HHBapHAHTOB.

TouHo Tak Xe B ciayuae 08Yyx AuHelHblLX Gopm @i, P2
¢ kKosbduunentamu o, ..., 6; U Ay, ..., O MOXKHO mO-
CPEICTBOM <«IBYKPATHOrO OKaHMJEHHsI» TOro e caMoro
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onpenenuTenss o6pasoBaTh euwje OOUH UHBAPUAHT:
A B D G o a
B C E H B B
D E F J v v
G H J K & 6 |
a B s & 0 O
a f2 y2 6 0 O

KOTODBHI TOXe HMeeT 8ec —2.

DTHX HEMHOTHX YKa3aHHH JOCTAaTOYHO IJIs TOro, 4YTO-
6bl NMO3BOJIMTb BaM 3arJsHyTb B TPaHIHO3HYI0 06/1acTh
TeOPHH HMHBapHaHTOB. 3DTa TeOpPHS pa3BHJIach B He-
o6blualiHO LIHPOKOe yYeHHe, B KOTOPOH OCOGEHHO MHOrO
OCTPOYMHSI 3aTpPauyeHO Ha OTHICKaHHE HPHEMOB, II03BO-
JISIOLIHX NPH NPOHU3BOJBHO 3aJaHHHX OCHOBHHIX ¢opMax
COCTaBHTb IOJHYIO CHCTEMY HHBAapHAaHTOB H CH3MTHI.

Cllenalo ellle 0HO TOJbKO 3aMeyaHHe OOLLEro xapax-
Tepa mo 3TOMy NoBoAdy. B Hammux npuMepax Mul Bceraa
co3JaBajli HMHBapHaHTH NyTeM 00pa30BaHHsI ONpelesH
TeJsefl; TaKHM o6pa3oM, BooOlLle Teopus onpedesuteseil
'8ceeda 0Ka3bL8aeTCA OCHOBOL Teopuu unsapuarTos. Ta-
Koe IMOoJIoKeHHe JeJ nobyauno Ksau nepBoHauasbHO
laTb HHBApHaHTaM Ha3BaHHE <«THIepJAeTePMHHAHTOB»
[(cBepxonpenenureneit). Jinmb mo3xe CHJIBBECTP BBeJa
CJIOBO <«HHBapuaHT». IlpeacraBisieTcs KpadHe HHTepec-
HbIM ITOCTaBHTb TAKOH BONPOC: HACKOJBKO BaXHOH CJe-
lyeT CYHTATb B PaMKaXx BCEH MaTeMaTHKH KaKylo-HHOYIb
OT[leJIbHYIO ee IJlaBy, HallpHMep TEOPHIO ONpejeaHTeNel?
Kanu ckasan Kak-ToO B pasroBope CO MHOIO, YTO B CJy-
yae, ecqid G eMy NpHLLIOCH mpouecTb 15 Jekuuéi no
BCel MaTeMaTHKe, TO OOHYy JIEKUHI0 OH MNOCBATAI GH
onpenenutensM. Ilonymafite, MoxeTe JIH H BH Ha OCHO-
BaHHH Ballero onniTa AaThb TaKylo e OLEHKY TeOpHH
onpefenuteneii! 1 JHYHO B MOHX OGLIYHBIX 3JIEMEHTap-
HBEIX KypCax H3 meJarorsyeckux coobGpaxeHuil Bce Gosee
H BoJjiee OTTECHSIIO TEODHIO ONpeesIUTeNeH; 51 CAUIIKOM
qacTo Ha6Jaiofal, 4YTO CTYAEHTH BHOJIHE CBHIKAlOTCA
€ MaTpPHIAMH H HayyaloTcsi COKpaulaTh C HX MOMOLIbIO
oueHb Iejecoo6pasHuIM 06pa3oM JJHHHHE BHpPaXKeHHs,
HO YTO AJs HHX OYeHb YacTo SHaueHHe STHX MaTpHI,
OTHIOAb He OGhIBaeT SICHO M 4YTO NMPHBHIYKA K HHM CKOpee
Jllaxke MellaeT HM BHHKHYTb BO BCe JeTaJH IpeiMera
BIVIOTH O MOJHOro osiajeHus uM. Ho, pasymeercs, npH
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paccykIeHusX obliero xapakrepa H, B 4aCTHOCTH, 3/leCb
B TE€ODHH HHBAaDHAHTOB MH HHKaK He MoOXeM OGOHTHCb
6e3 onpeenuTee.

Teneps, HaKOHell, MBI NMOJOULIH K Haule#l HacTosleH
IeJH — C NIOMOLIBIO NPeALIeCTBYIOLIHX PacCMOTPeHHH Mo-
JYYUTb CHCTEMAaTH3aIHIO F€OMETPHH,

3. Mpuaoxenne TeOpHH WHBADPHAHTOB K reoMeTpUM

HHTepnperauuss TeopHH HMHBApHAHTOB C n nepeMeH-
HbIMH B TepMHHaX a¢HHHBIX NpeoGpa3oBaHHil MPOCTPaH-
cTBa R, c HemoaBHXHBIM Hayaaom. Hauunaem c Toro,
YTO paccMaTpuBaeM InepeMeHHble §, ..., T Kak 00bik-
HOBEHHble OPTO20HAAbHbIE HEOOHOPOOHble KOOPOUHATSL,
T. e. §, T KaK KOOpDAMHATH Ha INIOCKOCTH, §, 1, T—
B TpeXMepHoM npoctpaHcTtBe, &, m, §, T—B ueTbIpex-
MepHOM INpOCTpaHCTBe U T. A. JIMHeliHBle OAHOpOJHBIE
NOJCTAHOBKH TEOPHH HHBAPHAHTOB

V=af+...+dr,

Wl t ...+ d (1)

H306paxaloT B TaKOM cCJlydae COB0KYNHOCT6 A(PunubLx
npeobpasosanutl paccmarpusaemozo NPOCTPAHCTEA NpPU
HenodsuxcHom Hauase kKoopOunar. Takum oGpasom, OT-
IeJbHblE OTHOCHTeJbHHE HHBapHaHTH caMH Io ce6e
OKa3uBalOTCi TAKHMH TIeOMeTpPHYeCKHMH BeJHYHHAMH,
KOTOphle npH BceX adpPUHHLIX Npeo6pa3oBaHUAX OCTAIOT-
cs 6e3 M3MeHeHHS «C TOYHOCTbIO JO HEKOTOPQro MHOXKH-
Teasi» (T. e. He cuMTas BO3MOXKHOTO NOSIBJEHHS HEKO-
TOPOro MHOXHTEJS1), HHEIMH CJIOBaMH, BeJIHYHHAMH, KO-
“TOpble HMEIOT OoNnpejesieHHOe 3HaueHHe B adduHHOM reo-
MeTpHH, onpeleiieMOH 3THMH Npeo6Pa3sOBaHHSIMH.

" Ecnu, Hanpumep, B GHHapHOM cJjayyae, T. €. B ILIO-
CKOCTH, HaHH 1Beé TOYKH I, 2, TO OCHOBHOH HHBapHaHT
A2 H300paxkaeT [RBOHHYI0 IJOWAAb TpPEYroJbHHKa
(O I 2), B3aTyl0 C HajJIeXalUM 3HAKOM, KaK MH 3TO
yXKe 3HaeM M3’ npe/1IecTBYIOLIEro. HOCKOJley H3BECTHO
(cp. aHajsoruuyHoe CBOMCTBO MJIsi NPOCTPAHCTBA), YTO
npH adpPuHHOM NMpeoOpa3oBaHMH IJIOLUIAb TPEYroJbHHKA
Jmmb'yMHO)Kae"rc'ﬂ Ha oOIpelejHTeNb INOACTaHOBKH, TO
5TO H O3HAYaeT, UTO Ay npeacraBiasier CO60# OTHOCH-

A
TeJBHHIH HHBAPHAHT Beca I. ‘-Iacmoe —&3‘—:- ABYX NJAOLLA-
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neft ocraeTcsi aGCOMIOTHO HeH3MeHHBIM. TouHO Tak Ke
MHBapHAHTHLIA CMHCA HMEeT ypaBHeHHe A =0, Tak
KaK MOABJSAIOIIUACA B pe3ysbTaTe NpeoGpa3oBaHUsT MHO-
XKHTeJb JJIs Hero He HMeeeT CYLIECTBEHHOTO 3HAYEHHS,
H JAeHCTBHTeIbHO 3TO YpaBHeHHe BBIpaxKaer TOT (akr
(umeromuii aGCOMIOTHO HHBAPHAHTHBIA CMBICH OTHOCH-
TeJbHO Hawux ad@HuHHBIX npeobpa3oBaHuil), YTO TPHU
Toukn O, 1, 2 nexaT Ha OJHOH TPSIMOH.

Ecnn xe numeem Gosbluee yuciao touek I, 2, 3, 4, ...
{puc. 99), TO AN HHUX MOAHAA CUCTEMA UHBAPUAHTOB
7 COCTOMT H3 BCEeX HX OHpeAeHTe-

neft A, TMO3TOMY, ecJH yHAaercd
COCTaBHTh KaKylo-JHGO BeAHUHHY,
4 3aBHCALIYI0 LeAbM H palHOHaJb-
HEIM 06pa3oM OT KOOpJAHHAT, KOTO-
pasi OTHOCUTENIbHO HHBAapHaHTHA
npu Bcex aduUHHBIX Npeobpaso-
-—————= BaHuAx (1), T. e. KOTOpPas BOOOILE
Puc. 99 uMeeT 3HaueHue B Hauell adouH-
HOH reoMeTpHH, TO TaKas BeJH-
YyyHa JOJXKHa H306pa)kaTbCi B BHIE MHO204AEHA OT
Aix. DTO mopsaeTcs B MPOCTHIX CiaydasiX HeMOCPeACTBEH-
HOH reomeTpHueckoi#t mnpoBepke. Hanpumep, niaomans
BCAKOH HUTYPHl HA MJIOCKOCTH, CKaxeM, MHOIOYroJibHHKa
(1, 2, 3, 4), npeacrasidgeT HHBapHAaHT TaKOro BHAA;
U JeHCTBHTeNIbHO, o6mas ¢opMmysa, KOTOPYIO MH JdajH
paHbiie (cM. ¢. 18) aasa miomiagum MHOrGYroJbHHKA, NPH-
HMMaeT B CJIy4ae YeThblpeXyTOJbHHKA BHJ

(1,2,38,4)=Anp+ Aps+ Ay + Ay;

3Ta 3alHch IUVIOWAAH B BHJAe MHOroujaeHa oT A; W mpen-
cTaBjsieT €o00i He YTO HHOE, KaK BhIpaKeHHe oOOLieHl
TeopeMbl JJs 3TOro CllellHaJbHOro cjayyas.

Hakonen, MH [IOJXHH ellle CKa3aTb O Cu2usuax
Mexny uHBapuaHtamu. OcHOBHAs CH3UTHs

Aoz + AaAgg + AjAgs =0

TIpeACTaBJsieT CO0OH TOXAECTBO MeXJAy IIeCTbIO IJIOLIA-
ISIMH TPeyroJbHHKOB, OOpa3yeMblX 4YeTblpbMSl IPOH3-
POJIbHBIMH TOYKaMH M HayaJjoM, T. €. HEKOTOPYIO 0o6u1yio
Teopemy Hawmed ad¢uuHOH reomerpuu. KoHeuHo, HeuTo
aHaJlorHyHoe MMeeM B CJyvae kiaKAOH CH3UTHH, H TOYHO
TaK e M ofpaTHO: Kaw au 1 ema waweld adduHHOM
FeOMEeTPHH, LIOCKOJbKY Onad %udsieTCsi COOTHOIUEHHEM
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MeXJy HHBapHaHTaMH ad@HuHHHIX nmpeoGpasoeanmii (1),
AOJXKHA JBONYCKAaTh BbipaX{eHHe INpPH NOMOINY CH3HIHH.
ITosToMy B cOrJiacHH C TeM, YTO MH YyXe B CBOe BpeMs
YTBEpKJAaJH OTHOCHTEJIbHO HOAHOL CHCTEMB CH3HTHH B
c1ydae yYeThHIpeX TOYeK, 8Ce TeOpeMH, HMeIOllHe MecTo
B Hauleft ap¢UHHOH reOMeTpPHH [JIs CHCTEMH 4YeThpex
TOYEeK, MOJKHH CJAEJ0BaTh H3 3TOH OAHOH TOJBKO 4TO
npuBeleHHOH TeopeMHl. ITomoGHBIM xe 06pa3oM MOXKHO
y6enuThcsl B CIpaBeJJIHBOCTH Takoro obLiero yTBepiKies
HHUSI: Teopus UHBAPUAHTO8, KOTOPas 0aeT NOAHYIO CUucTe-
MY KGK UHBAPUAHTOS8, TAK U cu3ueuil, Tem camoim
OenaeT 803MONCHOIM nOAHOe (6e3 ncxarouerull) cucrema-
TUYECKOe NepeducAeHue 6Cex BEAUYUH U Teopem, 603+
MOJCHOILX 8 Hauwell appunHOol eeomeTpu.

$I u 3mech He 6yAy BXOAHTb B JeTajlH 3THX PacCyx-
JleHuH, YNOMSHY TOJIbKO, YTO Hapsly ¢ TOYKAMH MOXKHO
paccMaTpHMBaTb Takxe H 00pasel Halledl TIeOMeTpHH,
onpeznensiemble GopMaMH

p=at+ o1, [=A8+2GEr+ K7, ...

IlomoGuast ¢opMa OTHOCHT KaXKAOH TOUKe IIOCKOCTH
HEKOTOpOe 4YHCJIOBOe 3HayeHHe: ADYTHMH CJIOBaMH, OHa
onpejesisieT HeKOTOpoe cKasfpHoe nose. C 3TOH TOYKM
3peHHsI HETPYAHO AaTh reOMETPHYECKYyl0 HHTEepHpeTalHIo
HHBAapHAHTOB 3aJaHHOH (OpME], H TOrja KaxJaas CH3H-
rusi MeXJy HHBapUaHTaMH CHOBa H306pa3uT HEKOTOPYIO
reoOMeTpHYECKYIO TeopeMy.

HHTepnperauusi TEOPHH HHBAPHAHTOB. B MPOEKTHBHOM
reoMeTpud mnpocrpaHctBa R,—;. Hapsaay c stum (s 6t
CKasaJl HaHBHHIM) HCTOJKOBaHHEM TEOPHH HHBapHAHTOB
B F€OMETPHH N-MEPHOTO NPOCTPAHCTBAa, B KOTOpPOM 7t Ie-
pPEMEeHHBIX HUrpaioT pPoJib OOBIKHOBEHHHIX NPSMOYTOJbHEIX
KOOpPAMHAT, PACCMOTPEHHIO MOAJEXHT ellle OJHA Cylie-
CTBEHHO HHAasi HHTepNpeTalus: BCe 3STH NepeMeHHHIe
MOXHO TaKXe paccMmarpuBath (npu 1= 0) xax odHo-
poOHsle KoopOunaTe, B (n— 1)-MepHOM NpOCTpaHCTBE
Rn-1, HeoJHOpOXHbBlE KOOPAMHATH KOTOPOro paBHBL

X=17 .. .; IPH 3TOM MHOXKHTENb, OGLIUA STHM 1 KOOp-

JUHaTaM, He HMeeT CYLIECTBEHHOro 3HaueHHs. Mubl
paHbllle yxe BhisicHHAH (c. 134—136) B3auMocBs3b 3THX
KOODJAHHAT NPOCTPAHCTB Rp—1 H Rn; MBI paccMaTpuBaIH
R.y Kak (n—1)-MepHyi0 mIoCKocTh T = 1 npocTpaH-
cTBa R, U NpPOEKTHPOBAJH €e TOYKH NpPSIMbIMH,
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HCXONALIMMH M3 Hayajla KOOpAHHaT 3TOro NpOCTpaH-
ctBa R, Torma Bce BO3MOXHbIe CHCTEMB 3HAYeHHH o[-
HOPOJHBIX KOODAHHAT JIIO60H TOYKH U3 Rn—) OKa3LIBAJHCh
TOXK/JECTBEHHBIMH C KOODJAHHAaTaMH BCeX COOTBETCTBYIO-
IHUX edl (T. e. JexXallUX Ha OJHON C HEl NPsAMOI) TOYeK
B Rn, a Bce JIHHeiHble MOJACTaHOBKH OJHOPOAHLIX KOODIH-
HaT B Rn—y H306paxaiT npoexkTusHole npeobpa3osanus,
npHyeM BCe NOJCTAHOBKH, Pa3jiHualOLIHecs TOJbLKO NpO-
H3BOJILHBIM MHOXHTeNEM p,

p’§,=al§ + oo + le,

PV =af+ ... +dg

JaloT OAHO H TO e NpOoeKTHBHOe npeoGpasoBaHue. ITo-
3TOMY (QUrypHpymoas 3jecb epynna scex NPOEKTUBHbLLX
npeobpa3osanuti colepXHUT He n?, a ToAbKo n2— 1 npo-
U380/bHbIX NOCTOAHHGIX; B Ry ¥ R3 3TUMH uncaamu Oy-
JyT, B YaCTHOCTH, 8 H COOTBETCTBEHHO 15. '

Xenast naTh 2eomeTpuuckoe UCTOAKOBAHUEe TeEOpuu
UHBAPUAHTO8 N TepeMeHHbX §, ..., T B NPOEKTUBHOLU
2eomeTpuu npocTpancTéa Rnp—;, Mbl JOJIXKHBI Npexje
BCEro NPHUHATh BO BHHMAaHHE, YTO KaK pa3 BBHIY IpH-
MEHEeHHsI OJHOPOJAHBIX KOOPAHMHAT TOJBKO Te€ BEJHUYHUHBI
H COOTHOLIEHHS] TEODHH HHBAPDHAHTOB MOTYT HUMeTh 3Ha-
YeHHe, KOTOpble OKa3bIBAIOTCS OAHOPOJHBIMH H INPHTOM
HYJIeBOr0 Mopsifika B KOOpAMHaTax E, ..., T KaXnao# orT-
JeJIbHOH HCIOoJb3yeMOH TOYKH H KOTOpble 0O6Jajaior
TeM 2Ke CBOMCTBOM TaKXe M IO OTHOLUGHHIO K Kaxaoi
OTZe/bHOH MOTylleH MOSBUTbCA CHCTEMe K03(h(hHUHEHTOB
KaKo#-n1u60 JHHEeHHOH, KBaApaTHYHO# H T. A. GOpPMHL

DTo craHeT Bcero siCHee, eC/IH s Cpasy e mnepeinay
K KOHKpeTHHM npumepam. JloctaToyHo OGyAeT rOBOPHTH
o GunapHoii ob6aactu (n = 2). FimeeM, TakuM o6Gpa3om,

IBe TlepeMeHHBIX &, T M HHTEpNpeTHpyeM x=% Kak

abeyuccy Ha npamod. Ecanm RaH psig CHCTeM 3HaveHHH

&1, 71; E2, T2 -+ Ep, Tpy TO MBI 3HAEM, YTO ONpPENETHTEH
Bk o )
Ap= te T @ k=1,..., p

COCTaBJSIOT TOJIHYIO CHCTEMY OCHOBHHIX HHBApHaHTOB.
Kaxkue e M3 yTBepxKAeHHH 00 HHBapHAaHTaX UMEIOT 3Ha-
YeHHe B NMPOEKTHBHOH reoMeTpuu? YiKe BO BCAKOM CJay-
Yae He yTBEPK/JCHHE, YTO HEKOTOPbifi ONpeReNHTedb A



"CUCTEMATHUKA 225

¥IMeeT TO HJIM HHOEe ONpefle/leHHOe YHCJIOBOe 3HaueHHe,
TaK KaK NpU YMHOXKEHHH KOOpDAHHAT i, T; HA MHOXH-
Telb P, OTYErO TOYKA { He MeHsieTCsl, OnpedesuTespb A
ymHOxaetTcsi Ha p2. Ho o6pauwjerue 8 nyav omHoro us
onpenenurteneit A, T. €. cooTRoweHue A, = 0, KOHEYHO,
UMeeT NPOEKTHBHO-reOMeTpHYeCKHH CMBICa, HG60 €ro
Tt e
410, JeHCTBHTENBHO, B 3TO COOTHOLIEHHE BXOAST TOJBKO
OTHOWleHus KOOpAHMHAT OGeHX TOYeK, H reoOMeTPHUYECKOe
3HayeHHe 3TOrO COOTHOILIEHHS — coénadexue TOYeK i H
k — BJIAICTCS OYEBHJHBIM. \
Ho 4TOGBl MONYYHUTH 4UCA0B0I UHBAPUAHT, KOTODPHIH
caM HMeeT HyJleBOe H3MepeHHe OTHOCHTEJbHO KOOpAH-
HAaT Ka)XAOH TOYKH, Hallo CKOMOMHHpOBaThb Gosee IBYX
ToueK. [TyTreM pasinuHBIX NPO6 HAXOAHM, YTO AJISI TOrO
TpebyeTcsi camoe MeHbllee YeThipe TO4YKH 1, 2, 3, 4, a
HMEHHO, B TaKOM CJyyae Kax/0e YacTHOe BHAA

AjpAa,
. Ayahge

MOXKHO 3anucaTb B BHJi€ IPONOPIHHU

OKa3blBaeTcsi ONHOPOAHLIM HYJEBOrO H3MepeHHs OTHO-
CHTeJIbHO KaXKJ0H M3 YeThpex nap nepeMeHHbIX &, Ti; ...
...; &4, T4 W3 sTOrO B TO XKe BpeMs clelyeT, YTO 3TO
YaCTHOe HMeeT BeC HyJb, T. €. NpeACTaBJseT coGoi ab-
COAIOTHOLL UHBAPUAHT. DTa BeJIHYUHA HMeeT IMO03TOMY
NPOEKTUBHLLL CMbICA W NpelAcTaBiasieT Co60H uucI0BOE
3HayeHHe, HHBADHAHTHOE MO OTHOIUEHHIO KO BCEM IpOeK-
THBHBIM TIIpeoOpa3oBaHusiM npsiMoi. Pasymeercs, 3Ta
BeJIHYHHA SIBJIsSIeTCS He YeM HHBIM, KaK 080uHoim (HIH
QH2AQPMOHUYECKUM) OTHOLUEHHEM YeThIpeX TodeK, HalH-
CaHHBIX B ONpeJesieHHOH mOCJeN0BaTeJbHOCTH, HOO ee
MOXHO cpa3y e 3anHcaTh B HEOZHOPOJHBLIX KOOpAWHA-
Tax B CleAylollleM BHJe:

X1 — X2, X3 — Xo
X — X4 ‘ X3 — X4

Taxum oGpasom 0d8oiiHOe OTHOULEHUe 4eTbipex TOoHex
mosiyyaeTrcsi 34ecb C TOUKH 3pPeHHUs TEOPHH HHBapHaHTOB
Hen306eXXHBIM 00pa3oM Kak npocTeliuuli uH8apuanT psia
TOYeK Ha MNpsiMOH, YJOBJETBOPSIIOLIHH YCJOBHIO OMIHO-
- POJAHOCTH, HEOGXOAUMOMY [JIs1 TOrO, YTOOB HMeTb NPOEeK-
THBHO-TeOMEeTPHUECKHH CMBICJI.
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§1 xoren OBl B CBSI3W C 3THM BHICKa3aTh OLHO 3aMe-
yaHHe oOuero Xxapakrepa. 5 yxxe paHblle OTMETHJ
4acTo BCTpeualolleecss B MPOEKTHBHOH reOMeTPUH CTpeM-
JIeHHE CBOAHTb BCe IMONajalolifecss BeJHYHHb HHBApH-
aHTHOTO XapakTepa K ABOHHBIM OTHOlIeHHSIM. JlOCTHTHY-
Thle HAMH pe3yJbTaThl Jal0T HaM OCHOBAHHE YTBEpK/IaTb,
YTO 3TO CTPeMJeHHe JIMIIbL 3aTpyAHseT NpuHoGpeTeHHe
GoJsiee: ray6OKOro NOHUMAaHHSI CTPOEHHsT NPOEKTHBHOM
reomeTpuu. T'opasgo syyine, ecJH cHadajda HIIYyT
Bce BoOGLIe palHOHaJbHBle ILejble (OTHOCHTEJbHLIE)
HHBApHAHTBl H YXe H3 HHX 00pasyloT palHOHaJbHHIE
HHBApHAHTHl, B YaCTHOCTH a0COJIIOTHBE, a Cpedd Io-
CNeJHHX B CBOIO Ouepelb YIOBJETBOPSIOLIHE YCJIOBHIO
OJHOPOJHOCTH TPOEKTHBHOH TreOMeTpHH. 3heChb MH
HMeeM mNepel cOOOH HEHCTBHTENbHYIO CHCTEMATHKY, BOC-
XOJSILYI0 OT €CaMOro Hpocroro K 6oJiee CJIOXKHOMY, KO-
TOpasi 3aTyllleBHIBaeTcsi, eCAH BHJABHraTb Ha MepBoe
MEeCTO CHelHaJbHbIH YacCTHHH cJyyadi palHOHaJbHOroO
HHBapHaHTa — JBOHHOe OTHOLIEHHEe — H INBITaTbCs Npea-
CTaBUTb APYrue HHBAPHAHTHl HCKJIIOUHTEJIBHO C €ro Io-
MOILBIO.

IlocmoTpum Temepb, K KakuM HMEHHO TeopeMaM
NPOEKTHBHOH I'eOMETPHH NPHBOIAT Cu3ueuu MexXHy HH-
BapuaHtaMu A;,. CHoBa GepeM 3a HCXOAHBII NYHKT
¢yHIaMEHTAJNbHYIO CH3HTHIO

A,2A34 + A13A42 + A14[323 =0,

JIeJIHM ee Ha TNoc/elHee cjaraeMoe JIeBOH YacTH H, NpH-
HMMas BO BHHMaHHe, 4TO Agy = —A3zy H Ay = —Ag,
HaxoauM

A12Ag4 =1— AsAg,

AsBss INW.Y

31ech clieBa CTOMT COrJIaCHO NepBOHAYaJbHOMY OIpe-
JleJIeHHIO ABOHHOe OTHOIIeHHe Touek I, 2, 3, 4, a crnpaBa
TOYHO TaKHM XXe 06pa3oM COCTaBJIeHHOe [IBOHHOE OTHO-
HIeHWe 3THX K€ YeThlpeX TOoYeK, HO C H3MeHeHHeM HX
nopsiika: C mepeMeHOH MecT Touek 2 M J; ABOIiHHE OT-
HOLIEHHSI, COOTBETCTBYIOIHEe HHOMY MNOpPSAKY TOueK,
MOXKHO MOJIYYHTb NYTeM [eJeHHs] CH3HUTHH M Ha Jpyrue
ujnenbl. Takum o6pa3oMm, ¢yHIaMeHTalbHble CHIH3HH
MeXJAy UHBApHAHTAMH, OTHOCSIIUMMHCSA K JIOOBIM YeTH-
peM TouKaM, NOJy4yaloT CBOe reOMeTPHUYeCKOe HCTOJKO-
BaHHe B H3BECTHBIX COOTHOLICHHSX MEXJYy TeMH ILeCTbIO
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3HaYeHHsIMH, KOTOpBE MOXKeT NPHHHMAThL ABORHOE OTHO-
LIeHHe 3THX YeThipeX TOYeK B 3aBHCHMOCTH OT HOPsiiKka
HX CJAeAO0BaHHUS.

$ He HaMepeH 3leCh rOBOPHTb HH O TOM, Kakylio
¢dopMy npuHHMaeT JasbHelilllee NOCTPOEHHE NPOEKTHB-
HOM reoMeTpHHM NpsIMOH Ha 3TOH OCHOBe, HH 06 HHTEp-
TpeTallUH TEPHAPHOH W KBATEPHAPHOU Teopuu UHBa-
PUQHTO8 8 NPOEKTUBHOL 2e0MeTPUU HAOCKOCTU U NpO-
CTpPQHCTBa;, JeTajlbHoe H3JI0XKeHHe 3TOro BHl Haflere B
noApoGHBIX Kypcax NMPOeKTHBHOH reOMeTpPHH.

Taxum o6pa3oM, BO3HHKAaeT CUCTEMATUKA NPOEKTUB-
HOL . 2eomeTpuU, BHYTPEHHE NOAHAS KaK OTHOCHTEJBbHO
BeJIHUHH, KOTOpPble MOXKHO B Heli paccMaTpHBaTh (KOTO-
pble COOTBETCTBYIOT HHBapHaHTaM), TaK H OTHOCHTEJbHO
TeopeM, KOTOPble MOXHO YCTaHOBHTb (COOTBETCTBEHHO
cusurusiMm). KoHeuHo, ¢ TOUKHM 3peHHS CIeLHaJHCTa IO
TEOPUH HHBAPDHAHTOB 3TO TOJKOBZ:IHe IIpeJCTaBJsieTcd
MeHee YNOBJETBOPHTEJNbHbIM, YeM JJIs reoMeTrpa; IJjsi
nepBOro AaHHOe B Hauase TOJKOBaHHe B ap(UHHOHN reo-
MeTpUH NpocTpaHCTBA Ry 6osee LleHHO, TaK Kak B Rn
HMEIOT 3HaueHHe TOJbKO Te MHBADHAHTHI M CH3HTHH, KO-
TOpBIe Y/JOBJIETBOPSIOT YNOMSHYTOMY YCJOBHIO OAHO-
POAHOCTH.

9 xouy ele H3JOXUTb 6ojiee MOAPOGHO TOJBKO OAMH
0coGeHHO BaXXHbI# MOMEHT, YTOGBl 3aTeM CHOBa Bep-
HYTbCS K pepBaHHOMY paHee (c. 207—209) xoxny MbicjeH,
a UMeHHO, f1 XoTes Gbl NOKa3aTb, KaKOH BHJ IPHHUMAET
6naronapss NpHMeHEHHIO TEOPHM HHBAapHaHTOB BKJOUe-
HUe ap(PUHHOH M MeTPHUYECKOH reoMeTpHH B CXeMy Mpo-
eKTHBHOH TeOMeTpDHH, CTaBlllee BO3MOXHBIM OJaropaps
npuHuuny Kamu.

4, Cucrematusauus adunHHON M MeTPUYECKOH
reoMeTpuH Ha ocHoBe upuHuuna Kaau

BkaoyeHHe OCHOBHBIX NMOHATHIN adduHHOK reomeTpun
B NPOEKTHBHYI0 cxemy. 31echb peub HAeT, KOHEYHO, 00
obmelt adbpHHHOA reoMeTpHH, B KOTOPOH OTHIOAb He
cyuiecTByeT (PMKCHPOBAHHO! OCOGEHHOH TOYKH — Hayaja
KOOpIHHAT, — KaK 3TO HMeJO MeCTO NPH PacCMOTPeHHOM
BHauajie MOJHOM HCTOKOBaHHH TEOPHH HHBApPHAHTOB.

ByneM paccmaTpuBaTh cpasy Xe TpeXMepHOe Ipo-
CTPAHCTBO C HEOXHOPOAHBIMH KOODAHHATaMH X, Y, 2 HJH
COOTBETCTBEHHO C OJHOPOJAHBIMH KoOpauHaTaMHu §,1,,T.
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Torna npuHuun Kaaum roBopHT, 4TO aguuHnas. reo-
MeTpHS TOJIyYaeTcss M3 IPOEKTHBHOH, e€CIH K HMelo-
uMces o6pasaM KaKAblH pa3 NMPHCOeNHHATb OECKOHEYHO
yoasernyro naockocts T =0, a meTpuueckas reoMeTpHs
NOJIYYUTCS, €CJIH, KDOMEe TOrO, NPHCOEAHHHTb MHUMYIO
OKPYHCHOCTb Chep

=0, E+n+F=0.

HanoxeHue panbHelllero MOXKHO 06JerYuTh NpH MO-
MOILH CJIeyIoLero 3aMeYaHusi OTHOCHTEJNbHO 3TOH OKPYX-
HOCTH cdep: MBl ONpeleNHIN ee 3JeCb NOCPeLCTBOM
dsyx ypasHeHuli, T. e. KaK nepeceyeHne GeCKOHEYHO yaa-
JIeHHOH IJIOCKOCTH H KOHYCa, HMeIOllero BeplIMHY B Ha-
yajse. Ho MBl MoxeM TakxXe ONpelesHThb ee, KaKk H BO-
oflle BCsIKOe KOHHYECKOe CeuyeHHe, MOCPEACTBOM OJHO20
TOJIbKO YPABHEHUS 8 NAOCKOCTHbLX KOOPOUHATAX, €CIIH
paccMaTpHBaTb ee KakK OrH6aloilylo BcCeX KacalolluXcd
ee miaockocreit. Ecan 0003HAuHTb, KaK 3TO MbI JAeTadAu
Bbllle, <IJIOCKOCTHBIE KOOPAMHATHI», T. €. K03pduuneH-
TH JHHeHHOH opMbl @, OyKBaMu a, B, y, TO ypaBHeHHE
OKDYXKHOCTH cdep mosaydaeT, Kak HeTpyAHO yOeaHTbCH,
Tako# Buj '8!):

2 2 2
o+ p*+ vy =0.
JIpyruMu cjloBaMu, 3TO YpaBHEHHe SBJsETCS YCJO-
BHEM TOro, 4To miockoctb af -+ ... 4+ 61 = 0 kKacaercs

OKpY:KHOCTH chep. Tenepb yxe HeTpyAHO HOHsSITb, B YeM
COCTOHT C TOYKHM 3peHHsi TEOPHH HHBAPHAHTOB IEepexol
OT NMpOeKTHBHOH K a(pPUHHOH H COOTBETCTBEHHO K MeT-
pHYeCKOH TreOMeTpHH: K 3aJaHHLIM CHCTeMaM 3Hade-
HUHA — KOOpAHHATaM TOYeK, JIHHEHHBIM H KBaApPAaTHYHHIM
¢opMaMm Hu T. I.,— KOTOpble CJOYKaT AJs ONHCaHHUA pac-
cMaTpHBaeMoii GUrypel, NMpHCOEAHHSIEM elle onpedeneH-
HY10 aunelinyto gopmy t (T. e. cucteMy KoaddHuuHeHTOB
0, 0, 0, 1) uaH COOTBETCTBEHHO KBaJpaTHuHYyi0 (opMmy
a? + p% 4+ 9%, HanHCaHHYIO B MJOCKOCTHBLIX KOODAHHATAX.
TpakTyss paclIHpeHHYI0O TaKuM MNyTeM CHCTeMy (opM
TOYHO TaKHM e 06pa3oM, Kak H paHblle, T. €. yCTa-
HaB/IuBasi MOJHYIO CHCTEMY ee HHBAaPHAHTOB M CH3HTHii
MeXJy HHMH M BbIAeJsis Te U3 HHX, KOTOphle YIOBJe-
TBOPSIIOT YCA08UI0 OOHOPOOHOCTYU, MBI TIOJYYHM BCe
NOHSITHSl U TeopeMbl ap(HHHOH HJIH COOTBETCTBEHHO MeT-
puyeckoll reomeTpHH. BMmecTte ¢ 3THM CBsi3aHHasi C Teo-
pueil HHBApHAHTOB CHCTeMaTHKa NePeHOCHTCA Ha ad-
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¢UHHYI0O H MeTpPHUYECKYI0 TreOMeTpHI0, M f1 OBl XOTed
CHOBa yKaszaTb Ha To (cp. c¢. 226), uTo TakuMm 006pa3oM,
B YaCTHOCTH, IyTeM MoAYepKHBaHHs 06pPa30BaHHUs LEJbIX
paLHOHAJPHEIX HMHBAPDHAHTOB H CH3HTHH B TeOMCTDHIO
BBOJAUTCS HEKOTOpasi CHCTeMaTH3HpyMOLlas TOYKa 3pe-
HHSl, KoTopasi 6e3 3TOr0 OCTAETCs MOYTH He3aMeyeHHOM.
BMecTo a6GCTpakTHHIX pacCyXAeHHH Ha 3Ty TeMy fi
Jiyduie cpasy Ke pasbsCHIO H 3TH OTHOLUEHHs Ha npo-
‘CTolX npumepax TeM, 4TO 51 AEHCTBHUTEJBHO NMOKaXy, KakK
MOXHO CaMble 3JIeMeHTapHbHle OCHOBHBIE BEJHYHHH ad-
(HHHOH W MeTPHYEeCKOH reoMeTpHH NpeACTAaBATb B BHAE
COBMECTHBHIX HHBADHAaHTOB KaK JaHHOH CHCTeMbl BeJIH-
YHH, TaK ¥ GOPMBI T WJIH COOTBETCTBeHHO a? + B2+ y2.
U3 obnactu aunnoii eeomeTpuu si BO3bMY Npexje
BCero B KauecTBe npumepa obsem T TeTpasdpa, obpa3so-
B8AHHO20 4eTbIPbMA TOYKAMU, KOTOPbIH BBIpaxaercs, Kak
H3BECTHO, CJeyIolHM 00pasom:

s

5oy oz 1 B m &

T — 1lx y2 2 1 . 1 2 M L2 T
6lxs y3 23 1| 67TTywsty [&3 My Lo Ta

X4 Ys 24 1 Es M G4 T

Mbl IOJIKHEI HCCleOBaTh, HACKOJBKO 3TO BHIpaxe-
HHe o06J1aflaeT yNOMSIHYTHIM HHBapHaHTHBIM CBOHCTBOM.
Ilpexne Bcero, HaMm H3BeCTHO, YTO pUrypUpPYIOILKil 31ech
onpefenuTes]b AEHCTBUTEJNbHO SIBJSETCS (PYHAAMEHTaJb-
HbIM OTHOCHTEJIbHBIM HHBAapHAaHTOM 4YeThIpeX TOYeK —
BepiIHH Terpasapa. Ho, ¢ apyroit cTopoHH, B 3HaMeHa-
TeJle CTOSAT 3HaueHUs (AJIS 3THX YeThpeX TOYeK) JIHHeM-
HOH ¢opMml T, MpHUCOeAHHeHHOH K Hallefi ¢urype, a sto
Belb npocreiiine (abCcoNIOTHBIE) HHBAapHAHTH, KaKHe
TOJBKO BOOOLIe MOXHO 06pa3oBaTh C NMOMOLIBIO HEKOTO-
poit dopmel. Pasymeercsi, 370 Hafo NOHHUMAThb B TOM
CMbIC]e, YTO nNocie npeoGpasoBaHHsi B 3HaMeHaTese
clelyeT HanucaTb 3HauyeHHs TOH (GOpMEHI, B KOTOpPYIO me-
pPexonuT JHHeHHas dopMa T, WIM 4TO BooOlle B ciayyae
npucoefuHenus ¢opMel af+4fn—+yt-+O6t B 3HaMeHaTelNb.
JIOIKHO BOHTH IIPOU3BENEHHE YeThipeX 3HaUeHHH 3TOH
¢dopmel 132) s Touek I, ..., 4. Takum o6pasom, T npen-
crapjasier co60f TakXe HEKOTOPHIH palHOHAJbHBIH HH<
BapHaHT, a HMEHHO, OH OJHOPOAEeH H HMeeT HyJeBoe
H3MepeHHe OTHOCHTEJIbHO KOODAHHAT KaXIOH W3 YeThl-
pex Touek. ITo oTHoweHHI0O K Ko3(pdHIHeHTaM Hamrelk
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npucoelnHeHHO! nuHelHO# ¢dopmu 0, 0, 0, 1 uam coor<
BETCTBEHHO a, B, y, §, KOTOpHeEe BXOAST B 3HaMeHaTeJb,
T nMeer BO BCAKOM CJlydyae H3MepeHHe —4; NO3TOMY
BBHJY INPOH3BOJILHOCTH OOIIEro MHOXHTeJs 3THX BeJH-
YHH aGCoNIOTHOEe 3HaueHHe HHBapHaHTa I B IPOEKTHB-
HOH reoMeTpHH Hallell paclIHpPeHHOH QUrypH He MOXeT
HMeTb HHKaKoro sHayeHHs.

B neiictBHTeabHOCTH B adPUHHOA reoMeTpHH Ha mep«
BLIX NOpPaX TOXe HeT HUKAKOro CpeiCTBa, KOTOpOe MO03<
BOJIMJIO Obl NPHIHCATh TETPA3ApPYy ONpelesieHHOe YHCJIO-
BOe 3HaueHHe o0beMa, €CHH TOJLKO 3apaHee He OBIIH
YCTaHOBJIEHH €JHHHYHHE OTPe3KH HJH COOTBETCTBEHHO
€IHHHYHBLIH TeTpasAp, 4TO MHl Bceria MAONMYCKaJH MNpH
HCIIOJIb30BAHHH HEOJHOPOAHHBIX KoopAuHaT. Ho c Hamei
TenepewHod obuiefi TOYKH 3peHHs 3TO O3Hauajno 6,
YTO MH DNpHCOelHHSieM K (urype cBepx «G6eCKOHEUHO
yAajJeHHOH nJockocTH» T =0 eme JajibHeHmue 3Je-
MeHTH. [Ipucoenunssi, Hanpumep, NATyI0 TOYKy H ob6pa-
8ysl 4QCTHOe [BYX BBIPAXKEHHH, COCTaBJEHHbIX aHaJo-
rudHo T, moJjydaeM BbIpa:KeHHe, KOTOpOe YAOBJIETBOpSET
BCEM YCJIOBHSIM OJHODOJHOCTH H NpeACTaBJsieT NO3TOMY
TaKKe . HeKOTOPHI abCOAtOTHbIL UHBAPUAHT apUHHOH
reoMeTpuH. A OTAeNbHO B3siTOe BHIpaxKeHHe T siB/sieTCA
OTHOCUTEAbHbIM UHBAPUAHTOM 8eca 1.

Bkatoyenne rpaccManoBa NpPHHLUHMNA JeTePMUHAHTOB
B HHBapHMaHTHO-TEOPETHYECKOE TNOHHMaHHE TreOMETPHH.
JKckypc o TeHsopax. Tenepb mpexpcraBiasieTcs yMeCTHBIM
ele pa3 OKHHYTb B3IJISIAOM BeCch XOJ HAeH mepBoro orT-
Zena, BHYTPEHHSs1 CYThb KOTOpPHIX Temepb pacKphlBaeTcs
scHee. B TOM, 4YTO rpaccMaHOBHI 3JeMeHTapHble BeJH-
YYHH IeOMEeTPHH, BhIBefleHHbhle HAMH TaM, NpHEaIexaTt
HCKJIIOYHTEIbHO a(pHHHOR reoMeTpHH, MH YOeIHJHCb
yXe NpU clelHaJbHOM H3ydyeHUH adPHHHHX mpeobpa-
soBaHul (c. 108—133). Ho epaccmarnos npunyun onpe-
deauTeneli, KOTOPHIH [OCTaBHJ HaM YIQMSHYThie BeJH-
YMHBI, OTHIONAb He SMBJAETCS — 3TO MBI MOXeM Tenepb
A00aBHTb— KAKUM-TO  HENMOHATHBIM  yXHIIpeHHeM, 3
npejcrasiisieT co60H BIOJHe eCTeCTBeHHOe NpumMeHeHue
Teopuy uUHBapuanTos 8 apuunol eeomeTpuu, T. €. B
NPOEKTHBHON reOMeTPHH C NpHCOeAMHeHHeM OecKOHEYHO
yaaneHHOH mJjocKoctu: IlosiBjeHHe Ha cleHe OOBIKHO-
BEHHBIX oOmnpelejnTesnell — OTpPe30K, MJaOUIaAb, 06bEM —
yXe [O0CTaTOYHO BBISICHEHO TOJBKO YTO Pa3o6paHHBIM
‘mpumepoM. OcTaeTcsi elle TONbKO NOKa3aTh, KaK CHCTeE-
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MaTHKa TEODHH HHBApHAHTOB NMPHUBOAMT K OGIIHM rpacc-
MaHOBBIM 3JIEMEHTapHRIM BeJHYHHAM, OINpeleAeMbIM
NPH TNOMOLIM MHUHOPOB NPAMOY20AbHLIX MATPUY. DTO
B CBOIO OYepelb MOXKHO Jyyllle BCEro BHISICHUTb Ha pac-
CMOTPeHHH cJy4Yas, KOorja JaHbl OBe TOYKH &, 7, Ti;
&2, %2, T2 B ILIOCKOCTH U TpeGyeTcss 06pasoBaTh 3KBHBA-
JIEHT B CMBICJie TeOPHH HHBapHAaHTOB NPHHaAJEXKaUIUX
3THM TOYKaM 06pa3oB ap¢uHHOH TreOMeTpHH (/uHeAHbIH
3JIeMeHT, npsaMas, ...).

DTO MOXHO HeMeAJIeHHO NMOCTaBHTh B CBSI3b CO CKa-
3aHHBIM BBILUE, €CJH NPHCOEIMHHUTb TPETbIO <«Heompeje-
JIeHHYI0» TOYKY &, m, T M CHOBA paccMaTpuBaTth ¢yHAa-
MEHTaJbHbl#i HHBAaDHUAHT:

) E.n =
— & m T
TT T2

E2 M2 T2

KaK JuHeliiyio ¢opmy otHocurenbHo E, M, 1. Tpu Ko3p-
¢uLHeHTa NPH 3THX NepeMeHHBIX, T. €. MHHOpH Mart-
pHUb

I

SIBJIAIOTCS, TakuM o0O6pa3oM, BeJHUYHHAMH, XapaKTepH-
3YIOLIMMH BHOBb ONpefie/ieHHbI 06pa3; aTo Hac OelicTu-
TeAbHO npusoduT KaxK pas K MaTpuye, npumeHasulelcs
paxee 0as onpedesenus Aunelnoeo sremenra 12. Touno
TaKHM ke 06pa3oM B NpPOCTPAaHCTBE MOXHO 06pa3oBaThb
OTHOCHUTE/JIbHO HHBApHAHTHYIO JHHEHHYI0 HJIH COOTBET-
CTBEHHO OuWJHHeHHYI0 (OpMy H3 TpeXx HJH COOTBET-
CTBEHHO H3 JBYyX TOYeK NpHCOeAMHEHHeM OJHOH HJH
COOTBETCTBEHHO ABYX YeTBEPOK HeolpeleleHHbIX KOOpIH-
HaT, npuyeM Ko3(@HIHEHTH NOJy4YeHHOH (opMbl JalOT
B TOJHOM COIVIACHH C HallMM IpPeXHUM OIlpeleleHHEM
KOODAHHATH IJIOCKOCTHOrO 3jleMeHTa HJH COOTBETCTBEH-
HO NPOCTPaHCTBEHHOrO JIHHelHOoro sjemMenrta. 5 He uMmero
BO3MOXHOCTH pa3BHTb 3Jechb 6ojiee MOAPOGHO 3TH yKa-
3aHHs, HO OHH GYAYT AOCTAaTOYHBI, HanelCh, AJs Nep-
BOHAyaJbHOH OPHEHTHPOBKH H [JOJXKHBI NOOYIHTbL Bac
K JaJbHeALHM COOCTBEHHBIM Da3MbIIUJIEHHSIM.
IIpencraBasieTcss 6osiee BaXKHbIM Telepb, MOCJTe TOrO
Kak Mb BKIloudsad npuHuun IpaccMana B TeopHio HH-
BapHaHTOB, IOCTaBHTb BONPOC O ero NPOAYKTHBHOCTH
H, B 4YacTHOCTH, CPaBHHTb €ro B 3TOM CMhICJe C TeM

Xy Yy 1
%2 Y2 1

1

& t.]
T1T2

HJIH
2 m T’




232 CHUCTEMATHKA U OBOCHOBAHHWE TEOMETPUU

TPHHUANOM KJacCH(HKAaIUH, KOTOpbIA OBl BHICKazaH
(c. 206—209) ans cayyasi rJIaBHOM IPyNnbl M Jaj Ham
TaM BCe OCHOBHble reoMeTpuyeckue ob6pasbl. PanuoHalb-
HOe pacrnpocTpaHeHHe 3TOro NPHHLMNA KJacCHUKaUUH
‘Ha cayyad Ja1060f1 JHHeHHOH rpynnbel npeo6pa3oBaHUM
HampamuBaercsi caMo co6oli. A HMeHHO, Mbl Gynxem, co-
IJ1aCHO 3TOMY NPHHUHIY, B KaXKA0H «reoMeTpHH» Hapsily
C O0TOenbHbIMU ULENBIMH PalHOHAJbHRIMH (DYHKIHSIMHU
JaHHBIX pANOB BeJIHYHH (KOOpAMHAT, K03(h(UIHEHTOB,
¢opM u T. A.), KOTOpBIE O CHX NOp HAaBaJH HaM HHBa-
PHaHTH, pacCcMaTpHBaTb TaKXe CUCTeMb, TaKUX (YHK-
nuit By, Hy, ... Eciu nogo6Hasi cucteMa MpH BCeX MOJ-
CTaHOBKaxX COOTBETCTBYIOLleH rpynnel npeobpasyercs B
cebsi, T. €. ec/ld aHAJOrHYHBIM 06pPa3oM COCTaBJIEHHbIE
¢ynkuun 8/, B,’, ... npeo6pa3oBaHHbIX PsAOB BeJIHYHH
BbIpaxkaloTcsi JHHEHHO Yepe3 OAHHU TOJbKO Eji, Ha, ...
¢ NoMOUbI0 KO3 (HIHEHTOB, KOTOpble MOJY4aloTcsi OA-
HO3HA4YHO ompeje/eHHBIM 06pa3oM H3 KO3(PQHLHEHTOB-
npeo6pa3oBaHHUsl, MOJOXKEHHOr0 B OCHOBY, TO Mbl I'OBO-
pHM, UYTO 3Ta cucTema onpedesseT HeKOTOpolli 06pa3
coorgercrayroujeii ceomerpuu. OTaenbHble (QYHKLUMH, H3
KOTOPBIX COCTOHUT CHCTE€Ma, Ha3bIBAalOTC KOMNOHEHTaMu
o6pasa. PemajonuM npu3HakoM .IJjisi NPUPOMABI reoMer-
pHueckoro obpasa siBJsieTCsl NMOBelCHHE ero KOMIIOHEHT
N0 OTHOIUEHHIO K NpeoGpa3oBaHUsIM TPYNIbI, MOJOXKEH-
HOH B OCHOBY. Mbl OyaeM CYHTaTb JBa reOMeTPHYECKHX
o6pa3a npHHAMJIEXKAUMMH OOHOMY U TOomy oke 8udy,
€C/IM HX KOMIIOHeHThl 06pa3yloT ABe CepHH H3 OJHHAKO-
BOr'0 YHCJa BbIpaXKeHUH, KOTOpble NIPH 3aMeHe KOOpIH-
HaT HCNHITHIBAIOT OOHY W TY d%e JIHHeHHYI0 NMOCTaHOBKY,
6ynyun, TakuM o6pa3oM, KoepeOueHTHbiMU COrJIacHO Ha-
LieMy npexHeMy BbipaxeHuio. Eciau cucrema QyHKumi,
onpejlessionias reoMeTpuueckKuii o6pas, COCTOHT H3 OX-
HOH TOJBKO (PYHKUHM, TO JHHefiHasi NOACTaHOBKA CBO-
JIUTCSL K YMHOXEHHIO Ha HEKOTOPbIA MHOXHTeJb, a QYyHK-
1Usl SIBJIsieTCS] OTHOCHTETbHBIM HHBApPUHAHTOM.

DTH abGCTpaKTHBE BeLIH si XOUY Pa3bsCHHTb Ha Ipo-
CTOM TNpHMepe H3 TEOPHH HHBADHAHTOB TepHapHOH 006-
J1aCTH, KOTODYyI0 Mbl 6yleM HHTepnpeTHpoBaTh B aduH-
HOH reOMeTpHH TpeXMepHOro NPOCTPAHCTBA INIPH HEMO-
ABHXKHOM Hauaje. Ecau jpaHel ABe TOYKH &, M1, Ti; Eo
12, T2, TO MpOCTEiLIE}H cucTeMOil GQYHKIHI, B KOTOpPO#l 06e
TPOAKH KOOpPAMHAT BXOIAAT OLHOPOAHBIM H CHMMeTPHUY-
HbIM 06pa3oM, SIBJISIETCsl CHCTeMa H3 JeBSATH OHJHHEil-
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HbIX YJIEHOB
£k &M E1To MG ..y T (1)

B cayuyae JuHeliHOro mnpeoGpa3oBaHHs B HalIUX
OObIYHBIX 0603HaueHHAX (cM. c. 209—210) moayuaem

EE=alt,+ab, Em+nL)+ ...+ divT,
§"]z—aa§§2+ab2§m2+abm§ + e +dd1172’

:g—agg+ab(§1"]2+n§2)+...+d412, (2)
T. €. 3TH [JeBSITb BeJHYHH AeHCTBHTENbHO 00pasyioT cH-
CTEMY TOJBKO YTO HCC/JIELOBAHHOTO THIA, TAK YTO MBI
6yneM HX pacCMaTpUBaThb KaK OIpelessiollue 3JeMeHTH
HeKoTOoporo o6pasa Hauled acd(dHUHHOH reoOMeTpPHH; 3TOT
o6pa3 u BOOOILle BCAKYIO CHCTEMY, COCTOSIILYIO H3 JIeBATH
BEJIHYHH, KOTOpble Npeo6pasyloTcsi COrJiacHO YypaBHe-
HusIM (2), B moc/ienHee BPeMs Ha3LIBAIOT TEH30POM.
PaccmarpuBasi ypaBHeHus (2), HeTpyJAHO 3aMeTHTb,
4TO H3 AeBATH BeJuyuH (1) MoxkHO o6pa3oBaTh, C OLHOH
CTOPOHBI, 1IeCTb, a C JAPYroii CTOPOHH, TPH MPOCTHE
JIMHeHHble KOMOHHAIHM, NepexoAsiune Apyr B Apyra ny-
TeM JIHHeHHOH nojcTaHoBKH. Ecaum mnpeldcraBuTh cebe
BeJHYHHBl (1) pacnonoxeHHBIMH B BHIe KBaJpaTHOH

TabJ UL
EE Em EiTe
mE MM MT
TE TM Ty
TO 3THMH KOMOHHaUWsAMH OYAYyT, BO-NIePBbiX, CYMMHIl UJie-

HOB, pacCnoJIOXE€HHbIX CHMMETPHYHO OTHOCHTEJNbHO JAHA-
TOHAJIH:

268, Emt g Gt T ..., 21T, 3
a BO-BTOPBIX, Pa3HOCTH TeX JKe UJIeHOB:

Eme—mg EiTe— T8, mMTo — TN, (4)

@®opMysbl NMOACTAHOBOK JJIsi CHCTeM. BeJHYHH (3)
(4) mosyuaioTcsi HemocpeINCTBEHHO H3 ypaBHeHHH (2).
DTo pmaer HaM JBa HOBbIX o6pa3a HameHd adduHHOI
reoMeTpuH; 06pa3s, COCTOSIIHA H3 1IECTH BeJHuYHH (3),
Ha3bIBAIOT CUMMETPUHHbIM TEH30pOM, a o0pa3, COCTOs-
LMi M3 Tpex BeNHYHH (4), ABJAAETCS YyXKe 3HAKOMbIM
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HaM nAOCKOCTHeim 3jeMeHTOM. HaspaHne Ten3op npu-
Jlaraetcsi, KOHeYHO, KO BCSKOH CHCTeMe BEJIHYHH, KO-
TOpas NpeoGpasyercs KOrpeAHeHTHBIM 06pasoM. Omnpas-
AaHHe IIpHJarateJbHOro «cummerpmmmn» MBI JajuM
HEMHOTO0 TIO3Ke.

l'eomerpuueckoe 3HaUeHHE TPeX BENHYHH (4) HaM u3-
BeCTHO (cp. c. 49—50): 3710 — y/1BOeHHble NpPOEKLHUH Tpe-
yroJibHHKa, oépasoaax—moro TOYKaAMH gl, N, 71, §2, N2, T2
H HayajoM KOOpPOHHAT, C HajjexXalluM HampaBJeHHeM
o6xona Ha KOOpPAHMHATHble IJIOCKOCTH, MH 3JeCh HMeeM
KaK pa3 OIMH H3 NepBHIX 06pa3oB, JaBaeMblX rpaccma-
HOBBIM TNIPHHLHMIOM onpeleauTenedi. MoxHo, BooOblle,
BBICKa3aTb TaKoe MpelJOXKeHHe: CUCTemaTu4ecKkoe Ha-
xoocdenue ob6pas3os agpunHoli eeomeTpuu ¢ MNOMOLILIO
Hallero KJacCHOUKANHMOHHOrO HPHUHLUHIA C HeoOXOlH-
MOCTbIO NPHBOAMUT K 2pACCMAHOB8Y NpuHyuny onpedesu-
Tesell U K yCTaHABJHBAaeMBIM C €ro NOMOLIbIO IeOMeTpH-
yeckuM o6pasaM. Pasymeercs, s1 He MOr'y BXOAHTb 3]ieCh
BO BCe JeTajJH; OrpaHHYyChb YyKa3aHHeM Ha TO, 4YTO
MOXKHO IMOJYYHTb BCE paHee paccMOTpPeHHble 06pashl,
TPaKTysd COBepLUIEHHO aHaJIOTHYHEIM o6pasom o06ILyio
apbdUHHYI0O reOMeTpHI0O Ha OCHoBaHMM npuHuMna Koaau
C MOMOIbI0 KBAaTEpPHAPHOH TEOPHH HHBapHaHTOB (Cp.
c. 230—232).

Ho BaxHbIM pe3y/bTaToM Hallero HCCJAelOBaHHs SB-
JIieTCSl YCTaHOBJIEHHE' TOro, YTO TpPacCMaHOB MNPHHLUHI
onpeje/siuteseil npencrasJjseT cO60H HeYTO cleLHaJbHOE
U caM 1no cebe OTHIOAb He JaeT BceX o6pa3oB aduHHOM
reoMmerpud. Hamporus, B TeHsopax (1) u (3) mMbl uMeeM
CYLIeCTBEHHO HOBHIE reOMeTpHYECKHe 06pasHl.

Hmes B BHAy Gosblloe 3HAauYeHHe STHX 00pasoB st
MHOruX obnacTeli (M3UKH, Hanpumep AJs yYeHus 06
ynpyrux negopMabusix U AJisi TEOPHH OTHOCHTEJNBHOCTH,
CKameM elle HeCKOJbKO cJOB 0 HHX. Ilpexne Bcero
cliesaeM HeCcKOJbKO 3aMeuaHHil, KOTOpble OTHOCSITCA
K Ha3BAaHUIO 3THX reOMeTPHYECKHUX BEJHYHH H HOJKHbI
NMOMOYb 4YHTaTeNI0 ODHEHTHPOBAThCs B HOBeiIeH JHTe-
paType 1Mo TEH30PHOMY HCUHCJIEHHIO.

C/oBO «TeH30p» B IepBOHAYalbHOM H3JIOXKEHHH HC-
YHCJIeHHs1 KBaTEPHHOHOB HCI0JIb30BaJoCh Yy I'aMHJIBbTOHA
B Apyrom cMbicie, yeM 31ecb. Ecau g = a + bi+ cj 4
i+ dk — HekoTOpBHIf KBaTepHHOH, TO OH Ha3blBaeT BhIpa-
wenne T =4/a*+ b*+ c*+ d®> une wMomyjem KsaTep-
HHOHa, a ero TeH30poM. DTo Ha3BaHWe, BBeleHHoe [a-
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MHJIBTOHOM, ONPAaBJABIBAETCS TeM, YTO YMHOXeHHe Ha
KBaTepHHOH MOXHO HCTOJIKOBAaTb TreOMeTpHYecKH (4To
6b1710 MOAPOGHO pa3bsicCHEHO B nepBoM ToMe, c. 99—101 u
npuMeyaHue 72) KakK NOBOPOTHOE pacTsiXKeHHe NpH Helo-
JBHXKHOM Hauyase KoopauHat. [IpH aToM B KauecTBe Me-
pHJa pacTsKeHH# (UrypupyeT KaK pa3 paiuKajbHOE BH-
paxeHHe, KoTopoe y I'aMHJIbTOHAa Ha3BaHO TEH30pOM.
B TecHo# cBA3H ¢ 3TUM HaXOAUTCA ynorpeb/eHue TepMH-
Ha «TeH30p» B pa6orax Poxra mo Kpucramaopusnke. Ou
0603HauaeT 3THM CJOBOM HamnpaB/eHHble BeJHYHHBI, KOTO-
pble COOTBETCTBYIOT TaKMM IpoueccaM, KaKk NpOAOJbHOE
pacTsKeHHe HJH CXKaTHe HPSIMOJHHEHHOro CTep¥KHsl,
K 060MM KOHIIaM KOTOpPOTO IpPHJIOXKeHbl CHJbI, AeHCTBYIO-
LIMe BJOJb OCH CTepPXKHS B NPOTHBONOJIOXHBIE CTOPOHLL.
IlogoGHBII  TEH30p  MOXKHO

6bly10 6Bl HarJAAHO H300pa- T

3UTb OTPE3KOM CO CTpeJKaMH

Ha o00oOWX KOHUAaX, Hanpas- .
JIECHHBIMH B pa3Hble CTOPOHH
————

(cwm. puc. 100). *’7
Pacmarcene

- P

Lxamue

Puc. 100 Puc. 101

XapaKTrep HanmpaBJIEHHOCTH TaK IIOHHMaeMOro TeH-
30pa MOXHO O0GO3HAYHTb TEPMHHOM «JIBYCTOPOHHHI»,
a AJs BeKTOpa, B NMPOTHBOMOJOXHOCTb 3TOMY, ynorpeb-
JISITb CJIOBO «OXHOCTOPOHHUI». B (H3HKe TakHe TeH30pH
4yacTo (QUrypHpYIOT KakK TeH30pHbie TPOUKU, T. €. 1O TPH
H CO B3aHMHO OpPTOrOHaJbHBIMH HampaBJeHHSIMU
|(puc. 101). Mb nosHakoMuJauch paHbuie (cp. c. 115)
¢ YHCTOf OZHOPOZHOH Jedopmauuneit (YHCTHIM apduH-
HEIM TnpeoGpasoBaHHEeM), NpeACTaBjsiiomei coboii pas-
HOMepHOe pacTsiKeHHe NMPOCTPAHCTBa IO TPeM B3aHMHO
NepneHAUKYJsIPHBIM HanpaBJIeHHsIM, KOTOpPOe OCTaBJjsieT
HayajJo KOOpAMHAT Ha MecTe. BMecTo 3TOro MH MOXKeM
cKa3aTb Tenepb TaK: YHUCTast OAHOpoAHas Aedopmauus
reoMeTpuyecKd H3o0pa)kaeTcssi TeH30PHOH  TpPOHKOH.
Yacro ynorpeb/sieMoe Tenmepb 3HaueHHe CJOBa «TEH30D»
MHl MOJIYHYHM, €C/IH CTaHeM paccMaTpHBaTh COBOKYMHOCTh
TaKHX TpPeX PpacTsSKeHHH [pOCTpaHCTBA KaK OOHY
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reoMeTpHYeCKylo BeJIHYHHY H, ONyCKas CJIOBO <«TpPOHKa,
6yneM 0603HauaTb HMEHHO 3Ty BeJHUYHHY CJIOBOM «TeH-
3op». PaccmaTpuBaeMoe B TaKOM CMbIC/e NOHATHE TEH-
30pa B TOYHOCTH COBIAajaeT C TeM MNOHATHeM, KOTopoe
MBl Bhille 0GO3HAYHJIM TEPMHHOM «CHMMETPHUHBIH TeH-
3op». JleHAcTBHTe/IbHO, YHCTasi OAHOPOAHas Aedopmalns,
He H3MeHsIOLlasi NOJOXEeHHs Hayaja KOOpAHMHAT, H30-
6paxaercsi IOACTAHOBKAMH TaKOH CTPYKTYPHI:

E=a,x + apy + a2,
N =0y X + Ay + 0232, (@ = agy). (5)
T =03,X + Qgy + a2

3mech YHCNOBBIE TPOHKH X, Yy, 2; &, 1M, T MOXKHO HC-
TOJIKOBaTb KaK TOYeYHble KOOpAHHATHI B OAHOH H TOH e
cHCTeMe IPSIMOYro/bHbBIX KoopiauHaT. CxeMa Ko3¢h¢H-
LHeHTOB (MaTpHIa) 3TOro npeobpa3oBaHHs CHMMETPHY-
Ha OTHOCHTEJNbHO [JIaBHOH auaroHauu. Ecau temepn ne-
pefiTH K HOBOH CHCTeMe NpPSIMOYroJbHBIX KOOpPAHHAT, CO-
XpaHss CTapoe Hayajo, TO MOJYYHM, KaK MOKa3bBaeT
NpOCTOe BhIYHMC/IeHHe (IJs mepexoja oT X, y, 2 K x/, y’,
2 uor & 1KE, N, v cayKar COOTBETCTBEHHO OJHH
H Te Xe (opMmynabl), cielylolllee HOBoe H306pakeHHe
paccmaTpuBaemoit neopManuu:

¥=a/x +ay +a,
r_ r o, ’ ’ ’
N =0, X" + ayy + a2, (e, =a%))- (6)
Y A r s r
T =ayx + ayy +agz

IIpy 3TOM OTHOCHTEJIbHO IIECTH KO3(pOHUHeHTOB af,,

Qly) +++y Gy  COPABENIHBH CJENYIOUIHE YTBePMKIEHHS:
1) oHH SnuHefHO 3aBHCAT OT luecTH Ko3dduuHeHTOB

aj, a2, ..., Q33 U TOJbKO OT HHUX, onpedenss, TAKUM

06pa3oMm, HEeKOTOPYIO 2e0MEeTPUYECKYIO BeAUYUHY,

2) oHu mpeo6pasyloTcsi TOYHO TaK e, Kak U GUJIH-
HefiHble - OTHOCHTEJNBHO KOOpPAMHAT BhipaxeHus (3), Ko-
TOpble Mbl Ha3BajH (c. 233) KOMIOHEHTaMH cumMmeTput-
HO20 TeH30pa.

IIpunaraTtenbHOe «CHMMETPHYHBIH» ONpaBABIBAETCS
CTPYKTYpPOH cxeMhl KO3(dHIHeHTOB (OpMyJ npeobpaso-
BaHuii (5), (6).
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ITepexons Tenepnr K obuiemy acd¢dunHOMy npeobpaso-
BaHHIO, COXPAHSIOIEMY HayaJ0 KOOPAHHAT:

E=a,x + apy + a;32,
N=0ay X + Ay + axz, (7)
T=ay X + Ay + azz,

HaXOAHM COBepIIEHHO aHaJIOTHYHO NpeAbAylleMYy, 4TO
B [EOMETPHH OPTOroHaJbHBIX TNpeo6pa3oBaHHH [eBATh
KO3 ®HUHEHTOB a1, Q12 ..., A33 NPEOGPA3YIOTCS TAKUM
JKe TOYHO 00pa3oM, KaK JeBATb NpPOH3BeJeHHH KOOpDIH-
Hat (1), u npexcraBasioT co6off MO3TOMY KOMIOHEHTHI
HEKOTODOH BeJHYHUHBI TAKOrO Xe poja, Kak H 3TH IO-
cilenHue. [Ipu mpUHATOH HAMH TEPMHHOJIOTHH, COIJIaCHO
KOTOpPOH ymoTpebJieHHe CJIOBa «TeH30p» He OrpaHHyH-
BaeTCsl HCKJIIOYHUTENbHO YHCTHIMH ONHOPOAHHIMH Hedop-
MalHsMH, 3TO O3HayaeT cjefylouiee: cxema Koadpoiu-
nHeHToB obulero adduHHOro npeobpa3oBaHHsl MpPeACTaB-
JsieT co60H HEKOTOPHIH TEH30D. -

B nutepatype BcTpeuaercst ewie GoJiblioe YHCIO ApPY-
TMX Ha3BaHMH [/ 3TOro NOHsATHs. BoT Hekoropnie H3
HauboJiee YacTo ynotpebJsieMbIX:

1) apdurop (no mpuunHe cBsi3H ¢ adPHHHEIMH Npe-
06pa3oBaHUsIMH); .

2) aunelinas 8eKTOP-PYHKYUS,

3) Ouada u Quaduk; BIpoYeM, MepBOe H3 ITHX ABYX
c10B ynotpebJisiioch NepBOHAYAJbHO TOJbKO AJs OLHOTO
0cOOeHHOrO HHXKe paccMaTpHBaeMoro cJjayyas.

KoMnoHeHTBl INJOCKOCTHOH BeJlHYHHH (4). TOXe
MOXHO paccMaTpHBaThb KakK KO3((HIHEHTH HEeKOTOpOro
npeo6pa3oBaHusi, a HMeHHO, ONHOro U3 npeo6pa3oBaHHi
cJleyoLero BUAa:

E=1l-x—c-y+b:2
n=c-x+1-y—a-z, 8)
1t=b-x+a-y+1-2

JeficTBUTeNIbHO, KO3(PGHUIUHEHTH 3TOH NOACTaHOBKH
BelyT cebs, KaK HeTpyAHO yO6eIuTbCs, IO OTHOIle-
HHIO K Npeo0Opa3oBaHUIO NPSIMOYrOJbHEIX KOOPAHHAT TaK
¥Ke, Kak H OujuHelHnle BbipaxkeHusi (4). Ilo mpuuune
Xapakrtepa CTPYKTYpBHl CXeMbl KO3(pGdHLHEHTOB (POpMYyJ
(8) (cuMMeTpHsi OTHOCHTENbHO TJIaBHOH JHAaroHaJH
C nepemenold 3HaKa) ONpeledseMyl0 HMH BeJaHYH-
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HY Ha3bBalOT TaKiKe AHTUCHMMETPUYHBIM  TeH30-
pom 133).

C reoMeTpHYecKOH TOYKH 3peHHs, KaK H3BeCTHO,
¢opmyan (7) mOmycKalOT HMCTOJKOBaHHe B CMbicae 06-
mell ogHOpOXHOH Hepopmanuu, ¢popmynan (6)—B CMBIC-
Je yucroit (6e3 BpauleHHs) gedpopMauuH, a GOPMYJbI
(8)—B cmbicae GeckoneunHo manoeo nosopora. Takum
o6pasoMm, TOMy ¢opMmaJpHOMY mpoleccy, NpH HOMOLLH
KOTOpOro Mbl BhiBeqd (c. 233) U3 npoHu3BeleHHH KOOp-
auHat (1) cuMMeTpHYHBIH TeH30p (3) H AHTHCHMMETPHY-
HBHi TeH3op (4), B HarJIsIAHOM NpeACTaBJIeHHH COOTBET-
CTBYET pa3Aoderue OOHOPOOHOUL Geckone4Ho maaol Oe-
Gopmayun ra uucTyro dedopmayuro u nOBOPOT.

o cux mop Mbl OrpaEMYHBAINCh HPH 3aMeHe CH-
cTeMbl KOODAMHAT OAHHMH TOJbKO OPTOrOHAaJbHBIMH
npeoSpasoBaHusiMu. OcTaeTcs [aTh HEKOTOphe MAONOJ-
HHTeNbHbIE YKa3aHHs, OTHOCALHeCs K TOMY cClydalo,
Korja nepexoisiT OT NPAMOYTrOJIbHOH cHCTEMbl KOOPAMHAT
K KOCOYroJbHOH MJH KOria Boofmie ¢ camMoro Hauajaa
BBOJAT E, M, T; X, ¥, 2 KaK KOCOYroJbHHe 1€KapTOBH KO-
opaunath. (OrpaHuyeHne, Tpebyiolllee HeNOABHXKHOCTH
Hayajla KOOpJIHHAT, OCTaeTcss M 3J1eCb B cHJe.) IDTuUM
Mbl IepexXOfXHM OTF [eOMETPHH TIJIaBHOH Tpynmel K reo-
MeTpuH adduHHOH rpynnbl. [3yueHHe moBeleHHsT KO-
¢unueHTOB MNOACTaHOBKH (7) AN 3TOH TPynmel IO
OTHOIIEHHIO K NpeoOpa3oBaHUsIM KOOPAMHAT NOKa3HIBAeT,
YTO XOTSl OHH TOXe H300paxKalT KOMHOHEHTH HEKOTO-
poil reoMeTpHYECKOH BeJHYHMHBl, HO OHH Npeobpa3yooTcs
He TakK, KakK npousBeleHHss koopauHat (1), HO KOHTpa-
2peduenTHO TNO OTHOIIEHHIO K HUM. AHaJIOTHYHO OGCTOHUT
neno c¢ koapduuueHtTaMu npeobGpasoBanuit (6) u (8).
MoxKHO NoKasaTb, YTO OAHMH H TOT e TeH30p (HampH-
Mep, OJHAa H Ta Xe OJHOpoAHas AepopMmaLus) MOXKeT
6bITb 33/laH N0 OTHOLUEHHIO K HEKOTOPOH cHUCTeMe KOop-
JUHAT KaK MOCPeNCTBOM KOMMOHeHT Buaa (1), Tak u
NpH NMOMOIIH KOMIIOHEHT BHAAa KO3(pOdHIHEHTOB MOACTa-
HOBKH (7). IlepBble Ha3HBAalOT «KOrpeJHEHTHBIMHUY,
a nocjelHHe <«KOHTpParpeAMeHTHHIMH» KOMIIOHEHTaMH
TeH30pa. BMeCTO «KOrpeaHeHTHBIH» U «KOHTparpelHeHT-
HbIF» 4acTO rOBOPSAT ellle «KOHTPAaBaPHAHTHHIH» H <«KO-
BapHaHTHHI». Pasinune mexay o60MMH BHOAMH KOMIO-
HEHT TaKoe 3Ke, KaK MeXJy TOYEeUHbBIMH H IJIOCKOCT-
HBIMH KOODAHHATaMH.

Jpyroe HCTOJIKOBaHHEe 3HAYeHHs CJ0Ba <«TEH30p»,
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cyilecTBeHHO 6ojee ofbulee NO CPaBHEHHIO C TEM €ro
3HavyeHHeM, KOTOPOMY Mbl OTAAJIH NpeANOYTeHHe, CTAHET
TIOHSITHBIM, €CJIH CHayaja HCCAed0BaThb MOBeleHHe OXHO-
poAHEIX (OpPM 1O OTHOLEEHHIO K 3aMeHe KoopauHaTt. Ha
¢. 211—212 MB yXe npoBesH 3TO HCCefOBaHHe (MOJb-
3ysiCb HECKOJNbKO OTJIHYHBIMH O6O3HaueHHSMH) IJSl CJIy-
yasi KBapaTHYHOH HOpMBI

a8+ 280+ ...+ auTh

Mu  Hamaw, 4t0 KO3DPHUHEHTH @, aisy ..., 33
3TOH (OpPMBI HCNHITHIBAIOT JIHHEHHO OAHOPONHOE H KOH-
TparpelneHTHOe npeoOpa3oBaHHe IO OTHOIIEHHIO K Be-
auuuHaMm E2, Em, ..., 7%, COCTaBJIEHHbIM H3 TOYEYHHIX
KOOpAHHAT. A 3TH nocielHHe NpeoOpasyloTCsl, KaK He-
NOCpeACTBEHHO BHIHO, KOTPeAHMEHTHO K BBbIPAXKEHHSM
(3). DrtoT pe3ynbTaT MOXKHO BbICKa3aTh B TakoH ¢dopme:
KO3(PbhHUHEHTB a1, Qig, ..., @33 KBAJPATHYHOH (POPMHI
ABJIAIOTCA KOHTpAarpeHeHTHHIMHM, a uJeHbl E2, En, ...
..., T2— KOTrpeAHEHTHHIMH KOMIIOHEHTaMH HEKOTOpPOro
CHUMMETPUUHOr0 TeH30pa. AHaJIorHYHO OGCTOMT M C JIIO-
6oli GuauHelHOH# ¢opmofi. O Heil roBopsT mo HpuUMepy
I'n66ca, uTo OHa omnpefensieT, B YaCTHOCTH, HEKOTOPYIO
Juady, ecnu ynaeTcs 3anHcath ee B BHAe NMPOH3BENEHHS
IBYX JauHelHHX (opMm. MiMes odHopoduyio noausuneil-
HY1 Gopmy TOYEUHBIX KOOPAHHAT, MOXKHO C NOMOLUIbIO
HEeCJIOXKHOro BLIUHCJAEHHs I10Ka3aTb, 4YTO ee KO3POH-
LHEeHTH TOXe IOABepraioTCs OJHOPORHOH M JIMHEHHOMH
NMOJACTAHOBKe, 2 HMEHHO, KOHTparpeiHeHTHO MO OTHOLUe-
HHUIO K COOTBETCTBEHHBIM TOYEYHBIM KOOpPAHHATaM.

OG6o61ieHHe NMOHATHS TeH30pa, O KOTOPOM MBI TOJIBKO
YTO FOBOPHJIH, COCTOHUT B TOM, YTO BCAKYIO NMONOGHYIO Be-
JIMYHHY Ha3blBaiOT TEH30DPOM H NPHMEHSIIOT 3TO Ha3BaHHe
He TOJbKO B CBsI3U C OUIHHEHHBIMH (OopMaMH, KakK 3TO
MBI JeJaji 10 cHX nop. B 3Tom o6uieM 3HaueHHH CJIOBO
«TE€H30p» CTaJH NPHMEHATb, B YaCTHOCTH, JHHIUTEHH
KW ero ydyeHuku. Ilpexae BMecTo 3TOro rOBOPHJH O JIH-
HefiHbIX, KBaJpaTHYHbIX, OHJHHEHHBbIX, TPHJIHHEHHbIX,
KyGHYEeCKHX U T. II. hopmax.

K pasnnyeHHio TepMHHOB Ha NpaKTHKe IDHCOERU-
HseTCA elle cTpeMJeHHe 0603HAYaTb CHCTEMY KOMIIOHEHT
KaKoro-HuGyab TeH30pa O00HON0 TOAbKO OGYKBOIO M YKa-
3bIBaTh BBLIYHCJEHHSI C TEH30pPAMH NOCPeACTBOM CHMBO-
JIHYECKOT0 COYeTaHMS TaKUX OVKB, CTOSIIUX PSAOM APYT
¢ apyroM. Bce atu Bemn camu mo cebe OYeHb NPOCTHI
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U 3aTPYAHAIOT UYHTaTeJs TOJbKO IO TOH NPHYHHE; YTO
pasHele aBTOpPbl MNOJNb3YIOTCSl Pa3qHYHBIMH CHOCOGaMH
o6o3HayeHHil. 31ecb Mbl BCTpeuaeMcsi B elle GoJablHeH
CTeleHH C TeMH Xe HeyNoOCTBaMH, KOTOpble MBI YXe
OTMeYaJH B CBSI3H C BEKTOPHbIM HCUHCJIEHHEM H KOTO-
pble, HO-BUJUMOMY, HEBO3MOXKHO COBEPILEHHO YCTPaHHTh.
Ho MBI He Morin He ynoMsiHyTb 06 3THX Heyn06GCTBax,
TaK KaK BCSl COBpeMeHHasl JuTeparypa cTpajaeT OT HHX.

BkJiloyeHHe OCHOBHBIX MOHATHII METPHUUECKON reomer-
puM B npoekTHBHYI0 cxemy. Tenmepb s mepeiiny K merpu-
4eckoil 2eomeTpuu, NpUYeM H 3[eCb i NPHBELY TOJBKO
HECKOJIbKO XapaKTepHbIX mNpHMepoB. S moOKaxy, Kak
MOXHO BBIBECTH H3 CHCTEMAaTHKH TEODHH HHBapHAHTOB
o6a BaxHefillue OCHOBHble HOHSITHS: <«PacCTOsiHHE r

MeX1y JBYMsI TOYKaMH x=—:§:—'— ux2=—ii...» H
1 2

«yrol ® MeXAy HABYMs IJIOCKOCTAMH Op ..., O H
o2y « ..y S2>.

Cor;niacHo u3BeCTHbIM  (pOpMyJaM  aHaJHTHUYECKOH
reoMeTpHH HMeeM

r=A/(x,—x) + (1 — g + (2 — 2,)' =
_ /\/(Eﬂz—§zf:)2+(mtz—nm)2+(C(Tz—.§m)2 _

2.2
1T

m=arccos( G+ B8 + Yivs )
T\ B D) (6 +43)

9710 — ajre6panyecKHe, COOTBETCTBEHHO TPaHCLEH-
JleHTHble (YHKUHH NapaMeTpoB; Mbl OyaeM BrnpaBe 060-
3HayaTb HX Ha3BaHHeM az2ebpauueckue, COOTBETCTBEHHO
TPAHCYeHOeHTHble, UHBAPUAHTSL, €CIH MBI NOKa)eM, YTO
Te palMOHa/bHble COCTaBHble YacTH, M3 KOTOPHIX OHH
NOCTPOEHH], yXe caMH 1no cebe £BJIAIOTCA HHBAapHaH-
TaMH B NpPEXXHEM CMBbICJE CJI0Ba.

Haunewm ¢ yeaa o. Ta ¢urypa, HHBapHaHTOM KOTOPOH
OH flo/I2keH ObITb, COCTOHT H3 ABYX JHHeHHBIX (opM

a, ﬁlv Y1 61; Q, BQ’ Yo, 62’

H M3 KBaJpaTHYHOH (POpMBI B MJIOCKOCTHBIX KOOpAHHA-
TaxX, H3obpaxaloulell OKPYIHOCTb cdhep:

o+ f+ v+ 0. 6%
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U3 sroit kBagpaTuuHO# (OPMH B NJIOCKOCTHEIX KO-
OpAMHATaX MHI- MOXeM, KOHeYHO, 06pa3oBbHIBaTb HHBa-
pHAHTHL TOYHO TaKHM Ke 006pa3oM, KaK paHblue
(c. 218—219) w3 ¢opm B TOUEUHBIX KOOpPAMHATaX, HO
TOJbKO OoOMeHHBasi («AyaJH3HPysA») KaXAblH pa3 ToYedy-
Hble U IJIOCKOCTHLHIE KOOpPAMHAThl. B 4acTHOCTH, OKa3bl-
BalTCs MHBAapPHAHTHBIMH 3HaueHHs1 GopMBl Aasi 06eHX
3aJaHHBIX CHCTEM 3HayeHHH

al 4 BI+yiH0- 8% a2+ B3+ 0.8,

Kak H 06pa3oBaHHOe MJIs 9THX ABYX CHCTEM 3HaueHHe HX
NOJISIPHOH HOpMBt

a0y + 8,82 4 viv2 + 0 8,6,

T. €. Te 3HaYeHHs, H3 KOTOPHIX KaK pas H COCTaBJseTcs
dakTHuecKH cos®. BnpoueM, cos® OKasbiBaeTcsi OOHO-
POOHOIM  UHBADUGHTOM HYAEB020 U3MEPEHUs OTHOCH-
TeJbHO KaXKJOH M3 [IBYX CHCTeM 3HaYeHHH aj, ..., 01
H o ..., 6, a Takxke OTHOCHUTEJbHO KO3} (PHUIHEHTOB
1, 1, 1, 0 3apanHo#t KBazpaTHyHOH (OPMBI, TaK YTO ITO
BbIpakeHHE HMeeT B METPHYECKOH reoMeTpHH CaMOCTOS-
TeJbHOe 3HaueHHe. Belb (aKTHYeCKHM B MeTPHYECKOMH
reOMeTPHH HMeeTcst aOCOJIOTHAasi Mepa yIJoB, He 3aBH-
cfllasg OT NPOH3BOJILHOrO BbI6OpA eIMHHLbB H3MEpEeHHs.
OTHM OJHOBPEMEHHO CKa3aHO, YTO Halle BbIpaXKeHHe
ABJIsIeTCS] AO6COAIOTHOIM UHBAPUAHTOM.

Uro ke Kacaercs, jpajiee, pacCTOSIHUs r, TO CjelyeT
BCIIOMHHTb, YTO MBI COCTaBJSJIM HHBAapHAHThl KBajapa-
THYHOH (POpPMBI B TOYEYHBIX KOOpPAHHATAaX INyTeM OKaihM-
JIeHHsl ee OlpeleNUTeNs] KOOpAMHAaTAMH OZHOH M3 ABYX
naockocteit (c. 219—220). Takum xe o6GpazoM Mbl H
Tenepb NOJYYHNM HHBAapHaHTH AJs1 Hauweil (QHUrypel, Ko-
TOpasi COCTOMT W3 KBaAPaTHYHOH (OPMBI B MJIOCKOCTHHIX
KOOpJHHAaTaX M U3 [BYX -TOYEK; JJIs 3TOrO MBI, MOCTY-
nas B TOYHOCTH B3aUMHBIM (AyaJbHBIM) 00pasow,
oKalimjsieM onpefenuteip ¢opmb o? 4 B2 4 y2 4 0-§2

1 00

S o = O

0
0
0

S - O

0
0
0

OIMH HJIM ABa pasa KopAHHaTaMu Ej, ..., 11 H &, ..., T2
JaHHBIX °TovyeK. K3 nojyyeHHBIX TakuM o06pa3oM
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HHBApHAHTOB COCTAaBJIsiEM YacCTHOe

1 0 00 E ([1 00 OEF| (1 00O0E
01 00mm| [{0100m| {01 00n
00 10z 2z|.{{0010z]-[001 0z}
00 007w | |{o0oo0ow||0o0o00n,
EEm&iT 00 lglmgl‘ho E2M2 8272 O

B2 M2 8720 0

Beruncasisi 3TH TPH onpejesnTeNs, 'HETPYAHO HAMTH,
YTO 3TO YaCTHOE B TOYHOCTH PABHO BHILIEYKa3aHHOMY 3Ha-
YeHHIOo, YeM M JOKa3blBaeTCs ero HHBapHaHTHas NPHPOAA.
Bnpouem, nopo6Ho paHee pacCMOTPeHHOMY (yHIaMeH-
TaJbHOMY HHBapHaHTy adUHHOH reOMeTPHH, 3TO YaCTHOE,
KOHEeYHO, $BJIAeTCS OAHODOAHBIM HYJEBOrO H3MepeHHs
OTHOCHUTEJPHO KOOPAHHAT 06eHX TOYekK, HO He IO OTHOoIlE-
HHUI0 K KO3(pdHuI[HeHTaM 3aJaHHOH KBaApaTHUHOH (OPMHI,
OTHOCHTEJIbHO KOTOPBIX OHO OKa3hBaeTcs OXHOPOAHBIM
uamepenuss — 4. K Tomy »Xe OHO He mpejcTaBJisieT COO0H
abCoOIIOTHOrO HMHBapHaHTa, TaK KaK KaxXJbH H3 Tpex
BXOASILIUX B €ro COCTaB ONpeleauTeNedl HMeeT Bec -2,
TAK YTO YacCTHOe HMeeT Bec 2—4 = —2. BcJaexncTsue 3TOr0
4yHCN0BOe 3HauYeHHe r caMo no cebe He HMeeT B MeTpHye-
CKOH reoMeTpHH HeNOCPEACTBEHHOIO 3HAYeHHs, W Jefi-
CTBHTEJIbHO, K H3MEPEHHIO PACCTOSIHHS ABYX TOYEK MOXHO
NPUCTYNHTb JHLIb IOCJE TOrO, K4K elle OAUH OTPEe30K
(ennHuIa) NPOM3BOJBHO (DUKCUPOBAH, MHBIMH CJOBaMH,
HAOMOJIHMTENIbHO NPHCOeAHHEH K (DHrype HapsAy ¢ dyHaa-
MEHTaJbHOH KBajgpaTHyHOH ¢opmoi 134). AGconioTHbIE
MHBapDHAHThl MeTPHYECKOH reOMeTPHH MOryT OBITb H30-
6paxkeHbl TOJbKO C IOMOLIbIO OTHOLIEHHH (YaCTHBIX),
€OCTaBJIeHHbIX M3 BbIPaXKEHHH YKa3aHHOro BHAA.

3z1ech 51 TOXKe He HMe BO3MOXKHOCTH BXOILHThb B pac-
€MOTpeHHe JaJbHeHRIIHX NOoAPOOHOCTEelH, HO 3TH NpPHUMeEpPHI
HapyT BaM, No KpaiHed Mepe, MpHOJH3HTeNbHOE Npel-
CTaBJieHHe O TOM, KaK BBIIVIIANT BO3HUKAlOIlas 3/eCh
noJHas cucTeMatHka ad@uHHON W MeTpUuecKoil reoMmer-
PHUH, BeIpacTamollas U3 CHCTeMaTHYeCKOH Kiaaccudukauuu
LeJIBIX palMOHaJbHBIX HHBAPHAHTOB.

TIpoeKTHBHAsi TPAKTGBKAa reoMeTPUH TPEYroJabHHUKa.
51 xoren 6bl KOCHYTbCS €llle OJJHOrO MaJIeHbKOro npuMepa;
s HMeI0 B BHAY TaK Ha3BIBAeMYI0 2e0METPUIO Tpeyz0nb-
HUK@. 31ecb C TeyeHHeM BpeMeHH BO3HHK/IA G60Jbluas
8aMKHyTas 00/1aCTb, B OCOOEHHOCTH OJjaropapsi Tpyaam
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psia yuuTeled THMHa3ui, TPaKTyIOUlasi O MHOTHX 3a-
ME4aTeAbHbIX TO4KAX, NPAMbIX, OKDYNCHOCTAX, KOTOpHIE
MOIKHO ONpPEACJHTb B TPEYrOJbHHKE: LEHTP MacC, BHICOTHI,
6HCCEeKTPHCH, BHEBNHCAHHBIE OKDYXKHOCTH, OIHCaHHasI
OKPYXHOCTb, OKPYXKHOCTb Peliepbaxa u T. A. Becuncnen-
HEle COOTHOMIEHHS, KOTOPHIE BCerJla CHOBa H CHOBA CTapa-
JIUCb 3/leCb HAHTH H Temepb ellle CTapaloTCs HaXOAHTh,
OUeHb JIETKO MOXHO YBfI3aThb C HalleH CHCTEMAaTHKOH:
JaloTCs TPU TOYKH &y, M1, 11;
&2, M2, To; &3, M3, T3 Ha IJO-
ckoctH (puc. 102) B KauecTBe
BEepUIMH TPeyroJbHHKA, H TakK
KaK peyb HIET HCKIIOUHTEJb- oJ
HO O MeTpPHYeCKHX COOTHOIlle-
HHMSAX, MBI K HHM INDHCOERH- 42 N
HsleM oOe MmHuMmble yYukKau4e-
CKue TOuKu, BBHIpaKaemble B Puc. 102
KOOpJHHAaTaX TNPSAMOH YypaB-
HeHueM a2+ Bf2=0 (BmpoueM, Mb MOrJI# OHl IIONMpPO-
CTy NpHCOeAMHUTb 3HaveHus 1, i, 0 u 1, —i, 0 ux ToO-
yeuyHHIX KOOpAHHAT). Torna 8ca eeomeTpus TpeyeorbHUKA
OKa3blBaeTCsl He UeM HHHIM, KaK npoexTUusHOU Teopuell
UHBAPUAHTOB 3TUX NATU TOYEK, T. € B KOHIe KOHIOB IIATH
NPOU3BOJBHBIX TOYEK Ha IJIOCKOCTH, AB€ H3 KOTOPHIX,
OIHAKO, CJIOBECHO BBIAENSIOTCH (OCOGBIMH TEPMHHaMH).
Tonpko Gnaromaps 3TOMy 3aMeUaHHIO TeOMETPHS Tpey-
rojbHUKa npuoGpeTaer xapakrep Npo3payHoi CHCTeMaTH-
YeCKOH JUCLHIJIHHBEL, KOTOPOro HHaye B Hell He 3aMevaloT.
Ha sToMm g 3akaHuuBaio 00630p CHCTEMAaTHKH reoMeT-
pun. HecoMHeHHO, 4TO pa3MellleHHe BCeX 3THX Belefi
ONHCaHHBIM 3J1ecb 00pa3oM [AOCTaBJsieT 3CTETHYECKOe
YHOBJIETBOpEHHE, a TaK KaK K TOMY e TOJbKO TakKas
CHCTEMAaTHKAa MO3BOJIsIET AOCTHYbL Gosee raybGOKOro MOHH-
MaHHsS TEOMEeTPHH, TO, KOHEYHO, KaXXKIbli MaTeMaTHK,
KaXJblil KaHAMJAT Ha YYHUTEJbCKYIO AOJXKHOCTh HOJIKEH
ObITb 3HaKOM ¢ Hed. Bor mouemy MHe Kasajochb Heo6Xo-
IUMBIM BKJIOYHTb ee B 3TOT Kypc, TeM GoJiee, YTO BaM
H 6e3 TOro 4acTo NPHAETCS BCTPEYAaTbCs B JHTEpaType
C TaKHM NOHHMaHHEeM reoMeTPHH, XOTsS H He BCeraa, GHThb
MOJKET, B CTOJIb NIOCJ€N0BaTeIbHOM H3JI0XKeHHH. KoHeuHo,
6b1J10 Obl MPAMBIM H3BpallleHHeM HallleHi MBICJIH, €CJIH Ghl
KTO-HHOYAb 3aXOTes AOTMaTHYeCKH CBSA3bIBAThb celsi 3TOH
CHCTEMATHKOH H Bcerfia H300paKaTb FeOMETPHIO TOJb-
Ko B TaKoH cxeme, u60 TOoraa OHa OYeHb CKOpO Ha-

y % [1,i,0)
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CKyuHJia Gbl H TOTepsita -Gbl BCAKYIO NpeJeCTb H Nmpexje
BCero nomeuiasa Gbl HOBOMY TBOPYECKOMY MBIIJIEHHIO,
KOTOpOe BCeria pa3BHBaeTCsl HE3aBHCHMO OT BCSKOH CH-
cTeMaTHKH. EC/IH H3JI0XKeHHBIe BHIIE PacCyXJeHHs Kaca-
JIUCh KaK 6bl apXHTEKTYpbl IeOMeTPHYECKOro- 3aHHus, TO
-Tenepb MBI OGPAaTHMCSl K €ro He MeHee BaXKHbIM OCHOBa-
HHSIM.

1. OCHOBAHHA TEOMETPHH

©06mas nocTaHoBKa BONPOCa; CBA3b C aHAJMTHYECKOH
reometpueii. MccienoBanus, cBsi3aHHBIE C OCHOBaHHSIMH
reoMeTpHH, BO MHOTHX CJydYasiX CTaJKHBalOTCA C HHTepe-
CaMH TeOPHH IO3HAHHS H INICHXOJIOTHH, KOTOpHle CaMH
HCCJIEYIOT BONPOC O TOM, KaK BO3HUKAET NPOCTPAHCTBEH-
Hasg MHTYHLHS, H O TOM, BIpaBe JIH Mbl INOJb30BaTbCs
MaTeMaTHYeCKUMH MEeTOAAMH [Jisl ee H3yUYeHHUS.

KoHeuHo, 31ecb Mbl MOXE€M 3aTPOHYTb 3TH BONPOCHI
JIHUIb COBEpLIEHHO BCKOJIb3b, a IVIaBHHIM 06pa3oM. b6yaeM
H3y4yaTb MATeMATU4eCKYyro CTOPOHY npob.aemsl, paccMmar-
pHBas NpH 3TOM NPOCTPAHCTBEHHYIO HHTYHLHIO KaK HEUTO
llanHoe. B uaéTHOCTH, MBI HOJIXKHBI- OyfieM. OCTaBUTb B
CTOpPOHE TaKXe H CTOJIb BaXKHBIH /11 MeJarorukd Bonpoc
O TOM, KaK Yy O1AeJbHOr0 HHIWBHAYYMa NPOCTPAHCTBEH-
Hasi MHTYHIIU Sl pa3BHBaeTCcs B Ty CTpPoryio ¢opMy, K KOTO-
poil IPHBLIKJIN MBI KaK MaTeMaTHKH.

Bynyuu Tak orpaHHueHa, Halia 3ajaya 3aKJaK4Yaercs
B TOM, YTOOBl 8038eCTu 8ce 30aHue ceomeTpuu Ha 803-
MOIHCHO 60see NPOCTOM OCHOBAHUU NPU NOMOWLU AO2U4e-
ckux onepayuil. KoHeuHo, 4HCTast JIOTHKA He MOXKET 1aTh
HaM 3TOro0 OCHOBAHHS; JIOTHYeCKasi AEeAYKUHS MOXKET
HayaThb (QYHKIHOHHPOBATb JIHIIL C TOTO MOMEHTa, KOraa
pelneHa nepsas wacto npo6JieMsl, T. €., Koeda yice obaa-
0aKT cucTemoll HeKOTOPbLX NPOCTHLLX OCHOBHOLX NOHATUL
U HEKOTOPbLX NPOCToLX NpeOaOdeHUll, TAK HA3bLBAEMbLE
QKCUOM, KOTOpAA Y4uTvléaeT npocTeliuiue (akTsl Hauled:
UHTYuyuu. Pasymeercs, 3TH aKCHOMBI MOXKHO B 3aBHCH-
MOCTH OT BKyCa pacujieHATb 6oJiee HJIH MeHee JeTaJbHO
Ha OTHAeJIbHHIE B3aHMHO He3aBHCHMAIE COCTaBHBIE YaCTH,
Jla ¥ B JIpYyruX OTHOLUEHHAX NPH HX BHIOOpE HMEETCs ellle
Gosbwias mons cBOGOAH. Belb eQMHCTBEHHOE YCJIOBHE,
KOTOpDOMY [OJIXKHA . yNOBJETBOPSAATb CHCTEMAa aKCHOM,
AlaeTcs 8TOpOU 4acTolr0 Halled 3agayH: YHNOMAHYToLE
OCHOBHblE NOHATUA U aKCuoMbl OOAXCHbL BbiTo TaKuMU,
4T00bL U3 HUX MOXHO ObLAO BbIBECTU A02UMECKU BCe
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colepocanue eeomerpuu, He obGpaulasicb Jajnee K HH-
TYHIIHH.

Uro Kacaercs cnoco6a TPaKTOBKH 9STOH 3ajayH, TO
BeCh YKJOH Halllero Kypca ykKasbiBaeT Ha ONpeleJeHHbIH
XapakTepHhlfi nyTb. Jlo cux mop MH Belb INOCTOSHHO
NOJIb30BaJUCh NPHHLUHOHAIBHO MNOMOILBIO aHalH3a, B
Y4CTHOCTH, METOJaMH aHajuTHueckoil reomerpuu. Tak u
3Jlecb MBI CHOBa 6yaeM npeanoJiaraTb H3BeCTHHIM aHaJIH3
H 3ajlafMMCsl JIHIIb BONPOCOM, KaK MOXHO HaHKpaTdai-
LIMM O00pa3oM OT TOH HJIH MHOH CHCTeMBl aKCHOM NPHHUTH
K HMCXOAHBIM MOMEHTaM aHaJHTHuecKoil reomerpuH. K
coXalleHH10, 3Ta mpocTasi (popMyJHpPOBKAa HpHUMeEHseTCs
OYeHb PefKO IO TOH NMPHYHHE, YTO reoMeTphbl 4acCTO OTHO-
CATCA K NPHMEHEHHIO aHaJH3a ¢ HeKOTOPOH MyrJHBOCTbIO
H HaCKOJbKO BO3MOXKHO cTapalorcsl 06XoAHTbCs 6€3 Ynce.

O nocTpoeHUH NPOEKTUBHOIH reoMeTpuM C MoOCjaenyio-
UM NpUcoeJuHEHHeM K Heil merpuyeckoil. Hameuennyto
B OOLIMX 9epTax MporpaMMy MOXCHO OCYLIeCTBHTb pasJiny-
HbIMH NYTAMH B 3aBHCHMOCTH OT TOro, KakHe HMGHHO
OCHOBHEIE TOHSITHS M aKCHOMBI KeJaloT BBIABHHYTb Ha
neppoe Mecto. HacTo nmpakTHKyeTCs— H 3TO HpelcTaB-
JIeT H3BECTHHIE yA06CTBA — CTABHTb BO IJIaBy BCEro HC-
CJIelOBAHHSA OCHOBHHIE NMOHSTHS NPOEKTHBHOH reOMEeTpHH,
.4 MIMEHHO; TOUKY, NPSIMYIO H IIOCKOCTb, KOTOPblE MHl yXKe
panbiue (c. 91—92) BraBHHYIH B Takol poau. [Ipu sTom
OTHIOAb He TpebyeTcs AaBaTh OnpejeleHHe TOro, YTO 3TO
3a Bellld,— 3TO KaXJAblH [0JKEeH 3HaTb 3apaHee cam;
JOJIXKHO OBbITb JIMLIb YKa3aHO CTOJNBKO XapaKTepHHX AJS
HHUX CBOHCTB M B3aHMHBIX COOTHOLUEHHH, YTOOH H3 HHX
MOXKHO OBbLJIO BLIBECTH (B YTOUYHEHHOM Bbllle CMEIC/IE) . BCIO
reoMeTpHio. j1 He co6HpaloCh NEPEUYUCTATb 3hechb Hepen
BaMH IIOJIHOCTBIO OTHAEJbHBlE CIOJa OTHOCSLIMECH aKCH-
OMBbl — 3TO 3aBeJ0 6bl HAC CJHIIKOM fAaJjieKo B CTOPOHY
B 3TOM HalleM 3HUMKJIONEAHYECKOM Kypce, a AaM JHIlb
HaCTOJbKO TOJHYI0 XapaKTepHCTHKY HX COAepKaHHs,
4TOOHB! BBl MOJNIYYHJH O HUX SICHOE IpeACTaBJIEHHE.

Ha nepBom mecre cTOAT axcuome. coeduneHus, KOTO-
pele 1 yxe (c. 91) H3M0XKHN /s NPOEKTHBHOH reoMer-
pun. OnHako 3Jech Mbl He TpeGyeM C CaMoro HauaJja,
KakK 3TO JeJajlu TaM, He JONyCKalollero UCKIOYeHHH Cy-
HIECTBOBAHHMS TOYKH INepeceyeHHsi BCAKHX JBYX NPSAMBIX,
JieXalluX B OJHOH IVIOCKOCTH, WM NPSMOH nepeceueHHus
BCSIKHX JBYX IJIOCKOCTEH, HO B COOTBETCTBHH C HENOCpej-
CTBEHHBIMH CQOTHOIIEHHAMH MeTpuueckoii u addurHOM
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reoMeTpHH OrpaHHYHBAaeMCsi TeM NOJOXEeHHeM, yTo dee
npameie HQ NAOCKOCTU AUGO UMEIOT OOHY OOWYl0 TOUKY,
AubO He UMEIOT TAK0B0U 808Ce U YTO 08€ NAOCKOCTU AUGO
umeror obwyo npamyro, Aubo He umeloT Hu 00HOU obujel
Touku. Tlocie 2TOro BCeria OCTaeTcsl elle BO3MOXKHOCTb
nepeHTH H3BeCTHHIM 00pasoM MNyTeM JAONOJHHTEIbHOIO
DPHCOEHHEHHST «HeCOOCTBEHHBIX» TOYeK, NPSMBIX K NJOC-
KocTell K NOJIHOI cuCTeMe NPOEKTHBHOH reoMeTpHi.

Jlamee HAYT aKCHOMBI pacHOJIOXKEHHs; OHH OIHCHI-
BalOT, KaKoe B3aHMHOE NOJIOXKEeHHe MOryT 3aHUMaTb Ha
NJOCKOCTH M Ha NpsMofl pasjiMyHble TOYKH;
HanpuMep, U3 Tpex ToueKk a, b, ¢ Ha OJHOH
npAMoOii Bceraa oOAHa KaKasi-HHOYZAb, HanpH-
Mep b, JeXHT MeXAy AByMs APYTHMH @ H C
H T. [A.; 3TH aKCHOMBl Ha3blBalOT TaKXe akK-
cuomamu nonarus «Mmexny» (puc. 103).

HaxkoHen, uro Kacaercs csolicTe Henpe-
pol8HOCTU, TO 31eChb 51 OTMedy IOKa JHLIb OT-
Puc. 103 cyTcTBHe npoGesioB y NpsIMOii: eCiH OTpe3oK

MeXJ1y ABYMS TOYKaMH a, b pa3genuTb Kak-
aunbo Ha nBe uyacTH /, 2 TakuM oGpa3oM, 4TOOH (€cCiH
a JIeXXHT caeBa oT b) Bce TOukm uacTH I JexajH cjeBa
OT BCeX TOYeK YacTu 2, TO Bceraa HAHAeTcs TaKkas TO4-
Ka ¢, KOTOpas BLI3bIBaeT 3TO HMEHHO [ejleHHe B TOM
cMblclie, YTO MEXAY @ H C JiexXaT TOYKH uactH I, a
MeXJAy ¢ H b— ToukKu uvacTtui 2. DTO, OUeBHIHO, BIOJHE
COOTBETCTBYET BBEICHHIO HPpPalHOHAJbHBIX YHCEJN IpH
NOMOLIH AefeKUHIOBLIX CeueHHH *).

H3 3THX akcuOM JefCTBHTENbHO MOJKHO BBEIBECTH BCIO
NPOEKTHBHYIO TeOMEeTpPHIO NPOCTPAHCTBA NpPH HOMOLIH
JIOFHYEeCKOH JelYKUMH; B YAaCTHOCTH, KOHEYHO, MOXKHO
BBECTH KOODJIHHAaTHl H INepedTH K aHaJHTHUECKOH Tpak-
TOBKe NPOeKTHBHOH reoMeTpun !3%).

Urobbl nepeHTH 3aTeM. K MeTpuU4ecKkol zeomerpuu,
HaJ0 npexJe BCero NpHHATb BO BHHMaHUeE, YTO BMECTE C
TIPOEKTHBHOH reomMeTpuell Mbl MOJyyaeM TaKKe IOHSITHE
epynnot oo'S xossureayuti, WIM NPOEKTHBHHX npeobpa-
30BaHMH NpocTpaHCcTBa. Mbl yXke 3HaeM, KaK MOXHO OXa-
DaKTepH30BaTb B KaueCTBe ee NMOATPYNNbl 7-NapaMeTpH-
YeCKYyI0 TJIaBHYIO IDYNIy HNPOCTPAHCTBEHHBIX mpeobGpaso-
BaHHil — Ty rpynny, TeopHeldl HHBapHAHTOB KOTODPOM H sIB-
JISeTCA MEeTPpHYeCKas reOMeTpPHs: 3Ta TPymna COCTOHT H3

*) Cp. 1. 1, c. 52—54.
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TeX KOJJIHHealHH, NPH KOTOPHIX HEKOTOPas NJOCKOCTb,
a MMeHHO OeCKOHEeYHO YOaNeHHas NAOCKOCTb, ¥ Ha HeH
HeKOTOpasi KpHBas BTOPOrO HOPsiika, a HMEHHO OKpYoH-
HOCTb chep (HIH COOTBETCTBEHHO H306paxkalouias ee ad-
CONIOTHAA NOAAPHAA CUCTEMA), OCTAIOTC 6e3 H3MeHeHHd.

Ilpuxoautcs crpenarth elle OAHMH uar Aaljblle, €CJH
KeJaTeJbHO NMOJYYUTh B TOYHOCTH TEOPEMH 3JeMeHTap-
HO# reomeTpHu. [jist 3T0r0 D0JXKHO BBIACHTL M3 IJIaBHOMH
rpynnul  6-mapaMeTpUuecKylo noodepynny COOCTEEHHLLX
Odsusicernull (NMOPOXKAEHHYIO flapasijleJbHBIMH IepeHOCaMHU
H NOBOPOTaMH), KOTOpPbHle B NPOTHBOMNOJONKHOCTb NpPeoG-
Pa30BaHUSM NOJOGHSI OCTaBJAIOT HEH3MEHHHIM paccTos-
HHe MeXJAY NByMs TOYKaMH H IIOTOMY HMeEIOT CBOEH Teo-
pHeHl HHBApHAHTOB METDHYECKYIO r€OMEeTpPHIO KOHIPY3HT-
HOCTH (paBeHCTBA MpPH HaJoOXeHHH)'3%)., DTH ABUKeHHs
MOXHO BBIAGJNHTb M3 IMaBHOH TPYNIH, HanpuMmep, ¢ IO-
MOILbI0 TPeGOBaHUs, YTOOK 8Ce TpaexTopuu 1106020 08u-
sCenus Oblau 3aMKHYTbL, €CJH TONbKO OHO OCTaBJsieT He-
TIOABHKHOH KaKylo-HHGYAb TOYKY.

HameuenHoe B TakoMm BHAe NOCTPOEHHE TeOMETPHH
SIBJISIETCS], TIOXKAJYH, TeOpeTUUeCKU CAmblm nPoCcThim, TaK
KaK OHO ONnepHpyeT BHauyaJje ([AJs NPOEKTHBHOH reoMer-
PHH) HCKJIOYHTEJbHO JIHHEHHBIMH O0pa3aMH H JIHIIb B
JaljpHeHlIeM, KOria 3TO CTAQHOBHTCS HEOOXOAUMHIM MJIs
METpDHYECKOH TreoMeTpHH, IpHBJIEKaeT KBaApaTHYHLII
o6pa3 — okpykHocTb cdep. Ho 3ato ocymecTBiaeHue
3TOr0 MJaHa OKa3blBaeTCs JOBOJbHO abCTPAKTHBIM H
JUIMHHBIM H MOXeT HafiTH MeCTO TOJBKO B CHEeLHaJbHOM
Kypce JIeKUH# 110 NPOEKTHBHOH reoMeTpHUH.

Has ueneit obuiero npenojgaBaHusi MHe NpelCcTaBsieT-
cs1 6oslee MOAXOAAILHUM JpYyroe NmoCTPOEHHE TEOMETPUH, K
KOTOpPOMY s Tenepp U oOpallanch, OrpaHHUUBasiCh pajH
NIPOCTOTHl 2eomeTpueli Ha NAOCKOCTU.

1. MocTpoeHiie reomMeTPUM HA MJAOCKOCTH Ha OCHOSE
JABUIKEHUH

INocTpoenne adguHHOA reoMeTpun, OCHOBaHHOE Ha
napaaae’bHbiX nepeHocax. B KauecTBe OCHOBHBIX MOHSA-
TUH HNPHUHHUMAaeM TO4KY U NPAMYIO, TOCJIE Yero BBOAUM
AKCHOMBI COeOUHEHUS, DPACNONONMERUS U HenpepoulBHOCTU.,
Ilpn 3TOM aKCHOMBI COeJHHEHHSI CHOBA COAEpKaT JHLIb
HHTYUTHBHO sICHble (DaKTHl, KaK, HalpUMep: 4epe3 At0bovie
dse To4Ku 8Cee0a nPoxoOUT 00HA U TOALKO O0HA NpAMas,
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To20a Kak 08e npamole Mo2yT umers AubO 00HY O6UWYIO
TOUKY, AU6O HU OOHOL.

OTHOCHTE/IBHO PACiOAOKCeHUss TOYeK Ha NpSIMOH Ml
COXpaHseM yXe OTMeueHHbie Bbllie TpeGOBaHHsA; B INPO-
1ecce HCCae0BaHUsl HaM ellle NPUAETCS OCTAaHOBHUTbCS Ha
TOYHOH (POpPMYJHPOBKe HasbHeHIIHX aKCHOM pacnoJjoxe-
HHSI M aKCHOM HeNpepbIBHOCTH.

Ha 370t ocHOBe MBI Tenepb HeNoCpeACTBEHHO, MHHYS
NPOEKTHBHbIE COOTBETCTBHS, BBEAEM epynny oo3 dsujce-
HUA NAOCKOCTU, UTOGH € ee MOMOIIbI0O AOCTHTHYTb Hallei
OCHOBHOH 11€JIH — NOCTPOEHHUs CHCTEMBI aHaJHTHYECKOH
reoMeTpUH Ha IJIOCKOCTH. IlJ1st 3TOro MHl JOJIXKHBI IpexX-
Jie BCEro aTh B BUIe psifia aKcHoM abGeTpaKTHyo (op-
MYJHPOBKY TOro, KaKHe HMEHHO CBOHCTBA 3THX <«ABHXKe-.
Huil» Mbl GyneM MpeanoJaraTh U NPHMEHSITh O OTHOLIe-
HHIO K CHCTeMe TOYeK u NnpsiMbeiX. I1pu 3TOM MBI, KOHEUHO,
OpPHEHTHpPYeMCs Ha TO HarJsAHOe IpeiCTaBJieHHe O IBH-
JKEHHH, KOTOpPO€ MBI BbIHECJIH M3 Hallero omnbiTa C TBEP-
IoiMu TeaaMu. CoryiacHO 3TOMY ONBITY JBHKEHHE JOJIKHO
B IlepBY10 ouepeab GbITb B3aHMHO OJHO3HAYHBIM npeobpa-
30BaHHeM TOYeK HaleHd NJ0CKOCTH (cJaefoBaTeJbHO,
JOJI?KHO, B YAaCTHOCTH, COIOCTABJSITh BCAKOH TOYKe HEKO-
TOPYIO TOYKY, JeXallylo 8 KOHe4HOU 4acTu NAOCKOCTU)
H, KpOMe TOro, JOJI)KHO NepeBOAUTb Bce 6e3 HCKIIOUeHHS
npsiMble ONsiTh-TakH B npsiMule. [Ipeacrasisercss yAOOHBIM
IJs1 0603HayeHHs1 npeo6Gpa3oBaHHs TAKOro pojAa CHOBA
BOCIIOJIb30BATbCSl B OOLIEM CJIyYyae CIOBOM KOAAUHEAUUS.
KoHeuHO; MBI MepBOHAYa/bHO ellle He 3HaeM, CYIIEeCTBYIOT
JH BooGlle MofoGHBIe KOJJIMHeallWH, TaK KaK Mbl Belb
He obnajnaeM, Kak 3T0 GblJIO paHblle, IPOEKTHBHOH reo-
Merpuell. [To3ToMy MBI JOJIKHBI SIBHHIM 006pasoM NOCTY-
JIUPOBaTh B (hopMe HEKOTOPOH HOB0U aKCUOMbL CYLLECTBO-
BaHHe 3THX CIeHHaJbHBIX KoJHHeauui. [deficTBUTENbHO,
Mbl TpebyeM, UTOGH cyujecTeosara epynna onpedesenHolx
co® (TpoekpaTHO GecKOHEeUHbIX) KOAAUHEAYUL, KOTOPbIM
MbL Oaem Ha3eanué Osusienuti U B KauecTBe TEOPHH HH-
BapHAaHTOB KOTODHIX CJleldyeT pPacCMaTPHBATb F€OMETPHIO
Ha nJockocTH. Ilpu 3TOM HEOGXOAMMO TakKXke TOuYHee
0XapaKTepH30BaTh, YTO HMEHHO HAJ0 IIOHUMAaTh IOA BHI-
PaxXeHHeM «TPOEKpaTHO 6ecKOHeUHBIH» (MU ood). IlycTh
JaHbl Kakue-HHUOynbp nBe Touku A, A’ (puc. 104) u aBa
Jy4ya (MJH NOJYNpsIMble): JY4 @, HCXOASIIIHHA H3 TOYKH A,
K JyY a’, HCXOAsILKI u3 Toukn A’; 8 7akom cayuae scez0a
JOAJCHO CYuyecTe08aTo OOHO U TOABKO OOHO OBUJeHUe,
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nepesodauee Touky A 8 A’ u o0HOBpemeHHO Y4y a
6 a’'37). durypml, nepexojsuiye NpH HEKOTOPOM ABHIKe-
HHH OJHA B APYTYIO, Mbl Ha3bIBaeM KOH2PYIHTHOIMU.

Ha nepBbix mopax Mbl He Oynaem, OAHAaKO, MOJb30-
BaTbCsl CYIIECTBOBAaHHEM BCeH 3TOH rPynnel ABHXEHHH, a
OrpaHHYHUMCSl HCIOJIb30BAHHEM. TOJNBKO OJHOro 0co60ro
KJlacca JBHXKEHUH, OTHOCHTEIbHO KOTOPOTO MBI Temnepb
BBEJEM ellle HEKOTOpPhle CHelHaJbHble MOCTyAaThl. A

a
\ A’ AI/ AIII
[ |
a’ A
H,
A 7 p
Puc. 104 Puc. 105

HMeHHO !3%), uMeeTcs OHO H TOJIBKO OJHO ABUIKEHHE, Ile-
peBojisilllee HEKOTOPYIO TOYKY A B NPOM3BOJIBHO 3aJaHHYIO
TOuKy A’ ¥ OZHOBpPEMEHHO npsMylo, uaymyio ot A k
A’ (c 3TUM MMEHHO HampaBJleHHeM), caMy B celsl; TaKoe
IBHXKEHHE Mbl Ha3biBaeM NapaJiiejbHbIM IepeHocoM. Tak
BOT, MBI Tpe6GyeM, 4TOOBl BOOOllle BCAKHH TaKOH mepeHOC
nepeBOJHJ B ce6sl BCSIKYIO NPSMYIO, COeIHHSIOLIYIO JI10-
6bie 1Be B3aMMHO COOTBETCTBYIOLIHE NPH 3TOM NepeHoce
TOYKH B u B’, coxpaHss ee HanpaBjeHHe (oT B kx B’);
Jajnee —H 3TO caMoe rjJaBHOe — Mbl TpeGyeM, UTOOH BCe
002 QapaJjiesbHBIX NMEePeHOCOB (IBYKpaTHO GeCKOHeuHoe
ceMeHACTBO) 0GPa30BBIBAJIM NOArPYNNY IO OTHOLIEHHIO
K rpynne JBHKeHHH !39).

Ec/iu noBTOpATb HECKOJIBKO pa3 OAMH H TOT Ke mapaJ-
JeabHBI nepeHoc (puc. 105), To A GyneT mepexonuTb B
rouku A’, A”, A, ... nonynpsamoit AA’, HanpaBJeHHO
ot A Kk A’; npuxoauTcs npuGaBUTb B KauecTBe AajibHel-
1Iero IMocTyJaTa, YTO 2TH TOYKH MOTYT B KOHILE KOHIIOB
JOCTHYb JUOO0 nepewlarHyTb JOOYyl0 TOYKYy 3TOH mMOJy-
npsimoii 149). Ilyrem noBTopeHHss o6GpaTHOro mnpeo6paso-
BaHHs MOJyuaeM psii TOYeK TAKOro XKe pojaa Ha ApYroi
noaynpsmMoit (T. e. Ha NPOJOJI)KEHHH NEPBOH MOJYNpSAMOi
AA’ B IpPOTHBOMOJIOXKHYIO CTOPOHY — 3a TouKy A). Ilpex-
craBisis ce6e, YTO BCAKHH MNapaJjielbHbIH INepeHOC U3
HayaJbHOIO TIOJIOXKEHHST B KOHEYHOe MH BHINOJHSIEM
HenpepuiBHEIM 06Gpasom !41), uyem -Ham elle npuaeTcs
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BOCHOJIb30BATLCA, ‘MBI Ha3blBaeM pacCMaTpHBaeMyIo
37ech NPAMYIO TPaeKkTopuesd TOYKH A NMPH 5TOM nepeHoce.
Torna BCcAKas NpsiMasi NPEICTaBHTCS HaM TPaeKTOpHeH
6£CKOHEUHO MHOTHX TOYEeK M JJIsl BCSIKOro nmepeHoca Oyaer
ool TaKHX TPaeKTOpHH, a UMeHHO, TeX NPSAMBIX, KOTODhIE
NPH 3TOM IepeHoce NepexoAsT B cebs.

Hase pasiuunsie TpaekTopuu 00HO20 U TOZ0 d%ce napas-
NEN6HO20 NepPeHoca He MO2YT nepecexarsvcs; AeHCTBHUTEIb-
HO, BeJlb HHaue TOUKa MepeceueHUs NOJKHA Oblia OBl NpU
nepeHoce NOJYy4aThCsl U3 ABYX Pa3/IMYHBIX TOYEK, a HMEH-
HO, JIeXallMX 10 OAHOH Ha KaXXnoH M3 TpaeKTOpHH, BO-
TpeKH XapaKTepy MEepeHOCHOro [IBHXKEHHSl KaK B3aHMHO
OJHO3HAYHOIO TOYeYHOro mnpeoGpasoBanus !4?). Bcem
TPaeKTOPHSIM OJHOI0 H TOTO e NapaJJeabHOro nepeHoca
laeM Ha3BaHHe 83AUMHO NAPAANEAbHbIX npamblx. TaKUM
o6pa3oM, Mbl BBOAHM 3TO HOHSATHE, HCXOAS M3 HEKOTO-
poro CcBOHCTBA HalIUX JBHKeHHHA. B TO xe Bpems mpen-
CTaBJsIETCSl OUEBHIHBLIM, YTO Uepe3 KaXAylo TOuky A
TPOXOAUT XO0Ts Obl 00HA npamas, napassensbHas 3alaH-
HOH HpaMO#H a, 2 HMEHHO, TPAaeKTOpHS TOYKM A HpH na-
pajieJbHOM nepeHOce (IJIOCKOCTH) BAOJb 3aJaHHOH
npsAMo# a.

HaxkoHel, Mbl IO/KHH YCTaHOBHTBH ellle ORHY nocaed-
HIOI0 aKCUOMY OTHOCHUTEJBHO 3THX INIEPEHOCOB, a UMEHHO:
at0bole 08a napaasensvnolx nepenoca T/, T” obaadaror

) 77 nepemecTuTeAbHOLM csoli-

A7 8  cT8om, T. €. MOJIyYyaeTcsi OAHA

” H Ta Xe ToYka B Kak B TOM
7 77  cayyae, eClH ONpeleseHHYIO
TOYKy A noaBeprHyTh CHaya-

A 77 A Jaa nepeHocy T/, a 3ateM ne-
Puc. 106 pedocy T”, Tak H B ciyuae
o6paTHOro MopsiiKa: moasepr-

HyTb A cHayana mnepeHocy T”, a 3atem mnepeHocy T’
|(puc. 106); cHMBOJHYECKH 3TO 3amHChIBaeTCs1 Tak !43):

TI ° TII p— TI/ ° TI.

Ilo3xe MHe mpHAETCA elle OCTAHOBHUTbCS HECKOJNbKO
noapoGHee Ha BONpoce O TOM, KaK BOOOlle NPUXOASIT K
noAOOHBIM aKCHOMaM; 3JecCh Xe s X0TeJ Obl JHIIb MOA-
YepKHYTb, YTO HalUW BbILIENDHBEJeHHblE aKCHOMH BHIpa-
}KaloT KaK p&3 To, YTO NpeACTaBJIsieTCs BIOJHE NPUBHLIY-
HBIM KaXJIOMY Y€JI0OBEKY yXe C NepBhIX YPOKOB reOMeTpH-
yecKoro uyepuenus. Beiab nepBoe, UTO AeNaOT, COCTOUT
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B MepeMelleHnH TBepJOro Teja — JIMHeHKH, HHPKYIs HIH
yero-a160 noJ06HOro — U3 OAHOTO IOJIOXKEHHS B APYroe,
JJIsT TOro HTOGH NEePEHOCHTb BEJIHYMHEl PacCTOSHHH H
yriaoB. B yacTHOCTH, 4aCTO NMPHMEHSIIOT ONepaunuio napaln-
JIeJIbHOrO IlepeHoca, 3aCTaBJsisl, HANpUMep, TPeYroJbHUK
CKOJIb3UTh BHOJb JHHelKu (puc. 107). Ilpu aTom ommT
MOATBEPKAaeT KaXAbil pa3, UTo BCe TOUKH TPEYrOJbHHKA
ONHCHBAIOT NapajjejbHHe npsiMble. Takum oGpasow,
Hall¥ AONYIIEHHs, KOTOPHIX MH He GyAeM JaJiee JIOTH-

YeCKH pacwieHATb, He ¥
cogepxkar B cebe co- o
BepIIEHHO HHYero Hc-
KyCCTBEHHOTO. ,
! - T
3
g 1 2
-t
=3 -1
-2!
Pue. 107 Puc. 108

[TocMoTpuM Tenmepb, KaK AajleKO MOXHO NPOHHKHYTb
B aHaJIUTHYECKYIO FeOMETpPHUIO, HCXOAS M3 3THX NepBOHa-
YaJIbHBIX MOHSATHH, OTHOCSIIHXCS K NMapaJsJelbHBM Nepe-
HocaM. O npsAMOYroJbHHX KOOpPAMHATaX, KOHEYHO, He
MOXKeT ObITb H peyH, TaK KaK Mbl JO CHX NOp elle He
HMeeM HHKaKOro ONODHOrO HYHKTa JJsi OmpejeseHHs
NnpsAMOro yrja, HO 3aTO MOXHO BBeCTH B o6LIeM BHIe
IeKapTOBH KOoOpAHHaThl. Yepe3 HeKoropyio Touky O
NPOBOJHM JBe TPOM3BOJIbHble TNpsiMble, Ha3biBasg HX
0CbIio ¥ H ocbio y (pHuc. 108). PaccMoTpuM.napaJebHbli
nepeHoc T, nepeBoisimiuii ToukKy ‘O B NPOH3BOJNBHO BHI-
6panHyio Touky I ocu x. Torma, moBTOpsisi HeCKOJbKO
pa3 3TOT mapaluleJbHblli mepeHoc T, MOJTYYHM H3 3TOH
TOYKH AasibHeliue Touku 2, 3,4, ... Ha ocH X.

[Ipu noBTOpEHHH TaKHM Xe o6pa3oM obpaTHOro na-
pansejbHoro nepeHoca 7-!, onpenenseMoro Tem, 4To OH
nepesogutr I B O, Touka O nepexoaMT INOOYEpEeNHO B

Touky —I, —2, —3, ... ocu x. [loayyaeMHM TakKuM
06pa3oM TOYKaM NPHIIHCHIBAEM IOJIOXKHTEJbHHE H OTPH-
nartesbHble Heasie yueaa 0, 1, 2, ..., —1, —2, ... Kak

ux abecyuccor x. KOHeYHO, OHM He HCUEPNHIBAIOT BCEX
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TOYeK OCH X, HO, COIJIaCHO OJHOMY H3 HalllUX IOCTyJa-
ToB 144), pacnosioxkeHbl TaKHM 06pa3oM, UTO BCAKas HHas
TOYKa (TOH Ke OCH) 3aK/IIOYaeTcss MeXAy ABYMs H3 3THX
TOYEeK.

AHanoruyHbiM 006pa3oM, HCXOJs M3 IPOH3BOJBHOrO
napaJJeabHOro nepesoca I’ BIOJb OCH Y M BBINOJHSAS €ro
NOC/IeJOBATEBHO B TOM H B JAPYyroM HampaBjeHHH (Boe-
pen u Hasan), noayvyaem (ucxomas u3 Touku O) rouku I,
2,8, ..., —1',—2',—8, ... ocH Y C NOJIOKUTEJbHBIMH
H OTpHLATEJIbHBIMH uenoqucneaﬂmmu KOOpAHMHATaMH.
I1pu sToM Hazmo, pasymeercsi, HMeTb B BHAY, YTO, ONpene-
Jss TaKuM 006pa3oM OTpPe3KH X M y Ha o6eux ocsX, Ml
elle He MOXKEM CONOCTaBJATb HX MeXAy co6o#, Tak Kak
MBI He BIpaBe IOKa IIPUMEHSTb Hapsiy ¢ NapaJsyeJbHbIMU
NepeHocaMH TaKKe [BHXKeHHe (IIOBOPOT), MepeBojsilee
0Cb X B OCb Y.

Tenepb Mbl MOXeM NepeliTH TaKXKe K TOYKAM OCU X C
deticreuresbnoimu abcyuccamu, coxpaHsas paHee BhGpaH-
Hylo efMHHIY. UTO KacaeTcsl Mpex/e BCEro PAYUOHALbHOLY
To4eK, TO, YTOObl BBISICHHUTb BONPOC HA KOHKPETHOM IpH-
Mepe, Mbl OyZieM HCKaTb B MEPBYIO oYepelb TAaKOH mapasi-
JIeJIbHBIA mepeHoc S BAOJb OCH X, KOTOpbIH, GyAyuH MOB-
TOpeH J[BaxAH, JaeT KaK pa3 BBIIIEPaCCMOTPEHHBIN
eJHHHYHBIH mNapaJJieJbHbli nepexoc T. Torma Tty
TOYKY, B KOTOPYIO NapaJjiesqbHblii nepeHoc S nepeBOAHT
TouKy O, MBI OTMETHM KaK TOYKy /2, a mOBTOpHOe npu-
MeHeHHe mnepeHoca S pact Ham TouYkH 3/2, 5/2,
Ons nokasarenbcTBa cymeCTBosaHua
TaKOro mnapaJJjielbHOro mnepeHoca S
H BMeCTe C TeM 3THX TOYeK IOKaxeM
npexjJe BCEro, YTo NmpsiMasi OT HCKO-
Moi Touku I/2 ocu x K Touke I’
OCH y JAOJMXKHa OBITh NapaJJielbHa
npsimoit I 2° (Y4TO COOTBETCTBYeT H3-
BECTHOMY MOCTPOEHHIO, JalolleMy Je-
3 ,‘/2 {7 JleHHe OTpe3Ka Ha paBHbie 4acTH).

JHeiicTBUTENbHO, paCCMATPUBAs mapaJ-
Puc. 109 JeJbHBIH nepeHoc S .(puc. 109), mepe-

Boasmui O B HCKOMyl0 TOYKy 1/2,
KaK pe3yJbTaT NOCJAEA0BATEJNbHOTO BLINOJHEHHS NepeHo-
coB 7" u3 O B I’ u 8’ us 1’ B TouKy 1/2, MOXKHO ABYKpaT-
HOe TOBTOpPEHHE NapaJJieJbHOro nepeHoca S, yro, corJac-
HO ompeJesieHHIO, TOXAECTBEHHO C napaJijieJbHbIM Hepe-
HocoM T, 3aMeHHTb BBHAY KOMMYTaTHBHOCTH JIIOOBIX ABYX
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napaJjesbHbLIX IIePEeHOCOB IIOC/eJ0BaTeJbHOCTbIO [BY-
KPaTHO NOBTOPEHHOrO napaJjljieJbHOro nepesoca 1’ u gBy-
KPaTHO NMOBTOPEHHOro mapaJliejbHoro nepeHoca S’. A rak
KaK JBYKpPaTHO NOBTOPEHHHIH mapaJijieibHH mepeHoc 17
nepesofut O B 2, TO 3THM MHOKa3aHoO, 4To I mosayyaercd
H3 2’ myTeM IBYKPaTHOrO NpPHMEHEHHs Napajljiel]bHOro
nepeHoca S’. Hrak, npsamas 2’ | siBasieTcss OJHOH u3
TpaeKToOpHil mapaJjiieabHoro nepeHoca S’ m Kak TakoBas
JleliCTBUTEJbHO NapaJjiiesbHa APYrod TpaeKTOPHH TOrO XKe
napaJJesbHOro nepeHoca, uayumei or 1’ x 1/2. Ho Beab
TOuKH 2’ u I Hamu yxke ObUIH MOJYYeHH, TaK YTO mapaJ-
JeJIbHHIH nepeHoC S’ HaXOAUTCS B HallleM Pacrnopsi2KeHHH.
IlosaToMy ofHO3HAYHOE MOCTpOEHHe TOUYKH I/2 Ha OCHOBa-
HHH YXKe HMeIOLHXCA 37eMeHTOB (KaK TOYKH NepecedyeHHs
OCH X W TPaeKTOPHH TOYKH I’ NMpH 5TOM NapayelbHOM
nepeHoce S’) 6b10 O6bl 06ecrneyeHo, €CaH Obl MBI TOJBLKO
3HaJIM, YTO 3Ta TPAaeKTOpHs JeHCTBHTeJbHO NepeceKaer
ocb x. KoHeUHO, 3TO He BHI3bIBAET C TOUKH 3PEHH A HarJs/-
HBIX MpEeACTaBJeHHHA HH Yy KOro HUKaKHX COMHeHHH, oJHa-
KO B paMKax Halefl akCHOMaTHKH TaKoi BBIBOJ HyXJaeT-
cs elle B OOHOM 0COGOH aKCHOMe, TaK Has3blBaeMoil ax-
cuome B83aUMHO20 pacCnoaoXcerus Ha naockoctu. CyTb
3TOH aKCHOMBI COCTOHT B TOM, 4TO NpsiMas, BXOAsLlasi
BHYTpPb TpPeYyroJbHHKa yepe3 OOHYy €ro CTOPOHY, AOJKHA
CHOBa BBHIATH H3 Hero uepe3 dpyeyro CTOPOHY !4%) — TpH-
BHaNbHBIA PakT Hallelt reoMeTpHUeCKOH HHTYHLHH, KOTO-
pblii OIHAKO NPUXOJAUTCS 0cO60 OTMEUaTh TOJNBKO IO MpH-
YHHE JIOTHYeCKOH He3aBHCHMOCTH 3TOH aKCHOMH OT ApY-
rux akcuoM. [lyTeM coBepiIeHHO aHAJOTHYHBIX paccyKje-
HUH, OUeBHAHO, MOXKHO MOJYYHTb TOUKY, COOTBETCTBYIOIILYIO
KaX/IOMYy palHOHaJbHOMY 3Ha4YeHHIO abGCHHCCH X; M3 Ha-
IIHX TOCTYJIaTOB HETPYAHO 3aKJIOUHTb TaKXKe, YTO TaKue
«palHOHaJbHblE TOYKH» HMEIOTCS BHYTDH BCAKOro (Kak
YrOIHO Majioro) otTpes3ka ocu abcumcc.

Ho pns Ttoro, 4to6bl HEHCTBHTEJNLHO MOJYYHTL BCE
TOYKH, (aKTHUYECKH paccMaTpHUBaeMble B T€OMETPHH, MHI
JOJIKHE TPHHATh B pacyeT TaKXe H HppPalHOHAJbHbIE
aGcuuccel. A JJsi 3TOrO HaM HyXKeH ellle OAMH - TOXe
BecbMa HarJsSAHbIA MOCTyJaT, NPEACTaBJSIOLHH JHLIb
BhiLIEe 06ellaHHOe YTOuHeHUue TpeboBsanul Henpepol8HOCTU)
doascHo cyujecTsosaTs euwje 6eCHUCAEHHOE MHOXMCECT80
dpyeux Touek Ha ocu x (uau COOTBETCTBEHHO NApPAALeNbs
HbLX nepenocos aTotl ocu 60046 ceb), KOTOPbLE HAXOOATCA
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8 TAKWX e TOYHO OTHOWEHUAX NO¢Ae008aTeAbHOCTU pac-
NONONCEHUR U HENPepPslBHOCTU K PAYUOHAALHOIM TOUKAM,
8 KAKUX UPPAYUOHAAbHOLE YUCAQ HAX00ATCA K PAYUOHGAL-
Hoim uucaam. DTa aKCHOMa INpeACTaBJsieTcs TeM QoJiee
OYEeBHIHOH, YTO Belb, 06PaTHO, BBeAEHHEe HPpaLHOHajb-
HBIX YKceJ NPOH3OLLJIO HCTOPHYECKH B pesyabTate o6pa-
LIeHHsl K reOMeTPHUYECKOH HenpEepEIBHOCTH *).

B pe3yJabraTe Bce TOUKH OCH X OKa3blBalOTCSl B3aHMHO
OZHO3HAaYHO COMOCTABJEHHBIMH BCEM IIOJIOXKHTEJIbHBIM H
OTPHLLATEJNbHBIM JAeHCTBHTEJIbHBIM YHCJIAM X; COBEPIUEHHO
aHaJIOTHYHO OOCTOUT JeJI0 H C TOUKAaMH OCH Y.

OG6paiy Balle BHUMaHHE Ha TO, YTO OMHCAHHBIH 31eCh
NpHeM IOCTPOEHHs IUKaJbl Ha NpPSIMOH NpEACTaBJSETCS
BIIOJIHE €CTeCTBEHHbIM. BCsKHA, KOMY HPHXOAUTCS CTPOUTD
LWKaJy, INOCTynaeT TaK: INepeMellaeT BJOJb JHHEHKU
Kakoe-HHOyAb TBeplOe TeJ0, HMelolllee COraacHO MpPOH3-
BOJbHOMY COrJIallleHHI0 AJMHY, paBHYI0O OJHOH elHHHLE
[(HampuMmep, pacCTosiHHe MeXAy OCTPUSMH HOXEK ILHp-
KyJs), H 3aTeM [AeJHT NojyyaeMmble TakKUM 006pasoMm OT-
PE3KH Ha paBHbIE YaCTH.

Tenepp MB!I B COCTOSIHHH OXapaKTePH30BaTb KaXKIblii
napaJijiebHblfi epeHoC HJOCKOCTH BAOJb CCH X OZHHUM
TIPOCTBIM ypaBHEHHEM, AAIOLUM IJIs1 KaXIOH TOUKH Ha
ocH x abcuHccy ee HOBOro MoJOXKeHUs x' = x - aq,
T. €. K X npubap/sieTcsi pallHoHaJbHOE HJIH HPpalHOHAJ/b-
HOe, TMOJIOXUTEJbHOE HJIH OTpHLATEJbHOE YHCIO 4.
Ilogo6no >sTOMYy mnapan-
JeJIbHBI TepeHoC BJOJIb
OCH Yy MOXeT OBITb ONHCaH
ypaBHeHHEM

y=y+b.
Ecian BBINOJIHUTD
Puc. 110 (puc. 110) o6a 3Tu napas-

JeJbHbIX IepeHOCa OJHH
3a JpyruMm (6e3pasiHyHO, B KakKOM MMEHHO MNOpSIKe,
0 INpHYMHE INepeMEeCTHTEJbHOCTH NapaJliesbHBIX Iepe-
HOCOB), TO Hayajno O mnepeliileT B HEKOTOPYIO BIOJHE
onpeleseHHYl0 TOYKy P; Torma roBOpsiT, YTO TOYKa P
umeer abcyuccy a u opdunary b. Ho MoxHO H,
o6paTHO, Kaxno# Touke P OnHO3HaYHBIM 06pasoM OT-
HeCTH JiBa YHCJA @ U b; 1J15 3TOro A0CTaTOYHO NPOU3BECTH
napaJJjenbHbil nepedoc, nepesopsauui O B P, a 3atem

*) Cp. T 1, ¢, 54—55,
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onpenenuTh abCUUCCy H OpAMHATY TOYEK MepeceyeHHs
ocell B UX HOBBIX MOJIOXEHUSX, B KOTODble OHH IIPH 3TOM
NepexoisT, ¢ HX NepBOHAYaJbHbIMH HOJOXEHHSIMH. DTUM
yCTaHaBJIUBAaeTCsl B3aHMHO OJHO3HAaYHOE COOTBETCTBHE
(nnn otobpaxkeHHe) MeXJAy COBOKYNMHOCTbIO BCEX TOYeK
IJIOCKOCTH H COBOKYNHOCTbIO BCeX YHCJOBHIX map (a,b),
TaK .YTO Mbl AEHCTBHUTENBHO NOJIyYaeM IOJIHOE onpelene-
HHe KOOpJAHHAT Ha IocKOocTH. OcTaercss TOMbKO HCCIe-
J0BaTb, KaK JIOJIXKHO Telepb BHIIVISLETb ypasHenue nps-
moi. PaccMoTpum cHayaja npsmylo, uayulyio or O K
P(a, b); oHa poiKHa, OYEBHIHO, COAEPKATb BCE Te TOU-
KH, KOTOpPble NOJIYYaloTCs MPH MOBTOPEHHH MapaJlliebHO-
ro nepeHoca, nepesogsuiero O B P, T. e. TOUKH
x=»2Aa, y=»rb

C LeJOYHCTIEHHEM A. 3aTreM Mbl 3aMeuaeM, 4TO U BCe
TOYKH, ONpejessieMble STHMHU YPaBHEHHSMH HpDH palHo-
HaJbHOM H, HaKOHell, NpH HPPALHOHAJIbHOM A, HOJKHLI
JexaTb Ha TOH Xe NPAMOH, HO YTO, C APYTOH CTOPOHBI,
3THM HcyepnbiBaloTcsl BCe ee Touku '46). Takum oGpasowm,
HCK/IIOYeHHe napaMeTpa A NPHUBOAMT YPaBHeHHe IpsSMOi
K TaKOMY BHAY:

x:y=a:b
HJIH
bx —ay=0.
IToaToMy BcsiKoe ypaBHEHHE BHAA
ax + py=0

TOXe H306paxaeT mpsiMylo, npoxoasuyto depes O, ecan
TOJILKO a, B He obpallaloTcsi OAHOBpeMeHHO B HyJb. Ho
Belb JI00YyI0 NPAMYI0 MOXKHO IOJYYHUTb H3 MNOAXOAsLLE
BLIGpaHHOMH NpsiMOH, npoxodsiuei yepe3d O, nyTeM napalg-
JIEJIbHOTO MEepeHoca, H3 Yero Mbl OKOHYATEIbHO 3aKJI0-
4yaeM, YTO COBOKYNHOCTb 8Cex npamouix udobpascaercs co-
B0KYNHOCTbIO 8CeX YpasHerull nepsozo nopaoka

] ax+ By +y=0,
KOTOpre HOCAT Ha3BaHUe AUHEelHbLX ypasuenuﬁ.

U3 roro, uro npsamas H306paxKaercs JTHHEHHbBIM ypaB-
HEHHueM, 6es3 pru.a noJiyuyaercss MetoaaMu aHaMUTHYECKOH
reomeTpuH 3HayYUuTeJbHasad 4acCTb reomeTpuqecxux: TeopeM.
He BX0OJAaA B Ae€TaJid, OTMe‘{y JIHIIb, YTO TaKHM 06pa30M
MOXXHO BBIBECTH BCIO ad)d)urmyro eeomerpuro, a BMecCTe
C TEéM TaK¥Xe U BCIO npoercrusr-tyro eeomerpuro. STHX pe-
3yJbTaTOB MBI JAOCTHraeM, TaKHM 06pa30M, Ha OCHOBE
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ONHHX TOJBKO CIIEHHAJbHLIX MQCTYJAaTOB, OTHOCSILMXCS
K noArpymnmne oo? mapaJJieJbHbIX IEePEHOCOB.

OCTaHOBJIOCH €elle TOJbKO Ha OJHOM (haKTe, KOTODLIH
NOHaJo6uTCsl HaM B jJanbHefimeM. Mbl JJoOKasajaH paHblle
IpHU MOMOIIM TEOPEM NPOEKTHBHOH reOMeTpUH npedaodice-
Hue Mébuyca, cornacHO KOTOPOMY B8CAKAS KOAAUHEAYUR
ABASCTCA NPOEKTUBHLIM npeobpa3osanuem, T. €. npeodpa-
30BaHHeM, KOTopoe H3o00pakaercss ApPOOHO-JIHHEHHBIMH
WJIH COOTBETCTBEHHO LleJIbIMH JTHHEHHBIMH IOACTAHOBKaMH
KoopauHaTt. Ho Benb coryiacHo HalleMy NepBOHAYaJIbHOMY
nonyieHuo 47)  nBHKEHUS NpeACTaBJASIOT Co00# . KoJ-
JIMHealHH, NpPH KOTOPbIX KaxkKIo#H TOYKe, HaxonseHcs
Ha KOHEYHOM pacCTOSIHHH, COOTBETCTBYET TakKxkKe He Gec-
KOHEYHO yJaJieHHasi TOoYKa, a C APYyrof CTOPOHHI, MBI
Terepb yxe MOCTPOHJIH BCIO NPOEKTHBHYIO T'€OMETpHIO,
M NO3TOMY C Hallell TemepeLlHeH TOYKH 3pPEHHsl TpelJo-
KeHue MéGuyca Taxxe uMeer cuiay. B pesyasrare mot
noayuaem, 410 Kaxooe Osudxcerue Heobxo0umoim 06pasom
u300parcaercs yeaolm  AUHEUHbLM  npeobpasosaHuem
TOA6KO 4TO 88e0eHHblX OeKapTo8slX KOOPOUHAT X, Y.

IlpuBaeyeHusi NOBOPOTOB K MOCTPOEHUIO METPUYECKOH
reomeTpud. Ecin Mbl Tenepp noxenaeM INPOHHKHYTb
Janblie B 06J1aCTh METPHYECKHX MOHSITHH TeOMETpHH, B
YaCTHOCTH YCTaHOBHTb NMOHATHS y2AQ MeXAy IBYMs Hpsi-
MBIMH H paccToAHus MeXAy JIoOGbLIMH ABYMSsl TOUKaMu (0
CHX IIOp Mbl MOIJVIH F'OBOPHTb TOJBKO O PACCTOSTHHH MEXIY
ABYMSl TOUKaMH, JeXaluUMid Ha OCH X HJIH Ha OCH y), TO

a’ HaM IpuIeTCs 3aHATbCS NOAHOU
epynnot dsusiceru.

B wuwactHocTH, ¢uKcHpyeM
Hallle BHUMaHHe Ha TeX JBHXKe-
HHUSIX, KOTOpble OCTaBJAKT Ge3
H3MeHEeHHsl KaKylo-HUOyIb TOY-
Ky, HanpuMmep Hauazno O; 3To
6yayT TakK HassiBaeMble [OBOPO-
Tl OKOJIO 3ToH Touku. Toraa,

Puc.. 111 corjacHo o6uleMy MnoOCTyJarty,

' perynupyioouieMy  omnpejeseHHe
IBHIKEHHS, HOJIKEH CYIEeCTBOBATb 8 TOYHOCTU OOUH NO-
B80pOT, KOTOpbLL NnepesoOUT NOAYNPAMYIO @, UCXOOAUYIO
u3 rouxu O, 8 06yt Opyzyto noaynpamyro a’, Toxe uc-
x00sawyro uz O (puc. 111). DTH NOBOPOTH ABJIAITCA B
HEKOTOPOM CMEIC/e OB0UCTBEHHOIMU HWIH B3AUMHbIMUL TIO
OTHOILIEHHIO K IapaJjijieJbHbIM NepeHocaM, TaK KakK OHH
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OCTaBASAIOT 6e3 HM3MEHEHHsT HEKOTOPYI0 TOYKY MOAOGHO
TOMy, Kak napaJJesbHble NepeHOCH NEpPeBOAAT B cebs
HekoTopylo npsmylo. [lo aHasoruu ¢ napan/enbHBIMH ne-
peHocaMH MH OyAeM MpeACTaBjsATb cebe BCE MOBOPOTHI
TaKXe COBEepIIAIOUUMHCA HeNpephiBHO, HCXOAS H3 Ha-
YaJIbHOTO MOJIOXKEHHUS, U CHOBA GyfeM TOBODHTb O TPAeK=
TOpUsX, KOTOpble IPH 3TOM ONHCHIBAeT KaxKJas TOYKa.

* OnHakKo MeXJy MOBOPOTaMH M MapaJljieJbHBIMH mepe-
HOCAaMH HMEETCS CYIEeCTBEHHOe pasjiuyne, KOTOpOe MbI
JOJIXKHBI TOXKe 4YeTKo (OopMyJHpPOBaThb B BHAE 0CO60ro.
nocryJsarta '8): noaynpamete a’, a”, ..., norysaemoie u3’'
nOAYNPAMOL @ Npu NOSTOPeHuu 00HO20 U TO20 e No8o-
pora okoao O, GoadHOL 8 KOHUe KOHYO8 AubO OOCTU4b,
AubO nepezraTs 8CAKYIO noaynpamyro, selxodawyro uz O
(B TO BpeMsa KaK napaJiiesbHbH NepeHOC AaBaj TOJbKO
TOYKH OAHO# moJaynpsamoii). Ilostomy, B yacTHOCTH, He-
npepbiBHOE BpallleHHe AOJKHO B KOHIle KOHLOB BEPHYTh
NOJYNpSIMYI0 @ B ee HauajbHOe IOJIOXKEeHHe, NIpHIeM H
Kaxjaas Touka A JO/2KHA BEPHYTbCsl B CBO€ HayajibHOE
NOJIOXKEHHEe: TPaeKTOPHH NPeACTaBJAIT co060d mosToMy
3aMKHYTBI€ JIHHHH, NlepeceKalolie KaXKAylo NOJYNpsMyIo,
ucxoasuyio u3 O, B OZHOH H TOJBKO OZHOH TOuKe A, Tak
y1o Bce oTpe3kH OA 0KasblBAaIOTCS B3aUMHO KOHIDY3IHT-
HBIMH (T. €. MOryT ObITb IepeBefleHbl OJHH B APYrof c
TIOMOLIbIO ABHXKEHHs); TaKHM 06Da3oM, 5TH TPAaeKTOPHH
ABJSIIOTCS TEeM, YTO OOBIYHO HAa3BLIBAIOT OKPYXKHOCTAMH
¢ yenrpom O.

Tenepp Mbl (HKCHpyeM B myukKe Jyuyel, HCXOASIIUX
u3 O, ¢ NOMOLIBI0 3THX NMOBOPOTOB HEKOTOPYIO wiKaAy
COBEpUIEHHO NOJOGHO TOMY, KaK Mbl paHbllle CTPOHJIH
LIKaJy Ha NPSIMO C NOMOLIbIO NapaJeJbHbLIX EPEHOCOB,
npuyeM TOrjia HaM NPHXOAHJOCH elle NPUHSTb MOAXOMs-
uee donyujenue OTHOCUTEAbHO HenpepoleHocTu. S He
cTaHy BXOAHTb 3[eCb B JeTajlH BCEro 3TOr0 H OTMeuy
JIHLb KaK pe3y/bTaT, YTO B KOHIlE KOHUOB C KaX[IbIM I0-
BODOTOM OKAa3blBaeTCs CONOCTABJEHHEIM HEKOTOpOe Jeii-
CTBHTEJbHOE UYHCJO — Y204 3T020 nos8opoTa, NMpHUYEM H,
o0paTHO, KaxJoe JeHCTBUTEJbHOE YHCJIO OKa3biBaercs
YIJIOM HEKOTOpPOro nmoBopoTa. HOBEIM MOMEHTOM sBJIsiEeT-
csi, KOHEYHO, 3/leCb 71epuo0u4HOCTs NMOBOPOTA, H MOITOMY
npeicTaBjsieTcsi lenecoob6pa3HpiM H36paTh B KauecTse:
€IMHHUIIBl KaK pa3 noAnbLi 000poT, nepeBOsINNE KaKoH-
Hubyab, (M BMecTe ¢ TeM W KaxIblii!) Jyy cHoBa B cebs.
OnHako, coriaacHo TpajHudH, 3@ eOuHUYy TPHHUMANT
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IIOBOPOT B 00HY 4eT8epTo6 NOAHO20 060pOTa, KOTOPHIH, Gy«
IyYd TOBTOPEH 4YeThipe pasa, .AaeT MOJHBIH 060poT, H
yroJ1 3TOro NOBOPOTA Ha3bIBAIOT npamoeim yeaom R. Torna
BCSIKMH NMOBOPOT MOXKeT ObITb H3MepEH ero yrioM oR, riae
© MOXKeT u306paxaThb J1060e AeHCTBUTEIbHOE YHUCIO, KO-
TOpOe MOXHO OrpaHMYHThb 6Jarofapsi NepHOAHYHOCTH HH-
TepBaJioM 3HayeHHH OT HyJass A0 ueTelpex (puc. 112).

[MopoGHbIM ke 06pPa3oM MOXKHO ONpPENeJHTb LIKady
YIJIOB B Nyuke Jydye#l ¢ j00biM ApyruM uneHtpom O;, HO
BMECTO 3TOTO MOXHO HEnoCpedCTBeHHO NnepeHecTu TpU
NOMOLIM COOTBETCTBEHHOTO IapaJjesIbHOrO0 IepeHoca

L a7
"
2R q / \nl
) 4R 0, Z
\ - -
. \Q
3R 0 a
Puc. 112 Puc. 113

wranry yeaos u3 O B O;. A UMeHHO, ec/H JaHbl MOJY-
npsiMbie @, u a;, ucxoasmue u3 Oy (puc. 113), u ecu T
npeacTaBiasieT co60i napaJjiesbHbIH NepeHoc, nepeBoas-
wuit O B Oy, To Ha3oBeM GyKBaMHu a, @’ Te Jy4YH, HCXOAS-
uie u3 O, B KOTOpHE NePEeXONAT Jyun a,, a; NMPH BHIION-
HeHHH 0o0paTHOro napaJijienabHoro neperoca 7-'; ecan Q
npejcTasgaser cob6oii nosopor okojao O, nepeBoasuiui a
B a’, T0 moBopoT 2; okono O;, nepeBOASLIHE a B a(,
MOXKeT ObITb MOJYYeH NMyTeM I0C/IeJOBATENbHOIO BhIIOJ-
nenusi ABukeruit T-', Q, T WM B HENOCPENCTBEHHO NO-
HATHOH CHMBOJIHKe '49)

Q=ToQoT"\.

JeiicTBUTe/IbHO, NpaBasi 4acTb '3TOrO pPaBEeHCTBA TO-
e u3obpaxkaeT HABHXKeHHe, nepeBoAsmee O, a B O,

a;, a TakKoe ABHXKEHHE NPEACTaBJIsA€TCA OAHO3HAUYHO ompe-

nejeHHbBIM. M BOT MBI NpunucbiBaeM moBOpPOTY Q; TaKoi
Ke yros @R, KaKoil MMeer MOBOPOT Q COIMIaCHO AaHHOMY
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BHIIle onpenenenuo. Ecinm faH KakoH-HHGYnb Apyrofi
nosopot &’ B myuke O, To B nyuke O; eMy COOTBETCTBYET
noBopotr Qf=ToQ'oT™', a koMmnosunus oGOHX IOBO-
poroB Q u Qf paBHa

QoQ=To0Q 0T ' oToQoT ' =To(Q oQ)oT™

TakuM 06pa3oM, OHa COOTBETCTBYET KOMIO3HLUH IIOBCPO-
T0B Q M Q.

U3 srtoro cneayer, YTo Hall HepPeHOC AEHCTBHUTENLHO
yctaHaBBaer npu O; Ty Ke caMylo IIKajly, KaKyio AaJjo
6n1 NOBTOpEeHHe NPSMOTro NpHeMa.

¥ EBknuza HMeeTcsi TeopeMa, KOTOopas MepelLia B
GOJIbIIMHCTBO HaUIMX 3JIeMEHTAapHBIX YUeOHHKOB, a HMEH-
HO: 8Ce npamole Yeasl KOH2PYIHTHOL mexcdy cO0OL; Kax-
bl yuaniuiicsi, KOHeYHO, FOTOB CYHTATh 3TO MOJIOXKeHHe
CaMOOYEBUJIHBIM, H §l MOJlarail, YTo B IIKOJe JAefCTBH-
TeJIbHO MOXKHO YMOJMYaTb O HEM, TaK KaK BCE paBHO
LIKOJbHEK He B COCTOSIHHH NOCTHYL 3aKJIOUEHHOH B HeM
uned. Ho ero peficTBHTeNIbHBIH CMBICA B TOYHOCTH CO-
BNajaeT C CoJepxaHHeM HallHUX NOCAEIHHX paccyKie-
HU#, 'a MMEHHO: paBHble YTIJbl, OmpeleseHHble C MO-
MOLIBIO TNOBOPOTOB OKOJIO PAa3/NHMYHHX TQUeK, MOXKHO
IPHBECTH K B3aHMHOMY HaJIOXEHHIO C NMOMOILBIO JIBHIKe-
HHMl, IPYTUMH CJOBAaMH, OHH KOHI'DY3HTHBI MEXAY CO6OH.

YcTaHOBHB TaKHM 00pasoM, ofbiiee onpejeseHue yria,
MB Tenepb JagHM TaKxe OIpEeNeJeHHE pPACCTOAHUA
meoxcdy aroboimu 08yms TouKamu, Toria Kak JO CHX MOp
MBl MOIVIH CPaBHHBAaTb TOJNBLKO pac-

CTOfIHMS -HAa ONHOH M TOH ke INps- a

MO NpH MNOMOLLH INapajebHbX
neperocoB. Ecin paccrosinue r oT-
JOXKeHo, Hanpumep, or O 1NoOCH X,
To Mbl MOXeM (puc. 114) mnepene-
CTH €ro ¢ MOMOLIbI0 NOBOPOTa OKO-
Jo O Ha BCAKYIO JPVIYIO NMDAMYIO
a’, npoxopsiyio uepes O; TakuM Puc. 114
06pa3oM MOXKHO BOOOLIE BCIO LIKa-

Jy IJMH Ha OCH X IepeHecTH Ha a’, a 3aTeM C IiG
MOLbIO MapalIeNbHOTO NepeHoca Ha BCAKYIO APYryo
npsiMylo, NapaiebHyIo a@’, , ClIeA0BATeNbHO, BOOOLIE Ha
J06yio npsiMyto. B pesynbraTe Mul A€HCTBHTENBHO MOJY-
YyaeM BO3MOXKHOCTb H3MepPSITE PACCTOSIHHE MEeXKAY KaKHMH
YrOAHO ABYMsl TOYKAMHM, COCRMHAA ITU TO4KU npamoli u
IepeHoCs Ha Hee ONMHCAHHEIM CnocoGoM. MaciuTab ¢ ocH X.

r z

~—~
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B uvacTHOCTH, TaKMM NPHEMOM MOXXHO NMOCTPOHTb MAacCIl-
Tab Ha ocH y (KOTOpLIH Mbl BHayajie CUHTAJH CaMOCTOsA-
TeJbHO YCTAHOBJEHHLIM ), HCXOAsI U3 MacwiTaba Ha OCH X.
Tenepp MBI NOMOJMHMM Hall anmnapaT QHAAUTUYECKOL
2eomeTpuu 3THM HOBLIM INOHAAITHeM noBopota. [lpu 3aTom
Mbl OyJeM MOJb30BAaTLCS — HA YTO Mbl Telepb HMeeMm
npaBo — BMeCTO OOLIHX [EKapTOBbIX KOOpAHHAT cIie-
LHaJbHBIMH NPSAMOYrOJbHBIMH KOOpAHHATA-

y MH x, y (puc. 115).
Mb yxe 3Haem (c. 256), uTo BCsiKOe
JIBH)KEHHe H300paxkaeTcs HEKOTOpOH JH-
¥ HeMHOH NOACTAHOBKOH IEpeMEHHBIX X, Y:

¥ =(a;x+by+¢)/N,
Puc. 115 Yy = (ax + by + c))/N.

Tak Kak sTa NOACTaHOBKA HEPEBOJAHT BCAKYIO KOHeU-
HYIO TOUKY CHOBa B KOHEYHYIO, TO 3HaMeHaTesNb N JoJKeH
6HITb IOCTOSIHHBIM, TaK YTO MOXKHO NPHHSATb €r0 PaBHHIM
enuHuune. B uacTHocTH, Ans noBopoTa oxono O umeem
¢, = o = 0, TaK YTO MOJACTAHOBKA MPUHUMAET TAKOH BHULI:

¥ =ax+4by, Yy =a,x+ by. (1)

Jlais ofHOro CneuHanbHOro MOBOPOTA, a MMEHHO, AJs
noBOpOTa Ha INpPSIMOM Yros Mbl MOXeM yKasaTb Hemo-
CPEACTBEHHO TOYHYI0 (GopMy 3THX ypaBHeHui. [lemo B
TOM, YTO MAJIS HAlIMX INPSIMOYTOJbHbLIX KOODAHHAT NMpPH
TaKOM IIOBOPOTE OChb X NEPEXONHT B OCb Y, @ OCb Y — B
OTpPHLATENbHYIO OChb X, TaK YTO YPaBHEHHS NDHHHMAIOT
TaKoil mpoctoit Buz !59):

'=—y, Y=ux 2

Tenepb Bonpoc 0 HaxoXAeHUH GOpPMYJ NMOBOPOTA CBO-
JUTCA K TaKOH YHCTO aHAJIMTHUECKOH 3anaue: Tpebyercst
HalTH TaKyl0 OZHOKPAaTHO GECKOHEeUHYIO IpyNmy MNOACTa-
HOBOK BHuna (1), koTopasi cozepxaJsa 6wl B cebe moacra-
HOBKY (2) u AJs KOTOpOH BCsiKas MOJACTAaHOBKA TpPYMIbI,
BOOOG1le rOBOpS, NMOJNYyYaeTCsl MyTeM o-KpaTHOH HUTepauud
(moBTOpenus) u3 (2), rie @ 0603HauYaeT HEKOTOPHIH Aeii-

CTBHTEJbHBIH NapaMeTp. B cayuae paunoHaspHOro @ = -;1-

3TO BhIpaxKeHHe (T. €. ®-KPaTHYIO HTEPAIHIO NOJCTaHOBKH
(2)) Hamo, KOHeYHO, MOHUMATh B TOM CMBbICJIE, YTO HCKO-
Mas NMOACTaHOBKa, OyayyH NOBTOpPEHa ¢ pa3, AaeT Kak
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pa3 pesyJabTaT p-KpaTHO HTEPHPOBAHHOH MOACTAHOBKH
(1), Torma Kak HppalHOHa/bHHE 3HAUEHHS ® CJeLyeT
annpoKCHMHPOBATb pallHOHAJbHbBIMH 3HAYEHHSIMH COIJac-
HO MOCTYJ1aTaM HeNpepLIBHOCTH.

Caenyer ysicHHTb cebe, YTO 3/1eCb He CJeayeT Mpearno-
JlaraTh 3HaHHsl KaKMX Obl TO HH OBIJIC reOMeTpHYECKHX
(hakToB, Kacaiolluxcsi, B YacTHOCTH,.(opMys mnosopora
NpPAMOYTrOJbHOH CHCTEMBl KOODJAHHAT, HO 3aTO MHl BIpase
(1 DeHACTBHUTENbHO XOTHM) Ge3 CTeCHEHH# MOJb30BaThCH
cBeJeHHsIMH M3 aHanu3a. U XoTs nojyyaeMoe nocrpoeHue
He MOXeT HalTH B TaKoH (opMe HemocpeACTBEHHOro MpH-
MEHeHHs1 B IIKOJbHOM NpenojaBaHHH, 3aTO OHO NPHHH-
MaeT OuYeHb U3SAUIHBIA M MPOCTOH BHI.

OTMeuy mpexjie BCEro, YTO MOBOPOT (2) MOXKET GHITb
3anucai NpH NOMOLHH KOMNAEKCHbLX uuces OOHOU ¢op-

MYJIOH s .
'+ iy =i(x +iy). 2)

Orciona cpasy e 3akJaioyaeM, YTO ABaXK[Ibl HTEpH-
POBaHHasi MOACTAHOBKA BHIPA3HTCs TaK:

x Fiy =2+ iy),

T. €. IOCPEACTBOM ypaBHEHHsl TOrO JKe BHAA C TOH JHLIb
pasHHLeH, 4TO BMeCTO { CTOMT i2; TOYHO TaK Xe NpPH ®-
KPaTHO!N UTePaLUH B Bblllle YKa3aHHOM CMBICJIE TOSIBJISIET-
¢l MHOXHTENb i® JAJA KaxXAOro JAeHCTBHTEJbHOro .
B pesysnbraTe nojiyyaeM TaKOe aHaAuTuueckoe u3obpa-
oeHue nosopora naockoctu oxkoso O Ha yzonr o-R:

¥+ iy =i®(x + iy). 3

IIpu TOYHOM NpOBeJeHHH 3TOro X0JAa MbICAEHd MBI,
KOHEUHO, JOJIXKHBI BOCIOJIb30BAaThCS M3 aHaJM3a MOJHLIM
3HaHHEM CBOMCTB MOKa3aTesJbHOH (QYHKHUH €%, a TaKxe
TPHTOHOMETPHUECKUX GYHKIHH, CBA3aHHBIX C Helo mocpes-
ctBoM (opmyan Dilyaepa '

elz—=cosz+isinz

(He uMes1, 0lHaKO, MOKAa HaZOGHOCTH B KaKHX-JIHGO Mpej-
CTaBJIeHHAX 06 HX reoMeTPHYeCKOM CMEIcje)!%t),
B Takom ciyyae Mbl 3HaeM TaKxKe YHCJIO s M3 (op-
MYJIBI
et=—1;
TOrAa
i=e'"2, -



262 CUCTEMATHKA Y1 OBOCHOBAHUWE TEOMETPUU

A mop i® Bcioay ciaenyeT NOHMMAaTb 3HaueHHe, OJHO-
8HAYHO ompejejeHHoe TakKo# ¢GopMyJoii:
. mﬂ (074 .. OT
0o=¢ *? =cos—2—+ism—2—
IMoacrasus 3T0 3HaueHue B (3) M npUpaBHHBas Hei-
CTBHTEJNbHblE U MHUMBlE 4aCTH, MOJIy4aeM

’ (g4 . oI
x'=cos — -+ x —sin -y,
. O [0}1 )
= sin-—- -x-+ cos —- - 4,
H 3TO JlaeT HaM HCKOMOe H3006paxKeHHe IPYNNbl MOBOPO-
TOB C NOMOUbI0 GoJee 3jeMeHTapHbIX aHaJUTHYECKHK
CHMBOJIOB.

B CBsI3H C 3THM pe3yJbTaTOM NpeACTaBJseTCs IeJe-
coo6pasHblM NPHHATb NPSAMON Yroa He 3a elHHHLY, a 32
yroa m/2. Mpl OyneM 3TO HasblBaTb HATypaabrol !52))
wxarol yeaos Nofo6HO TOMY, KaK Mbl F'OBOPHM O HATy-
panbHOM Jorapudwme, Kemas 3THM OTMETHTb, YTO 3TH
TIOHSITHS HMEIOT CBOe OCHOBaHMe B caMOM NpHpoje Belielf,
XoTsl OoOGHapyxeHHe 3TOro H Tpebyer GoJiee ray6oOKOro
npounKHoBeHHs. ITonb3ysice 3TOH HaTypasbHOH IIKaJoH,
6yneMm BMecTo wm/2 nucath NpocTo o *) H, Takum obpa-
30M, BMecTO (4) moayuyaem B KauecTBe (OopMYyJ NOBOPOTA’
Taknue oflieH3BecTHbe (HOPMYJIb:

¥ =xcoseo—ysine, Yy =xsino+ycoso. (5)

Tenepb Ham cJenyeT 3aHATbCS HCCAELOBAHHEM TOTO,
KaKHe reoMeTpHYecKHe HCTHHBI COAepxKaTci B 3THX op-
Myaax. D1o 6yAyT BCe Te 3JeMeHTapHLIe TEOPEMBI, KOTO-
pble OOBIYHO NMPeAnoChlIAoT, YTOGH 3aTeM H3 HUX BbiBe-
crtu dopmyan (5).

1. PaccmoTpuM cHauasna TOUKY OCH X, HaxXOIsIILylOCs
Ha pacCTOsSIHUM r OT Hayaja KOOpAMHAT:

x=r, y=0.
Ecnu noBepHyTh 5Ty TOYKY Ha yron ®, to ¢op-
MyJabl (b) HAIOT TaKHe KOOAHHATH ee HOBOIO MOJIOMKEHHS:
xX=rcose®, y=rsino; (6)

*) @opmyJabl (4) COOTBETCTBYIOT MOBOPOTY Ha yroa ®©R, T.e.
Ha ®/2 HOBBLIX €JIHHHI, a NPH NMOBOPOTE Ha YroJa @ (Honux e}mHnu)
Hano B (4) BMeCTO ®JT/2 HamHeaTb BCIOAY ©.
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npy 3TOM paiM KPaTKOCTH Mbl ONMyCcKaeM WITPHXH NpH
KOOpAMHATaX HoBOH Touku. IlpuHuMas ans onpeneneH-

T o
HOCTH 0 < ) H paccMaTpHBast NPSAMOYTOJIbHbBIH TPEYTroJib«

HHK (puc. 116), o6pasyemblii paauyc-BEKTOPOM r TOUKH
X, Y, ee abGCLUUCCON X W OpPAHHATOH Yy, 3aMeyaeM, uTo ¢op-
MyJbl (6) [alOT COOTHOLIEHHSI MEXAY €ero CTOPOHaMH
yriiom ©. [loAwr3yscb COOTHOMIEHUEM

cos? ® + sin? @ = 1, KoTopoe BHTeKaer 4

H3 TexX aHAJHTHYECKHX oOINpeneieHHi z,y
aTuX GYHKUHH, KOTOPHE 31eCh MOJOXKe- r
Hbl B OCHOBY !%3), nmosnyuaem us (6) He- g
NOCPEACTBEHHO g >
2 2 ___
- tyr=r (6a) Puc. 116

YTO mnpeAcTaBJigeT cob6ofi Teopemy Ilu-

¢pacopa, xotopas mnosgydyaercs, TaKMM o06pa3oMm, Kak
CJeJCTBHE HAaUIMX JONyLIeHHH OTHOCHTEJbHO IBHXKEGHHM
njockoctd. Ho ME Moxem nepenucath (6) euwe u B Ta-
KOM BHJe:

cosm=%, sinm=%, (6b)

H 5TO AaeT TO djJeMeHTapHoe 3HaueHHe TPUrOHOMeTpHye-
cKMX (GYHKIHH yria, KOTopoe OGbIKHOBEHHO NpPHHHMAIOT
B KaueCTBe HX ollpeJesieHHs: KOCHHYC H CHHYC NpeJCTaB-
JIAIOT CO60H OTHOLUEHHs1 MpHJEeXauero U NpOTHBOJeXa-
Liero KateTa K rHnoTeHyase. .

BbiBO# OKOHYATENbHBIX BbIPaKEHHl AJSI PacCTOSTHUS
H yraa. .

2. Tenepp HeTpynHo OyleT BhIBeCTH OOLuHE aHAJH-
THYECKHe BbIpaXKeHHsl AJIsi OCHOBHBIX MOHSTHH «paccTosi-
HHE» H «YroJs», IepeBoAis AaHHHE 3/eMeHTbl (TOUKH J160
npsiMble) MOCPEACTBOM NapaJjliebHOro mepeHoca H moBo-
poTa B TOJBKO YTO pacCMOTPEHHOe CNellHaJbHOe I0J0X e~
wue. TaxuMm o6GpasoM, AJf IBYX TOYEK Xi, Y1 H X3, Y2
HaxoJ UM

r= '\/(xl - x2)2 + (y, — y‘z)z-

JeiicTBUTEIbHO, NOCTATOYHO NEPEBECTH C MHOMOLLbIO
napaJiieJIbHOro neperoca TOYKy 2 B HayaJo KOOpZHHAT,
yTo6Bl, COrVIaCHO (hOpMysiaM NepeHoCa, MOJYYHTb pas-
HOCTH X — X2, Y1 — Yo B KaueCTBe HOBHIX KOOPAMHAT TOY-
Ku I, u Toraa us ¢opmyan (6a) cpasy mosyyaeTcs Halle
BbipaxkeHue aJsr. CopeplleHHO aHAJOTHYHO — 51, KOHEUHO,
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MOIYy 3Jecb He OCTaHaBJMBAaTbCs Ha [eTalsX — H3
|(6b) Oss yesa @ meocdy atoboimu 08Yyma NPAMbIMU, bl
pasicaemoiMu YypasHeHUAMU

ax+ By +6,=0, ax+ Py +08,=0,
foJyyapTcs caenyiouie ¢GopMmyast 154):

COS @ = — 2,03 + B.fs ,
Ao+ B o + 6
sin @ = ——2fs — osbs .
Vot +8iA o3 +8;
BBeneHue o0IMX NOHATHH Naomann Gurypol v JJIHHBI

KPHEBOI.

3. HaxkoHel, Mbl JO/IXKHBI TaK)Ke IIOrOBOPHTb O NOHA-
TUW naowadu, "KOTOPHIM HaM [0 CHX INOp NpPH HalleM
TOCTPOEHHH TeOMETPHH COBEpLIEHHO He NMPUXOAHJIOCH elle
nosib3oBaTbes. ONHAKO 3TO MOHsATHE COAEPKHTCSH, XOTH B
Gosiee HJIM MeHee HETOYHOH (opMme, B HAHUBHOM NPOCTpaH-
CTBEHHOM CO3HAHHMH Ka)XJIOTO YeJIOBeKa; BCSKHH KpeCTbsi-
HHH 3HaeT, UYTO O3HauaeT ¢pa3a: yuyacTOK 3eMJH HMeeT
IJIOLaAb CTOJILKO-TO KBaApPaTHHIX MeTpoB. [1oaTomy, ecin
Mbl NOJIHOCTbIO OGOCHOBAJIH T€OMETPHIO — H 3TO JefCTBH-
TEJbHO CHeJNaHO B MpeALIecTBYIOLIeM, — He TMOJb3YsCh
5THM OCHOBHBIM IIOHSITHEM, TO MBI JOJI)KHbl €ro BCE€ Ke
TIPHCOEIMHUTb TeNepb 3aJHUM YMUCJIOM K Halled CHCTeMe,
JIpYTHMH CJIOBaMH, BHIPa3HTb €ro B KOOpAHHATaX.

3nech HaM NPHXOLUTCH HAUaTh C. OHOIO HEGOJIBLIIOrO
2eomeTpuyecKo2o coobpadterus, KOTOpoE NPUOIH3UTENbHO
B TOM e BHJe NOCTOSHHO BCTpevaercss y EBkiuja u B
aJleMeHTapHHIX H3JI0XKeHHsX reoMerpHu '*%). HMmes mps-
MOYTOJIbHHK €O CTOpoHaMH A, B, MBI OomnpesnessieM B Ka-
yecTBe ero miouwajgn npousBenenve AB. CoenuHss, na-
Jee, B ONHO LieJoe ABa NpPSAMOYroJbHUKa HJH, BOOOlle,
IBe (HUrypel ¢ HM3BECTHOH mNJOLIajblo, NMOJYYaeM OANY
¢urypy, miouaab KOTOPOH AOJKHA ObITb paBHA Cymme
YHCeJ, BHPaXKaIloWHKX IJIOWAAH B3ATHIX QHUIyp; eciu Xxe
oTpe3aTh OT NPSAMOYroJibHHKa HJH, BOOOLle, OT KaKOii-
au60 Gurypsl MeHbllyio GHrypy, LeJHKOM B Hell 3a-
KJ0Yalolyiocs, TO IJOLIaJb OCTaTKa MAOJXKHa BHIpa-
XKaTbCsl  PA3HOCT6I0 UHCeJ, BbIPAXKAIOWKX MUIOLALH
o6Geux ¢uryp (puc. 117).

YcTaHOBHB 3TO, MBI Cpa3y NPHXOAHM K OMNpeJeseHHI0
naow,adu napassesozpamma. IlapanmemorpamMm mnoJy-
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Yaercst U3 NPAMOYroJbHHKA C TEM XK€ OCHOBaHHEM H Bhi-
COTOH mNyTeM OTCEeYeHHSI HEKOTOPOro TpeyroJibHHKa H
TIPHCOeIHHEHHs] PaBHOro eMy TpeyrosbHuKa (puc. 118);
NO3TOMY €ro IJOIaAb PaBHa MJOLLAaAH Ha3BaHHOroO Ipsi-
MOYroJibHHKa H, CJE€I0BaTeNbHO, PaBHa npoussedeHuro

L

A
Puc. 117 Puc. 118

ocHosanus Ha eeicoty '%6). JluaroHasab HEeNHT napasie-
JIOrpaMM Ha f1Ba KOHTPYSHTHBIX TPEYroJbHHKA, KaKMAblil
M3 KOTOPHIX HMeeT MO3TOMY MJIOIAJbI0 MOJIOBHHY ILIO-
LIaAH NapaJjjenorpaMma: naou,ads TPeysosbHUKA PABHA
nososune npoussedenus OCHOBAHUS HA BbLCOTY.
IIpuMeHsisi 3TO K TPEYrOJbHHKY CO CTOPOHAMH ry, ry H
3aKJI0YEHHBIM MEXAYy HHMH YIJIOM ®, TaK YTO BHICOTA,
ONYILIEHHAas Ha ry, paBHa resin o,

HaxoOUM IJif ero IMJOLIaAH BHI- T Y2
paxenue \ 2l
__rnirpsino
A=Dr2n0 .,
TMomemass OXHY BeplLIHHY Ty

3TOr0 TpeyrosbHHkKa (pHuc. 119)

B HayaJo KOOpJAMHAaT M 0003Ha-

yasi KOOpPAMHATHl [JOpPYrux Bep- ¢

WKH 4Yepe3d xi, Y1, H X2, Y2, MBI Puc. 119
JIErKO MOXEM TNepecuHTaTh 3Ty

(GopMyJay C MOMOLIBIO YKAa3aHHBIX Bhillle BHIPAXKEHHH s
paccTosiHHil © IS yraa B Takylo ¢opmyday 17):

A= X1Ya — X2l .
2
Jlerko y6eILPITbCﬂ B TOM, UYTO IOBOPOTHl CHCTEMH
KOOpAHHAT OCTAaBJIAIOT 3TO BblpazKeHHe A Ges3 H3MEHEHHS,
TaK 4YTO MBI HME€EM B HEM ﬂeﬁCTBHTeﬂbHO HEKOTOopoe
«TEeOMEeTpHUYECKOE nousitie». Ho uToOnl YCTAaHOBHTb HH-
BapHaHTHOCTb TaKXe IpH napaJjJe/bHbIX nepenocax; a.
CJea0BaTEeJbHO, H IIpH BCEX BOOﬁLU.e JABHXKEHHsIX, HaI0
NOJBEpPrHyTh OAHOBPEMEHHOMY MPeo6pPa30BAHHIO TPETHIO
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BEpLIMHY, T. €. YCTAHOBUTb HOPMyJy IJsl MJIOWAZH Tpey-
yroibHuKa, o0pa3oBaHHOrO JIOOHIMH TPEMsi TOYKaMH X,
Y1; X2, Yo; X3, Y3; TOTAA NOJyyaeMm

oy 1

1
?’?2!/21,

X3 Y3 1

H 3TO KaK pa3 Ta ¢(opmyJaa, ¢ KOTOpOH MBI HayaJH Hail
Kypc (c. 10).

Jlerko npoBepHThb, UTO ONpejeneHHbIe TaKuM 06pa3oMm
NJIOUWIalH TPeYroJbHHKOB NPH COELAHHEHHH TPEYroJbHH-
KOB B OJIHO 1LleJIoe WJIH INIPH OTCEYeHHH YacCTH OT Tpey-
TOJIbHUKA CKJIaAbIBAIOTCS HJAH BBIYHTAIOTCSH; 3TO CBOAHT-
cs, KaK MBI 3TO y)Ke BHJE/NH paHee, K IIPOCTHIM COOTHO-
LIEHHSIM MEXKAY ONpefe/NHUTENSAMH.

DTUM BHINOJHEHO BKJIIOUEHHE HAEH ILIOIAAH B Haily
CHCTEMY aHaJUTHYEeCKOH TIeOMEeTPHH, H B TO Xe BpeMms
MBI mpHOGpesH HEUuTo TaKoe, UTO CHayasja He ObLIO elle
B HauBHOM NpeJCTABJIEHHH; MJOLUAAb CTaHOBHTCA BeJH-
YHHOM, cHaGxKeHHON 3HaKOM. § yiKe H3JI0XKHJ NMOAPOGHO
B caMoMm Hauajie 3Toro Kypca (c. 10—14), kKakoe mpe-
HMYLIECTBO JOCTHraeTcss 5THM B OTHOLIEHHH CBOGOJAHOrO
omepupoBaHus ¢ GopMyJsaMy H UX He JomycKawoulefi uc-
KJIIOUEHUH TPUJIOXKHUMOCTH IO CPaBHEHHIO C HaHBHBIM.
B3[VIAJOM Ha IJIOLLaAb KaK Ha HEOTPHLATEJNbHYIO Be-
JIMYHHY.

4. lanpbueHIudM OPUMepOM MOHSITHS, COAEpKaulero-
ca B Gosiee WM MeHee TOYHOH (opMe B HAaUBHOM Mpen-
CTaBJICHHH NPOCTPAHCTBA, KOTOpPOE MBI Telepb INOJKHLI
JOTIOJIHUTEJIBHO BKJIOYHTH B HAIly CHCTEMY FeOMeTpuH,
aBJseTc noxaTue (npou3soabnol) aunuu. Kaxabli
UeJOBEK JyMaeT, YTO 3HaeT, UTO TaKoe JIHHHS, NMOKyla
OH He M3yYHT HACTOJIbKO MAaTeMaTHKY, YTO €ro coGbioT
C TOJKy GeCuuc/JeHHble BO3MOXHBLIE HEHOPMaJIbHOCTH.

Ho 3lecb Mbl He cTaHéM BXOAMTb B NOAPOGHOCTH
CKa¥eM NpOCTO, YTO MOA JIHHHEIl Mbl NOHHMaeM COBOKYII-
HOCTb TOYeK, KOOPAMHATHl KOTOPBIX NMpPeACTaBAsIOT co6oi
HenpepbiBHble QYyHKUHH @, ¥ Napamerpa ¢, obusanaioumue
CTOJIbKMMH MPOHU3BOJHBIMH, CKONBKO TpebyeTcsi B KaK-
JIOM OTAENbHOM Cayuae:

x=0(), y=x().
DTo naeT BO3MOXKHOCTb Cpa3y pa3BHTbh B paMKax
Hamed aHaJUTHUYECKOH I‘_eOMGTpHId BC€ TC IIOHATHA A4

A=



OCHOBAHHWS TEOMETPUU 267

TEOpEMH, KOTOpPble OGHIKHOBEHHO OGBEeNHHSIOTCS Ha-
3BaHUeM unpunureaumarsnoll (Ougppepenyuarsroli) -2eo-
MeTpuu, B TOM YHCHe NOHATHE OAuNbl Oyeu Kpusot, nao-
1adu H3OTHYTOH nOBEPXHOCTU, KPUBUBHOL, IBOAIOT U T. L.
OcHoBHasi uiaes 3akjoyaercs B TOM, YTO KPUBYIO pac-
CMaTpPHBAIOT KakK Ipefes BIHCAHHOH soMmaHoH (puc. 120).
Ecnu 1Be coceiHMe TOYKH HMEIOT. KOOPAMHATH X,
y u x+dx, y -+ dx, To u3 nudaro-
poBo#i (opMyJH TOTHacC 3Ke cJje-
IyeT TaKoe BLIpaXkeHue IJsl JJIH-
HBl AYTH:

S Adx®+dy,

H TOYHO TakK e H3 (POpMYJBl LJs Puc. 120
IJIOILAfH TPeyroJbHHKa C BepLIH-

Hoit ‘O cpasy xe noJyyaeTcs yxke paHee ynotpebJsis-
wasics Hamu (c. 21) dopmyna

7| (xdy— ydx),

phIpaxkammas naowyade CeKTopa, 3aKAIOUEHHOrD MEXAY
KpHBOIO ¥ JBYMsl paguyc-BeKTOpaMH, NPOBEJeHHBLIMH M3
0 158),

Ha atoM s nokujalo Haul NepBhHIii Cnoco6 NOCTPOEHHS
reoMeTpHH, KOTODHIH XapaKTepH3yeTcss TeM, YTO MBI Ha
TlepBOe MEeCTO BBHIABHHYJH CYLIECTBOBaHHE H pacujeHeHHe
TpexnapaMeTpHUYeCKOH I'PYNNbl ABHKEHHH U BCJE] 3a TEM
cpasy e BBEeJH KOOPAMHATH, 4YTOObH B JanbHeillieM
HMeTb BO3MOKHOCTb TI€DEeBECTH Hall¥ pacCyXKAeHHs Ile-
JUKOM B 06JacTb apH(PMeTHKH. DTOMY NOCTPOEHHIO B
M3BECTHOH Mepe NPOTHBOCTOUT APYro#l cmoco6 o6ocHo-
BaHUS reOMETPHH; OH TOXe INPHBOJUT HENOCPeACTBEHHO
K METPHUYCCKOH reOMeTpPHH M C JaBHHX IOp Hrpaji 60Jb-
LIyI0 pOJib, NOSTOMY §I XO4y OCTAHOBHTbCS W Ha HeM
noapoOGHee.

2. Jipyroe oGocHoBaHHe METPHUYECKOI FreOMeTpHH;
PoJb aKCMOMBI Map aJeJbHOCTH

Paccrosinue, yroJ, KOHIPY3HTHOCTb KaK OCHOBHbIE
nodstHs. OTanyHe 3TOro OGOCHOBaHHMsl IO CPAaBHEHHIO C
NEPBLIM MOCTPOEHHEM 3aKJ/I0YaeTcss B TOM, 4YTO 3/eCh
udes Osuicenus nocaedosaresvno usbezaercs (AuGO
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BBOJMTCS JIMWIb B AaJbHefilleM B Ka4ecTBe JOMONHUTENb-
Horo pasjena). Ecnu B ApeBHOCTH (Kak W Tenepb elie)
YacTo OTAaBaJii NMpPEANOYTEHHE TAaKOMY HMEHHO MOPSAKY
H3J/I0XKEeHHS, TO 3TO BbI3bIBAaJOCb, HECOMHEHHO (XOTs Gbl
OTYacTH), (GUIOCODCKHMH COQOpaKeHHUSIMH, O KOTOPHIX
sl X04y CKa3aTb 3leCb XOTb HeCKOJbKO cjoB. OnacaJjiuch
TOrO, YTO BMeCT€ C JBHXKEHHSIMH B T€OMETPHIO BOHIET
4yXJAbIH efi 371eMeHT — BpeMs; U eCJiH, C OLHOH CTOPOHBI,
NbITaJHCh MOMELIATh Ha MepBbIil MJaH ABHXKEHUs, ONpaB-
JbIBasi 3T0 GOJbIIOH HATVISLIHOCTBIO HIEH TBEPIOro Teaa,
TO, ¢ APYrofl CTOpPOHbI, Ha 3TO BO3paKaJ/H, YTO 3Ta HIest
He TOIbKO He HMeeT caMa mno ce6e TOYHO YJOBHMOIO
CMBICIA, HO, KaK pas, Hao60poT, MOXKeT OGBITb 060CHOBaHa
JIHUIb- NOCJe TOro, Kak y»Ke MPHOOpETeHO MOHsATHE pac-
crosiHus. -KoHeuHo, Ha 3TO 3MIHDPHUCT CO CBOEH CTOPOHHI
BCeria MOMKeT OTBETHTb, UTO B JAeHCTBHTENbHOCTH abcCT-
pakTHas HJes DAacCTOSAHHA H3BJeKaeTcs H3 HaJHuus
«J0CTaTOYHO» TBEPABIX TeJl.

A Tenepb paspewiuTe MHE yKa3aTb BKPaTIle OCHOBHbIE
MBICJIH 3TOTO BTOPOT'O MOCTPOEHHS] M€OMETPHH.

1) 3aech HaunHAOT, KaK H paHblle, C BBEICHHS
TOYeK W NPpAMbIX W C TNpelJoXKeHu#t (akcuom), Kacaio-
LIUXCA HX COeOUHEHUS, PACNOAONEHUS, HEnpepsl8HOCTU.

2) Ho npu sTOM BBOASIT — M 3TO 3/1€Ch SIBJISIETCS HO-
BbIM — B KayecTBe HOBBIX OCHOBHBIX MOHATHH, ¢ OXHOH
CTOPOHBI, paccroanue mexdy 08yms Touxamu (OAuxa OT-
peska), a c ApPyro#l — yeos mexndy 08Yymsa npamelmu W
YCTaHaBJHMBAIOT OTHOCHTENBHO HHX aKCHOMBI, CYIIHOCTD
KOTOpPHIX 3aKJIIOUaeTcsi B YTBEPXKAEHHH TOrO, YTO OTPe3Ku
u yenol mocyr 6oiT6 06ujeussecTHoLm 06paA30M U3MEPEHbL
nocpedcTeom uucea.

3) B kauectBe xapakrepHO# (AJs1 BTOpPOro mocTpoe-
HHMs1) aKCHOMBI, KOTOpas 3aMeCIlaeT, COGCTBEHHO TOBOpS,
aKCHOMBl TPYNNbl [ABUIKEHHH, 31echb BBICTYNAeT nepsoe
npedaoscenue 0 KOHSPYIHTHOCTU TPEy2OALHUKOB: eCAu
08e CTOPOHOL U 3aKAIO4eHHbL] Mmendy HUMU Yyzor
00H020 TpeyeONbHUKA DPABHbL COOTBETCTBEHHbIM 3IAEMEH-
Tam Opyz020 TpeyzorbHUKA, TO 064 TpeyeoAbHUKA KOHe-
PY3HTHbL, T. €. BCE HX COOTBETCTBEHHBbIE 3JIEMEHThbl PaBHDI
Apyr apyry '%°). B Haefl npexHelt cHcTeMe 3TO SIBJISIeT-
csl IOKa3yeMbIM NpeAJIOKEeHHeM; MOXKHO yKa3aTb ABHKe-
Hue, KoTopoe npuBoAuT (puc. 121) cropony A’B’ k Ha-
JIOXKeHHI0 Ha AB '6%); Torza B CHJY CIeNaHHOro HPeAmno-
JOXeHHs1 cTopoHa A’C’ ToxXe HempeMeHHO COBIafaeT C
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AC u BoOGLIe TPEYroJIbHHKH OKaXyTCsi COBMEILIEHHBIMH.
Ecau ke MB He BKJIOYaeM [BHXKEHHsI B UHCJIO OCHOBHBIX
TIOHSITHHA H, CJeNOBaTeNbHO, HE MOXEM HX NPHMEHSATb, TO
HeT HHKaKOH BO3MOXKHOCTH AOKa3aTb 3Ty TeOpPeMy, H Mb
BBIHYXKJIEHHl MOCTYJIHPOBATh €€ KaK HOBYIO aKCHOMY.

cl

VAN

~N

Puc. 121

4) Tlpu maJnpHelilleM pa3BHTHH HAeH NOCTYmaloT Kak
pa3 oGpaTHO TOMY, YTO HMeEJIO MECTO IIpH HalleM NepBOM
NOCTPOEHHH, KaK 3TO BaM, KOHEYHO, U3BECTHO. DJieMeH-
TapHOe NpenojaBaHHe reOMETPHH CJIelyeT, NPHMbIKas 10
cymectBy K EBKIHAY, 0 KOTOPOM MNoO3)Xe MHe NPHAETCS
elle NoApo6GHO TOBOPHTb, B TOYHOCTH 3TOMY (BTOpPOMY)
nytd. CHauaja noKaselBaloT TeopeMmy Ilucdaropa u satem
BBOJSIT TPHrOHOMeTpHYeCcKHe QYHKUHH (KOCHHYC H CHHYC)
B CBSI3H C HX pOJbI0 B YYEHHH O TpeyrojbHHKax, a
OTCIOIA YK€ NMPHXOAAT, HaKOHeH,
K TaKOMY e aHaJHTHYeCKOMY
annapary, Kak M paHblie.

AKcHoMa mapanneabHOCTH H
TEOpUs mapaJdJeneil; HeeBKJAHAO-
Ba reoMerpus.

5) Ilpu sToM oOKa3sbBaeTcs
HeoOXOJHMBIM BBECTH elile OAHY
0COOEHHO BaXKHYI0 aKCHOMY, OT-
HOCSILYIOCS K Teopuu napaiie-
sed. Tlpu Haiem nepBoM o6oc-
HOBAHHH TNapaJuleJbHOCTb GBLIA
OJLHHM M3 NepBbIX OCHOBHLIX NO-
HSTHH, KOTOpPOe cpasy Ke BO3- Puc. 122
HHUKJIO IPH pacCMOTPEHUH napaJ-

JIeJIbHBIX TEepPeHOCOB: Mbl Ha3blBaJH INpsSIMble JIHHHH
napaJjieJbHbIMH, €CJH OHH SIBJSJINCh TPaeKTOPHSIMH
(pa3/HYHLIX TOYEK) NpPH OLHOM M TOM Ke NapaJJieNsHOM
neperoce. CoBepLIEHHO HHaye OOGCTOHT [€Jl0 3[€Ch;
cpend 10 CHX NMOp BBeAEHHBLIX OCHOBHBIX NMOHATHH mapaJ-
JIeIbHOCTh He BCTpeyasacb, NMOITOMY HaM TNPUXOAHTCS
Tenepb MNMOTOBOPHTb O. HeH B OTAEJBHOCTH. A HMEHHO,
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uMes npsaMyo g (puc. 122) u touxky O BHe g, coeluHsieM
O c Touko#t P, jnexallelt Ha g, 1 oToABHUraeM P B moso-
xenus P’, P”, ... u Bce JAajblle U jAajblle Ha g (HHH-
MH CJIOBAMH, MBI TNpeiCTaBjiieM cebe MNocC/Jel0BaTeNb-
HocTb TOouek P, P/, P”, ... HIM COOTBETCTBEHHO
nocjefoBaTeqbHOCTh npsimeix OP,OP’,OP”, ... ; o nBH-
JKeHUH Ke B IpexHeM CMBbICJe 3J]eCb He TOBODHUTCS).
Ilpsmass OP npu sTOM BpalleHHH BOKpYr O, NOCTHTHET
HEKOTOpOro NpefesbHOr0 MOJIOXKeHHs, Korja P ynanaurcs
B GECKOHEUHOCTb, H 3Ty NpedesbHyi0 RPAMYIO MbL U Ha-
3oi8aem napasresbroii £ g, npoxodawell wepes O. Ilpu
5TOM HeT HUKAKOH anpHOpPHOH HEOOGXOJHMOCTH B TOM,
y706bl npsiMass OP npubnauxajach K 0OHOMY U TOMY e
TpeieJIbHOMY TOJIOXKEHHIO NpH yAajeHun P B GecKOHeu-
HOCTb KaK B OJHY, TaK H B APYIYI0 CTOPOHY, YTO JaeT
QOCTPAKTHYIO B03MOICHOCTL CYU,eCT808aHUA O8YX pOs3-
AUdHBLX npamelx, npoxodawux uepes O napassenrbHo
npamnoil g. ‘

[TosToMy AJs1 Halllero TemnepellHero NOCTPOEHHS BBO-
EUTCSI HOBAA QKCUOMQA: MBI TNOCTYAHDYEM B COIVIACHH C
Hallell NPUBBIYHOH HHTYHLHEH, 4TO 3TH ABa Npele/bHBIX
TIOJIOJKEHHUS BCeria [AOJIKHBl COBNajAaTh, HHAYe TOBOPS,
uto yepe3 Touky O OoadHa npoOXoOUT6 TOALKO 00HA
npamas, napasressvHas npamod g. 3To U €CTb Ta 3HaMe-
HUTAsi QKCUOMA NAPAANEABHOCTU, KOTOpask B TCUEHHe
pAlla CTOJIETHI BHI3BIBaJa CTOJNBKO CIIOPOB; €€ Ha3hBaIoT
TaKkxke esxaudosoil axcuomotli, Tak KakK y EBkauma ona
yeTKo copMysaHpoBana B BHAE NOCTysaara !6!),

IIpexxpe Bcero s RONXKeH COOGIUMTbD BaM KOe-yTo,
Kacarmoujeecs ucropuu 3Toli akcuomel. B teueHue mosaroro
DpeMeHH JesaJUCh BeJHuailline YCUJIMs, HanpaBJeHHble
K Hax0XJIeHHI0 0oka3areascT8a 3TOH aKcHoMmHb (T. e. K
BHIBOJY .€e H3 INpeAlIeCTBYIOWNX el TreoMeTpHYecKuX
aKCHOM) H, KOHeYHO, Bcerja GesyCmellHble. DTH YCHIMs
He NPEKPATHUJINCh U N0 ceif Lekb, H 3TO BIIONHE ECTCCTECH-
HO: HayKka MOXeT NpOrpeccHpoBaTh KaK YrOAHO [aJieKo,
H BCe Xe Bceraa HaHLyTCs JIIOAH, KOTOPHIE M0Jaraior,
YTO OHM JIyulue NMOHUMAIOT [e/0, H HTHODHUPYIOT Pe3yiib-
TaTH HaJEXHOro TOYHOTO HCCIeJOBaHHUS.

B neificTBUTE/NILHOCTH MaTeMaTHKa AaBHO YKe Iepem-
Jia ‘OT TeX TIIETHBIX NMOMBITOK K NJIOAOTBOPHBIM HOBBIM
HCCIEOBAHHSIM M HOJIOXKHTEJNbHBIM pe3yJbTaTaM. YiKe
B XVIII cronerun Bo3HHKaeT XxapaKTepHas HoBasl, 6osee
AIMpOKasl MOCTAaHOBKA -BONPOCA: He SIBJISIETCS JIH BO3MOXK-
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N

HBIM TOCTPOMTb JIOTHYECKH IIOCJeJ0BaTeNbHYIO, CBOGO/L-
HYIO OT BHYTPEHHHX /IDOTHBODEUHH CHCTEMY TFeOMETpHH,
KOTOpasi BO3JepxKHBaJach Oul 'OT 9TOH aKCHOMBbI napal-
Jejed ¥ ponyckaja Gbl CyllecTBOBaHHe 08YyX Pas3HYHBIX
Npele/IbHEIX TNPAMbIX B BbIIUEYKa3aHHOM CMbICJe, T. €.
IBYX pasjMYHHX napaJJjeneil K g, Npoxoasuux yepes O?

B nauane XIX croseTHs MaTreMaTHKa OKa3anach B
COCTOSIHMM [1aThb YTBEPAMTEJNbHBIH OTBET HA 3TOT BONPOC;
Taycc nepBBli OTKpPBLI. CYLIECTBOBaHHE HEe8KAUO0BOL
eeomeTpuu — TaK Mbl Ha3piBaeM BMeCTe C HUM TeOMEeTpH-
YecKyl0 CHCTeMy YyKa3aHHoOro popa. M3 aurepatrypHoro
Hacnenuss [aycca sBcTByeT, YTO OH, HECOMHEHHO, YiKe
B 1816 r. uMes TOYHOe mpejcTaBjeHHE O HEH, HO OTHO-
csAuyecs Cooja 3aMeTKH OblIM HaHAeHbl JHIb MHOro
no3xe u Haneyatansl B 1900 r. B BocbMoM ToMe «CoGpa-
Hus npousBeneHn# Iaycca» *).

Cam TNaycc HHuero He ony6JIMKOBaJ, KpOMe HEMHOIHX
Cly4aHHBIX BBICKa3blBaHHH, 00 3TOM CBOEM BeJHKOM
OTKpbITHH. He3aBHCHMO OT Hero HeeBKJH/JOBY IeOMETPUIO
nocrpoust okoso 1818 r. ropuct llBefikapTt, Ha3BaBuuii
ee acTpaatnoti (T. e. 38e30H0iI) eeomerpueri. OH TOXKe
He onyGJMKOBaJ CBOMX HccaeloBaHHH. BnepsHe o Hux
y3HaAH KOe-uTO U3 OJHOro mucbMma, HanucanHoro layccy
H HalileHHOro cpeau Oymar nocsenHero. IlepBrie omy6-
JINKOBaHHble pabOThl MO HEEBKJIHAOBOH reOMeTpPHH HaIlH-
canu pycckuit reomerp H. M. JloGaueBckuit (1829) u
seHrp bosim mmagwuuii (1832), Kotophie 06a HalLIM 3TH
pe3y/bTaThl He3aBHCHMO OJMH OT APYroro u ob6saganu
HMH, HAaCKOJbKO MOXHO CYIHTb HO HMeIOLIMMCS. MaTe-
puaiam, yxe B 1826 r. n coorsercTBeHHo B 1823 r. B
TeyeHHe TNPOTeKLero CTOJNeTHs 3TH BewH OGiaaroaps
MHOrMM paGoTaM CTalH OOLIMM JOCTOSIHHEM MaTeMaTH-
KOB, ¥ B Hallu AHH BCSIKOMY OOpa30BAHHOMY YesIOBEKY
NPUXOAWIOCH CJIBILATh YTO-HHOYAb O CyleCTBOBAHUU
HEEeBKJHAOBOH TeOMEeTPHH, XOTS TOJbKO CIIELUAJUCT
MOKeT JOCTHYb SICHOTO.ee NOHHUMaHHUS.

CyliecTBeHHO HOBOe HampaBJeHHe NaJ 3THM BOIIPO-
cam Puman B Hauaje ropodl mojsoBuHbl XIX croserus
B Jekuun «O runoresax, JexaluxX B OCHOBAHUH reoMeT-
puu», npounTaHHod B 1854 r. AnsA mosayuyerHs npaBa
npenojaBaHusi B YHHBepcuTeTe. Puman 3ameuaer, 4TO

*) Gauss C. F. Gesammelte Werke.—Bd. VIII. — Leipzig,
1900.
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B OCHOBE BCeX IpeJLIeCTBOBABLIMX HcCJeNOBaHUN Je-
KHT OJonyujeHue TO20, 4TO npamele umetoT 6ecKoHeu-
HYt0 OAUHY, KOTOPOE sIBISIETCS, KOHEUHO, KpaiiHe ecTe-
ctBeHHBIM. Ho uyro moayuurcsi, eciu Bce Ke OTOpO-
CHTb 3TO JONylleHHe, eCJH, HanpuMep, BMeCTO Hero
NPEANOJOXHTh, 4YTO NMPsiMbBle CyTb JIMHHH 3aMKHYTHIE,
Bpoje GOJbLIMX KPyroB Ha cdepe? 3aech peub HIET O
pasauduu mexndy OECKOHEeHHOCTb!0 U 0e32paAHUYHOCTOI0
NPOCTPAHCTEQ; 3TO pasjuude Jyullle BCEro MOXKHO IO-
HATb, paccMaTpHBas aHaJIOTHYHOE COOTHOLIeHHe B [BY-
MepHOH o6JiacTH: Oe3rpaHHYHbIMH !62) gBasilOTCS Kak
OObIKHOBEHHasi MIJIOCKOCTb, TaK H IIOBEPXHOCTb Cdhephl,
HO TOJIbKO nepBasi 6eCKOHeYHa, TOrAa KakK Apyras HMeeT
KOHEeYHOe NMPOTsXKeHHe.

PumaH neHCTBHUTEJBHO CYHUTaeT NPOCTPAHCTBO JIHLIb
Heoepanudennoim, HO He OeCKOHe4yHbLM; TOTAA IpsiMasi
CTAaHOBHTCS 3aMKHYTOH JIHHHEH, Ha KOTODOH TOUKH pac-
NOJIOXKEHbl, KaK Ha OKPYXKHOCTH. Eciin 3acTaBuUTb Tenepb
CHOBa, KakK M IpexJe, TOYKy P mnepememarbcs 10
npsIMOH g BCe BpeMsi B ONHOM HampaBJeHHH, TO OHA B
KOHIE KOHIIOB CHOBa BepHETCS K HCXOZHOMY MeCTy, a
ayu OP BooOuie He GyfeT HMeTb HHKaKOro npenelbHOro
TIOJIOKEHHUSI: He CyuecTeyer 8o8ce npamoi, npoxodawel
yepes O napansesvrno npamoii g. Takum o6Gpasom, y
Pumana MBI BcTpeyaeMcsi CO BTOPBIM BHAOM HeegKkAudo-
soi eeomerpuu («HI II» B npOTHBONOJOXHOCTb HeeB-
kaunoBoii reomerpuu- [aycca, Bosu u Jlo6auesckoro
(«HT I»).

Ha nepBeifi B3rasil 3TO KaxKeTcss NapamoKCaJbHBIM,
HO MaTeMaTHK cpasy IoAMeuyaeT 3JeCb aHaAA02UI0 C
06bLKHOBEHHOL Teopueli KBaOPATHOLIX YPABHEHWL, 4YTO
yKaselBaeT Ha NMyThb K NOHHMaHHIO 3THX Beweid. A umen-
HO, KBaJZpaTHOe ypaBHeHHe HMeeT JUOO ABAa Pa3HUYHBIX
JeHCTBHUTEbHBIX KOpPHsI, JUO60 He HMeeT HH OJHOro Ta-
KOro KopHsi (HO MMeeT 3aTO JBa MHHMbIX KOpHs), nuGO,
HaKOHell, B KauecTBe NepeXOJHOro cjaydass HMeeT OJIHH
JABOMHON HefCTBHUTENbHBIH KOpeHb. DTO BIOJIHE aHaJo-
CHYHO [ABYM pa3JHYHBIM AE€HCTBHTEJNBHBIM NapaJjijiessM
HI' I, orcyTcTBUIO AeHCTBUTeNbHBIX mapaJdieneii B HI 11
H, HaKOHell, NepeXoJHOMY (HJH NPOMEeXKYTOYHOMY) CJy-
Yyalo OJHOH mapaJjiiesd B eBKJIHAOBOH reOMMeTPHH.

dunocopckoe 3HAYEHHE HEEBKJIMAOBOH TIeOMETPHH.
Ilpexne uyeM NPHCTYNHTb K GoJiee TOYHOMY MaTeMaTH-
YeCKOMY pacCMOTPEHHMIO HEeBKJHJOBOH TreoMeTpHH, 4
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X04y XoTsi OBl BKpaTLe KOCHYTbca ee Gosblioro ¢uiio-
cockoro 3HaueHus, Osarogapsi KOTOPOMY OHa Bcerjia
BCTpeua/Jla CcO CTOPOHB @ua0cooB KHBOH HHTepec,
4aCTO CONPOBOMKAAEMbIl Pe3KO OTpPHILATEJbHBIM OTHOLLE-
HHUeM. '

Ilpex<pe Bcero aTa AMCUUNJIHHA JaeT OTBET Ha BOI-
poc O TOM, KakoH xapaxkrep HMEIOT ceomeTpuueckue
aKcuomel, paccMaTpuBaeMble C TOYKH 3peHHS YHCTOH
JOTHKH. A HMeHHO, M3 caMoro (akra CyLIeCTBOBaHHS
HeeBKJUJOBOH TI'eOMeTPHUM MOXKHO HENOCPEeICTBEHHO 3a-
KJIIOYHTH, YTO eBKJHAOBA aKCHOMAa OTHIOAb He SIBJSETCH
CJe[ICTBHEM INpEANOCTaHHBIX eH OCHOBHBIX MOHATHH H
&KCHOM H He HMeeTCsl HHYEero TaKoro, 4YTO JIOTHYECKH
noHyxpaano Obl Hac K ee npuHsAtuio. [eldcTBHUTeNbHO,
3aMeHsisl ee NMPOTHBOpeYallUM el JONMylleHHeM H CoXpa-
HsSl HEM3MEHHbBIMH BCe NPOYHEe AKCHOMBI, Mbl HE TOJbKO
He NMPUXOJUM HH K KAKOMY NPOTHBOPEUHIO, HO MOJydYaeM
HEEeBKJIHAOBY TeOMETPHIO B KauecTBe NUCIHIIHHBL, CTOJb
e 0e3ynpeyHoH JIOTHYeCKH, KaK M eBKJIHAO0Ba reoMeT-
pusi. Takum o6pa3oM, Ta 0cOOeHHOCTb Hauezo npedcras-
AEHUS O NpPOCTpaHcT8e, ONHUCAHHE KOTOPOH naeT aKCHO-
Ma ImapaJjfeNbHOCTH, BO BCAKOM CJyuae, He sBJSeTCA
YHCTO JIOTHYECKOH HeOOGXOAHUMOCTBIO.

Ho B TakoMm ciyyae cnpallinBaeTcs: HeJb3st JIH paspe-
HIHTL BOMpoc 06 HCTHHHOCTH aKCHOMBI NapaJuJienedl ¢ no-
MOLIBIO 4YBCTBEHHOL uHnTyuyuu? ¥l Tno 3TOMY BOmpOCY
HeeBKJIHOBA TeOMETpHSl TOXKe JaeT BaXKHble YKa3aHHSf,
a HMeHHO: 6e3YCA08HO HegepHbIM ABASLTCA MHeHue, 6YyoTo
HenocpedCT8eRHOe 4YBCTBEHHOE BOCNPUATUE YUUT HAC CY-
L4eCTBOBARUIO 8 TOYHOCTU O00HOU napaiiesu.leno B ToM,
4YTO Halle BOCIpHUSITHE NPOCTPAHCTBA OTHIOAb He 06Ja-
naeT a6COJIIOTHOH TOYHOCTBIO U UYTO H 3AeCb, KaK U BO
BCsAKOH aApyrofl 06/1acTH YYBCTBEHHOTO BOCHPHSITHS, MBI
He B COCTOSIHHH BOCIPHHUMATb KaKk pasjiMYHbIE Te Be-
JUUMHB (OTPE3KH, YIMbl H T. A.), Pa3HOCTb MEXAy KOTO-
PbIMH JIEXKHT HHXKe H3BECTHOro npejesa, TaK HasbiBae-
moro mnopora. B uactHoctH, ecau 4epe3 Touky O mpo-
BECTH [BE IpsIMble Upe3BHIYAHHO GJM3KO OAHY K APYroi
(puc. 123), To MBI HaBepHOe He OyneM B COCTOSIHHH
PasJHUHTh HX MeXJy COGOH, eClH TOJNBKO YroJ MeXny
HUMH OGydeT IOCTaTOYHO MaJ, HanmpuMep paseH 1”7 wuam,

”

ecu YrOMHO, Toog. » H/IM elle MeHblie. ITostoMy npen-

CTaBJAETCSA 3aTPYAHHUTEJbHBIM BBIBECTH H3 HEHOCPEACT-
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BEHHOIO CO3€eplaHHsl 2aK/il0YeHHe ¢ TOM, IPOXOIUT JIH
yepe3 O AeficTBUTEJbHO ONHA M TOJBLKO OAHA MapaJieb
K g WJHW XKe JBe, HO OTCTOsIlllHe OAHA OT JApPYroil Bcero
JUUIb Ha TaKoil He3HAUYMTEJbHBIH yroJa. Mbl mOYyBCTByeM
3TO elle siCHee, eC/H npeacTaBuM cede, yto O JIEKHUT He-
BEPOSITHO JaJieKo OT g, CKaxXeM Ha paccrosiuuu or Cu-
puyca 10 3eMyd WM faKe B MHJJIMOHBI pa3 jalblie.

[Ipy Takux paccTOSTHUAX

4yBCTBEHHOE  CO3epliaHHe
¢ coBepilleHHO  TepsieT Ty

OCTPOTY, KOTOpPYIO BOOGIIE

CYHTAIOT CBOiICTBEHHOI

eMy, W HaluM rJjasa ab6co-

JIIOTHO HECNOCOGHBI pasJiH-

Puc. 123 YHTDb, HMEETCs JIH OJHa HJIH

JIBe napajjeJd K AaHHOH

npsAMOIl g COTBETCTBEHHO ONpefeseHHIO NapaJjielld Kak
npelrebHOrO MOJOXKEeHHs Bpallalollerocs Jayya.

C 3THM noOJIOXKeHHeM Beluell HeeBKJIHJ0BA reoMeTpHsl
NepBOro poja MHUPHTCS (PaKTHYECKH Tax XKe XOpOolLIo, Kak
u eBauAoBa. Kak Bbl yBUAMTE elle siCHee U3 TeX Mare-
MaTtuuyeckux (opMmyJ, KoTopee s ceffuac cooflly, HeeBK-
JIHAOBA TeOMETPHS NMEPBOro poAa COAEPKHT OAHY NPOH3-
BOJIbHYIO IIOCTOSIHHYIO; OIEpHpYs! elo HaaJdexKalnM obpa-
30M, MOXHO cAeJaThb yrol Mexiay OGeHMH napaJieisaMy
K g, NPOXOASILIMMU Yepe3 yMepeHHO yAajJleHHYl0 OT g

Touky O, Kak YroZHO MaJjibiM, H TOJIbKO IO Mepe yialje-
pusi Toukn O or g 3atoT yroa OyneT npHoGpeTraTh BCe
‘6osiee 3aMeTHYIO BeJHUHHY 163),

Takum 006pasom, NOCKOAbKY BEPHO TO, 4TO Haule
BOCNpUATUE NPOCTPAHCTBA 0XBATHLBAET TONLKO O02PQHU-
‘YEHHYIO e20 4ACTb U NPUTOM C 02PAHUYEHHOI TOYHOCTbIO,
‘Hawe socnpusaTue modxceT O6blTo YOOBAETBOPEHO CKOAb
420010 TouHO nocpedcreom Hexoropoii HTI I.

Ho ‘coBeplieHHO aHaJOTHUYHO OOCTOHT [CJIO H C
HI II. Heo6xomumo TOJBKO oTnaTh cebe OTYeT B TOM,
yTo 6ecKOHeuHasl IJHHA INPSMBIX TOXKe He sBJsercs
-06513aTe/bHBIM BBIBOJOM H3 HENOCPEACTBEHHOrO 4YyB-
CTBEHHOI'0 CO3€pLaHHs.

Mpul MoxKeM™ NpOCJeAHTb BCAKYIO NpPSIMYIO TOJBKO B
npenesax HEKOTOPOH KOHEYHOH 4YacTH NPOCTPaHCTBA,
MO3TOMY Mbl He BNaJeM B NPOTHBOpEYHE C HAUIMMH BOC-
NPHUSTHSIMH, €CJHM CKa)keM, 4TO MNpsiMasi HMeeT XOTd H
‘HeBepOSATHO GOJIbIIYIO, HO BCE XK€ KOHEYHYIO JIMHY, GBITh

a
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MOJKET, PaBHYI0O HECKOJbKHUM MHJJIHOHAM HJH JlaxKe elie
GoJablueMy uucay paccrositHuit no Cupuyca; daHrasus
MOXKeT, KOHEYHO, IpPHAYMBIBAaTb 31eChb CKOJb YrOIHO
OoJsibllie YHCJAA, BLIXOASALINE 3a INpedesabl BCSAKOH BO3-
MOIKHOCTH HeNOCpeJCTBEHHOro cosepuaHus. Bsudy artux
Co0OpadceHUll MOINHO KAK YeOOHO TOYHO NpPesCcTA8UTb
2eomeTputecKue OTHOULEHUS B0 BCAKOU 02pPAHUYEHHOU
yactu npocTpancTea Taxsce u nocpedcrsom HI 11 (rosce
codepacaujeli nPOU3BOALHOLE napameTp).

3aTpoHYThle 3[eChb JIOTMYECKHe W HHTYUTHBHbIE (ak-
Thl, H3JIOKEHHbIe TaK, KaK OHH IPJACTaBJSIOTCSI C TOYKH
3peHHus MaTeMaTHKH, HAYT, KOHEYHO, B BHICOKOH CTeneHH
Bpa3pe3 C TeM OpPTOAOKCAJbHBHIM NOHMUMaHHEM HpPOCTpaH-
CTBa, KOTOpPOe MHOrHe (PHIOCO(HI CBA3BIBAIOT C UMEHEM
KaHTa ¥ COriacHO- KOTODOMY BCe TEOpPEeMbl TeOMEeTpHUH
JOJIKHB HME€Th aOCOJIIOTHYI0 CHy. DTHM OObBsCHsETCH,
noyeMy HeeBKJHAOBA TeOMETpPHs BbI3Baja CTOJbKO
pasapakeHHs- M CONDOTHBJEHHSI B 3THX (UI0COPCKHX
Kpyrax c caMoro HauaJa HX. 3HaKOMCTBa C HelO.

Bkaiouenne HeeBKANAOBOH reOMETPHH B MPOEKTUBHYIO
cxemy. OOpamiasicb, HakOHell, K COOCTBEHHO MATEeMATU-
4ecKkol TpPAKTOBKe HEeBKAUOOBbLX 2eoMeTpull, MH Che-
JlaeM Jydullle BCero, ecjiu BbiOepeM NyTb, BeAyHIHH yepes
NpPOEKTHBHYI0O TeOMeTPHIO; 3TOT IpHeM # YyKasail
B 1871 r.

Mbl npeicTaBisieM cebe NPOEKTHBHYIO T€OMETPHIO,
MOCTPOEHHYIO HE3aBHCHMO OT BCAKOH METPHKH, HCXOMst
U3 OCHOBHBIX MOHATHH «TOYKa, NpsMast, IJIOCKOCTb», ¢
IOMOIIBIO OTHOCAIIMXCS K HHM aKCHOM COeJMHEHHsi, pac-
NOJIOXXEHHST M HENPEPLIBHOCTH TAaKMM HMEHHO o6pasoM,
KaK sl BKpaTlle HaMeTHJl B Hayajle 3THX pacCyxkIeHHil 00
OCHOBaHHAX reomeTpuu (c. 245—247). B uacrtHOCTH, GY-
JIeM CUHTATb, YTO BBeJeHH TaKikKe TOUeUHble KOOpAHHA-
TH X, Y, 2 HJIH B OJHOPOAHOM BuAe E:M:{:71, a Takke
NJIOCKOCTHEIE KOOPJHHATH o : f : vy : 6, TaK YTO B3aUMHas
NPHHALJICKHOCTb (MHUHLEHTHOCTb) TOYKH H INIOCKOCTH
3anHCLIBaeTCsl OGHIHHEHHBIM ypaBHEHHEM

of + Bn+ vE+ 6t =0.

Ha a3Toif ocHOBE MbI NOJNYYHMJH paHbIUe OObIUHYIO
€8KAUC08Y 2eOMeTPUIO TIPH NMOMOILH TEOPHH HHBADHAHTOB
v npuHuuna Kaniu, npucoennHas cheuuasbHYIO KBajapa-
THYHY10 (GOpPMY, 3aNHCAHHYIO B IVIOCKOCTHHIX KOOPJAHHATAX
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cuaenyromumM o6pasom:
@y = o+ p* 4 v?,
KoTopasi, 6yAyuH NpHpaBHeHa HYJIO, H300paxKaeT OKpYX-
HocTb cdep. [Tpu aTom yronm Mexkay NMJIOCKOCTIMH
a0y + B1Bs 4+ vive
Aaf+ B+ A o]+ B 03
H paccTOsiHHEe MeXAY ABYMsl TOUKaMH

A @t — Bt (T — )+ (i — Lom)?
- T, Ty

@® == arccos

r

SIBJASJINCh TOTJA, KaK Mbl mokasaau (c. 240—242), npo-
CTBIMH MHBapHaHTaMH JaHHOH ¢uryphl (ABYX MJOCKOCTeH
HJIH IBYX ToueK) H ¢dopMbl Do.

CoBepLIeHHO TaKHM e 00pa3oM MBI XOTHM Temepb
NPUATH K Hee8KAud0B80L ceomeTpuu; HO TOJBKO BMECTO
MHHMOH OKpyxHOocTH @2+ 2 + y2=0 MB BO3bMeM
Apyryio Keadparuunyto gopmy, <«OJIH3KyI0» K MepBOH,

a MMEeHHO:
O =0a?+ B2+ y> —ed%

3/ecb & — napamerp, KOTOPHIH MOXKHO BHIGPaTh CKOJIb
yrogHo MaJjuM, u npH & =0 noaydaercs @ = ®,. Haw
BHIGOp ¢opMbl D cAenaH TakuM o6pa3oM, YTO NpPH 1OAO-
ocurenorom € nonydaercs HI'I, npu orpuyaresornom —
HI'1l, a npu e = 0 — HanucaHHbe Bbllle (OPMYJILI
OOBIUHOH €BKJIMA0BOH reOMeTpHH.

CyuiecTBeHHBIM TNIPH paccCMOTpPeHHH 3ToH ¢GopMmel @
AIBJISIETCS TO, UTO ee onpedeaurensd

It 00 o
010 o0

A=lo o1 ofTT®
000 —e

BooO1lle roBopsi, OTJHYEH OT HyJs H obpailaeTcs B HYJb
TOJILKO ‘B 4acTHoOM cayyae € =0, T. e. Toraa, Koria
ypaBHeHne @ = 0 usobpaxaer oxkpyxHocTb cqep. Ta-
KM 00pa3oM, Haul NpHeM CBOAHUTCA K TOMY, YTO MBI
3aMeHsieM KBaJpaTHUHYI0 ()OPMY C paBHBIM HYJIO Ompe-
JejuTeNieM TaKoi e (opMmoil ¢ Heo6paulamomuMcs B
HyJb IOJOXHKTeJbHbHIM JHOG0 OTpHIATeNbHEIM (HO IO



OCHOBAHHSI TEOMETPUU 277

a6Co/NIOTHOH BeJHYHHE KaK YroiHO MalbiM) oOmpeje-
JIUTEJIEeM.

Merpuueckne BeJMYHMHB HAUIMX HEEBKJHJOBHIX reo-
MeTpu# MBl NOJYYHM [yTeM oOpasoBaHus U3 0O1iei
¢opmbl @ u u3 GuUrypnl, cocrosimied H3 JBYX IJIOCKO-
crtefi a1H60 M3 J[IBYX TOYeK, HHBAapHAaHTOB, COBEpILEHHO
NOJOGHBIX TeM, KOTOPbIMH SIBJSIIOTCS yKa3aHHble Bhllle
€BKJHAOBH BeJHUYHHH IJs crenHanbHoi (opMmel My =
= a2+ B2+ y2 D10 ecTb He uTO HHOe, KaK IpPHHAA-
aexamas Kanu (u BbickazaHHass uM B 1859 r.) Mbiciab
O TOM, YTO IO OTHOLUIEHHIO K JI000H NOBEPXHOCTH BTO-
poro mopsiika (HampuMmep, noBepxHocTH @ = 0) MOXKHO
YCTaHOBHUTb OlNpeJesieHHe Mep C TaKHM XXe YCHeXoM, Kak
M N0 OTHOLIEHHIO K OKpYxKHocTH cdep. IIpu Tom ckpom-
HOM pasMepe, KaKUM eCTeCTBEHHO MAOJIKeH ObITb orpa-
HHYEH 3JeCb 3TOT 3KCKYpC, NpeACTaBJsieTcsl HauGoJjee
Hejecoo6pasHbIM IpeAnocaaTh B BHAe OnpeleleHUH
aHaJuTHYecKHe (GopMy/bl. DTO JacCT BO3MOXKHOCTb Obl-
cTpee Bcero TOYHO cOpPMYJNHPOBaTb MOJIOXKeHHe BelleH,
u npu 3ToM Oyder u36erHyTa BCSIKasg TeHb Yero-To
TauHCTBeHHOro. KoHeuHo, Tako#i cmoco6 H3/0XKeHUs
TOJIbKO B TOM CJydae MOXKeT NpPHUBECTH K IIOJIHOMY II0-
HHMAaHUIO NpelMeTa, eCJU Bcjaeld 3a 3THM npopaboraTh
€ro TOYHbIM 06pa3oM C reoMeTPHYECKOH CTOPOHHI.

Hauunnas ¢ paccMoTpeHuss ABYX IJIOCKOCTeH, HeTpyA-
HO coo6pa3uTh, Kak cJelyeT OO6OOLUTL mnpelblayliee
BHIpajKeHHe [Js1 yrJaa MeXAy STHMH ABYMS IJIOCKO-
CTSIMH, U3MEPEHH020 NO OTHOUWIEHUID K NOBEPXHOCTU
@ = 0; Mbl COCTaBJisieM TOYHO TaKHM ke o0Opasom, Kak
U paHblue, H3 3HayeHu# popmel @ u ee NOJAPHOH POPMHI
BHIpaXKeHHEe

® == arccos 0,0, 4 BiBz + yiv: — £8,8,

A&+ B + i — e A/ oF + B} + v3 — eb3

370 (OUeBHAHO, HMHBADHAHTHOE) BHIpaXKeHHe JeHCTBH-
TeJbHO TNepexoAUuT npu & = (0 B BHIpaxKeHHe AJS yrJaa
B €BKJINJ0OBOH reOMeTpHH.

[IpeacTaBisieTcsi He CTOJIb HENOCPEACTBEHHO SICHBIM,
KaKO#l HMEHHO BHJ JOJXKHO HMETb gbLpadcerue 0As pac-
cTOAKUA MexncOy 08yms TOYKAMU B HAIleM ONpeNeseHHH
Mep; TPYAHOCTb 3TOr0O IepeHeceHHs 3aKJ0Yaercs B TOM,
4YTO Temepb MEI NpHMeHsieM (OpMYy C He PaBHbIM HYJIIO
onpejenuTeNeM BMeCTO JeXalledl B OCHOBe €BKJHIOBA
onpenejenuss mep Gopmbl @y ¢ paBHbIM HYJIO Onpeje-
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auteneM. Ho MBI MoxeM HalTH NyTh K YCTaHOBJIEHHIO
BbIpaXKeHUS [/ paccTOAHMH, ecam OyldeM IOCTYynaTh
B TOYHOCTH B3aHMHBIM 006pa3oM IO CPaBHEHHIO C TOJBKO
YTO JaHHBIM OIpefefleHHeM YIJa; TOria Mbl ‘HaBepHOE
CHOBA MOJNIYYMM HeKOTOpHHi HWHBapHaHT. MrTak, 3amuuiem
CHauaja ypaBHeHHe NOBepXHOCTH ® =0 B TOYEUHHX
KOoOpJMHATaX; KaK H3BeCTHO, JeBas uactb [(&, m,L,T);
3TOr0 ypaBHeHHs [OJydyaeTcs NyTeM OKaHMJeHMs ompe-
Jdeautenass A ¢opmbl @ TOYEUHBIMH KOOpPAHHATAMH

1 00 0E
010 0 n

f=001 0 ¢|=e®@+n*+H)—1%
0 00 —e 7
e n g ©0

4yTOGLI TEepeHeCTH Tenepb B TOYHOCTH BhIpa)KeHue AJs o,
COCTABHM YacTHOE M3 MOJISIPHOH ()OPMBEI MO OTHOLIEHHIO
K [ W ¥3 NpoHM3BeleHHs] KBAaAPAaTHHIX KOpPHeH U3 3Haue-
Huil ¢opwmbl f mas Touek I W 2, a 3aTeM BO3bMEM apkK-
KOCHHYC 3TOrO BHIpaXKeHHs

e(EiE2 +nime+8ils) — 1Ty
AVe(@E+ni+8) —tiafe(@E+n+8) -1

[TpucoenuHenHblii 3nech MHOXHTeab K mnosBossieT
HaM NPHUHATb 3a eQUHHNY JI000H OFpPe30K, UTO COOTBET-
CTByeT HalleMy OObIKHOBEHHIO H, KpOMe TOro, OKaxKeTcs
HeOOXOJHUMBIM INIpH NpPeACTOsIlleM HaM NepeXoie K €B-
K1unoBoit reometrpuu. IIpm stom MHoxkHnTemio K cue-
LyeT [1aBaTb HNPU OTPUUATEAbHOM € OelicT8uTenbHble,
a npu NOAONHUTEAbHOM & HUCTO MHUMblE 3HAYEHUS IJis
TOro, YToObl 7 OKa3blBAAOCb MEHCTBHTEJbHBIM [AJs BCel
uau xe (npu € > 0) mo xkpailiHefi Mepe AJsT 3HAYHTEJb-
Holl vacTu Bcell 006s1acTH JeHCTBHTEJNbHBIX TOYEK, KOTO-
pasi B TakoM cayuae o6pasyeT AeHCTBHTeJbLIBI cy6cTpaT
HEeBKJIUAO0BOH reOMeTpPHH.

MoxHo 6blJIO GBI CUHTATh, YTO 3TO AaeT HaMm obuiee
onpejesleHHe PacCTOSIHHSA, ecju OBl TOJMbKO yIaJjoch IO-
Ka3aTb, 4To npu € = 0 OHO NPuUBOOUT CHOBA K YKA3aAH-
HOMY 8blUle BbIPAXCEHUIO OAfL eB8KAUO0BOL eeomeTpuu.
3z1ech 3TQ OOCTOUT He TakK NpPOCTO, KAaK Bhillle IJs1 yrJia
®. JlefiCTBUTENIbHO, €CJIH HENOCPeJCTBEHHO MOJIOXKUTD
€ =0, ToO B 4YacTHOM IoOJiyyaeTcsi eJHHHIA, TaK 4YTO
r/K oKasbiBaeTcsi paBHBIM HYJIO C TOYHOCTbIO ZI0 OCTalo-

r = K arccos
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merocss MO HeOOXOAHMMOCTH HeonpeleJleHHBIM cJarae-
MOr0, KPaTHOro 2.

W Bce Ke, HECMOTPS Ha 5TOT Ha NEpBBIH B3MJISA Hes
CKOJIBKO NapajJoKCcajJbHHH pe3yabTaT, MOXHO C IIO-
MOILUBI0O HEKOTOPOTrO. MCKYCCTBEHHOrO. mpueMa INpUHATH B
KOHLle KOHUOB K eBKJHAOBY BbipaxeHuio. [Lis 2Toro
6yler YyAOOHHM CHauyajJa: HeECKOJbKO: Ipeo6pasoBdTh
BHIParkeHHe, onpepensloulee r, IIPH NOMOULH H3BECTHOLO
TOXAECTBa

arccos @ = aresin 4/1 — o

IpuBoas cpasy xe K oflleMy 3HaMeHaTe1l0, HaXOJAHM

r =K arcsin /\/%—
rae
A={eE+n+)—{eE+n+E) — 3 —
— @&+ m,+5E,) =15

B={e(E+nm+)—PeE+n+)—3}

YncauTtedb B 9TOM BHIpaXKeHHH JIerKo MOXKHO NpeoG-
pasoBaTb. A HMEHHO, COrVIaCHO H3BECTHOMY COOTHOlle-
HHIO H3 TEODHUH OlpeleJHTeNell 3HaYeHHe ONpelesHTels
f (T. e. OXHOKpPaTHO OKaHMJIeHHOro oOmnpenenuTenas A
¢opmbl @) nas TOUKH I, YMHOXKEHHOe Ha ero xe 3Ha-
yeHMe [JJs TOUYKH 2, MHHYC KBaJpaT ero nNoJsipHO#
¢opMbl, COCTaBJIEHHOH AJIs. TOueK I M 2, paBHO IpOH3Be-
JIEHHIO CaMOro OmpefeJHuTeNsl A Ha 3TOT Xe ONpenesH-
TeJib, ABAX/Hl OKaHMJIEHHBIH KOOpPAMHaTaMu TOYeK I u 2,
T. €, PaBHO

H

1 00 0E &
100 0])|0 1 0 0n ne
010 O 0 01 0 &

001 0|00 0 —e=
000—¢ EEm G 7,0 0
EaM2 e 7T20 0

BoluHC/IHB 3TO BhipaKeHHe, HaXOAHM
- 3{(5172 - §271)2 + (Nt — le"l)2 + (it — §2Tn)2 -
— e (M — Moty)’ — e Gk — L) — e Eme — Emy)'}-
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ToT, Koro cTeCHSIIOT BBIYHCJIEHHsI TaKOro poja ¢ Ofl-
peAeNuTeNsIMH, MOXeT YOeIUTbCs NyTeM INPsSIMOrO BbI-
YHCJEHHs] B TOX/JECTBEHHOCTH 3TOro BBLIpaXEeHHUs C BHI-
IIeHANHCAHHOH POPMOH YHCIHUTEJIS.

Ecnu 31O BBipaXKeHHe BBECTH B NOCJIEIHIO (OpMyay
UL r U TOJOXHUTb 3aTeM & = (0, TO NOJYyuYHUTCs, KOHey-
HO. (TaK Ke, Kak u u3 mnepBoil ¢opmyasl), r/K =
= arcsin0 =0 no mnpuyuHe HAJIUYUA MHOKHUTENsS
4/—e. Ho ecin, mpexme uyeM NpHAAaBaThb & 3HaueHHe
HyJb, COOGILMTb €My JIHIIb OYeHb Majioe 3HauyeHHe, TO
apkcuryc O6yaeT B NepBoM NPHOJUKEHHH DPaBeH CHHYCY;
TIpU 3TOM B YHCJHTeNe MOXHO HmpeHe6peub TpeMs KBaj-
paTaMH, YMHOXeHHBIMH Ha &, M TOYHO TaK Xe B 3Ha-
MeHaTesJe OTHaflaeT B KaXJIOM COMHOXHTeNe UuJeH,
HMEIOIHNA MHOXHTeJb € TaK YTO B NepBOM NpUOGIH-
2KEHUH OCTaercs

r=K+/—¢ A (Bt — £070)? + (T2 — 1ew)2 + (G172 — L)’ .

T1T2

A Tenepp NpUMEHHM YNOMsIHYTHIi ¢okyc. Bmecro
T020 4TOOBL NMpunucel8ate Koapduyuenty K 80 spems
npedeavroeo nepexoda lime = 0 nocrosnwoe 3rauenue,
sacrasum K o0nHospemenno OeckoHneuno 803pactaTe u
nputom Takum obpasom, 4uT066l ObLA0

lim (K 4/—¢)=1.

Hns »Toro mnpHuiercsi, KOHeYHO, 3acTaBuTb K mpo-
6eraTb 1O YHCTO MHHMBIM JHOO MO AEHCTBHUTEJbHLIM
3HAUEeHHUsIM B 3aBUCHMOCTH OT TOro, 6yleT Ju & IpH-
6K ATbCA K HYJIO C NOJIOXKHTEJNbHOH HMJIM OTpPHLATEJ]b-
HOi cropoHbl. Ho BMecTe ¢ 3THM CTaHOBHTCS BIIOJIHE
OYEBHMJHBIM, 4YTO NYTeM TaKOro InpejeJbHOro Inepexoja
JefCTBUTEJIbHO NOJIYYaeTCsl BhIpaXKeHHe IJIsl PaCCTOSHHSA
13 OOBIKHOBEHHOH eBK/IHJOBOH reoMeTpHH.

Ecan ke BAyMaTbCs B reOMeTpHYeCKOe 3HaueHHE
¢opmbl f, a Takke TeX BLIpaXKeHHH, KOTOphle YCTaHOB-
JeHbl 3JeCh UYHUCTO aHAJHTHYECKHM IyTeM, TO JAeHCTBH-
TeJIbHO OKaxeTcs, 4To 8 cayuae € >> 0 mol umeem Oeno
Kax pas ¢ Heeskaudosoii eeomeTpueti nepsozo suda,
npu e <<0 — c HeesKaudo8ol eeomeTpueti BTOPO2O
suda, a npu & =0, — KOHEYHO, C €eBKJHJOBOH TreoMer-
pueil. Pasymeercs, s He Mory naTb 34eCb TOYHOE 06OC-
HOBaHHe BCEro 3TOr0; HHTEPECYIOUINXCS OTChIIAI0 K MOHM
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pa6otaM 10 HeeBKJIHAOBOH reomerpuu '64). § B Hux
NpelJIOXKHI JJIS 3THX TpPeX reOMeTPHH Ha3BaHHS eunep-
6oauueckas, aaauntuveckas U napaboauueckas eeomer-
pus, TaK KaK CYUIeCTBOBaHHe MABYX HAeHCTBHTEJbLHBIX,
JIBYX MHHMBIX JU6O OJHOH ABOHHOH mapaJiieJH B TOY-
HOCTH COOTBETCTBYeT YHCJY M NPHpPOLe acCHMITOT Tpex
BUJOB KOHHYECKHX cCeueHHH. DTH Ha3BaHHs Bbl MoOXKeTe
4acTo BCTPETUTh B JIHTEpaType.

Ho s xoTen 6bnl Ha OJHOM INpHMepe MOKa3aTb He-
CKOJIbKO MNOApoOHee, KAaKOH HMEHHO BHJ IPHHHMAET
TeopHsi mapaJjijielel Ha OCHOBAHHH HAIIero BbIpaXKeHHUS
JUIsT pPacCTOsIHHS; s BbIOHpalo AJst 3TOH ueau eunepbo-
Audeckyto eeomerpuro Ha naockoctu. Toraa TpeTblo Ko-
OpAHHATY cJielyeT BCe BpeMsl CYHTAaTb PaBHOH HYJIIO,
K Hawa KBaJpaTHyHasi ¢opMa NpHHHMaeT Buag @ =
= o? | p2—ed? Oynyun npuUpaBHeHa HYJIO, OHa H30-
6paxaer B cuay Toro, 4ro & > 0, HekoTopoe OJeicT8u-
TeAbHOe KOHHYECKOe cedyeHHe, KOTOpOe Mbl MOXKeM Mpei-
cTaBuTh ce6e M HauepTHTb B BuAe 3Juiunca. Popmyina
PaccTOSHHSI PUHUMAET BHJ

e(Eft+Mmm) —TiTe
Ao +n]) = Ao (BF+n3) — 73

¢ uncto MHuUMBIM K. OHa JaeT, Kak HeTPyaHO yOeIHTb-
cs, HeldCTBUTE/NbHble 3HaYeHHs [Jisi TAaKHX TOYeK, KOTO-
pble JIeXaT BHYTPU PacCMOTpEH-
HOro BbIlIE€ AeHCTBUTEJIbHOrO KO-
HHYECKOro CeuyeHHsl; NpH 35TOM
NojL BHYTpeHHel 004acTbio TIO-
HHMaeM COBOKYNHOCTb BCeX TeX
TOYEK IIJIOCKOCTH, Yepe3 KOTO- g
pble He NPOXOAMT HH ONHA Aeil-
CTBHTeJIbHAsl KacaTeslbHasi K KO-
HHYecKoMy ceueHHIo. IlosTomy

sca 06.1acTo onepayuil delicTéu- Puc. 124
TeAbHOIL eunnepbosuteckoll eeo-

MeTpul COCTOUT UCKANOYUTEAbHO U3 TO4eK ITOU B8HYT-
penneli obaracTu u U3 Tex KYCKO8 NPAMbLY AURUL,
KOTOpble pacnoaodkcens. 6 Hel. A caMH TOYKH KOHH-
yeckoro ceyenus (puc. 124) wmsobpaxaior Gecko-
HeuHo yoaseHHole 3aemenTbl. JlefCTBUTENBHO, BhIlle-
yKkasanHasi ¢opMmysaa JdaeT AJis PAacCTOsiHHst OT J06oi
Touku I 10 KaKoH-inGo TOUKH 2 KOHHYECKOro ceyeHus

r = K arccos

Y Sl
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(maa xoropoii a(§§+ ng)—1§=0) 3HaueHHe oo. Takum
o6pa3oM, Ha BCSIKOH NpPAMOH. JeHCTBHTEJbHOH runep6o-
JIHUYECKOH reOMeTpPHH HMElOTCsl B 3TOM CMhIciae ABe Gec-
KOHEYHO' yIaJIeHHble TOYKH — 06e ee TOYKH MepeceyeHHs
¢ KoHHYecKuM ceyeHHeM @ =0, a Ha Kaxao# mnoxay-
npamoii O Ttosbko onHa. Eciu umeeM mpsiMylo: ¢ U He
Jiexaulyio Ha Heii Touky O, To mapansensMu uepes Q
B CMHIC/e Halllero npexHero onpepeneHus (c. 270), T. e.
NpeAe/SbHBIMA IOJOXKEHUsIMH NPsiIMOfi, coenuHsizomeii O
¢ Touko#i P, yxoasinieil no. g B 6ECKOHEYHOCTb, SIBJASIOTCA
npsiMuie, coefuHsiiomne O ¢ TOYKaMH, B. KOTOPHX g Ie-
pecekaeTcss C KOHHYECKHM ceueHHeM, CJeJ0BaTelbHO,
B CaMOM Jejie, HMeIOTCS 08e CYU{eCTBEHRHO pa3iuynbLe
Mmesicdy coboii napassesu, Kaxias U3 KOTOPbIX MPHHAX-
JIEXKHT OJHOMY M3 ABYX HanpaBJ/eHHH Ha g.

Paspemure cpenarts eme OAHO HeboJblloe 3ameya-
HHe, OTHOCsIIeecss K CPaBHEHHIO C HallUM IepBbHIM IO-
CTpOEHHeM €BKJHIOBOH reomerpuu. Tam HCXOZHHEIM
NYHKTOM CJIYXWIa epynna Osugceruti, 3T0 Guja COBO-
KYIHOCTb BCeX KOJIJIMHealuil, OCTaBJAAIOIIUX HeusMeH-
HBIMH MeTpHYeckHe cootHouwledus. Ho u B cayyae (iso-
60fl) HEeeBK/JIHAOBOH reOMeTpUH TOXE HMEITCA NON06-
Hble KoJiHHeanuu '6%), OGuiee OZHOpOLHOE YpaBHeHHe
BTOporo mopsizka umeer 10 ko3¢d@uIHeHTOB, CJjefoBa-
TeJIbHO, OHO HMeeT 9 CyllecTBEHHbIX apaMeTpoB; B CIY-
uae caMoii o06I1Lel NPOCTPAaHCTBEHHOH KOJHHealnH HMeeT-
¢ 15 npoH3BOJIbHBIX NapaMeTpoB, TAK YTO CYLLECTBYeT
elle WeCTUKPATHO beckoneuroe cemelictso (oo®) Koa-
Auneayud, NepeBOASIINX (npeo6pas3ylolIMX) 3adaHHYIO
KBazpaTHuHylio ¢opMmy, HanpuMep Hawmy ¢opmy @, B
ce6sl, a 3TO Bellb M sIBJAsIeTCA YCJIOBHEM TOro, YTO BBe-
JeHHble HaMH MeTpPHYeCKHe COOTHOLIEHHSI He HCIBITHI-
BalGT H3MeHeHHH. JloaTOMYy B KaXKAOH HeeBKJHIOBOII
NIPOCTPAHCTBEHHOH TreOMeTPHH TOXe KMeeTCs UIeCTH-
KpaTHO OecKOHeuHasi rpynna «ABHXKeHHH», OCTapjidio-
nux 6e3 H3MeHeHUH BeJIMYMHH @ U r; B CJlIydae reomer-
pHU Ha NAOCKOCTU YWCAO NapaMeTpoB, KaK H paHblie,
CBeJIoChb OBl K Tpem.

IlosToMy MBI MOKEM NOCTPOHUTb TakKxe J06yi0 He-
€BKJHIOBY TI'e€OMEeTPHiO, HCXOIs U3 CYu,ecT808AHUN He-
KOTOpoOU epynnel 0suscerull, oCTaeTCs elle TONbKO yTOY-
HHTb, 4YeM HMEHHO OODsICHSeTCs TO, YTO NpPH Hauem
npexKHeM IIOCTPOEHHH Mbl NPHXOMMJH UCKJIIOUHTEIbHO
H HMEHHO K egxkaudosod reomerpud. IlpuumHa 3Toro,
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KOHEeYHO, COCTOsijJla B TOM, 4TO Mbl M3 BCeX IBHXEHHH
BLLZEJISJIM  CNELHaJbHO HEKOTOpyIo JABYXmapaMeTpHuye-
cKylo (B mpocTpaHcTBe 3TO Gblna OBl TpexmapaMeTpHYe-
CKasi) NOAIPYINY TaK Ha3bl8aemblx NAPAAAENAbHLLX TIe-
pPEeHOCOB, AJs KOTOPbIX TPAaeKTOPHSIMH SIBJSIOTCST HUCKJIO-
YHUTeNbHO NPsSMble AUHHH.

Mexay TeM HH B OJHOH HEEBKJHAOBOH TreOMeTpHH
He CyllecTBYeT MOROGHBIX moarpymn '¢6); mostomy, mno-
CTYJHPYSl HX CyLleCTBOBaHHe C CaMOro Hadaja, Mbl TeM
caMbIM 3apaHee HCKJIOUHJIM BCe HeeBKIHJOBH reoMer-
pHH H YIep:KajH OAHY TOJbKO €BKJHAOBY TeOMETpPHIO.

OGuue 3aMeyaHHUsl 0 COBPeMEHHOH aKCMOMAaTHKE reo-
MeTpuu. A Tenepb paspelinTe MHe 3aKOHYHTb 3TH ClELH-
albHble pa3bACHEHHS O HeeBKJHAOBOH reoMeTpHH He-
CKOJIbKUMH, 51 Obl CKa3ajs, pyxKo8OOAUUMYU NOROHEHUAMU
obujeeo xapaxrepa.

1. Ecin s Bblllle yNOMHHaX O TOM, YTO CO CTOPOHHI
¢unocodoB HeeBKIHJIOBA IeOMeTpPHs BCe €HIe HacTO He
BCTpeuaeT NOJHOrO IOHUMaHHs, TO TeNepb s AOJKEH
HOJ4YePKHYTb, YTO B MaATemaTu4eckol Hayke oHa B Ha-
cTosiulee BpeMsl IOJIb3YeTCHd BCEOOLHUM M INOJHLIM TpH-
3HaHHeM. MaJjio TOro, e Aa)e MOJb3YIOTCH s MHO-
rux -uenedf, Kak, Hamnpumep, B COBDE€MeHHOH TeOpHH
(yHKUMA W TeOpHH IPYNN KakK Ype3BblYalHO yHOOHBIM
BCIIOMOraTe/JbELIM CDeJCTBOM [LIf TOTO, YTOGH mpen-
CTaBUTb B HarasgHoil Qopme apncpwe'mqecrm 3anyTaH-
Hble COOTHOLIeHHs '67),

9. KascOoui npenodasaTess o06s3aTensvto - doadcer
6biT6 XOTb HEMHO20 BHAKOM C HeesKkaudosoli eeomer-
puell; Belb OHA NMPUHAAJNEXHT B HaCTOsilllee BpeMs K TeM
HeMHOTHM YacTsIM MaTeMaTHKH, KOTOpble CTaJH H3Be-
CTHBl B IIUPOKHX Kpyrax, no KpaiHell Mepe, B (opme
OTJEJIbHBIX XapaKTepHBIX CJIOBEYEK; II03TOMY KaxKJIO0ro
YUHTENIsT MOTYT B JIIODYIO MHHYTY -CIPOCHTb O HeH.
B ¢usuxe nMeercsi HecpaBHHMO O6OJbllle IOLOOHHIX Be-
med (K HHM NIPHHALJEXHUT IOYTH KaxKAoe HOBOe KpyI-
HOE OTKDBITHE), 0 KOTOPHIX BCIOAY FOBOPAT H C KOTOPBIMH
[O3TOMY JOJIKeH OBbITb 3HAKOM, pasyMeercs, KaXMblii
npenonasartesnb. IlpeacraBsTe cebe, CKaxeM, YYHTENs
¢U3NKH, KOTOpPHII He B COCTOSIHHH HHUYEro CcKasaThb
O DEHTreHOBCKHX JyYax HJH O PaiuH; He NPOHU3Bes Obl
3HAYUTEJbHO Jy4llero BIeYaTJeHHd H TOT MaTeMaTHK,
KOTOpHIi He MOr Obl HMYEro OTBETHTL HAa BONPOCHI O He-
€BKJIHJ0BOH reOMETpHH.
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3. B nporuBoBec aToMy si xoTesq Obl HacTOHYHBO OT-
COBETOBaTh BBeleHHe HEeBKJHMAOBOH TeOMEeTpUH 8 pe-
2YAAPHOe wWKOoAbHOe npenodasgarue (T. €. TOMHMO CJy-
YafHbIX 3aMeyaHui, BHI3BIBAEMbIX BONMPOCaMH HHTepe-
CYIOLIUXCSI YYEHHKOB); UYTO [IOCTOSSHHO pPeKOMEHAYIOT
3HTy3HacThl. Mbl 6ylzeM [OBOJIbHBI, ecau Bcerga Oyner
BLIIOJIHEHO TOJBKO INpeabyllee Tpe60OBaHHe H eCJH,
¢ JIpyro#i CTOpDOHBI, yuauiuecs AeHCTBHUTENbHO HayuyaTcs
NOHUMAaTb e8KAudo8y ceomeTputo. B KOHLEe KOHIIOB, eCiH
yuuTeJb 3HaeT YyTOUKy OoJjiblile, 4eM CpeJHHH YyUYeHHK,
TO 3TO Belb BIOJIHE B NOpPsiAKe BelieH.

Tenepp s coobuyy elle BKpaTue 0 Oaasbreliwem pas-
BUTUU COBDEMEHHOL HAYyKU, BHI3BAHHOM HEEBKJIHIOBOMH
reoMeTpHeH.

HcXoaHBIM NYHKTOM TOCHYXKHJI 3[eCh INpeHMyle-
CTBEHHO TOT ee pe3yJbTAdT, COIMIAaCHO KOTOPOMY eBKJH-
Jl0Ba aKCHOMa Mapajljie/bHOCTH JIOrHYecKH He3aBHCHMA
OT TmpenjluecTBylOIIMX el akcuom reomerpuu (c. 273);
5TO NOGYAMJIO NPENNPUHATb UCCAEO08AHUE TaKxMe U
Opyeux eeomeTpuMecKux QaKCUuOM 8 CMbiCAe UX B3aUM-
HoU sao02udeckoll 3a8ucCumMOCTU uasu He3asucumocTu. Tak
BO3HUKJIA COBPEMEHHAS 2EOMETPUHECKas GKCUOMATUKQ,
clefyiolias B CBOHX H3bICKaHHSIX B TOUHOCTH. TeM Y-
TSAM, KOTOpble OblIM HaMeueHbl NpeNbIAYIIHMH HCCIeNO-
BaHHSIMU: CTapaloTCs yCTaHOBHTb, KaKHe YacTH reoMeT-
PHMH MOXHO NOCTPOMTb 6e3 NpHUMeHEeHHS YacTH aKCHOM,
a TaKXe MOXHO JIA, 3aMeHsss ONHY KaKylo-HUOYIb
onpelesieHHYI0O aKCHOMY eH INPOTHBOMNOJIOXKHOH, MPUHTH
K JIOTHUeCKH HENpPOTHBOPEYHBOH CHCTEME — K OJHOH H3
TaK Ha3blBaeMbIX ncegdozeomerpull.

B kauecTBe caMoro BaXXHOro H3 OTHOCSILIMXCS CIOJA
HCCHeoBaHUN 51 JOJKeH Ha3BaTb BaM KHHry «OcHoBa-
Husl reomeTpun» ['mabGepra '®8), rmaBHas Lelb KOTOPOIi,
B OTMHYMe OT TNpeXHHX HCCIeN0BaHUH, 3aKJa0yaeTcs
B TOM, 4TO6bLl YCTAaHOBHTb YKa3aHHLHIM TOJDLKO YTO 00-
pa3oM 3HauyeHHe aKCHOM HEeNpepbIBHOCTH JIJIsl TeoMeT-
pun '), Yro6bl MOCTHTHYTb 3TOH LeJH HeO6XOAHMO,
KOHEYHO, TIpexJe BCero TaK YHOPSAOYUTb CHCTEMY
aKCHOM TreOMeTpHH, UTOOBl Teopemol HenpepoleHOCTU TIPH-
XOJMJIUCh Ha CaMblil KOHell, TOrAa KaK A0 CHX NOp ‘Mbl
Bcerga nomemanu ux B Hauyagde. [logo6HO 3TOMy mnpH
NOCTPOEHHH HEeeBKJMJIOBOH TeOMeTPHUH MBI He MOIJIH,
HanpuMmep, BOCMNOJBL30BaThCst TaKHM MOPSIAKOM aKCHOM,
IIpH KOTOPOM NMOHATHe NapaJJenell BHABHraeTcs Ha mep-
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BOE MECTO, HO AOJXKHBI OBLJIHM NpexJAe BCEro Co3AaTb
TaKylo CHCTEMY aKCHOM, B 0oJ/buUlefi 4YaCTH KOTOpPOH HH-
Yyero He FOBOPHTCA O MNapaJJieJbHBIX NPAMBIX U B KOTO-
pol aKcuoMa NapaJJ/eNbHOCTH NOSIBJSETCS JHIUb NOC]e
sToro. Ecjiu He cyHTaTh YKa3aHHOrO0 STHM CYLIECTBEH-
HOrO OTKJIOHEHHUsl, TO cHcTeMa akKcuoM I[uabGepTra npus
MBbIKaeT 110 CYHIECTBY K TOMY K€ XOLY IIOCTPOEHHs 3Jje-
MEHTapHOH reoMeTPHH, KOTOPOMY MBI TOXKe CJeAO0Baji
IIPH HalleM BTOPOM NOCTPOEHHH reOMETpHH.

Ha »stoii ocHoBe ['miabGepT HcciienyeT, Kak JajieKo
MOXeT OblTb IPOABHHYTO MOCTPOEHHE TreOMEeTpHH, eC/lH
He I0Jb30BATbCSl aKCHOMAaMH HeNpepLIBHOCTH; 3THM cCa-
MbIM OH OXBaTblBaeT OAHOBPEMEHHO Te <ICEBJOreOMeT-
pHH», B KOTODHIX HMEIOT CHJIy BCe NpPOYHE reoMeTpHye-
CKHe aKCHOMbI, KpOM€ aKCUOM HeNpephBHOCTH; MOCJe-
HHe N0 CYIIECTBY COOTBETCTBYIOT TeM (aKTaM, KOTOpHE
OTHOCAITCSI KO B3aHMHO OJHO3HAYHOMY COOTBETCTBHIO
TOYEK INpsAMOH ¢ OObIKHOBEHHBIMH J€HCTBHTEJIbHBIMH
yycaamu (ux abcmuccamu). S He Mory, KOHEYHO, BXO-
JIHTh 3leCb B pacCMOTpPeHHe HH X0Ja MHCJeH B HCCielno-
BaHusax ['mabGepTa, HH NMOJYYeHHBIX UM IPH 3TOM HHTe-
pecHBIX pesyJbTaTOB OTHOCHTENbHO JOTHYECKOH CBSI3H
onpejie/ieHHBIX reOMeTpHYeCKHX TeopeM H aKcuoM. )Ke-
JlaTeJbHO, 4TOOBI BBl CaMH NpPOYHTanu 060 BCeM 3TOM
y TI'unbbepra, .pyKOBOAACH 3THMH HEMHOTHMH OpHEHTH-
pylowuMu 3aMeuaHusimu. HanomHio eme ToOabKO, 4TO
ynoMsiHyTast y»Ke NpH cjlyyae B IepBOM TOMe 3THX JIeK-
uuil *) runpbbepToBa Heapxumedosa eeomeTpus TpPUHAL-
JIeXXHT 3TOMY Ke KDYry BOINpPOCOB; 3TO KaK pa3 TakKas
NICEBIOT€OMETPUs,, B KOTOPOH He BBINOJHSETCS HMEHHO
aKCUOMA Henpepul8HOCTU, HOCUBIIAS paHblle HMs Apxu-
Mena, a rtenepb uame uMsi EBloKca, T. e. reoMerpws,
B KOTOpPOH abOcLHCCHl ABYX pAa3JIHUHbIX TOYEK MOTYT B
H3BECTHbIX CJAydYasix PasjHuaTbhCs TOJbKO Ha «aKTyallb-
HO GECKOHEUHO Majylo BeJHYHHY», HHKaKoe KOHeuHoe
KpaTHoe KOTOpOH He PaBHO OOBLIKHOBEHHOMY KOHEYHOMY
JNIeHCTBUTEJILHOMY YHCJY.

Mue He xoTesochb Gbl OOpHIBATb 3TH KpaTKHe 3aMe-
YyaHHA O COBpeMeHHO! akcHoMatuke !7°), He ckasaB elle
HECKOJIbKO CJIOB 00 UCTUHHOL npupode 2eoMeTpuuecKux
QKCUOM U NMPUHYUNOS, Tiepexois, KOHeYyHOo, NP4 3TOM OT

*) Cm. 1, 1, c. 310.
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CTPOro MaTeMaTH4YeCKOH IIOCTaHOBKH Bompoca K (wuso-
CO(CKO-THOCEOJIOTHYECKOH.

OnHo coo6pakeHHe si yKe IOLUEPKUBAJ, U OTHOCH-
TeJbHO 3TOTO Temepb BCe COIVIACHBl, & MMEHHO, TO, YTO
34ecb peub HIET O NepBOHAYAJbHBIX OCHOBHBIX NOHATHAX
H ‘IPeNJIOXEHHSAX, KOTOPble CJefyeT HempeMeHHO mpel-
nmoc/aaTh reoOMeTpUH, YTOGBL BOOGIE MUMETb BO3MOXKHOCTb
MPOBOAHMTbL Ha HMX OCHOBE YHCTO JIOTHYECKHM INyTeM Ma-
TeMaTHyeCKHe JoKa3aTeabCcTBa. Ho Takasi ycTaHOBKa He
JlaeT elLle OTBeTa Ha BONpPOC O TOM, OTKyxa Xe cOG-
CTBEHHO MPOUCXOAST 3STH INepBOHaya/IbHbE NOHATHS H
npensoxeHus. . [IpexHsis Toyka 3peH#usi 3aKialoyanach
B TOM, YTO OHH HeNOCpeJCTBEHHO [daHbl B HHTYHIIHH
Kancdozo vyesnoBeKa K 00/afalOT CTOJNb OYEBHAHOMH MNpO-
CTOTOH, 4YTO HHKTO He MOXeT B HHX COMHEeBAaTbCH.
OnHako Takoft B3rjsga OHJI B CHJIbHOH CTeneHH MOKO-
JgeGJieH OTKPBITHEM HEeBK/IHIOBOH reoMeTpHH, HGO 3THM
6blJI0 KaK pa3- TOKa3aHo, YTO NMPOCTPAHCTBEHHAs] HHTYH-
LM 4 JIOTHKAa HHKOMM 06pa3oM He NPHBOAAT K €BKJIH-
IOBOIl aKCHOME MapaJ/lieIbHOCTH KaK K ueMy-To 06s3a-
TeJbHOMY, HO 4YTO, NPHHHUMAasi OpPOTHBOpeuallee € J0-
TyLleHHe, MPHUXOJUM TOXKKe K TreOMeTPHYecKOi CcHcTeMe,
JIOTMYEeCKH 3aMKHYTOH B cefe H JOCTaTOYHO TOYHO H30-
Gpaxamwluell peasbhble ((pakTuueckue) oTHoweHus. Ho,
HECOMHEHHO, BCe K€ OCTaeTCss BO3MOXKHOCTb paccMaTpH-
BaTb 3Ty AaKCHOMY [apaJjljieJbHOCTH KaK Takoe JOmy-
LIeHHe, KOTOpOe IO3BOJISIET CaMblm MPOCToLM CROCO6OM
n306pakaTb peasbHble IPOCTPAHCTBEHHble OTHOLIEHHS.
DT0 NpPHBOAHT K TaKoMy OOILeMY MOJIOXEHHIO: OCHO8-
Hble NOHATUS U AKCUOMbL SB8ASIOTCS HE NPOCTO (aAKTAmMU
UHTYUYUYU, HO UeaeccodpasHo nodobpantoimu udeasu-
sayuamu 3TUX (axTos. Yxe pe3Ko ouepyeHHOe NMOHSTHE
TOYKH He CYLIEeCTBYEeT B HeNOCPeACTBEHHOM UyBCTBEHHOM
cozeplUaHHH (MHTYHLHH), HO §BJseTCS JHIIb BOOGpa-
JXaeMEIM [pelesioM, K KOTODOMY MBI MOXeM NpHOJIH-
JaTbCAd ¢ HAUIMMH TNPEACTABJEHHSIMH O MaJsieHbKOH ua-
CTH NPOCTPAHCTBA, HHKOTAa, OAHAKO, €ro He JOCTHras.

B npoTHBOMOJIOXKHOCTb 3TOMY CpDeNH JIIOAeH, HHTe-
pecyloluxcsi TOJbKO JIOTHYeCKOH CTOPOHOH Bompoca,
a He HMHTYHTHBHOH HJH OOLIErHOCEOJIOTHYECKOH, B IIO-
cleJHee BpeMsl YaCTO BCTpeyaercsi MHEHHE O TOM, YTO
aKCHOMBl SIBJSIIOTCSL JIMLIb IIPOU3BOJIBHBIMH IpeJJsoxKe-
HHSIMH, KOTOpHle MBI YCTaHaBJHBaeM, DYKOBOACTBYSCb
HCKJIOUHTENbHO CBOMMHU XK€JaHHSIMH, a OCHOBHLIE NEpBO-
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HayaJbHble NMOHSATHUS B KOHEYHOM CUeTe SIBJSIOTCS JHIIb
NpPOU3BOJbHBIMH 3HaKaMH (CHMBOJaMH) 1Js 05o3Haue-
HHsl Bemleld, C KOTOPHIMH MBI 2KejlaeM OIepHPOBATh.
B Takom B3rjsle 3ak/JI0YaeTcs, KOHEUHO, Ta JOJsl HC-
THHBI, YTO B IMpeJesax YUCTOH JIOTHKM He HaXOAUTCHA
HUKaKOro OCHOBaHHsI AJIsl 3TUX NpPejJOXKeHHH U NOHSTHH
U UTO NO3TOMY OHH HOJIKHbI GBITH 32/laHbl 3apaHee JHOO
NOJYYHTb NOOYXKAeHHe K CO3JaHHIO CO CTOPOHBI KakK pas
HMeHHO OJiarojapsi BO3JeHCTBHIO HHTYHLMH. HO aBTOpHI
4acToO BbIpaxKaloTcs ropasfo Oosnee OJHOCTODOHHe, H,
TakuM 006pa3oM, B IOCJHeJHHe TOJbl B CBSI3H C COBpe-
MEHHOH aKCHOMAaTHKON Mbl He pa3 CHOBa HaTaJK{BaJIUCh
KaK pa3 Ha TO HampaBJjieHHe B (HJIOCODHH, KOTOpOe
C JaBHHUX IOD MOJYYHJIO Ha3BaHHE HOMUHAAUZMA. 3]eCh
HHTEepeC K caMHM BellaM U K UX CBOHCTBaM COBepIIEHHO
yTpauuBaeTcsl; TOBOPSIT TOJIbKO O TOM, KaK HX Ha3bBalOT
MU 10 KaKHUM JIOTHYECKHM CXeMaM OMNEpPHPYIOT C STHMH
uMeHaMHu (HasBaHusiMH). Hanpumep, rosopsar tak: «rou-
KOl Ha3blBa€M COBOKYIIHOCTb TpeX KOOpPAMHAT, HHUEro
cebe mpH 3TOM He NpPENCTaBJaAsI», U YCJAOBJIHBAEMCH
«IPOHU3BOJIbHO» OTHOCHTEJNBHO NepBOHAYaJIbHBIX IpeJio-
XeHHH (aKCHOM), KOTOpble AOJIXKHBI UMETb CHJY IO OT-
HOIIEHHIO K 3THM TOYKaM; IIpH 3TOM MBI MOXKeM COBep-
LIeHHO HeOrpaHHYeHHO YCTaHaBJHBATb JIIOOble AKCHOMBI,
€CJIH TOJIbKO YAOBJIETBOpsSieM 3aKOHaM JIOTHKH U Tpex-
Jle BCEro CJeiuM 3a TeM, YTOObl B BO3BOAMMOM H3 Teo-
peM 3JaHMH He OKasblBajJOCb HH3KHX IPOTHBOPEYHH.
1 JMYHO HHKOHM o00pa3oM He pasfensiio 3TOH TOUYKH
3peHHs] H CUHTAl0 ee CMepTeJbHOH AJS BCeH HayKH;
aKcuombl eeomeTpuu npedcTasAnoT cobol, mo MoeMmy
MHEHUIO, He npou3sosbHble, a, PA3ymHble CYICOeHuUs, 8bl-
38aHHble, 8 00UEeM, NPOCTPAHCTBEHHOILM CO3EpyaHueMs U
pezyaupyemole 8 O0eTaasx COOOPAKNCEHUAMU .LesecO000-
DPABHOCTU.

3tuM GHIOCOPCKUM 3KCKypcaM, IOBOA K KOTOPBIM
HECKOJIbKO pa3 MNpeACTaB/sjCs HaM B NOCJeJHeM pas-
Jeje, s X0oTeJ Gbl IIPOTHBONOCTABHTL TENEpPb pPaA3BACHE-
HUA, OTHOCAWjUeCs K UCTOPUU 2eOMEeTpul, B YaCTHOCTH
K pa3BHUTHIO B3IVISAOB Ha ee CCHOBaHHS. B atrom oTHo-
LIEHUH C CaMoro Hadasja MPUXOAHTCS OTMETHTb G60Jib-
1Ioe pasjnyMe IO CpPaBHEHHMIO ¢ NMOJOOHLIMH coobpaxke-
HUSIMH, KOTOpble Mbl 4YacTO H3jarajH B IOCJeLHION
3umy s obsnacredl anareOpbl, apHPMeTHKH H aHaJH3a.
Hcropusi 3THX AMCUMIVIMH B HMX COBPEeMEHHOM BHjle Ha-
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CUMTHIBAET, COOCTBEHHO TOBODS, JHUIb HECKOJHKO CTOJe-
THH; OHH HAYHHAIOTCS BMeCTe C JAeHCTBHUAMH Hal [decCss
THYHBIMH APOOSIMH M C OyKBEHHbIM HCUHCJIEHHeM, T. e.
npuMepHo ¢ 1500 r.

B npoTHBONOJIOXHOCTL 3TOMY UCTOpUS 2eomeTpuu
KaK CamMOCTOATeNbHOU -OUCYUNAUHbL BOCXOOUT OareKo 8
eaybb epedeckoli OpeBHOCTU, a MMEHHO, T€OMETPHsl yXKe
B TO BpeMsl JOCTHIJIA CTOJb BBICOKOTO YDOBHSI Pa3BHTHH,
4TO A0JIrOe BpeMsl, BIJIOTb O HAaUIUX JHeH, B rpeueckoi
reoMeTpHH BHJenH ofGpasel COBEpLIEHHOH HayKw.

I'IQH 5TOM B KaueCTBe CyMMAapHOrO H3JIOXKEHHSI rpe-
YeCKOH reOMeTpPHH BCerja paccMaTpHUBAaJIC CaMblil 3Ha-
YUTEJbHBIH AOLIEAIUNHA NO HAC CHCTEMaTHUYECKHH Kypc -—
sHaMeHuTele <«Hauagna», uam «dDneMeHTH» (cTOlyEia):
EBKknnAa; BPsIA JH CYLIeCTBYeT JApyras KHHra, KOTopast
TaK JOJr0 yAepxKHBaja O mnoJ0oGHOe MOJIOXKEeHHe B
cBoell Hayke. M Tenepb ellle BCIKMH MaTeMaTHK HOJXKEH
cunTaTbcsl ¢ EBKNMIAOM, M MBI INOCBATHM NO3TOMY €MY
MoCc/AeAHUI pasjies 3TOH IJaBhl.

3. «Hayana» EBxkaupga

Kputnueckne 3amMeyaHusi mo Bompocy 00 ucTopuye-
CKOM MOJIOXKEHHH M HayuHoMm 3HauyeHun « Havan». Paspe-
IIHTEe MHe IIpexJe BCEero NpeasyoXKUTb BallleMy BHHMa-
HUIO Jyulllee B (DHJIONOrHYeCKOM OTHOIIEHHH H3JaHHe
3TOro TBOpeHHs, o6paboraHHoe I'efibeproM H H3paHHOE
B 1883—1888 rr. B Komnenrarene !7’!), B artoM u3naHuu
Hapsily C rpeyecKHM OPHUTMHAJOM I[OMeLIeH ero. JaTHH-
CKHii mepeBOX, UTO BecbMa IOJIE3HO TaKKe H JJIs TeX,
KTO H3yuaJ rpeyeckuil fsblK B wmKoJje. [leso B ToM, uYTO
rpedeckdii s3blK EBKIMJA CyllecCTBEHHO OTJIHYaeTcs,
0CO6eHHO CBOMMH TeXHHYeCKHMH 06OpOTaMH, OT TOTrO
rpeuyeckoro s3eKa, Kakomy yuyaT B LIKoje. B kauecTse
JNMTEpaTypel AJsi BBEJeHHs B H3ydyeHHe EBKJIHAA 51 0CO-
GeHHO PeKOMeHIyIo BaM «HcTopuio maTeMaTHKH BnpeB-
HOCTH W B cpelHHe BeKa» LleiiteHa !72).

Bbl Jerue Bcero oBiajeeTe NPeAMETOM, €CJAH CHa-
yaja npourteTe obulMe KoMMeHTapuu LlediteHa, a mnocie
TOrO HenpeMeHHO BO3bMeTech 32 OCOOEHHO TOYHOE ‘H3Y-
yeHHe Tekcra no [eliGepry, OTHOCSACh € KPHUTHYECKHM
HeJOBepHEM KO BCSIKOMY IepeBOAY.

O camom EBK/IHze Mbl 3HaeM OdeHb MaJo. M3BecTHO
TOJILKO, 4TO OH Xua 8 Asexcandpuu oxoso-300 2. do
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#. 3. Ho 3aTto MH HMeeM J[0OCTOBEpHOe UpEACTABJEHHE
06 obujem xapaKxrepe mpouseTaBlied Toraa 8 AsekcaHi-
puu Hayunol dearesbrocTu. Ilocse OCHOBaHHsT MHPOBOM
uMnepun AJIeKCaHApa IIOCTeNEeHHO BO3HHK/IA NOTpel-
HOCTb cOGpaTh M NPHBECTH B LeJbHYI0 HAyYHYIO CHCTEMY
BCE TO, YTO OHLIO CO3/aHO B Mpe/IleCTBOBaBlIHe CTOJIe-
tus. Tak noayuusno B ANeKcaHIADHH CBOe pasBHTHe Ipe-
nojaBaHHe, KOTOPOE BIIOJIHE COOTBETCTBOBAJIO H3BECT-
HbIM CTOPOHAM HAIllero TeNepellHer0 YHUBEPCHTETCKOro
npeniofaBanus. Ho TolbKo npu sToM Ha nepseli naan
eoi0guzasocy cobupanue u- npusederue 8 nopsodox
HAAUYHO20 MmaTepuasd, OCTABAASL 8 CTOPOHe CB80600HO
passusaroujeeca Hay4yHoe uccaedosanue, TaK UYTO BO
Bcell pa6oTe OKa3blBajlach M3BeCTHAast CKJIOHHOCTb K CXO-
JIaCTHYECKOMY IIeJaHTH3MY.

IMpexne uyem npHCTYnHTh K 6osee HeTajbHOMY pas-
6opy «Hauan», mossoJibTe caenaTb HECKOJNbKO 3aMeua-
HHH OOIero xapakrepa 00 UCTOPU4ECKOM MOAONEHUU U
HayuHom BHauenuu Eexauda uau, sepnee; esxkaudosoix
«Hauaa». Ecnu AJsi MOMHOA XapaKTePUCTHKH JIMYHOCTH
EBKk/nura Hajno, HECOMHEHHO, yYecTb TaK¥Xe H €ro MHO-
rouuc/jeHHble GoJiee MeJKHe NMPOHM3BeleHHUsl, TO He Gynaer
HellpaBHJbHBLIM, eclH 3leChb s OyAy TOBODHUTb JHUIL 00
OIIHOM 3TOM BEJHKOM TBOpDeHHH, H60 TOJILKO OHO 3aBoe-
BaJo AJs1 ce6s1 TO yAHBHTEJbHOE rOCIHOACTBYIOIIEE MOJIO-
JKeHHe, KOTOpOe, ¢ HalleH TOYKH 3peHHsl, HaCTOSITENbHO
TpebyeT KPHTHKH.

OcHoBaHHeM JJis1 3TOH KPUTHKH NYCTb IOCHYXHT TO
3aMeuaHHe, YTO NPHYHHA JIOKHOH oUeHKH «Hauan» Es-
KnuJa KOPEHHTCS B NpPe8paTHOM npedcTasieHuu o Xxa-
pakTepe epeuwecko2o yma BoOOILe, KOTOpoe OblIO pac-
IPOCTPaHeHO B TeYeHHEe J0Jroro BpPeMeHH H, MOKaJayH,
elie M Temepb INOJb3yeTcsi GOJbILNOH MONYJsSPHOCTBIO:
IyMald, 4YTO TrpeuyecKas KyJbTypa oOrpaHHYMBaJachb
CPaBHHUTEJbHO HEMHOTHMH OOJIaCTSIMH, HO 3aTO yXKe 3TH
obnacTu oHa nepepaGoTajla C TaKUM COBepLIEHCTBOM
B ONMH LEJbHBI MOHOJIMT, YTO AOCTUTHYTBHIH €10 ypo-
BeHb JOJIKeH [JIsi BCeX BPeMeH CJYXHTb BHICOUAHLINM,
HeJocsiraeMblM upeajoM. Ho B HeACTBHTENBHOCTH CO-
BpeMeHHas ¢uiosoruyeckass Hayka JaBHO yxe oOHapy-
JKHJIa HeCOCTOSITENIbHOCTb TakKoi ToukH 3peHus. OHa
nmoxasaJsia, 4To, Hao60pOT, HMEHHO I'peKH, KaK HHKaKOH
Apyrofi HapojJ, TBOpYECKH NposBJAAIM cebsi BO BCex
obJsiacTsiX 4eJIOBeYeCKOH KYJbTYpbl C ‘caMoi O60JblIOH,
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KaKyl0 TOJbKO MOXHO INpeACTaBHTh ce6e, pPasHOCTOPOH-
‘HOCTbI0. M1 Kak BepHO TO, YTO OHH BCIOJY AOCTHIJVIH IIO-
pPa3uTeNbHHX JJIsi TOTO BPEMEHH pe3yJbTaTOB, TaK ke
BEpHO M TO, YTO BO MHOTHX BellaX OHH, C HalleH Teme-
pelIHell TOUKM 3peHHsl, He NOILWIH JaJjblile HepBHIX Ha-
YaTKOB, U HH 06 OJHOH 0O6JaCTH HeJb3sl CKas3aTh, YTO
OHU AJIs1 BCeX BpeMeH JOGH/HCH BepIIHHH YeJOBEeUeCKHX
JOCTHKeHHH,

Uto Kacaercs clenuaJbHO MATEMATUKU, TO 3Ta Iepe-
OLEHKa — HJIH, OHITb MOXeT, CJelyeT CKa3aTb «HeIO-
OIleHKa»? — rpeyeckodl KyJbTypH Halljla CBO€ BhIpaxe-
HHe B JorMe, COrJIaCHO KOTOpPOH TIpeKH 3aHHMAaJHCh
NMOYTH HCKJIOYHTEJIbHO reOMeTpHell H CO34alH 3lechb He-
NMpeB30HJeHHYI0 CHCTEMY; 3TO MHeHHe, B YacCTHOCTH,
CKOHIIEHTPHPOBAJIOCh NPSMO-TaKH B CBOEro pola KyasT
eskaudosslx «Hauanr», B KOTOPHX yCMaTpHBAJH COBep-
IIeHHellllee BHpa)KeHHe STOH CHCTEMBl. ODTOMY IHpexX-
HeMY H ycTapesJoMy B3IVIIAYy #f [OJIXKeH NPOTHBOMNOCTA-
BHTb 3[ieCb TaKO€ YTBepXKJeHHe: Hapaly c 2eomeTrpuell
2peku nao0oTsopHo paspabarsisanru TaKIE U PA3AU4=
Hetiwue Opyeue 064aCTU MATEMATUKU, HO Mbl 8 HACTOS-
wee spems 6ct00y, BKAIOHASA U 2e0METPUIO, CYUW,eCTEEHHO
nepeenasu ux.

ITosBosbTe MHe Temepb NOAPOOHEee H3JIOXKHTb H 06-
'OCHOBaTb 3T0 yrtBepkaeHue. Cocrasisia cBoH «Hauamay,
EBKJHA OTHIOAb He HMeJ B BHAY HamucaTb 3JHIHKJOIE-
JIIHI0 BCeX TreOMETPHYECKHX 3HaHHH CBOero BpeMeHH,
HHaye OH He oCTaBuJ OH B HUX 6e3 BCAKOro ynomuHa-
HHS llesible OTAesbl reOMeTpHH, TOr[a yKe, HECOMHEHHO,
H3BeCTHHIe; IS NpHUMepa si Ha30BY TOJBbKO Teoputo Ko-
HUYEeCKUX CedeHull U BblCWUX KPUBbLX, KOTOPYIO TPeKH
yXe B paHHIOIO 3N0Xy Hayaad noapo6GHo paspabaTul-
BaTh *), XOTfl CBOEro IIOJIHOTO pacuBeTa OHa AOCTHIJIA
auiib y Anossonus (okoso 200 r. mo Hawef spsr). Ha-
npoTtuB, «Hauanas» OOJKHE OBUIM LaTb JIULb 88edenue
B H3yuYeHHe TeOMETPHH — H BMeCTe C TeM H MaTeMaTHKH
BooOlle — W TNpPH 3TOM OHH ObLIH, MO-BUAMMOMY, MpPH-
croco6JieHBl elle K OJHOH cOBepLIEHHO 0CO6OH LeJH:
OHM JOJIKHH OBUIM JaTh H3JI0XKEHHEe MaTeMaTHKH B TOM
BHJe, B KAKOM OHa CYHTaJachb HeOOXOAUMOH C TOUKH 3pe-
HUsA IJIaTOHOBOH IIKOJIBI, KaK nod20T08KA K 06ujiim 3a-

*) Mexnzy npounM, cam EBKJHA HanucaJ He AolleAuee A0 HAC
COUHHEHHE O KOHHYECKHX CeYeHHSX,
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naruam uaocopueri. Takoe HasHaueHne «Hauaa» ge-
JaeT NOHATHHM, IOYeMy IJIaBHOe 3HauyeHHE IpHIaBa-
JIOCb BHIPA6OTKe JIOTHYECKHX CBA3ed M YCTaHOBJIEHHIO
3aMKHYTOH B cebe CHCTeMHB reOMeTpUH, TOrka Kak Bce
npakTHYeCKHe HDHMEHEHHS LEeJHKOM OTOJBHraJIHCh B
cTopoHy. B yroay atoit xe cucreme EBkiauI, HecoMHeH-
HO, ocTaBusl 6Ge3 BHHMaHHsl LeJyio 06JacTh TeOpeTHYe-
CKOro 3HaHHS CBOEro BpeMeHH, KOTOpas TOria elle He-
HAaCTOJbKO pasBHJach, YTOOBI MOIVIA YJOXHThCH B Hee.

Mpl cKopee Bcero MOJYYHM  NPaBHIbHOE IIPENCTaB-
JleHHe 00 02PaHUMeHHOCTU maTepuara eskaudosoix «Ha-
4aa» MO CpaBHEHHMIO C 06beMOM rpeiyecKOd MaTeMaTHKH
BooOule, ecad HJisi CPaBHEHHs HaiuM OOGILYI0 XapakTe-
PHUCTHKY JIHYHOCTH H BCeX [OCTHXXeHHH 8eauuaiiuieco
epeweckozo maremaruka Apxumeda, KOTOPHIH KHJI
Bckope mocje EBknuma, okoso 250 r. no Hame#i 3pl,
B ropofe CHpakyshl; si BHIENIO TONbKO HECKOJBKO OCO-
6eHHO HHTEpPEeCHLIX MYHKTOB PasJHuus.

1. B mnonHyi IpPOTHBONMOJOXKHOCTb HYXY, TOCIOA-
crByomeMy B «Hauamax» EBkiupna, Apxumen obGaanaer
CHJIbHO Pa3BHTOH CKAOHHOCTb!0 K 4UCAOBbLM ONEPayUiM.
Uto6bl NPHUBECTH ONpeJeJeHHBIH NpUMep, YKaxKeM, YTO
BelIb OXHMM H3 €ro BeJHYAHIIUX NOCTHMEHHH SIBJISETCS
BBHIUHCJIEHHE YHCJa 7T NOCPEeJCTBOM AaNNpPOKCHUMUPOBaHHS
OKPYKHOCTH IPaBUJIBHBEIMH MHOTOYIOJbHHKaMH; MeXIY
NpPOYHM, HMEHHO ApXHMeJ HaXOXHUT H3BEeCTHOe MNpPHGJIH-
JKeHHoe 3HaueHue 22/7 jmaa n. Y EBkianga ke Her
U TEeHH HHTepeca K TaKHM YHCJOBHIM 3HaYeHHSIM; BMeCTO
3TOr0 MH y Hero BCTpedaeM JHIIb yYKa3aHHe Ha TO, 4TO
MJIOWAAH JABYX KPYroB OTHOCATCS, KaK KBaApaThl HX
panHycoB, WIH 4YTO IJIMHBE ABYX OKPYKHOCTeH OTHOCATCH,
KaK caMH pafuychl, HO He -feJlaeTcsi faKe MONBLITKU BHI-
YyHCJeHUsT MHOXMHTe/s IPONOPIHOHAJBHOCTH, T. €.
ypcaa .

2. BooGume nas1 ApxHMela ABJSETCS XapaKTEPHHM
6ONBIION HHTEPEC KO BCAK020 poda NPUAONCEHUAM, OH
3aHUMAaeTCsl CaMBIMH PAa3JIMYHBIMH NpobjeMaMH GH3HKU
H TeXHHKH. BceM H3BecTHO, KaK OH HalleJ OCHOBHOH
FPHHIUN CHAPOCTATHKH HJIH KaK OH NpPHHHMaJ JesiTellb-
Hoe yuacrue B 3amure CHpaky3s KOHCTPpyHpPOBaHHEM
BecbMa 3((dEKTHBHBIX BCIOMOraTeJIbHBIX MauluH, A [0
yero Mano EBkiaun B cBoux «Hauasax» npuHHMaer BO
BHHMaHHe INpHMeHeHHs, BHAHO OCOGEHHO SICHO H3 TOre
HeGosabiioro ¢akra, 4YTO OH He Ha3blBaeT Jaxe
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NPOCTEHIINX UYepTEeXHBIX HHCTPYMEHTOB — JIMHEHKH W
LUPKYJIs; OH NPOCTO NOCTYJAHDYeET in abstracto, 4To MOXK-
HO HAYepTUTb NPSIMYIO, IPOXOASAILYI0 Yepe3 [Be TOYKH,
HJIM ONHMCaTb KPYr OKOJIO TOYKH, He yNOMHHAs HH eIMHBIM
CJIOBOM O TOM, K@K 3TO JAenaloT. 3nech EBKJAHA Haxo-
JMTCS, HECOMHEHHO, BO BJIaCTH TOr0 B3rJsja, BooOlue
TOCIOJACTBOBABINETO0 B HM3BECTHHX AaHTHYHBIX (HUI0COD-
CKHX INKOJaX, COrJIaCHO KOTOpPOMY mnpaKTHYecKHe IIpH-
MeHeHHs] HayKH SBJSIOTCS YeM-TO HH3KONPOGHBEIM, pe-
MecsaeHHHYecknM. K .coxkaneHuio, 3TOT B3rIsig A0 CHX
NMOp COXpaHHWJCS BO MHOTMX MecCTaX, H BCe elHe BCTpe-
YaloTCsl YHHUBEPCHUTETCKHE IIpenofaBaTes]d, KOTOphIE He
JaJleloT NpPe3PUTEJbHLIX CJIOB IO afpecy BCSIKOro 3aHs-
TH npHuaoxeHusMH. C BBICOKOMepHeM, KOTOpOoe CKa3hl-
BaeTcsi B TaKHX B3rasjax, cjaeiyeT OOpOTbC CaMBbIM
pelmnTeqpHBIM 06pas3oM. Bcesikoe HenbHOe HOCTHXKEHHe,
OTHOCHUTCS JIH OHO K TEOPETHUECKOH HJIH K NPHUKJIAAHOH
obaactu, caefoBano Obl LEHUTb OAMHAKOBO BLICOKO,
NPeNoCTaBsAsi KaxXJAOMy BO3MOXHOCTb 3aHHMAaThCA TeMHU
BelllaMH, K KOTOPBIM OH YYBCTBYeT HaHOOJbUIYIO CKJOH-
HOCTb. Torma Kaxknablfi mposiBUT cebst TeM GoJjee pasHo-
CTOPOHHHM 00pa3oM, uyeM OOJbIIMM YHCJIOM TaJaHTOB
OH o6JsajaeT: Bejuyailliie TeHHH, KAKOBBIMH SIBJSIOTCS
Apxumen, HeblotoH, I'aycc, Bceraia oxBaThiBaJu paBHO-
MEpHO M TEOPHIO H NPAKTHKY. '
3..HakoHern, euie oaHO oTJHYHe 0coGeHHO 6pocaeresi
B Iasa: Apxumen Obll Beaukum uccaedosarerem u
nepsonpoxooyem, B KaxXKJIOH cBoell paboTe OH NPOJBH-
ran o6GJjacTb Hallero 3HaHWs Ha wiar Bnepef, a B «Ha-
yanax» EBKauJa peub HAET TOJNBKO O CcOOUpaHuu u Cu-
cTemaru3ayuu yxe wuMeiomerocsi marepuana. C 3TuMm
CBsi3aHa pasHas ¢opma u3Lo0xeHus, Ha 4YTO s IPH CJy-
yae yKasblBaJ TaKxe H B NpPOLIIOM CeMeCTpe B MOHX
o6mux BhBOAax *). B 3ToM oTHolleHHMH ocOGeHHO Xa-
PpaKTepHa AJasi ApxuMmena yxKe yNOMsHyTas B IEpPBOM
TOMe pYKONHChb, HaiaeHHass B 1906 r., B KOTOpPOH OH
coob11aeT yueHOMy ApPYrY CBOHM HOBeillHe HCCJIeLOBaHHUS
no ky6aType NpOCTPaHCTBEHHBHIX 00pa3oB. 31echb H3JO-
2KeHHe B TOYHOCTH COOTBETCTBYeT TOMY cmnocoby, KOTO-
pOro Mbl IpPHAEpPKHUBAeMCs B HallleM TelepellHeM Ipe-
TnoJlaBaHUM; MaTepHa/J JaeTcs B 2ereTuxeckou ¢opme:
cHayaJa HaMeuaeTCsi XOJ Mbicjel, H HUKOUM 00pa3oMm

¥) Cm, 1. 1, ¢, 118—119,
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He NPHMEeHsETCST TO OKOCTeHeJloe pacujieHeHHWe Ha Ipel-
NIOJIOXKEHHS], YTBepXKAeHHe, J0Ka3aTelbCTBO, T. €. TO
orpaHHyeHHe, KoTtopoe rocnoactsyetr B «Hauanax» Es-
Kauaa. BrpoueM, eille 4O 3TOro HOBOrO OTKPLITHs GBIJIO
yKe HM3BeCTHO, YTO I'peKH 3HaJu Hapsily ¢ BbIKpHCTaJ-
JIN30BAaHHBIM «eBKJIHJOBBIM» H3JIOXKEeHHEM KaKOH-HUOYIb
CHCTeMaTH3HPOBAHHOH AMCUMIIMHBI TaKxe u 6oJee CBO-
6olHyI0 TreHeTHYeCKyl0 (OpPMYy H3JIOKEHHs, KOTOPOH
NoJIb30BaJIcs KaK HCCJIefoBaTe]b B CBoH paboTe, Tak .M
YYHTeb B NpenojaBaHHH H KOTOPYIO, BO3MOXKHO, H caM
EBKIMA npHMeHsi1 B ADYTHX COUYHHEHHUSX HJIH B CBOEM
coOCTBEHHOM mpenojaBaHHH. JlefcTBHTeNbHO, TOrAa B
AJlexcaHApHH CyLIeCTBOBAJO Zlake TOUHOe IojaoGHe Ha-
WHUX JIHTOrpa@HpPOBaHHBIX JIEKUHOHHBIX 3amHCOK; HX
HasnBaJau hypomnema, B 3To 6blo 6osee HJIH MeHee
BOJIbHO COCTaBJICHHOe BOCNpPOM3BeJeHHe YCTHOro Ipe-
NoJaBaHusl.

CxasaHHOro aocTaToyHo nanasi cpaBHeHHsi «Hauasn»
co Bcell o6aacThio rpeueckoii MmateMaTHKd. Tenepb, 4TO-
6B 3aKOHUMTb Hall XOJ MBIC/IeH, 51 X04y ellle NMOKa3aTb
Ha JBYX-TpeX MNpuUMepax, Kak Jajieko LIarHyja coBpe-
MeHHasi MaTeMaTHKa [0 CPaBHEHMIO C JpEBHErpeyeckKoi.
OnHo M3 BaKHeHIINX OTIHYHH 3aKIIOYaeTCsi B TOM, YTO
FPEKH He HMeJH elle CAMOCTOATEAbHbLX apupmeTuxu
U aHaau3q, He 3HANH HH JeCATHYHBIX Apobed, obJer-
YaIOIIHX CJI0XKHble YHCJOBBIE BHIKIAAKH, HH o6liero 6yK-
BEHHOTr'0. HCYHCJIEHUS; H TO, H APYroe siBASIOTCSA, KakK
noxasan G6ojiee mMOAPOGHO B MHUHYBLIEM 3HMHEM ceMe-
cTpe, H3006peTeHHeM MpHIIEANIEr0 BIOCAEICTBHH HOBOTO
BpeMeHH, 3moxH BospoxnaeHus. 3ameHo#i (cypporaTom)
3TOT0 [Jisi TPEeKOB MOIJIH CJYXHTb TOJBKO uUCHUCAEHUE
8 ceomeTpuieckoil ¢popme, B KOTOPOM BMECTO YHCeJI OIe-
PHPYIOT IOCTPOEHHSIMH C OTpe3KaMHM HJH C APYTHMH
reOMeTpHYECKHMH BeTHYMHAMH, YTO OKa3blBaeTcs, KO-
HeYyHO, HecpaBHeHHO Gojee TIPOMO3AKHM, uYeM HallH
apudMeTHyecKue AeHCTBHA. B CBSI3M ¢ 3THM HaXOAHTCH
U TO, YTO TPeKH He BJIaJleJld TaKxe TeM, YeM, COOCTBEH-
HO, BrepBble OOYCJOBJIHBAaeTCss NPAaKTHYHOCTb Hallei
apudMETHKH U aHAJIU3a — OTPUUATEALHOLMU L MHUMbIMUL
uyucramu. BeaencTBue 3TOro rpekaM HefoOCTaBaslo TOIH
OOLIHOCTH MeTOJa, KOTOpasi IO3BOJSEeT OXBATHTb OJHOM
¢dopmysoil Bce clayuaW, KaKHe TOJBLKO BO3MOXHH, H
KpaiiHe JJIMTeJIbHble pa3HYeHHs] OTAEJbHHIX ClydYaes
y HUX WrpajJH OrpoMHyl0 poab. B reoMerpuu 3TOT
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HeJ0CTAaTOK 4acTo Aaer cebs CHJIbHO YYBCTBOBATb HMeH<
HO TaM, rie Mbl B HacCTOslee BpeMs — B 3THX JIEKIHAX
MBbl BCeria Tak M IOCTYnmajH — JierKO MOXKeM, MpHMeHsAs
aHalMUTHYeCKHe CpeJACTBa, AOCTHYbL IOJHON OOIIHOCTH,
MHHYS BCSKHe Da3/HuYeHHs OTAeNbHBIX ciyuyaeB. OrpaHu-
YHMCA 5THMH HEMHOTHMMH YKa3aHHAMH. Bw camMu Mo-
JKeTe JIerKO Ha OCHOBe HAalIMX JIMYHBIX 3HAHHH JaTh
cefe JasibHefIIHNH OTYET B yCneXxax COBpeMeHHOH Mare-
MaTHKH IO CPaBHEHHIO C aHTHYHOH.

Copepxxanue 13 kuur EBkampa. ITocne sTofi o6uieil
KDUTHKH eBKJAHAOBHX <«Hauan» MB MoxeM mnepedTH
K HX JeTaJbHOMY paccMoTpeHun. I[losBosbTe HauaTh
¢ KpaTkozo o0630pa codepicanus Tex «13 KHHUr», T. e.
rjaas, U3 KOTOPHX coctosAT «Hauama» *),

B kuurax c¢ 1-# mo 6-10 u3naraercs niaaHumeTpus.
IlepBble 4 KHUTH comepxkaT o6uwue paccyxlenus 06
OCHOBHOLX 2eomeTpudeckux obpa3ax (OTpeskax, yriaax,
YacTAX IJIOCKOCTH M T. I.) H y4eHue O NPOCTblX 280MeET-
puueckux (pueypax (TpeyrojbHHKax, NapaJeJorpam-
MaxX, OKPYXHOCTSIX, IpPaBHJBHHIX MHOrOYroJbHHKax
M T. 1.) B TOM BHIe, B KaKOM HX H3/araipT no 60Jb-
UIOH YacTH eule H Tenmepb. 34ech e (B KHUre 2-i)
JaeTcsl TaKXe 3/AeMeHTapHas apugmeruxa u arzebpa
eeomeTpuseckux seasudur. Utobn mpeacraBuTh cebe Xxa-
pakTep H3JI0XKeHHs, IPHBeAYy TOJbKO OXWH MmpHMep: IpoO-
u3BelleHHe ab IByX OTpe3KOoB a, b H306paxaeTcs B
¢opMe NpPAMOYroJbHUKA; JJs CJIOXKEHHs IBYX TaKHX
npousBeleHHid ab U c¢d, 4YTO apudMeTHUECKH MOKHO
BLINOJIHUTb HENOCPEJNCTBEHHO, NPHXOAHUTCS (YTOGLI mO-
JYYHTb CYMMY CHOBa B BHJe IpPSIMOYroJbHHKa) IIpe-
BpaTHTb 06a NpPSAMOYrojbHHKa ab, ¢d B NpPAMOYroJb-
HHKH C ONMHAKOBBIM OCHOBaHHEM.

Conep:xaHue 5-i kKHueu ropasno ray6ixke; B Hell BBO-
IHTCS 2eOMeTPpUteCKull IKBUBANEHT 8000U,e BCAKOZ0 NO-
aoocuTentnozo QOeiicTeutencnoeo uucaq. Vim  gBhsieTcst

a
OTHOLIEHHE - JIOOHX JBYX OTpe3KOB a, b, KoTopoe

EBxnup rasuBaer Logos (Aoyoo).

*) Tosopsit Takxke o 14-k u 15-i kuurax «Hawans (tom V
B H3mauuu [eiiGepra). Ho 3TH nBe kHurM Hanucadul He EBKamaoM.
[TepBylo H3 HHX HanucaJ, No-BHAMMOMY, I'MICHKJ, a BTOpYIO NpHIH~
CHE2IOT HekoeMy Jlamackuio,
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Korza B nmpouuioM ceMecTpe MBI TOBOPHJIH 06 Mppa-
(MONaJbHBHIX YHCJAaX, s Yyxke oTMeyas 3To *), Cyme-
CTBEHHHIM MOMEHTOM B 3TOH TEOpPHH SsIBJsETCS onpede-

b
ZeNieHHe JOJIXKHO HMMETb COBepIIeHHO OOLHil XapakTep,
B YaCTHOCTH, OHO [AO/IXKHO OHITb NPHJIOXKHMO H B TOM

ciaydae, Koria ;i
MaHHH HppallHOHAJbHOE YHCJIO, T. €. KOrAa, Kak roBO-
put EBKiun, oTpe3ku a, b He uMeloT obLledl MepHl, HJIH,
KakK 3TO CTaJli Has3bplBaTh MO3XKe, HeCOM3MepHMHI. EBKIHI
noctynaer TakuMm o6pa3oM: OH Geper JoOhle JABa Ie-
Jible YHcJga m, n U CPpaBHUBaeT, C OXHOH CTODOHH, OT-
peskn ma u nb, a c mpyroii—oTpe3ku mc u nd; B
JioboMm ciaydyae OyZeT HMETb MeCTO KaKoe-HUOYAb OJHO
H3 TpeX COOTHOLIEHHH

ma > nb, ma=nb, ma<nb

v a 4
JAeHue pasencrsa 6eyx OTHOWeHUU — U -d—; 9TO oImpe-

npenctasisieT co6oif B HalleM INOHH-

¥ TOUHO TaK Ke OJHO M3 TPeX COOTHOIIeHHH
mec>nd, mc=nd, mc<nd.

Ecau npu scaxom seibope uwuces m u n u 8 nepgom,
U 80 B8TOPOM CAYHAAX 8Ceeda noay4aercs 00uUH u TOT de
sHax (>, = uau '<<), To 2080pum, 4TO %=-;—. To
(aKTHYECKH BMOJIHE COOTBETCTBYET 3JIEMEHTapHOMY Me-
T00Y ceuenutl, ¢ MOMOLIbI0 KOTOpOro JleeKHHI BBOJMT
HppalHOHAJIbHEIE 4nca 73),

Bcnen sa stum EBkauj Hccienyer, Kak Hajgo IpOU3-
BOJHTb BBHIYHCJEHHS C TAKHMH PaBEHCTBAMH OTHOLIEHHH,
¥ pasBHBaeT CBOE MHOTO pa3 yxKe YNOMHHaBlIeecs
YyueHue O MPONOPYUAX, T. €. TeOMEeTPHUECKYIO TEOPHIO

BCEBO3MOXKHBIX aJjre6paHueckux Inpeo6Gpa3oBaHHH pa-
a [4
BEHCTB THNa —-=—-. 3ameTuM, Yto y EBkianma mpo-
nopuust HasuBaercs <«Analogia»; 3To cJ0BO IOMKHO
o3HauyaTb: Lagos JABYX map BeJHYHH OIMH M TOT IXKe.
Bbl BHOHTe, KaK IOPA3HTENbHO CHJIBHO H3MEHHJIOCH
¢ TeX NOp 3HayeHHe 3TOro cjaopa. Bmpouem, B MaTeMa-
THKEe HMEIOTCSl MeCTa, B KOTOPHIX OHO COXpPaHHJO OO ce-
TONHsILIHErO [Hs CBoe IlepBOHAYaJbHOe 3HaueHHe; Tak,

B TPHTOHOMETDHH TORODAT 00 anasozuax Henepa uMeHHO

*) Cm. 1. 1, ¢c. 50—51,
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[NOTOMY, YTO OHH IpPELCTaBJAIOT COGOH H3BECTHble MpO-
nopuwu. Ho HecoOMHeHHO, YTO Tenepb JHIIb OYeHb
HEMHOIHM H3BecTeH COOCTBEHHBIH CMBICA 3TOr0 Ha-
3BaHuA.

Yuenue o nponopyuax npeicTaB/sieT coO60H Xapak-
TEePHHIH NpHMep TOro, ¢ KaKHM YINOPCTBOM JE€pPXKHTCS
B NpenoflaBaHHH FeOMEeTPHH eBKJAHAoBa Tpajauuusi. Eme
o cero BpeMeHM BO MHOTHX (Za, moxaJyH, Haxe B
GOJIbLIMHCTBE) WIKOJ 3TO YYeHHe TPaKTyeTcsi KakK ocobas
2aasa eeomerpuu, XOTs IO CBOEMY COJEepXKaHHIO OHO
NONHOCTbIO COJEPKHTCA B Hallled COBpPeMEHHOH apu-
METHKEe H COOTBETCTBEHHO 3TOMY yXKe JO TOro H3yyaercs
B IIKOJBHOM Kypce MaTeMaTHKH Jaxe ABaK/bl: NepBHIH
pa3 B Kypce apu(MeTHKH NpH pelleHHH 3ajay mocpen-
CTBOM TPOHHOrO NpaBuJa, a BO BTOPOH pa3 B HayaJbHOM
Kypce GyKBEHHOro HCUHCJeHHs. 3aueM B TaKOM cCiayyae
Te e caMble BellU AOJKHBI NOSIBJSATHCS ellle B TPeTHH
pa3 u mputoM B (opMe OCOGEHHO TaHHCTBEHHOTO reo-
METPHYeCKOro OTKPOBEHHS, 3TO INOHCTHHE HeBO3MOXKHO
MOHATb, H OHO JOJIXKHO, KOHEYHO, H A/ y4YeHHKa ocTa-
BaTbCsi COBEPIIEHHO HENMOHSITHHIM.

EnnHcTBeHHOE OCHOBaHHMe 3TOro 3aKJIOYaeTcs B TOM,
YTO BCe elle NMPHJAEPIKHBAIOTCA CTAaporo eBKJIHAOBA IO-
CTPOEHHs1 Kypca, XOTsl Ta pasyMHas LeJb, KOTOPYIO
EBkiMa npecienoBas CBOUM y4YeHHEM O INPONOPLHSX,—
3aMEeHHTb UM OTCYTCTBOBABLIYIO y Hero apHpMeTHKY —
IJIs Hac cTaja CoBepLIeHHO GeccoaeprKaTesbHOH.

STa KPHTHKAa CQBPeMEHHOH IOCTaHOBKH yYEHHs O IPO-
NOPUHAX He OTHOCHTCS, KOHEUHO, K HAYUHOMY 3HAYEHUIO
5-4 kHueu Eskauda; HanpoTuB, NocjielHee TeMm OGoJiee
BeJHKO, UTO 3/leChb BIePBBIE, BHIPAXKasiChb B COBPEMEHHBIX
TEepMHHaX, COBepLIEHHO G6e3ynpeyHO H3JIOXKeHO onpas-
danue sulnoanenus OelicTeutl ¢ UPPAyUOHALbHOIMY YUC-
Aamuy Ha OCHOBAaHHHM YeTKHX oOnpefeleHHH. 31eCb 0CO-
GeHHO sCHO BHIHO, YTo «Hauama» HH B Koem ciyuae
HUKOrfa He ObUIM M Tenepb He SIBJSIOTCS IUKOJbHBIM
y4e6HHKOM, KaK 3TO IO HeJOPa3yMeHHIO YacTO NpHHH-
MaJloCb; HAaNmpOTHB, OHH HeCOMHEHHO, MpeanoJaramT 6o-
Jiee 3peJIoro YHTaTessl, MOIYILero CJeAHTb 3a YHCTO Ha-
YUYHBIMH pacCyXAeHHSIMH.

S1 moskeH ynoMsiIHYTb 3[leCh ellle O TOM TPaJHIHOH-
HOM MHEHHH, YTO 5- KHHra He HanucaHa caMuM EBkiu-
AoM, a npuHaiiexuT EBjokcy us Kuuae (oxoso 350 r.
40 H. 2.). :
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Boo6uie «Havana» He cyuTalOT eIUHBIM, HaNHCaH-
HBIM Cpa3y LEeJHKOM COYHHEHHEM, a I0JIaraloT, YTO OHH
COCTAaBHJIMCh H3 pPa3JHYHBIX 06Ojlee paHHHX COCTaBHBIX
yacref.

Kak 66l TaM HH ObLIO, HO BO BCSKOM CJiyuae BCe
cnpenesieHHble YKa3aHHUS OTHOCHTENbHO NOJJHHHBIX aB-
TOPOB M T. [A. CONPSIKEHHl: C IOJIHOH HeyBepeHHOCTbIO,
TaK KaK He COXPaHHJOCb HHKaKHX HCTOpDHYECKHX 3aMe-
TOK, KOTOphle NpHHaAJexaJH 6w EBKIuny uim Komy-
JH60 H3 ero coBpeMeHHHKOB. B naHHoM ciydae TpanH-
LHs BOCXOJAHT K kKoMMeHTatopy EBknuga Ilpokny Hua-
JIOXY, KOTOpPHIH KHJ OKoJio 450 r. H. 3., T. e. 6ojee yeM
yeped 700 ger mnociae EBkaupa. Xots O HEKOTOPHIM
npuyuHaM MHeHHe IIpokna u o6jajgaer HM3BeCTHOH HO-
Jed BHYTDPeHHeH BepOSITHOCTH, HO IIPH3HATL €ro 3a
a0CoMIOTHO BEpPHOE CBHIETEJILCTBO MOXKHO He B 060Jb-
mel Mepe, 4eM TeOpPHI0O KaKOro-HHGyAbL Hallero cospe-
MeHHHKa 006 aBTOpCTBE COUYHHEHHs, HamHCaHHOrO OKOJIO
1200 r.

IIpononxkasi 0630op comepxkanuss «Hauan», ormernm,
YTO KHHMra 6-s COIepXXHMT ydeHHe O NOAOGHHIX (Hrypax,
NpHYEM TJaBHBIM OpyJAHeM B HeH sBJseTcs KakK pas
YIOMSHYTasi TeOpHsl PONOPIHii.

B knurax 7-it, 8-i1, 9-i1, 3aK/0uaeTCs yueHue o yeavlx
Hucaax, 4acroro 8 2eomerpuueckoil ¢opme. Ilpn 3TOM
IJIS TPONOPUUH C HEJTBIMH YHCIaMH, T. €. 0Af 8bl4UC-
AeHull ¢ payuonasvHoimu Opobamu, NaHa TeOpHs, CO-
BepIIeHHO He 3aBHCSAIlAsi OT INOCTPOeHMH 5-# KHUTH.
XoTsi pauuoHa/bHBle APOGH SIBJSIIOTCS TOJBKO YaCTHBIM
ciayyaeM JAeHCTBHTEJNBHBIX YHces, OJHaKo 3Jech OoJee
obuias TeOpHsi, pa3BUTasi paHee, COBeplIeHHO He NpPHHH-
MaeTcss BO BHHMaHHe. TpyaHo mpencTaBHTb, 4TO 06a
H3JI0KEHHSI IPUHALJeXKaT OJHOMY aBTOpY.

U3 comepxkaHHst 3THX KHHT s1 XoTeJl OB YNOMSIHYTb
3lech TOJbKO O IBYX BellaX, KOTOphle elle H Temepb
NOCTOSIHHO NMPHMEHSIIOTCS B TEOPHH uucesa. DTo, BO-mep-
BBIX, aJjroputM EBKkInAa QJasa HaxoxIeHHs oOuero
HauboJblIero AeJNHTeIs ABYX HeJblX YHcesa a H b, KoTO-
poie y. EBKnuna uso6paxaioTcs B BuAe OTpe3KoB. B co-
BpEMEHHBIX TEePMHHaX 3TOT aJrOPHTM COCTOMT B TOM,
YTO a JeJaT Ha b, 3aTeM b HnejsaT Ha OCTAaTOK OT 3TOro
TpeJbAyLIero AeJeHHsT W TaK NPOAOJIXKAIOT INMOCTYyNaTb
Jlajiee 1O cxeMe

a=m-b+r, b=m-ri+ry ri=my-ry4r;
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noka He o6papyXHTCsl HAejeHHe 6e3 ocCTaTKa, UYTO Heol-
XOAMMO [JOJIXKHO CJYYHTbCS IOCJe KOHEYHOro uucja
11aroB; NOcJeIHHH OCTATOK U OyleT TOrAa HCKOMBHIM fe-
auTeneM. Bo-BTOpHX, yKe y EBKIHIAa HMeeTcss H3BecT-
HOe INpPOCTOe [0Ka3aTesbCTBO CYWecT808anUs OeCKOHeu<
HO MHO2UX NPOCTbEX 4YUCeAs, KOTOpOe s H3JIOXKHJI YXKe
B NpeabIAyleM Kypce *).

Hanee, 8 KHuee 10-4, KoTopas cO CBOUM T€OMETpH-
HeCKHUM Crnoco60oM BBIpaXK€HHSI OCOGEHHO TsIXKEeJOBECHA
H TpPyAHa JIJs1 NOHHUMAaHHUs, H3JIOXKEHA ceomeTpuyeckas
Kaaccuukayus uppayuoHasbHOCTel, npedcTasumslx 8
KsadpartHotx paduxasax B TOH ¢opMe, B KaKOH OHa
103Ke MpHMeHsieTca MAJs HX TIeOMeTPHYeCKOro Io-
CTPOEHHS.

Toapko nocne atoro, g 11-4 KHuce, MH BCTpeuaeM
Hauaara cTepeomerpuu. Kak Buaute, EBKIUA OTHIONL He
«¢ysuonnct». HanpoTus, OH OTOABHUTAeT CTEpPEOMETPHUIO
OT IUTAaHUMETPHH HACKOJBKO BOU3MOXHO JaJblle, TOTAa
KaK Mbl Temnepb, B COIVIACHH C YacCTO YNOMHHAaBIIAMHCS
«(y3HOHUCTCKUMH CTPEMJIEHHSIMH», CUUTAEeM IPaBHIbHBIM
pasBUBAaThb BO3MOXKHO paHblle NPOCTPAaHCTBEHHbIE Npel-
CTaBJIeHHs] B LIEJIOM H IJIs1 3TOTO- C CaMOro HayaJja IpH-
yd4aThb y4YyeHHKa K TpeXMepHHIM (urypam BMeCTo TOro,
yTOOB! CHayajla HCKYCCTBEHHO NPHBHBATh €My OrpaHuye-
HHe TJIOCKOCThIO.

B 12-4 kHuee MB!I CHOBa BCTpedaeMcsi ¢ OOwjum uc-
ciedosanuem UppPaAyUOHAAbHLLX BEAUYUH, KOTOpHIE CTa-
HOBSITCSL HEOGXOMUMBIMH 04Af onpedesenus obvema
nupamudst U Ipyrux Tesa. Peub HIET 31eCh O 3aByaJHpoO-
BaHHOM TNIpUMEHEHHH INOHSITHs Ipeliesla B TaK Ha3bBae-
MoMm dokal3aTeasCTs8e no meTody ucuepnol8axus, C IO-
MOIIbIO KOTOPOr'0 CTPOr0 YCTAHABJHBAIOTCS IIPONMOPIHH
MexXJAy HpPpPalHOHAJbHRIMH  BeJHUHHAMH. Brpouewm,
STOT MeTOA CHayajia NpPUMeHSeTCH AJI JOKas3aTeJbCTBA
TOro IJaHHMETPHYECKOro MpefJoXKeHHs, YTO IJIOIafu
JBYX KDYroB OTHOCATES, KaK KBaApaThl HX pafHyCOB.
Ha npumepe sTOif mpomopuHH st XOUy TakKke B JBYX
CJIOBaX H3JIOXHUTb OCHOBHYIO. MEIC/Ib YNOMSIHYTOLO Me-
Topa. K KaxXJoMy KpYyTy MOXHO BCe JIyullle H JIydlle
TIpUO/UIKATBCA C IOMOIlbI0 BIHCAHHBIX H ONUCAHHHEIX
7-YTOJBHHKOB ¢ GeCKOHEYHO pAacTyLINM YHCJIOM CTOpOH,
TaK cKasaTb, <HCUepNLIBasi» €ro, B TOM CMBICJIE, 4TO.

*) Cm. 1. 1, ¢, 61,
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TJI0IaAb MHOrOYrOJbHHKA OyAeT -OTIHYaThCA CKOJh
yroiHO Majio OT nJjouiagu Rpyra. Ecnm 6wl BHIIEymo-
MsAHYTasi MPONOPIHS He HMeJa MeCTa, TO JErKo MOXKHO
6bl10 OB NMPHATH K NPOTHBOPEYHIO C TeM, YTO KaxJHlH
BIHCAHHBIA MHOrOYroJbHHK MeHblle Kpyra, a KaxXAnli
ONMHCaHHBI — GoJbLIe Hero 1)
(puc. 125).

Haxkonen, 6 13- xnuce wusna-
raercss Teopus nNpasuibHbLX Tex,
5Ta TeOpHS yBeHUHMBaercs JOKasa-
TeJIbCTBOM (OCHOBAHHHIM Ha Ma-
TepuaJjie, HaKomieHHoM B 10-ii KHH-
re) TOro, 4YTo BCE 3TH Tena, T. €.
JJIHHK HX pebep, MOryT OHITH IO-
‘CTPOEHHl € IOMOILLIO HHDPKYJS H
JuHedkH. Takoe saBepmenne «Ha- Puc. 125
YaJg» COOTBETCTBYeT TOMY OCOGeH-

HOMY HHTepecy, KOTOPHIA NpaBHJbHBIE Tela C JApeB-
HUX BpeMeH NpeACTaBJsVIM JJs TIpevyecKux Quio-
codos.

O6ocnoranne reometpun y Eskaupa. ITocne mpuse-
ZIeHHoro oOmero o63opa coiepxaHus <«Hauvans 3aii-
‘MeMcsl, COrJIacHO HallleMy NepBOHajaJbHOMY HaMepe-
Hulo, 6oslee GJH3KHM pacCMOTpPeHHeM TeX riaB EBkiuna,
KOTOpHle TPAKTYIOT 00 oOcHosaHusax zeomerpuu. CoBep-
1IeHHO OYeBHAHO, YTO HJA€aJbHOH IeJIbI0, MaHHBIIEH
EBkauna, 6ul c80600HbLE OT npobeaos 4ucro aozuve-
CKuli 861800 B8Cex 2eoOMeTpuvecKux Teopem u3 Haneped
yxasvisaemoix nocvlrok. B cozpanun (au6o B nmepenaue)
3TOro Hjeasa 3akJjmoyaercs, 6e3 COMHeHHs, SAPO HCTO-
pudyeckoro 3HaueHHsi «Hauan». Ho B melicTBHTENbHOCTH
EBknuny HHKOMM 06pa3oM He yHajoCh AOCTHTHYTb 3TOMH
BBICOKOH ILeJIH, H KaK pa3 B MCCIeIOBAaHHSAX, OTHOCSH-
IIMXCS K OCHOBAHHSIM TeOMEeTpHH, COBpeMeHHasi HayKa
JIOCTHIJIa CyulecTBeHHO O6oJjiee ryiyGOKOTO NOHHMAaHHUS H
BCKpHJIa HesICHOCTH, HMeBllHecs: y EBkanga. OpHako —
TaKoBa CHJa TpaAHLMiA! —ellle M Temepb H3JIOXKEHHE
EBkiHIa MHOrHe CYHMTalOT, B OCOOEHHOCTH B AHIVIHH,
HeNnpeB30HJeHHHIM 00pasloM O6GOCHOBAHHS TI€OMEeTpPHH.
CMelIHBAIOT HCTOpPHYECKOe 3HaueHHe TBOPEHHA C €ero
aGCOMIIOTHBIM, BCErJa COXPaHSIOUIMMCS 3HaueHHeM; IIo-
aToMy OyZAeT TOJIbKO eCTeCTBEHHBIM, €CJIH B IPOTHBOBEC
noxo6Hoil mnepeoueHke «Hawan» EBknuga s B mocie-
Ayoulell KPHTHKe OCOOGEHHO NOJAYEPKHY OTpHILaTe/bHHE

N
N
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CTOpOHHI, Te MecTa, rie H3jgoxkeHue EBkanna Gojee He
B COCTOSIHHH YJIOBJIETBOPHTH HalIHM TPeGOBaHHSM.

KoHeuHo, Bcskasg mnomno6Hass KpUTHKa EBKiauza co-
npsixKeHa ¢ OCOGOH TPYIHOCTbIO, NpPOUCXOAsilled OT He-
YBEPEeHHOCTH B JAOCTOBEPHOCTH TeKcTa. MHoroe ocHo-
BaHO Ha CBHJETeJbCTBAaX yKe ynoMuHasuerocss IIpokia,
H 3TO ellle CaMBlff APeBHHH HCTOYHHK, a CaMble 'CTaphle
CIIHCKH, KOTOPHIMH MBI cerojHs oO6JafaeM, HalHCaHHI
B IX B. H. 3, T. e. oHu Ha 1200 jer Mosoxe Epkiuzal
K ToMy Ke OHHM uYpe3BBHIYAHHO OTJIHYAIOTCA APYT OT Apyra
M IDPUTOM YacTO KaK pa3 B TeX MeCTaX NpPUHIUINHAJb-
HOro 3HaueHHsl, KOTOpHle JMJs Hac 31eCb OCOGEeHHO
BaxHH. K 3TOMy mpHcoenuHsieTcs ellle TpagHLHUs JaTHH-
CKHMX H apalCKuX NMepeBOJYHKOB U KOMMEHTATOPOB, Y KO-
TOPHIX BCeria HMeIOTCs 3HAUHTEJNbHble OTKJIOHEHHS, BhI-
3BaHHble XKeJlaHHeM Da3bsiCHUTh TeKCT. Takum o6pasoM,
yCTaHOBJIEHHe KaK MOXHO O6oJiee HaJeXHOro TeKCTa
«Hauan» siBisiercsi KpaiiHe CJIOXKHOH (HJIOJOrHYeCKOM
npo6aemMoi, Ha KOTOPYIO NeHCTBUTEJNLHO 3aTpaieHO He-
BEpPOSATHO MHOro NpoHHIaTeabHOCTH. Heo6XoxuMo TOJIb-
KO OTAaBaTh cebe sICHBIi OTUET B TOM, UTO B pe3yjbTaTe
nof06HOH (HI0JOrHYecKOH paboThl MOXKET MONYYHTbCS
B JyulleM cJydae 8epoaTHeluwlui TekcT, KOTOpHH, pa-
3yMeeTcsl, MOXKET H He COBNafaTb C OeliCTeUTeAbHbIM
OpUSUHANbHOIM TEKCTOM, H60 HeT HHKAKOH HeHu36exXHO-
CTH B TOM, 4TOOBl TO, YTO MB Ha OCHOBe MHOTHX NOKa-
3aHHMH mojiyyaeM KakK HeuTo HauGoJjiee BepOATHOe, COB-
najo 60 6cex NyHKTax c JelcTBuTesibHOCTbIO. [lo 06-
1leMy MHEHHI0 Ha HaHuGoJblleli BHICOTE COBPeMeHHOH
¢unosoruyeckoit Hayku cTtouT Tekcr I'eiibepra, m myu-
llee, YTO MBI, HE(HIOJIOrH, MOXeM ClelaTb,— 3TO IIO-
JIOXXHTb €ro B OCHOBY HAalIero H3JIOXKeHHsl, XOTS MHl
B CONJIaCHH CO CKa3aHHBIM BHIIIe HHKOrAa He IOJIXKHBI
3a6blBaTh, YTO 3TOT TEKCT OTHIOAb HE JOJIKeH OBITh
TOXKJECTBEHHbIM C IepBOHauaJbHBIM., [loatoMmy, ecan
B Ha3BaHHOM TeKCTe OKaXXyTCcsi HeNOCTAaTKH U IPOTHBO-
peuHs, To BCAKHH pa3 OGyAeT ocTaBaThbCs NOjJ COMHe-
HHEeM, BHHOBAT JH B HHX caM EBKIHI WJIH Xe OHH
IIPOCKOJIb3HYJH TOJbKO OJaromapsi mno3JHedIned me-
penaue.

Havyano nepmoit kuuru. Ilpucrynmas Kk HaMeueHHOMY
HCC/IeNOBaHHIO, pPacCMOTPHM I[pexJe BCero, Kakylo
¢dopMy npuHNMaeTr obocHosaHue eeomeTpuu 8 1-U KHuze
«Hauaa», EBKIUA HauWHaeT 3Ty KHHI'Y C TpeX Tpynn
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npeasoXKeHH!H, KOTOpble OH HasbiBaeT &’poy, oLThpate,
Hoivay evvoiol, 4TO MOXeT ObITb NIPHUMEDHO INepeJaHo
cinoBaMu onpedeseHusn, noctyasare. (TpeGoBaHHsI) H
npunyunst (o6mwue mnoHsaTHs)*). OgHako IJs1 mocien-
Hell rpynnel OGLIKHOBEHHO YNOTpeGJsAIoT, Caelysl iipOK-
Jy, TEPMHH «aKCHOMbl», KOTOPHIH, BIpOYeM, Telepb, KaK
H3BECTHO, NOJyuyua OGoJiee IUHPOKOe 3HayeHHe, BKJIIO-
yajoulee B ceGsl TaKxKe H NOCTYJaThI.

UroGel Npexie BCEro NOHATb cojepiKaHHe onpede-
Aenull, BCNOMHHM, KaK MBI IOCTyna/jd paHblle NpH 00-
OCHOBaHHH reOMeTpPHH. MBI TOBODHJIHM TOrAa, YTO MBI He
B COCTOSIHHH JaTh ONpeJejeHHe HEKOTOPbIX BelleH, Ka-
KOBHl TOYKH, NpSIMBle, NJOCKOCTH, 4 JOJIXKHBI AONYCTHTb
HX KaK 3HaKOMble BCSIKOMY YeJIOBEKYy OCHOBHBIE MOHS-
THS M NOJIXKHEl TOJILKO YETKO BbICKa3aTb Te HX CBONCTBA,
KOTOpble MBI 2KeJlaeM HCIOJb30BaTh; IOCTE 3TOrO MBI
MOIVIH NPUCTYNHUTb K HOCTPOEHHI0 IeOMETPHH BIJIOTH [0
KOOPAMHATHOH CHCTEMBI X, Yy, 2, HCIOJb3yeMO#l B aHaJH-
THYeCKOH reoMeTpHH. ToNbKO 1ocsle 3TOro-Mbl YCTaHO-
BUJIHK obliee NMOHSATHE KPHUBOH, NMONOXHB X, Y, 2 PaBHBIMH
HenpepblBHBIM (QyHKuMAM napaMerpa f. Ilpm cayuyae
s yKasnlBaJs, 4TO 3TO NOHSITHE OXBaThiBaeT TaKxe H Ta-
KHe yJUBUTeJbHeHIIHe «MOHCTpPhI», KakK, HanpuMep, KpH-
Bble, KOTOpHE CIVIOWIb MOKPHIBAIOT HEKOTOPYIOo IJIO-
majb, H T. 1.

EBKIHAY 4yX[A0 TaKOoe OCTOPOXKHOE HJIH caMmoorpa-
HHYUTEJbHOe NOHHMaHHe Bewled. OH HauHHAeT ¢ «ompe-
nejieHus1» (MM «OObSICHEHHSI») BCEBO3MOXKHBIX I'eOMeT-
pHUYECKHX NOHATHH, KaKOBHIMH SBJSIIOTCS TOYKQA, AUHUA,
npamas, nOBEPXHOCTb, NAOCKOCTb, YeOA, OKDYNCHOCTb
i T. I [lepBoe «ompenesneHHe» IJIaCHT: TO4KA €CT6 TO,
4T0 He umeer vactell (6yKBAJbHO: «TO, Y€ro 4acTb eCTb
HuyTo»). HO MBI eJiBa /I MOXKeM NpPH3HATbH 3TO 3a OMpe-
JejeHHe B COOCTBEHHOM CMBIC/Ie CJIOBa, TaK KaK TOYKa
HU B KOeM cjiyuae He MOXeT OHITb OmpefiesieHa TOJbKO
3THM cBOHcTBOM '75), [lanee, UHTaeM: AUHUA eCTb OAUHA
6e3 wupunsl. 3pecb NpPeACTaBAseTCS] COMHHTEJNbHOH
Jlaxce camasi MPaBUJIbHOCTb YTBEPXKAEHHUS, €CIH MHl IIPH-
3HaeM TOJbKO YTO yKa3aHHOe oOfllee MOHSITHE KPHUBOH,
o kxotopoM EBKaHA, KOHe4YHO, elle HHYero He 3HaJ.
B-TpeTbux, Jaercd omnpeleneHHe npamoli Kax Takod

*) TouHee: «obwue noHsTHs» (HaH cBefeHHus) (y Llefitena «no-
tions communes»),
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AUKUL, KOTOPAS OOUHAKO8O (PABHOMEPHO) PACHOAOKCEHA
OTHOCUTeAbHO c80uxX To4ex. CMBICJ 3TOTO MpPEeAJIONKEHHS
COBEepIIEHHO TeMeH, H IOJ HHM MOXKHO pa3yMeTb BCe,
uTo yrofHo. OHo Morio 6B 03HauaTh, YTO NpsAiMas
BCIOAY HMeeT OAMHaKOBOe HamlpaBJieHHe, H TOrAa HYXKHO
6bl10 GBI MPHU3HATh HampaBJieHHE 33 OCHOBHOE IOHSTHE,.
NpHBBIUYHOE A/ KaxJaoro yejioseka., Ho mMml Moxem ero
NMOHHMATh TaKXe- H B TOM CMBbIC]e, YTO NpsMas, eclIH
NMpEACTaBUTh ee cebe peasH30BaHHOH B BHAE TBEPJOro
CTEpKHS, IPH ONpeJeJleHHbIX IBHXKEHHSX NMPOCTPAaHCTBA
BCerja coemajaeT cama ¢ co6o#f, a MMeHHO, NpPH NOBO-
poTax OKOJIO Hee e CaMOH KaK OKOJIO OCH, H IPH TaKOM
NOHHMAHHH eBKJIHAOBa oOlpejeJieHHs NpHIjoch Ovl, KO-
HEeYHO, CHOBa IIpejnosiaraTb H3BEeCTHHIM HOHSTHE [BH-
XKeHusi. Jlonmyckaer sau sTo EBKiuna, sBiserca odYeHb
CIIOPHBIM BONIPOCOM, Ha KOTOPOM MBI ellle¢ OCTaHOBHMCS
nonpoﬁuee Bo BcsikoM ciyuae, He yAanoCh HalTH OXHO-
3HAYHOH WHTepmperauun Ans AaHHOro EBKiHIOM ompe-
JeJeHHsT NMpAMOH, KaK M IS MHOTHX H3 JasbHeHIIHX
ero onpejejeHulf, Ha OTAEIbPHOM PacCMOTPEHHH KOTOPHIX
a1 He 6y1y 3/eCb GOJIbllle OCTaHABJIHBAThCS.

Mpul nepexosuMm Temepr K NOCTYAQTAM, KOTODHIX B
y3nanuu lefi6epra umeerca natb, OHU Tpe6yioT, YTOOHI
6b1710 BO3MOKHO:

a) mpoBecTH NpPAMYI0 OT JI0GOH TOYKH HO JIIOGOH
JIpYroit TOYKH;

b) HeorpaHHYeHHO NPOMOJKHTb OTpaHHUEHHYIO Nps-
MYI0;

c) omucaTh H3 [JAaHHOTO LEHTpa OKPYXKHOCTb, KOTO-
pas npouuta Gbl Yepe3 JaHHYIO TOUKYy !76).

UeTBepThli MOCTYJIAT 5 OCTABJSI0 NOKa B CTOPOHe,
a NpHBely Cpasy Xe NATHIH, TaK Ha3HBaeMblil noCTyAQT
0 NAPANNENbHOLX AUHUAX:

e) eciam [ABe nNpsAMble 06pa3y10'r C TpeTbell MmO OAHY
ee CTOPOHY BHYTPEHHHe YIJIbl, CyMMa KOTOPBHIX MeHbllIe
pa3BepHYTOro Yyrja, TO TaKHe IpsiMble IlepeceKaloTcs
IOPpH JOCTaTOYHOM IIPOJOJIKEHHH C 3TOH CTOPOHHI
(puc. 126).

ODTH TNOCTYJaThl BHIPAXKAIOT B6LNOAHUMOCTG U3BECT-
HbIX NOCTPOEHULl UAL CYW,eCTBOBAHUE 2EOMETPUUECKUX
06pa308, KOTOPBIMU EBK/IHI JAeHCTBHTEJNBHO NOJb3yeTCA
B CBOeM JajpHeiileM u3joxxeHHH. OJHaKO B reoMeTpHH
HMeeTCs elle Leabli psf NOXOOGHBEIX IOCTYJATOB Cylle-
CTBOBAHHA, KOTOPble H3 Ha3BaHHbIX He BHITEKAIOT YHCTO
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JIOTHUECKH, HO KOTODHIMH EBKJIHA TaKXe NOJb3yeTCH.
Jns npuMepa yKaxy JHIIb TaKoe NpelJIOXKEHHe: ABa
Kpyra, KaX/blf H3 KOTOPBIX NPOXOAHT uepe3 LEHTp ApY-
roro, nepecekamorca (puc. 127). §I Mor 6bl npuBecTH
elle LeJblH pAl NOZOOHBIX Ke npelsnoxeHuidl. IlosTomy

I

Puc. 126 Puc. 127

MB JOJXKHBEI BO BCSKOM CJydae NPH3HaTb CUCTEMY MO~
crysaros Eexkauda nHenoanoll.

Tenepw npuBeneMm uerseprolil nocryasar: |

d) Bce npsMble YTJIBI PaBHH MeXAY COGOH.

MHoro crnopuiu 0 TOM, Kak ClefyeT NMOHHMAaTb 3TOT
nocTyjaT M KakK OH BOOGlIe moman ciofa. DTo CBA3aHO
C BecbMa BaXHHIM BONPOCOM O TOM, IOJIb3YETCS JIH
EBkaun nonsaruem Osuscenus unu HeT. Ecnau mociexo-
BaTeJbHO HCXONMTp M3 MNOHATHA MABHXEHHs GHryp Kak
TBEPAHIX TeJ— TaK MBI NOCTYNaJUu NIPU HallleM IEePBOM
IIOCTPOEHHH 2eoMeTpUl,— TO 3TOT NOCTYAQAT OKa3blBaeT-
¢ (cp. c. 259), HeOGXOAMMBIM JIOTHUECKHM CJeACTBHEM;
cJe0BaTeNIbHO, 3TOT INOCTyJaT OB Obl, €CJAH TOJbBKO
EBKIuA CTOSJ Ha TaKOH TOUKe 3peHHs, 3Iech COBep-
lIeHHO He HyxXeH. Ho HM B OAHOM H3 BceX HAPYrux
OCHOBHBIX TOJIOXKeHHH EBKIHMZa He TrOBOPUTCS SIBHO
0 IBHXEHHHM, TaK 4TO MHOTHe TOJKOBaTeNH CYHTAIOT,
YTO 3TOT YeTBEPTHIH NOCTyJaT KaK pa3 H JHOJXKeH Cly-
JKUTb JJs BBeLeHHsl uleu Osudcenus, HO yXKe BO BCH-
KOM cJydae, Kak NpHILIOCH Obl TOrja mpH3HaTb, B BeCh-
Ma HecosepuleHHot opme.

B npoTHBOMOJIOXKHOCTb 3TOMY O6OJIbIIHHCTBO KOMMEH-
TaTopoB EBKiHAa noJsaraer, 4TO BCJAeACTBHE H3BECTHBIX
dunocopckux coobpaxeHuit ONHO H3 Haubojee cylle-
CTBEHHBIX cTpeMJieHH# EBKAHAZAa KakK pa3 H Obljio Ha-
npaBjleHO Ha NpHHIHNHAJIbHOe YCTpaHeHHe H3 reoMerT-
pHMH NOHATHs ABHXeHHs. Ho Toraa HCXOAHBIM NMYHKTOM
JIOJI)KHO OBIJIO ObI CIAYXKHTb AOCTPAKTHOe NOHATUE KOH-
2PY3HTHOCTU, KaK B HalleM BTOPOM IIOCTPOeHHH, H
TOrJa CHOBA 3TOT YETBEPTHIH NOCTyJaaT JOJMKeH Obil Obl
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CUNTATbCSl OCHOBOH 04f y4eHus o KOHepysuTHOCTU. IlpH
3TOM, KOHEYHO, BO3HHKaeT BOIPOC, MOYeMy He CHeIaHO
aHaJOrMYHbIX YKa3aHHA TaKXe U OTHOCHTEJbHO KOH-
TPYSHTHOCTH oTpe3koB. Ho Mmbl ceffuac ke yBHAUM, Ka-
KHe cyllecTBeHHble TPYAHOCTH BO3HHKAaIOT B CJyuae Kak
ONHOH, TaK M APYrod TOYKH 3peHHs B JajbHellleM H3-
JoxeHHH EBkaupa.

OcTaeTcs elle 3aMeTHThb, YTO HHU TO, HH JApYyroe TOJ-
KOBaHHe He OOGBACHSET I0-HACTOsLlEMY, IOYeMy 3TO
NpelJioXKeHHe IIOMelleHO HMeHHO CpelH HOCTYAaTos
(c ux obueft TeHAeHUUel, OXapaKTepU30BaHHOH BHIIIE).
dt1o nobGynuno llefiTeHa K TaKoi HHTEPECHOH NONBITKE
06bsICHeHHsl, KOTOpOe, OJHAKO, He BIOJHe yGeIHTeJbHO:
paccMaTpHBaeMBbIl MOCTYJaT AOJKEeH BhHIpa)kaTb, YTO TO
IIPOJOJI2KeHHe OTpe3Ka 32 OJHH M3 ero KOHILOB, KOTOpoe
BooGLIE BO3MOXKHO COIVIACHO HOCTyaaTty b), ompexe-
qaseTcss OAHO3HAayHHIM o6pa3oM. IlogpoGHOCTH BH MoO-
Xere Hal®u B ynoMmsHyro#t kHure Llefitena «Hcropus
MaTeMaTHKH B JPEBHOCTH H B cpeAHHe BeKa»!”7). Ha-
KOHell, OcTaeTcsi, KaK Bceria, TOT BBHIXOA M3 3aTpyAHe-
HHSl, YTO 374eCh NPHU3HAIOT HaJH4YUe UCKAHCEHUR TeKcTa.
MHorue, geficTBUTENTbHO, TaK U AYMAalOT, H IPOTHB 3TOr0
Heuero BO3pPa3HTh.

O6paiaioch, HaKOHel, K akcuomam, KOTopuix y Ieii-
6epra HaCUYUTHIBAIOT TOXKE INATh:

a) paBHble OJHOMY H TOMY € TpeTbeMy paBHBLI
TaKXe H MexXay co6o#t *); ecniu a =b, b =r¢, 10 a =c;

b) ecau K paBHBIM NpuHOaBJIAIOTCS paBHble, TO H lle-
Jible paBHB: eciun a=0b, c=d, T0 a+c=0b-d,

C) ecau OT paBHHIX OTHHMAIOTCSl PaBHBIE, TO OCTAaTKH
paBHH: eciH a=0b, c=d, To a—c=0b—d;

d) HaJjarawouiuecs: APyr Ha Apyra paBHbI;

e) uesoe Gosbllle YacTH: @ > a — b.

UeTnlpe M3 3THX AaKCHOM HMEIOT JIOTHYECKYI0 IIpH-
pOLy, ¥ B JLaHHOM cJiyyae OHH JOJIXKHbI, OYEBHIHO, KOH-
CTaTHPOBAaThb TO, YTO BEHIpakaeMble HMH OOLIHEe OTHOIle-
HUSl MMeIOT MeCTO TaKxke H JAJS BCeX pacCMaTpHBaeMbiX
reoMeTpH4YeCKHX BeJHYHH (OTPE3KOB, YIJIOB, MJoOllajei
H T. A.). UerBepTas e aKcuOMa TOBOPHT O TOM, UTO
8 KOHe4YHOM CcueTe peularouwjum MOMEHTOM IJsd pa-
BEHCTBA HJIM HEPaBEHCTBA SBJSIETCA KOH2PYIHTHOCTH

*) B rpeueckoM OpHrHHajle HeT CJIOBA «BEJHYHHBI», OOLIKHOBEH-
HO BBOJHMOrO B nepeBojax 3TOH aKCHOME,
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WIH cognadeHue npu HANONKEHUWU, XOTA ONATb-TaKH
ocTaeTcsi, KOHEYHO, HESICHBIM, NpelnoJiaraeTcss JH 3[ecChb
Hiesl ABHKEHHs WJIH HeT.

UTo e KacaeTcsl pasauuus mexdy axcuomamu H
nocrysaramu, To CHMOH GOpPMYJIHPOBAJ €ro B TOM CMBbIC-
Jle, YTO NepBble -CBI3aHbl C NPOCTeHINNMH (QaKTaMH 40-
2uKUW, a BTOpBle — ¢ NpocTeHmMMU (GaKTaMH RpPOCTPAaH-
créenHoli unTyuyuu. DTo ObIO OBl OYeHb YAAUHbIM
H BpPa3yMHTeJIbHbIM pelleHHeM BOMpoca, ecaH Obl TOJIb-
KO Mbl GbUIH Y6eXKAeHbl B TOM, YTO PacCIOJIOXKEHHE TEK-
cra y leifiGepra B TOYHOCTH COOTBETCTBYeT OpHTHHAJY.
Ho B HelicTBHTENBHOCTH B PYKONHUCSIX BCTpedaloTCs cCy-
UieCTBEHHble YKJOHEHHsS B pAacloJOXKEHHH H B COJAep-
JKaHHH NOCTYJaTOB H aKCHOM, KOTOphHle HHKakK He yKna-
nbiBaloTcsi B cxeMy CHMOHA; B YacTHOCTH, Hamnpumep,
NOCTYAQT NAPAAACAbHOCTU 4YaCTO (QUrypHpYyeT B Kauye-
ctBe 11-fi akCHOMBI.

Tenepp MBI paccMOTpuM nOApOOHEE HAYAA0 e8KAU-
008a nOCTPOeHUs 2eoMeTpUL, KOTOPOE 3MKAETCS Ha 3THX
omnpejesieHHsX, MOCTyJaTax M aKcUoMaX, a HMEHHO,
nepBele 4YeThipe mnaparpada, KoTopble CJleAyloT 3a akK-
cyomaMu. IIpu 3TOM MBI CMOXKeM OZHOBPEMEHHO ClenaTh
HHTepecHble HaGJIOAEHHss OTHOCHTENbHO NOHHMAHHs
EBK/JIHAOM OCHOB, B 4aCTHOCTH IO BONpPOCY O €ro OTHO-
LIEHWH K HJee JBHKEHHUS.

[lepBble Tpu maparpada HMEIOT LeNbI0 pelleHHe 3a-
lauyd. OTJIOXKHTb HaHHBIH OTpe3oK -AB Ha ngpyrom oT-
peake CF, HauuHas ot Touku C (puc. 128). Kaxanii ue-
JIOBEK BBIMOJIHUT 3TO Ha NpPaKTHKe, KOHEYHO, NMyTeM He-
NOCpPeACTBEHHOro nepeHoca ¢ Io-
MOLIbI0 UHPKYJS HJIH IOJOCKH
6ymard, T. €. ¢ MOMOLIbIO Tepe-
MellleHHsl TBEPAOro Teja B IJIO-
ckoctd. He Tak cMOTpHT Ha neso Puc. 128
EBK/INA B CBOUX TEOpPETHYECKHX
paccyxaeHusix. Jlelo B TOM, YTO B CBOHX IIOCTyJaTaX
OH He mpejnoJjaraeT NOCTPOeHHs, KOTOpPOe COOTBeTCTBO-
BaJo Obl TakoMy CBOGOAHO INepeMelLlaeMOMY IHDPKY.JIO,
a ero moctyJaar c¢) (c. 302) no3BoasieT TOMbKO B TOM CJy-
yae OMHCATb OKOJIO 33aJaHHOH TOYKH OKPYKHOCTb, €CJH
yJ)Ke JaHa KaKas-HHOyIb oAHa ee Touyka. M Bor, xemas
MPUMEHSITh TOJBKO Te BO3MOXHOCTH, KOTOpble OOecmevn-
BalOTCSl €ro IOCTYJIaTaMH, OH JOJIKEH TaKoe MpeLCcTaB-
Jsiolleecsi BeCbMa INPOCTHIM NOCTPOeHHe pa36UTbh Ha psif

—i g

C— —F
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6oJiee CJIOXKHBIX, HO BO BCSIKOM CJIyuae B BHICIIEH cTemneHu
OCTPOYMHBIX LIAroB.

1. IToctpoure na Oannom oTpe3xe AB pasnocTOpOH-
Hui tpeyeoasrux (puc. 129). CorsacHo moctynaty c)
MOXHO M3 TOUKH A omHCaTb OKPYXHOCTb paguycom AB,
a u3 B—paauycom BA. To, 4TO 3TH OKDYKHOCTH me-
peceKkyTcsi B HEKOTOPOH Touke C, MpUHHUMAETCsl, KOHEUHO,
KaK Mbl YyXe YIOMH- 8
Haad, 06e3 JJajbHel-
IIHX pa3bsACHEHHH.
A Temepp cienyer
cTporoe  (opMasbHO

C

Puc. 129 Puc. 130

JIOTHYeCKoe (€ HCIOJb30BaHHEM aKCHOM) JOKa3aTelb-
cTBO Toro, uto ABC npexacrasiaseT co60i, nefcCTBHTEBHO,
PaBHOCTOPOHHHE TPeyroJbHHUK.

2. Oraomure or Odaunoii Touku C Kaxotd-nHubyosb
oTpe3ok, pasHoili dannomy otpesky AB (puc. 130). Co-
raacHo mary 1 ctpoum Ha AC paBHOCTOpOHHHH Tpe-
yronbHuK ACD. 3arem mnpopoixkaem DA 3a Touky A
i(mocrysat b)) u omuceiBaeM u3 A OKDPYXHOCTb pajiHy-
com AB (moctynar c¢)) no nepeceueHHss B Touke B’
¢ DA (cyuwecTBOoBaHHE 3TOH TOYKHM IlepeceueHHs H Ha
3TOT pas oco6o He oroBapuBaercs). HakoHew, omnuce-
BaeM W3 TOYKH D OKpyxHOCTb paauyca DB’ pno mepe-
ceyeHuss ee c mnpomo/keHnem DC B Touke E; Torma
CE = AB. ]loKa3aTeJbCTBO 3TOr0 BLIBOAA, XOJ KOTO-
poro Jierko ceGe npeaCTaBHTb, IPOBOJUTCS CHOBA BIOJIHE
CTporo.

3. Hauel nBa otpeska AB, CF, mpuuem CF > AB
‘(puc. 130); ornoxurb Ha CF oT Toukn C OTpe3OK, paB-
Helit AB. Ctpoum, cneays wary 2, ot C Kakod-HHOYIB
orpe3ok CE = AB u mnpoBoauM u3 C OKpYXHOCTb pa-
muyca CE, xortopas nepeceder CF B Touke G; CG
U eCTb HCKOMBIil QTPe30K, " :
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DTUM pelleHa YHOMsHYyTas 3ajava. Ilocie 3Toro
EBxnua pmaer mom Ne 4 nepsytro Teopemy O KOHepY3HT-
Hoctu. Eciaum y aByx tpeyroabHukoB ABC u A’B’C’
HMeeTCsl 0 JBeé COOTBETCTBEHHO paBHHIE CTOPOHH (AB=
=A’B’, AC=A’C’) 1 no paBHOMY 3aKJIIOUeHHOMY
Mexay Humm yriay (A = A’), To momapHo paBHHl H Bce
JApyrie COOTBETCTBeHHble aieMeHTHl (puc. 131). Ilpnm

a o’

A 8 Al 8’
Puc. 131

Jl0Ka3aTeJbCTBE 3ITOro INpemyoxeHHs EBxnui Bnagaer
NO CPaBHEHMIO C NPEABAYMIMM NOCTPOEHHEM B Ty YAH-
BHTEJIBHYIO HENnoCAed08aTEAbHOCTs, H3-32 KOTOPOH A H
BOCIIPDOM3BOXKY 3/lecb Bee 3TH paccyxpaenusi. OH mpen-
craBaser ce6e TpeyrolbHUK A’B’C’ HalOXEHHBIM TaKUM
ob6pasom Ha ABC, uro cropoun A’B’, A’C’ u yroa A’
COBNaNalT COOTBETCTBEHHO €O cTopoHamu AB, AC u
yriaoM A. XoTs Mbl TOJBKO YTO M HAaYYHJIHCb OYEHb
TOYHO OTKJNaAbIBAaHHIO OJHOTO KaKOro-HHGyIb OTpe3xa
Ha -XpyroM, HO 00 OTKJaAHBaHUM Y2408 elle He ObLIO
peud M elle MeHee OBLUTO CKa3aHO 4YTO-1H00 O TOM, 4TO
CTaHeTcs NPH NMOJOOHOM Ipolecce epeHeCeHHs C TPeTbel
cropororo B’C’,— ocraHeTcs iU OHa, HampuMep, BooOue
NnpA 3TOM npamosunelnod. VIHTYHTHBHO 3TO, KOHEUYHO,
SICHO, HO Belb BCA ledb EBK/JMAa KaK pa3 H 3aKio-
yaeTcst BCeraa B so2u4eckol nojHoTe neAyKuuu. OnHaKO
OH 6e3 KaKux-1u6o Oosee J[eTaJbHBIX paccyKIeHHH
3aKJio4aer, 4rto npsimas B’C’ npu omucaHHOM HaKaajbl-
BaHUH TOXe JOJKHA MepedTH B INPsSMYyl0, KOTOpas B
TaKOM cJjydae JHOJIKHa, KOoHeyHo, coBmacth ¢ BC. Ho
5TO 3HAYUT NpeAnoJaraTh PeLIHTeJbHBIM 06pasoM cyuie-
CTBOBaHHE [BHXKeHHH, KOTOpble He H3MEHSIOT HH (OpMHl,
HU pasMepoB reOMeTpHYecKHX (HUTyp, KaK MBI IOCTY-
HajJd TpHA HalleM NePBOM IIOCTPOEHHH TeOMeTpHH;
TOrZla, B CaMOM JeJI€, CTAHOBHTCS OYEBHAHBIM, UTO Hep-
BOe TpEeNJIOXKEeHHe O KOHIDYIHTHOCTH SBJSIeTCH JOKa-
3yeMbIM.

Takum ob6pas3oMm, 3TO HOKasaTelbCTBO EBKIHIA, Ka-
3amoch Gbl, FOBOPHT BIOJIHE OIpeJeslleHHO 3a TO, 4YTO
OH OblJ NpHBepXKeHUeM HAeu ABuxeHusa. Ho rtoraa Bos-
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HHKaeT BONPOC, moyeMy 06 3TOM HHYEero He TOBOPHTCS
B aKCHOMaXx M YyXe TOrja BO BCAKOM cJjydae ObIO Obl
coBeplIeHHO GecLeJbHBIM ero KpafHe HCKYCCTBEHHOE
peluleHne 3ajxay 2 W 3, TaK Kak, NOJb3ysiCh MJeel [BH-
JKeHHs, HX MOXHO pelunth B JBYX ciaoBax. Eciau xe
paccmaTtpuBaTh Ne 4 Kak MNO3AHeHIIYyI0 BCTaBKY, TO
OCTaeTcss OTKPHITHIM BONpPOC, KaK OTHocuics cam EB-
KJIHA K TNepBOMY NpENJOXEHHIO O KOHTPYSHTHOCTH, H
BMeCTe€ C TeM OCTaeTcsl CyuyecréerHoli mnpobGes B ero
NOCTPOEHHUsIX; - 6e3 IOHATHSA JBHXKEHHs HOKa3aTb 3TO
npepJioxKeHHe HEeBO3MOXHO, U ero NPHXOAHTCS, KaK 3TO
MH CAeJajli B HalleM BTOPOM IIOCTPOEHHH TreOMeTpHH
‘(c. 268—269), BK/IIOUHTh B YHCJIO aKCHOM. Bo BcsKoM
cayyae, 3aKaHYHBasi 3TH Halld 3aMeYaHHs, MB MOXeM
TOJIBKO CKa3aTh, YTO KaK pa3 B NEPBBIX NpelJOXKeHHsX
nepBoii KHuUrH «Havaa» BO3HHKaeT Tak MHOro BHYT-
PeHHHX TPYIHOCTEH, YTO O AOCTHXKEHHH HJeasia, KaK Mbl
€ro HaMeTHJIH BEHIlIe, COBEPIIEHHO He MOXeT OHITb peuH.

OtcyTcTBHE aKCMOM pacnoJoxenus y EBkamaa; Bo3-
MOXHOCTb TaK Ha3blBaeMbIX reoMeTpHYecKux codu3MoB.
Ho cymectBeHHO GoJiee BeCKHM, YeM Bce 3TH NpoOGJeMbl
H HesCHOCTH, ABJISIeTC APYro#l ympeK, KOTOPBIH NpPHXO-
IUTCS BHICKa3aTh MO MOBOAY H3JIOXKeHHS OCHOB y EB-
KJIHAa, ecJH NpHJarath K HeMy MepKy ero xe co6-
CTBEHHOTO HJeasa, He Tepsis NMPH 5TOM M3 BHAY HalIHX
COBpeMEeHHbIX 3HaHHH. A uMeHHO, EBKJHA, eClIH TOBO-
PHTb CHayajJa Ha TNpPHUBHIYHOM HaM aHaJHUTHYECKOM
A3blKe, HUKO020a He paccMaTpUBaeT CBOHX reOMeTpHue-
CKHX BeJHYHH (OTpe3KH, YIJbl, IOBEPXHOCTH U T. A.)
co 3HaKoM (=), HO Bceria ob6pailaercsi CO BCEMH HMH
KaK C NOJIOXKHTEJNbHBIMH BeJIHYHHAMH; OH CTPOMT KaK OBl
aHAJMTHYECKYI0 TE€OMETpPHI0, B KOTOPOH KOOpIHHATHI
H [pOuHe BeJHYHHH BXOAAT TOJbKO IO MonyJaio (a6co-
JIOTHOMY 3HaueHH10). CJIeACTBHEM 3TOro SBJSIETCS TO,
YTO OH HEe MOXeT JOCTHTHYTb YCTaHOBJEHHs oO6lie3Ha-
YUMBIX TeOpeM, HO BCersa JOJKeH NpPOBOLHTb pa3Au-
uexue OTOeAbHbIX CAYyuAes8 B 3aBHCHMOCTH OT TOro, Kak
HMEHHO B KaxXJOM KOHKDETHOM CJyYae pacHoJIOXKeHH
yactH ¢urypu. B kauecTBe mpocToro mpuMepa MOXeT
CIYXHUTb Tak HasbiBaeMasi 00o6OleHHass Teopema Ilu-
(¢aropa, KoTopasi Ha HalleM COBpeMeHHOM si3blke (op-
MyJ raacur (puc. 132)

c2=a’+4 b*—2abcosy
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H HMeeT MeCTO KaK AJs OCTPOYrOJIbHHEIX, TaK H AJS TYs
NOYTOJIbHEIX TPEYrOJBHHKOB, TaK KaK MBl MOXEM COOT<
BETCTBEHHO CMBICJIY CYHMTATb COSY IOJOXKHTEJIbHOH HJIH
oTpuuatenbHoi BenuuuHod. Ho EBkiua 3Haer TosbKO
MOJIOKHUTEbHOE 3HaYeHHe |Cosy|, H M03ITOMY OH LOJIXKEH
B 3THX JABYX CJyYasix NpHUMEeHSTh ABe

pasauuHble GOpMyJn 178) a
c®=a?4 b — 2ab| cosy|, b
c?=a%+ b>+ 2ab|cosy|. ¢
EcTecTBeHHO, uTO mOXOGHOE pa3JH- Puc. 132
YeHHe OTJeJbHbHIX CJy4YaeB CTaHO- .

BHUTCSl TeM 6oJjlee CJHOXKHBIM H 3aNyTaHHBIM, YeM JaJjblie
MBI HIEM.

Mo2KHO, KOHEUHO, TOT HeJIOCTaTOK, 0 KOTOPOM HIET
peub, ¢GOpMynHpPOBaTh H 4uUCTO eeomeTpuvecku. Pasnn-
YHIO B 3HaKe NPH aHAJUTHYECKOM H3JIOXKEHHH COOTBET-
CTBYeT B YHCTOH FeOMETPHUH pasiuvue 8 pacnoAOICeHuUlU,
a MMeHHO, Takoro tuma: C jexur au6Go Mexnay A u B,
au6o BHe oTpe3ka AB. BosBecTu moJsiHOe JorHueckoe
3JlaHHe TeOMeTPHH BO3MOXHO TOJBKO B TOM CJyuae,
€C/IH SIBHO H OTYETJIMBO (pOpMYJIHPOBAaTb OCHOBHHE (hakK-
Thl 9THX OTHOLIEHHH IOJIOXKEHHS WIM TaK Ha3blBaeMble
«aKCHOMBI paClnoJIOXeHHss» (aKCHOMBI MOHSTHS <MeEX-
Ay»), KaKk Mbl 3TO yXKe MNOAYEpKHBAIM B HalleM H Iiep-
BOM, H BTODOM INOCTPOEHHH TFeOMETpPHH. A He BBHINOJHHB
storo, nomo6Ho EBknuay, Mel He IOCTHTHeM HAeana
YHCTO JIOTHYECKOro OBJIafieHHSI reoMeTpHeHd H JOJIKHH
6yneM Bcerla cHoBa o6GpallaTbCsi K 4YepTeXy AJs IPO-
BEDKH COOTHOLIEHHH NoJioXeHHs. HTak, KOpOTKO 2080-
pa, Haw ynpex Esxaudy cocrour 8 Tom, 4TO Yy Heeo HeT
QKCUOM PACNOAONHCEHUS.

B nefcTBHTEJNbHOCTH, JIHIIb CPaBHHTEJbHO HEJAaBHO
NOHSAJIH, YTO CJlefyeT YeTKo (HOpMYyJHpOBaTb ONpeleseH-
Hble NpPeANOJIOXKEeHHs] OTHOCHUTEJbHO NOHATHS <«MeXIy»,
JPYrMMH CJIOBaMH, 4YTO 3JIeMEHTapHO-reoMeTpHYecKHe
Be/HYHHbl CJeflyeT CHa6XaTb, COIIACHO H3BECTHBIM
yCIOBHSAM, 3HaKOM ILTIOC HJIH MHHyc. B Hauazne moero
Kypca (c. 29), Korza MBI HOAPOGHO 3aHHMAJHCh 3THM
BOIPOCOM, si COOGIIMJ BaM, YTO IFepBOE€ MOCJIeJOBaTeNb=
HOe NpoOBeJeHHe NpaBHJ 3HAKOB BcTpeuaercsi B «bBapu-
LEeHTpHUECKOM HcuucieHun» Méb6uyca (1827 r.). Ilanee,
B 3TOM OTHOLIEHHH NpPeACTaBJsfeT HCTOPHYECKHH HHTe-
pec onno mectro us nucema laycca & . Boau'™) or
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6 mapra 1832 e., KoTOpPOR, ORHAKO, BIEpBHE CTAJO H3BE-
cTHBEIM ToJbko B 1900 r., mocne ero onmyGJAHKOBaHHHA
‘B ‘BOCEMOM TOMe coumHeHui#t I'aycca (c. 222); ono raa-
cuT: ~«[Ipy 1NONHOM TPOBeAEHHH TaKHe CJOBa, Kak
«MeXIy», TOMXe CJeNyeT CHayaja CBeCTH K SICHBIM IIO-
HATHAM, YTO OYeHb XOpOLIO MOXKHO CHAeNarb, HO Yero
s HUTJle He HaX0XY OCYIIECTBJIEHHEIM Y.

[lepByl0 TOYHYIO TreOMeTPHYECKYI0 (pOpMYJIHPOBKY
3THX <«aKCHOM pacnosoxeHus» Jaa M. ITam B 1882 r.
B CBOMX «JI€KLUHSX 110 HOBOH reoMeTpHu» *).

[Tpexxne Bcero 34ecb BNepBbIE BCTpeYaeTcs TaKOe
IpEefJIOXKEHHE, KOTOpPOe Mbl YyXe paHblle OTYETIHUBO

dbopMysHpOBaNIH M HCNOJb30BAJH
NpU HallleM NepBOM INOCTPOEHHH reo-
METPHHU: '
Ecau npamas nepecexaer OO0HY
Kaxyto-rubyde CTOPOHY TpeyeostHU-
Puc. 133 Ka, TO OHa nepecexaerT u OOHY U3
dsyx Opyaux eco cropou (puc. 133).

He cnenyer HemooueHHBaTh 3HayeHHEe 3THX AaKCHOM
PacroyioxXeHHsI; OHH CTOJb Ke BaXKHH, KakK M BCe ApY-
rHe 4KCHOMBI, €CJHH MBl JeACTBHTEJbHO 2KejlaeM IO-
CTPOHTb TEOMEeTPHIO KaK JIOTHYeCKYyl0 HayKy, Koropas
He HyXJajacb Obl HeusGeXHHIM 006pas3oM JJisi yCTaHOB-
JIeHHsl CBOHX BBHIBOAOB B aNe/JJIHDOBaHHH K HHTYHUHH
H uepTexxaM nocae 8gedenus axcuom (XOTs TaKoe amel-
JIHpOBaHue Bceraa Oyner, pasymeercs, no6yxaaTb H Io-
MOraTb BO BpeMsi HCCJeJOBaTeNbCKOi paboTH).

EBKIuA, y KOTOPOro HeT 3TOH aKCHOMBI, Bcerja BHI-
HYXXJleH BO3HTbCSl C pasjMYeHHEM YaCTHHIX CJlyyaeB INpH
NMOMOILIM YepTexeH, a Tak KakK OH, ¢ JPYrod CTOpOHHI,
npHjaeT TaK MaJo 3HAYeHHS NPABHJIBHOCTH TeOMeTpH-
YEeCKOro 4YepreXa, TO BCerja IPHUXOJHUTCS ONacaTbCs
TOro, 4ro yueHHK EBKJHIa, mosb3ysice HeBepHO Hadep-
YeHHBIMM (HrypaMH, IpHIeT KaK-HuOYIb K JIOXKHBIM
npeasoxeHHsAM. Tak BO3HMKalOT MHOIOYHCJIEHHble TakK
Ha3blBaeMble z2eomeTpudecKue copusmol, OHH SIBISIOTCSH
¢opMaJbHO NPaBHIbHBIMH BO BCeM INpoyeM AOKa3aTelb-
CTBAMH HeBEDHBIX TEOpeM, HO TOJbKO OHH 6asHpyloTC
Ha IJIOXO HayepueHHBIX, T. €. MPOTHBOpPEYALIHX aKCHO-
MaM pacnoJsioxeHusi, ¢purypax. S oXoTHO HmpHUBely OJHH

*) Pasch M. Vorlesungen iiber neuere Geometrie. — Leipzig,
1882,
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npuMep, KOTOpH, HaBepHOe, MHOTHM H3. BaC H3BECTEH,
a HMeHHO 00Ka3aTeAbCTBD TO020, 4TQ BCAKUL Tpeyaosb-
KUK sgasercsa pasnobedpertoim %),

IIpexne Bcero HpoBOAMM OHcCeKTpucy yria- A H
NepneHAuKyasp B cepefuHe D cropoHn BC. Ecau 6n
obe JMHUM ObUIH mapaJiledbHbl, TO OHCCeKTpHCca Oblla:
Obl nepneHIUKYJspHa CTOPOHE H TPeYroJbHHK OblI Gbl
paBHOGeApeHHHIM. MOXHO, clel0BaTes]bHO, CYHTATh, YTO
5TH JBe IpsiMble IepeceKaloTcs, NpHYeM Mbl OyleM.
pasjauuaTh JBa cJydas B 3aBUCHMOCTH OT TOrO, Haxo-
IHTCS JIM TOYKa Iepeceye-
Hugs O BHYTPH HJH BHe
TpeyrosbHHKa.

B o6oux cayyasax Mbl
nposoauM. OE u OF nep-
neHaukyasipHo K AC u AB
v coenunsieM O ¢ B u C. 4

B  nmepsoM  cayuae
i(puc. 134) rOpH30HTAJBHO Puc. 134
3aLITPHXOBAHHbIE Tpe-
yroasHUKH AOF u AOE KOHTPYSHTHBI, TaK KaK y HHX
ectb o6mas cropoHa AO, a yrasl npu BepluuHe A,
a Takxe NpsIMble YIJH IONapHO PaBHH, OTCIOAA

AF =AE.

ToyHo Tak e M BepTHKAJbHO 3alUTPUXOBAHHELIE
TpeyronbHuKH OCD, OBD KOHTpY3HTHHI, TaK KaK y HHX
ectb obuwasi cropoia OD, paBHble croponst DC u DB
H paBHble npsmele yrael. CaepoBarensHo, OC = OB,
OTKyaa, Jpajee, 3aK/JiouaeM, MOJb3YysCh pPaBEHCTBOM
OF = OF, BoITeKalOIIUM H3 KOHIPYSHTHOCTH IepBOH
nmapbl TPEYroJbHHKOB, YTO He3alUTPHXOBaHHbIE (MPsIMO-
yroabHele) TpeyronbHHKH OCE u OBF TakXKe KOH-

IPYSHTHHI; MOITOMY
FB=FC,

a CJ0XeHHe C MOJyYeHHBIM paHblle PaBEHCTBOM H JaeT
HaM JeficTBuTeNbHO paBeHcTBOo AC = AB.

~Ecau Xe B: Apyrom ciydae touka O JeXHT BHe Tpe-
yroabHuKa (pHc. 135), To coBeplIeHHO MOAOGHO Npel-
nyiemy y6exaaeMcsi B KOHTPYSHTHOCTH Tpex map co-
OTBETCTBYIOIIHX TPEYroJbHHKOB M HaXOJHM, B 4YacT-

HOCTH,
AF=AE, FB=EC,

..-lll"“l““l“"““"I"III"I""“III-._
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C noMmolupi0 BHIYHTAHHUS OTCIOAA CJefyeT, KaK IOKa-
3blBaeT ueprex, 4To omaTh AB = AC wu, Takum oGpa-
30M, pPaBHOGeAPEHHOCTb TPEYroJbHHKOB BpoAe Oml [10-
KaszaHa B KaxJOM ciayudae.

B 3ToM moOKasaTe/bCTBe HeBepeH, [AeHCEBHTENBLHO,
TOJILKO YepTeX. A HMeHHO, mpexzae Bcero, Touka O Hu-
K020a He MOJNMCET AexHATb BHYTPU TpeyzoAbHUKA, W, 1a-
Jee, HUKOrja He MOXET HMeTb MeCTa pacloJIOXeHHe,

™ &

Puc. 135 Puc. 136
n3o6pakeHHOoe Ha yepTexe BO BTOPOM cJydyae, HO BCeraa
00HO u3 08Yyx ocHosanuti nepnenduxyasapos E, F
OOAMCHO AexcaTe BHYTPU, @ Opyeoe BHe TOU CTOPOHbL
TpPeyrojbHHKa, Ha KOTOPYIO ONYIUEH COOTBETCTBYIOIIMHA
NepneHAUKYJasp, KakK 3To H306paxeHo Ha puc. 136..
Urak, B NefiCTBHTEJIbHOCTH IOJydYaercsl, HallpuMep, 4TO

AB=AF — BF, AC=AE+ CE=AF + BF,

H Mbl HHKaK He MOXeM BHLIBECTH 3aKJIIOYeHHs O pa-
BEHCTBE.

DTUM codH3M NOJHOCTBIO Pa3bsiCHEH; COBEPLIEHHO
aHaJOrHYHHM 006pa3oM MOryT OBITb pacHyTaHel MU MHO-
rue JpyrHe oGuieH3BeCTHble MHHMbIEe J0Ka3aTeJbCTBA;
Bceria B OCHOBY HX apryMeHTalMH KJIalyTcs Hempa-
BUJIbHBIE YepTeXH C OOpaTHHIM [eHCTBHTEJBHOMY pac-
MOJIOXKEHHEM TOYeK H NMPSMBIX.

«ApxumenoBa akcuoma» y EBkanpa; orcrymieHue o
«POrOBMIAHBIX Yriaax» KaK O HeapXuMeNOBOW CHCTeMe.
ITonBepruyB KpHTHKe CylLlecTBEHHble HEJOCTATKH B H3JO-
KeHuu EBK/IHIAA, s X04y, ¢ ApPYyrodl CTOpOHBI, MOJ4epK-
HYTb TaKXe OAHY M3 HaHOOJNbLINX €ro TOHKOCTel, KOTO-
pasg TakK e YCKoJb3ajJa OT BHHMAaHHA OOJbLUIMHCTBA
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BLILIEYNIOMSHYTHIX BOOAYHIEBJIEHHbIX NpuBepxeHLeB EB-
KJHla, KaK U ero omubKH.

5l yxke ykaswiBas, 4To B 5-fi KHUre paccMaTpHBaeTcs
oThowerue (Aoyos) JIOGBIX IBYX reOMeTpHYECKHX Be-
JIMYHH @, b, KOTOpOe naeT 5KBHBAJIEHT OOLUEro MOHATHS
yucia. Ho npu stom EBkiaua uyerko ¢opmyJaupyer, 4TO
oH O6yAeT rOBOPDHTb 00 OTHOLIEHHH [BYX OZHOPOXHBIX
reoMeTpHYECKHX BeJHYHH a, b 7TOAbKO npu OOHOM
onpedeseHHOM YCAOBUU: G UMEHHO, TOALKO 8 TOM CAY-
‘uae, ecau MOXHO onpedeauTs 08a YeAblLX 4UCAG M W N
TaKUM o6pa3oM, 4To6H Onio ma > b u a << nb. Bor
€ro CJIoBa: «Beauuunst umeroT oTHOuleHue 00HA K OpYy-
20U, ecau KpaTHoe KaxcOOU U3 HUX MOXET npes3olirTu
Opyeyro seauuuny». Tenepb 3T0 TpeGoBaHHE Ha3HIBAIOT
akcuomoti Apxumeda, XOTsi 3TO Ha3BaHHe HCTOPHYECKH
COBepILIEHHO HeNMpaBHJbHO, TaK KaK UM BJjajes yxe 3a-
noaro no ApxuMena EBKAuA W, BeposTHO, AaXe elle
panbile EBknnna EBnokc. B nmociennee BpeMs Bce uaiue
ynorpebssieTcsi TaKxXe -Ha3BaHHe axcuoma Esdokca.

DTa apxuMmenoBa aKCHOMa MrpaeT B COBPEMEHHBIX
HCCJIeJOBAHHAX N0 OCHOBAaHHSIM KaK TreOMEeTpHH, TaK H
apudMeTHKH GOJIbHIYIO POAb KaK OJHH M3 BaxKHeHUINX
NOCTYyJIaTOB HenpepblBHOCTH. COOTBETCTBEHHO 3TOMY H
Mhl yXKe HEeCKOJbKO pa3 KacaJHucCh ee B HallleM cOGCTBeH-
HOM H3JI0KeHHH. B uactHOCTH, BH cpa3y mnoiiMeTe, 4TO
TOT MNOCTYJaT Halllero NMepBOro IOCTPOEHHsS reOMeTpHH,
COIVIaCHO KOTOPOMY TOYKH, IoJyyaeMble W3 A npu mno-
BTOPEHHH HEKOTOPOro napaJuiesIbHOr0 IepeHOca, OCTaBs
JISIIOT N03aAHu ceGs BCAKYIO TOYKY mosympsMoit (c. 249),
IO CYLIeCTBY BIIOJHEe COBNaJaeT ¢ apXHMeJOBOH aKCHO-
moit. Ho yxxe B mepBoit yacTh Haulero Kypca *) MH TOXe
noApo6HO roBopuaH 06 3Toif akcuoMe. TaM MBI Ha3BaJH
BEJHUYHHY @, KOTOpasi M0 YMHOXEHHH Ha Ji060e KOHeyHoe
YHCJIO n BCeria OCTaercs MeHblle b, aKTyaabHo 6ecko-
He4HO maaoli no oTHOweHuro K b uau, HaoGopoT, b ax-
TYarbHo 6ecKkoHewHO 6Goabwioli no oTHoweHuwo K a. Ta-
KMM o6pa3oM, EBKIHA mocpeAcTBOM cBoero TpeGOBaHHS
HCKJIIOYaeT CUCTEMH reoMeTpHYeCKHX BeJHYHH, KOTOphie
colepKaT aKTyaJbHO OeCKOHeYHO MaJjhble HJIH 6ecKo-
HeyHO OoJsbluHe 3jaeMeHTH. HckiloueHue mnOAOGHBIX CH-
CTeM fBJIsIeTCS HeHCTBHTEJbHO HEOGXOAMMBIM, €CJIH XO-
TAT OGOCHOBaTb YyYeHHe O MpPOMNOpLHAX, KOTOpOe Belb

*) Cu. 7. 1, c. 309—311,



314 CUCTEMATHKA U OBOCHOBAHME IEOMETPUU

B HTOTe sBJseTCS, KaK yxKe YacTo OTMedasjoch, He yeM
HHBIM, KaK Apyrod ¢opmoil COBpeMeHHOH TEOpHH Hppa-
LHOHA/NbHBIX 4ucesn. Tak 4To B JaHHOM ciaydae EBKIun
(nnu, nmoxany#, yxxe # EBIOKC) moctynmaetr B OCHOBHOM
TaK Xe — U 3TO KaK pa3 u NOpa3uTeJbHO, — KaK NOCTY-
NalT B COBPEMEHHBIX HCCAeLOBAHUSX MNOHATHS YHCHA,
H npu 3ToM EBKJIHA mosab3yeTcss B TOYHOCTH TeMH ca-
MBIMH BCIOMOraTeJbHBIMH CPeACTBAMH, KOTOPHIMH IOJb-
3yeMcCs U MBI Tenepb.

Mul ayuuie Bcero moiiMeM 3HaueHHe aKCHOMBI, O KO-
TOPOH 3/ecb HJAET peyb, €CJH PacCMQTPHUM OJHY COBep-
LIEHHO KOHKPeTHYI0, He yA084eTB0PAIOUYI0 eli cucTemy
2e0MeTPUYECKUX BeAUYdlH, KOTOpass OCOGEHHO HHTepecHa
eule U IOTOMY, YTO OHAa yXe B APEBHOCTH H B cpelHHE
Beka OblJla XOpOLIO H3BECTHAa M BH3BIBasa MHOrQ CIO-
poB. Sl uMelo 3Jech B BHAY TaK Ha3biBaeMble po208ud-
Hble Yyeabl, T. €. Yeasl mexncdy Kpusoimls, IOHUMaeMble
B H3BeCTHOM pacCHIMpeHHOM cMbicie, Korsa Mbl rOBOPHM
Tenepb 06 yriaax, To Bceria mnpeicraBisieM cebe YIJIb
MeXIy NPAMBIMH JIHHMSAMH H, B 4YacTHOCTH, NOHHMaeM
NOX YrioM MeXJy ABYMsI KPHBHIMH He 4YTO HHOe, KakK
yran mexiy HX KacareavHoimu (puc. 137); mnoatomy

Puc. 137

yroal MexXAy KpHBOH (Hampumep, OKDYMKHOCTbIO) H Ka-
caTeJibHOH K Held NpH TakOM NOHHMAaHHH BCeria paBeH
Hymio. [Ipyn TakoM NMOHMMaHHH Bce Yrin 00pasyloT, Kak
H3BECTHO, QOGHIKHOBEHHYIO «apXHMeIOBY» CHCTEMY Be-
JUYHH, B KOTOPOH MOXKHO INPHMEHSTb EBKJIHIOBY Teo-
pHIO NPONOPUMI M KOTOpHle MO3TOMY, FOBOpPs APYTHMH
C/IOBaMH, MOXHO H3MepATh NPH HOMOLIM NPOCTOTO JIH-
HeHHOro psiia AeHCTBUTENBbHBIX YHCEJL

B npoTHBOMO/NOXKHOCTL 3TOMY MHOA PO20BUOHbIM Y-
A0mM  mexdy O0syms Kpusbimu moHuMawT (puc, 138)
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4QCTb NAOCKOCTU, 3AKAHOUEHHYIO MeXAYy CaMHMH KPHBbI-
MH BOJIM3H TOUKH HMX NepeceueHHsl (HJIH KacaHHs).

Kak MBI cefiuac yBHIMM, 3TO onpeleseHHe NPHBOXHT
K HeapXHMelOBY, T. €. He YyJOBJIETBODPSIOLIEMY aKCHOMe
ApxuMena, MOHATHIO BeJHYHHB. OrpaHHYMMCSl NPH 3TOM
yriaMH, 0OHOU U3 CTOPOH KOTOPbLX ABAAETCS HEKOTOpas
HenoOsuxcHas npamas (ocb x) H o6uled BepIUMHOH KO-
TOPLIX CJHYXHT HauaJo KoopAHHaT O; JApyroffl ke CTO-
pPCHOH nycTb GyNeT OKPYXKHOCTb (MJH TaKXKe IpPH H3Be-
CTHBIX OOCTOSITE/NIbCTBAX MNpsiMas), Koropas{ B Touke O
nepecekaeT ocb X HAH Kacaercst ee (puc. 139). Torzma

\///

Puc. 138 Puc. 139

6yIeT BHOJIHE €CTECTBEHHBIM H3 ABYX POTOBHIHBIX YIJIOB
Ha3BaTb MeH6UWUM TOT, ¢B0O6OOHUA (T. e. OTJIMYHAS OT
Ox) cropona xoropoeo npu npubatistenuu Kk O 8 Kouye
KOHY08 npoxooutr nod lf“) c80600n0i cToporoti dpyzozo,
T. €. TOT YroJi, KOTOPbIH NPH 3TOM B KOHIle KOHIOB Orpa-
HHUHBaeT GoJjiee Y3Kyl YacThb INIOCKOCTH !82), ITostomy,
HanpuMmep, yroj, o6GpasyeMHli kKacarmoujerocs OKpYyK-
HOCTblO, Bceraa GyneT MeHblle, 4eM yroJ, obpasyeMblil
(c ocblo x) nepeceraroujeiics OKPYXKHOCTbIO HJIH IIpsi-
MOi, a H3 JBYX OKDYXHOCTeH, KacCaloUIUXCi OCH X B
tTouke O, OKPYXHOCTb Ooabwieco panuyca o6Gpasyet
MeHbIUIHHA YroJ, Tak KaK OHa MpPOXOAHMT INOJ MepBOil.
$IcHO, YTO 9THM BIOJIHE ONpeleJisieTcsi, KaKoi M3 JoGbiX
IBYX DPOTOBHIHHIX YIJIOB PacCMaTPHBAaeMOro THNa MeHb-
me U Kakoi GoJsbile. COBOKYNHOCTb BCeX POTOBHIHBIX
yryioB (MMEIOIIHX OCb X OJHOH M3 CBOMX CTOPOH) OKa-
3HIBaeTCs, KaK Tenepb TOBOPSAT, NPOCTO (WU AUHEUHO)!
YnopaooueHHoIM MHOXCECTBOM aHAJOTHYHO COBOKYMHOCTH
BCeX OGLIKHOBEHHHIX JAeACTBHTEJIbHBIX YHCEJ.

Ho uToGbl 06HapyXKHTh XapaKTepHOe pa3jHyHe MeX-
Ly 3THMH [BYMS MHOXECTBaMH, MBI JOJIXHBI 1aTb Gosee
TOUHEIE YKA3aHHS OTHOCHTEJBHO UBMEPEHUS PO2OBUGHLLY.
yenos.
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Bo-nepBnix, O6yfeM H3MepsaTb YroJ, obpasyeMsblii
(c ocbio x) npamoii, npoxoasuer uyepes O, 8 0b6oikHO-
8eHHOU Y2080l mepe; TOrLa KaxAwi yroa a, obpasye-
MBI KaKOIO-HHOYJb OKDY2KHOCTbIO, KacalooLlelocsi OCH X,
6yler no omnpefeJeHHI0O MeHblle JIO60ro CKOJb YTOAHO
Majoro (OTJIIMYHOIO OT HyJs) NpPSMOJHHEHHOro yrJa
H yXKe 3TO He MOKET HMEeTb MeCTa B OOBIKHOBEHHOM YHC-
JIOBOM KOHTHHYyMeé HH IJs KakKoro a, OTJIHYHOTO OT
HyJs, © XapaKTepH3yeT a KaK «aKTyaJbHO GeCKOHEeYHO
Manymo».

UToG6El NMpOCTEAHTb 3TO B CBfA3H C aKCHOMOH ApXu-
MeZla, MBI CHayaJa JOJIXKHBI elle JaTh AJs 3THX KPHBO-
JHHEeHHHX YIJIOB ONpeleeHHe YMHONCEHUSL HA Yyeaoe
yucnro. Ecnu HayaTh C pacCMOTPEHHsI OKDYXXHOCTH pa-
nuyca R, Kacawowmeiica ocu x B Touke O, TO BHOJHE
€CTeCTBEHHO MpPHIHCAThb N-KPaTHBIH YroJ KacaTeJbHOMH
OKpYXHOCTH pajnuyca R/n. JleficTBUTeJbHO, 3TO Ompene-
JieHHe He INpPOTHBOPEYHT NpeAbAyLIEMY OIpeleseHHIo,
MOCKOJIbKY 110 3TOMY NOCJeAHeMY YIJIbl KacaTeJbHbIX
OKPYXHOCTeH, HMeOIHX paiuycH R, % —g-, nocie-
JoBaTeJbHO yBenuyHBaloTcs. Takum o6pa3oM, NpH yMHO-
JKEeHHH Yrja @ KakoH-HHOyIb KacaTeJbHOH OKpYXKHOCTH
Ha 1eJoe YHCJIO BCerja CHOBa INOJYYaloTCsl YIVIH Kaca-
TeAbHbIX OKDYXKHOCTeH, H BCe 3TH KpaTHble na OCTaloT-
csl, COrJacHO HallleMy ONpejeJieHHIO, 0 HeOoOXOAMMOCTH
MeHbllle, YeM, CKaxeM, yroa b, o6pa3oBaHHHIl HEKOTO-
pOH HemoABMKHOH cekyuiell NMpsiMOH, KaKHM Gbl GOJIBIIHM
Mbl He G6panu uucao n (puc. 140). Hrak, 3liecy axcuoma
Apxumeda OeiicTsutesbHo He YO0BAETBOPEHA; TOITOMY
yribl KacalollHXcs OKPYXKHOCTeH HYXHO paccMaTpHBaTh
KaK aKTyaJbHO GeCKOHe4YHO MaJible [0 CPaBHEHHIO C yr-
JoM J060f mnepecekarome#l npsmofi. Uro ke Kacaercst
C/JOXEHHs ABYX TaKHX YTIJIOB, TO B COIJIACHH € HaHHBIM
onpejieieHHeM YMHOXEHHs Yyrjla Ha LeJioe YHCIO AJs
BLINIOJIHEHHs] €ro CKJIaAbIBalOT OOpaTHhle BeJHYHHBl pa-
IHYCOB, KOTOpbple BOOOLIe CJOyXKaT 34eCb MepoH akK-
TyaJbHO GECKOHEYHO MaJIbIX YIJIOB.

Ecsu e MB HMEEM npoussonbHY0 OKPYICHOCTb, NPO-
xo0auwyro uepe3 O (puc. 141), To mox yriom ee (¢ ocbio x)
MOXHO NOHHUMAaTb CYMMY yrJa, o6pa3yeMoro KacareJbHOl
K Hedl ¢ oCblo ¥ (M H3MepEHHOro B OGBIYHOM CMEIC]IE),
U ee COGCTBEHHOro aKTyasbHO GECKOHEYHO Majoro yrJa
C ee KacaTeJbHOH B TOJBKO YTO OIpedesleHHOM CMBHICJIE.
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Torna MoXHO c/0XeHHe H YMHOXeHHe NOAOGHBIX YIJIOB
CBECTH K TeM e AeHCTBHSIM HaJ HX OTAeJbHBIMH cjarae-
MBIMH, YeM BIIOJIHe ONpefelisieTCsi BHINOJHeHHe omepaluii
Hajx poroBUAHHIMH yraaMu. Ho B aro#i o6iacTu akcuoma
ApxuMeJa MecTa He HMeeT; O3TOMY 3JeCh OKa3bIBalOTCsl
HEeJOCTaTOYHHMH «Logoi» (OTHOIIEHHS]) HJH OOLIKHOBEH-

b

Ja 2 a

//////,.

a (] z

Puc. 140 Puc. 141

Hble IeACTBHTeJbHbIE YHcaa. BeposTHO, 5TO XOpOWO GbLIO
H3BecTHO EBKiuay (uaum paxke EBookcy), U OH BIIOJHE
CO3HaTeNbHO HCKIIOYaeT MOAOOHBIE CHCTEMBbl BEJHYHH IO-
CPeJCTBOM CBO€H aKCHOMBI.

IMosnb3ysicb COBpeMEHHBIMH CpeACTBAMH, MOXHO CY-
LIIeCTBEHHO pacuuupuTe 06/1acTb 3THX POrOBHAHBLIX YIVIOB,
npuyeM onpejedneHus eule 6oJjee 060011al0TC H OAHO-
BpPEMEHHO YNpOILIAIOTCS, a HMEHHO, LJIs 3TOro HYyXHO
paccMaTpuUBaThb 6Ce QHAAUTUHeCKUe Kpussie, Npoxo0s-
wue uepes O. Kaxpnas Takas KpuBas H3o6pakaercs
CTeNeHHHM PAJA0M

n=oax+ gty ...,
y2=92x+52x2+y2x3+

Mu 6ynem roBOpHTb, YTO Yros, o6pasoBaHHbIl KpHBOIi /
c ocbio x, Gosblle HJIM MeHblle yria, o6pa30BaHHOrO
KPHBO#H 2 ¢ TOI0 e OCbl0, B 3aBHCHMOCTH OT TOro, Oy-
JeT JH o) > 0Oy HIH o] << Qg; €CJIH K& o) = oy, TO
pellleHHe BONPOCa 3aBMCHT IpeXJe BCEero OT COOTHOLIe-
Hui By > B2, 1 << P2, a B cayuae, eciu P = P, TO OT
COOTHOMIEHHH Yy => Y2, Y1 << Y2 U T. A. SIcHO, 4TO 3THM
MBI PAacHOJIOXHIIH YeAbl 8CeX QHAAUTUHECKUX KPUBbLX 8
c0HO onpedeseHHOe AUHEUHO YnopsadoUeHHOe MHOdXce-
¢T80, B KOTOPOM, OYEBHJIHO, COIEPKAaTCA TaKkKe H YIVIbI
OKDYXKHOCTeH, pacnosIo:KeHHble ONpe/ie/]eHHbBIM Bbille
o6pasom,
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Tenepp Mbl MOXeM YCJIOBHTBCS CUHTATh N-KPATHOL
8eAudurol yraa KpuBod I ¢ OCbIo X TOT yroJ, KOTOpHLH
ob6pasyeT C OCbIO ‘X KpHBas, onpejensieMasi piaoM ny; =
= nax 4+ nPix? 4 ..., NOJAyYeHHHIM H3 psga LJIs Y
YMHOXXEHHEeM €ero Ha .

IIpexpe Mbl DOMXKHBI OBIIM NPHMEHATb GoJlee CJIOXK-
HYyI0 Onepaiuio, YTo6bl He BBIATH 3a INpefesbl COBOKYI-
HOCTH OKPYXXHOCTeH, a HMeHHO, Mbl 3aMeHsJIH KacaTeJb-
HYI0O OKPY2KHOCTb pafiuyca R c pasjioxeHHeM !83)

x2 x*
y=xtwmt
OKPYKHOCTBIO pajuyca - -5-:

x2 x4
y=n2—R-+n38—Rg+ ooy

YTO B JefCTBHTEJBHOCTH TOJbKO [IJsi IEpBOro ujaeHa
pasJyiokKeHHs sBJAsieTCs yMHOXeHHneM Ha n. Ho u mo
HOBOMY 06OJiee HpPOCTOMY OIpefieJieHHI0 MH IoJyYaeM
CHOBa HeapXHMeJOBY CHCTeMY BeJHUYHH: KpHBas, paao-
JKeHHe KOTopoi HauuHaercs ¢ x2 (a2 = 0), mo ymHOxe-
HUHM Ha CKOJIb yroaHo 6oJbluoe n Bcerga Oyner o6paso-
BHIBATb YroJl MeHbIIHH, YeM YroJ KpHBOH, B pa3JIOXKeHHH
KOTOpOH a; moJoxuTeabHo. ITo cyuiecTBy, MBI 31ech mo-
BTOPHJIM B HeCKOJbKo GoJiee HarJIssIHOH ¢opMe TOJBKO
TO, YTO MBI yXe Ipojejand B mepBoM Tome *). B pas-
JIOXXEHHH B CTeNEeHHOH psf

y=oax+ B2+ vy 4+ ...

noc/efloBaTeJbHble CTeneHH X, x2, x3, ..., HrpaloT NpH
5TOM TOJIKOBAHHH MNPOCTO pOJb aKTyaJbHO G6eCKOHeYHO
MaJblX BeJHYHH pasJHYHOrO BCe BO3pacTamoollero Imo-
psilKa.

HHTepecHO, YTO mOC/HeAOBaTeJbHOCTb POrOBHIHBIX
yIJ0B MOXHO YIJIOTHHTb elle OGosiee, ecau npucoedu-
HUT6 K Hell HeKOTOpole HeanasuTuueckue xpussie. Ho
TOJIbKO, YTOObl OHIJIO BO3MOXHBIM CpPaBHEHHE IO BeJH-
YHHe, OHH He JOJIKHBl 6€CKOHEYHO 4acTO OCLHJJIHPOBATb
(1. e. uMeTh GeCKOHEYHO MHOro KoJeGaHHH) HJH, Bbpa-
JKasfchb TOYHee, He JOJKHBI IlepeceKaTb KaKylo-JH60

*) Cp. 1. 1, ¢. 309—311, rae momoCHble BENHYHHB! Da3JIHYHBIX
HOPSIAKOB OGO3HAUEHDBI Yepe3 1), &, +ve
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aHaJHTHYECKYI0 KpHBYI0O OeckoHeyHoe uyucio pas. [o-
CTaTOYHO OyJaeT MNpPHBECTH 3JeCb B KauyecTBe IpHMepa
Kpusywo y= e~'/#  OHa, KaK H3BeCTHO, 06JafiaeT TeM
CBOHCTBOM, UYTO BCe €€ IIpOH3BOAHbIE 06GpaUlalOTCA B
Hyab npu x=0 (TaK 4TO B 3TOM MeCTe ee BOOOILIe
HeJb3sl pPAa3/IOXKHTb B CTeNeHHOH psij); MO3TOMY OHa
B KOHIIE KOHIIOB OKAa3hIBaeTCs MoJ J000H aHaJHTHUECKOH
kpuBo#. CjlefoBaTeNbHO, XOTSl MBI 'yXKe paHbllle HMeJH
JIHHEHHO YNOpsiAOYeHHOe MHOXKECTBO POrOBHAHEIX YTJIOB,
Teneps Mol umeem euje OOUH PO20BUOHbLE Y204, KOTO-
polil smecTe CO 8cemu CBOUMU KOHEUHbIMU KPATHOIMU
Mmenbue, dem Yyeoa 0006 AHAAUTUYECKOU KpUBOL
¢ ocero x|

Oo6wue BoiBoabl. Ha 3TOM MBI 3aKOHYHM 3TH C00G6-
paxkeHHs H, BooGule, Hallle H3yuyeHne EBkaupa. 51 Tonbko
PEe3OMHDYIO B 3aKJIOUYeHHe B BHIE HEeCKOJbKHX IOJIO-
JKeHH# To cyxcdenue o «Hauarax» Eskauda, K KOTOpOMY
Hac NPUBOASAT BCE 3TH pa3MBIILJIEHHS:

1. Beaukoe ucropuueckoe 3Havenue <«Hauaa» Es-
KJIHJa COCTOUT B TOM, YTO OHH Iepefajy NOCJeAYIOIIHM
BpeMeHaM udeas noaxoii (He umerowell npobesos) a0-
2uMeckol 06paboTKu 2eoMeTpHU.

2. UTo KacaeTcsi 86INOAHEHUR, TO MHO20e npPoOesaHo
O4eHb TOHKO, HO MHO20e Opyzoe LKA36I6AETCA NPUHYU-
NUAAbLHO OTCTAAbIM C TOYKU 3PEHUSL HAUUX COBPEeMEHHbLX
83248008.

3. MHorouncjeHHblEe B8ajxcHble OeTasu —B TOM YHCJIE
B HauyaJie MepBOH KHHUI'H — BCJIEACTBHE "HEHaJEeKHOCTH
TEKCTa OCTAIOTCH COMHUTEAbHbIMU.

4. Bce u3/0XeHHe OKasblBaeTCsi YacCTO UBAUULHE TA-
denosecHblm, TaK Kak EBKIHX He umen B CBOeM pacrmo-
PsXKEHHH 20T080U apugmeTuru.

5. BooOiie, odnocTopornee nod4epkusanue sozuve-
CK020 3aTpyIHsIeT NMOHHMAaHHe BCEro COJAepXKaHHs B Le-
JIOM H ero BHYTPeHHHX CBs3ef.

Hame co6cTBeHHOe OTHOIIEHHE K OOOCHOBAHHIO Ieo-
METPHH Sl X0Uy OXapaKTepH30BaTh elle TeM, U4TO § elie
pas CcOmOCTaBJIO Te [Be TOYKH 3peHHs, KOTOpHle YiKe
GHUrypHpoBaiy B Pa3HYHEIX MecCTaXx.

OnHa H3 HHX CBsI3aHa C TeM, 4YTO MH MOXE€M IIO-
CTPOHTb TeOMETpPHIO COBEpLIEHHO pasJHYHBIMH MYTSMH.
JIBa TakuX MyTH MBI paccMoTpesu Gojee noapo6Ho. Ilpu
OZIHOM MOCTPOEHHUH MHl BHIABHraju Ha NmepBOe MeCTO IO-
HATHE TPYNNbl [ABHXKERHH, B YACTHOCTH TpyOnsl napaj-
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JIeJIbHBIX TepeHOCOB, a NP APYroM HauyHHa/IH C aKCHOM
KOHIDYSHTHOCTH M OTOABHra/jH IapajjejbHOCTh Ha Cy-
LIeCTBEHHO 6oJiee NO3AHeEe MeCTO.

ST0 NPOTHBONOCTABJEHHE OYEHb XOPOUIO OTTEHseT
Ty ¢BO6OOAY, KaKyl0 Mbl HMeeM NpPH aKCHOMaTHYEeCKOM
o6ocHOBaHuM reomeTpuu. M kKak pas sTo cienyer 3xech
emle pa3 0cO6eHHO NMOAYEPKHYTb BBHAY TeX HeTepIesH-
BBIX YTBepPX/JEHHH, C KOTODHIMH YacTO NPUXOAUTCS BCTpe-
YaTbCsA B 3TOM BONpPOCE H KOTOPbie HMEIOT LeJbl0 BBHICTA-
BHTb TO HJH HHOE OCHOBHOe MOHSTHE, OTBeyalollee BKyCy
aBTODA, KaK abCcoAt0THO TpoCTelillee H eJHHCTBEHHO NpH-
rogHoe nJjs OO6GOCHOBaHHS reoMerpuu. B nefictBuTennb-
HOCTH e HCTOYHHKOM BCEX TeOMETPHUECKHX OCHOBHBIX
NOHATHH H aKCHOM SBJISI€TCS HaHBHOE IeOMEeTpHYecKoe
cosepuaHue (unrtyuuus). M3 storo cosepuaHus Mb uep-
naeM Te JaHHble, KOTOpble 3aTeM KiaaJeM B HajJexalle
HAMaJH3HDOBAHHOM BHAE B OCHOBY JOrHYecKoH Tpak-
TOBKM npeaMera. Ho aas pelenus Bompoca O TOM, Ha
yeM ke HMEHHO cJjeJyeT OCTaHOBHTb CBOH BLIGOD, He
MOXKeT CYLIeCTBOBAaTbh HMKaKOTO aOCOAIOTHO20 KPHTEpHH,
H hapsas 3Jecb cBo6oJa OrpaHHYMBAETCs TOJbKO TeM
eIMHCTBEHHBIM TpeGoBaHHeM, UYTOOHl CHCTeEMa AaKCHOM
NeHCTBUTEJbHO JAOCTHraja cBOeH LieJH, T. €. rapaHTH-
poBajla IOCTpPOeHHe reoMeTpHH 6e3 JIOrHYECKHX MpO-
6¢10B.

Jpyroe 3aMeuaHwe KacaeTcsi Halllero OTHOIUEHHA
K aHaJUTHYeCKOH reOMeTpPHH M Halleldl KPHTHKH, Hampas-
JIGHHOH NpPOTHB HEKOTOPHIX TpadHLHMH, BeAyLIHX Havauo
oT EBK/IHAA, KOTOpHIE NAaBHO yxe He COOTBETCTBYIOT CO-
CTOSTHHIO MaTeMaTHYeCKHX HayK H II03TOMY JOJIXKHBI
ObITb YyCTpaHeHbl, HAaKOHel, M3 IIKOJbHOrO IpenojaBa-
Hua. ¥ EBkauaa reomerpust 6jarojaps CBOHM aKCHO-
MaM siBJsIeTCSl CTPOTHM OCHOBaHHMeM JJsi obuwed apud-
METHKH, OXBATHIBAaIOMIEH TaKxkKe H MPPalHOHA/bHbIE UHC-
Ja. DTO NMONUHHEHHOe TNOJIOXKeHHe apudMeTHKH 1o OT-
HOUIEHHI0 K TeOMeTPHH OCTaBajloch B CHJle Jaxe elle
B XIX crosietus, HO ¢ TeX MOpP HACTYNHJ MOJHBIH Ie-
PeBOPOT.

B Hacrosimiee BpeMsi Kak pa3 apu(pMeTHKa [IOCTHIVIA
nepBeHCTBA B KauecTBe MAeHACTBHTENbHO OCHOBHOH JHC-
UHIVIMHE, U 3TO sIBAsieTCs1 (PAKTOM, C KOTOPHIM IIpPHXO-
JUTCA CYHMTATBCA NpPH NOCTPOEHHMH HayYHOH TeOMETpHH,
T. €. FeOMeTpPHs JOJKHA ONHPATbCs Ha Pe3yJbTaTH, INO-
JydyaeMble B apH(MeTHKe.
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B 3TOM MMEHHO CMHICJE CHeAyeT OLEeHHBATh TO OTHO-
LIeHHe K aHaJHTHYeCKOH reOMeTpHH, KOTOPOrO MH IIpH-
Jep:XHBaJlHCh NPH HalleM OOOCHOBaHHH, Jda H BooOuIe
MBI NIPUHLIMOHAJBHO NOJb30BAJHCh CPEJCTBAMH aHA/IH3a,
TPaKTysl reOMeTpHYeCKHe BOIPOCHL.

Ha 3TOoM MBI 3aKOHYHM Haulu coobpaxKeHHs, Kacaro-
LHecsT TEeOpUH UYHCTOH reOMeTpHH; HaJelCh, UYTO OHII
Jlajld BaM KeJaTeJbHbIl 0630p Becell sToH obJaacTH, Io-
CKOJIbKY OHa HMeeT XOTa OBl MaJieiilliee OTHOLIEHHE
K HYXJaM IIKOJB. A Temepb B 3aK/IIOYEHHE g XO4Y, CO-
rjaacHo Moemy oOellaHHIO, OCTAHOBHUTbCSA e€llle HEeMHOro
Ha BONpOCax NnpenojaBaHUs T€OMETPHUH.



O MPEMNONABAHUU TEOMETPHH

3HayeHHe HCTOPHYECKOTO MOAXOAa. 31ech Hallle H3JIO-
JKeHHe GyNeT UMeTh CYIIECTBEHHO UCTOpU4eCKuil xapax-
Tep eule B GoJsbHleldl cTemeHH, YeM B COOTBETCTBYIOLIHX
pasfiesiaX MepBOro TOMa, TaK KaK reOMETPUsS] B COOTBET-
CTBHM C €€ IIOYTEHHBIM BO3pacTOM B KauecTBe HayKH
UMeeT 3a co0oif TaKxKe M B KauecTBe IpeiMeTa Iperno-
NlaBaHHsl TaKyl0 CTapylo TpagullHIO, KaK HH OJHA H3
paHee PacCMOTPEHHBIX HaMH AHCUHMMJIHH. Ecau B oxHHX
OTHOLUEHUSX 3Ta TPAAMUHs IpeAcTaBjsieT cob6oi mpe-
HMyLIeCTBO, TO 3aTO B JAPYrHX OTHOLIEHHSX OHA TAaHT
B ceGe cepbe3Hble onacHOCTH. JleficTBHTeNIbHO, 8 HACTOA-
ujee spems Ha npenodasaruu zeomeTpuu 00NE3HEHHO
cKa3vigaeTca Kak pa3 6pems Tpaduyuu, B CHIY KOTOPOi
MHOTHE ero 4acTH, NOTepsiBLIHe XKH3HeCHOCOGHOCTb, TaK

NPOYHO B HEM YKOPEHHJIHCh, YTO C TPYAOM IOAJAIOTCH
YAaNeHHIO H JaxKe SaTPyIHAIOT BCAYECKH NOABJeHHE
HOBBHIX 3JI0POBLIX 06JacTel.

UTo6n NOHATH COBPEMEHHYIO CTPYKTYypy mNpemojaBa-
HHSI F€OMETPHH, NIPUXOJUTCS BEPHYTHCS KO BPEMEHH BO3-
POXKJEeHHsT HayyHOH HesTeNbHOCTH, K 3moxe Pexeccaxca
B CaMOM IUMPOKOM CMhicje cjoBa (HaumHasi ¢ 1200 r.).

EcTecTBeHHO, YTO TOrJa HCXOAHBIM HYHKTOM MOCJY-
UM TBOPEHHsI APEBHHUX H YTO, B YacTHOCTH, «Hauama»
EBxkinia u3ydyajauch KaK BBeJeHHe B reoMetpuio. K ato-
MY NpPHCOEJHHSJIOCh TaKxkKe H3yuyeHHe HMPOYHX H3BECTHBIX
Torja 4acreff reoMeTpHH JApeBHHX, T. €. B IIePBYIO OUe-
pelb apxumedo8a BbL4UCAEHUS TU U Y4EHUS O KOHUHECKUX
cevenunx Anoanonus, W, HaKOHel, HHTEpeC K nocrpoe-
HUAM Npu NOMOWU YUPKYAR U AUKeUKU, BOCXOISILIHI
K wKoae Ilrarona. Bei6Op 3TOro reoMeTpHYecKOro Ma-
TepHasa sBJsETCsS, KOHEUHO, 4pe3sbiiaiiio OOHOCTOPOH-
HUM: He TOJbKO pa3pa6oTKa NpHMeHeHHH, HO U popMu-
pOBaHHEe INPOCTPAHCTBEHHBIX IpeJACTaBJeHHH OBLIH CO-
BepIeHHO OTTeCHEeHH Ha 3aJHHH IJIaH, H BCe BHHMaHHe
OLIIO  COCPENOTOYEHO HCKIIOYHTENbHO JIHIUb Ha ab-
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CTPAKTHO JIOTMYEeCKOH CTODOHE TIeOMEeTpHUYeCKOH melayK-
uud. Ho npu 3TOM yAHBHTENBHO TO, YTO He TOJBLKO HC-
cllefloBaTeslb, YYEHHIH H3ydYaJ reOMEeTPHIO B TaKOM Ha-
NpaBJIeHHH, HO YTO BhIpaboTascsi B3IJIAJ, COrJIACHO KO-
Topomy <«Hauasma» - EBkauna sBASIOTCA NOAXOASIIHM
Y4eGHHKOM [ HayaJabHOro mpenonasanusi! Kakum 6ul
€CTeCTBEHHHIM HH OBUJIO JJISI TOrO BpeMeHH TaKoe cMe-
LieHHe NOHATHH (Beib KpoMe EBKaMAa TOraa HHYero
IpYyroro ¥ He MMeJH), HO OHO, KOHEUHO, HEe COOTBETCTBO-
BaJo MHeHuio camoro EBKiupa, Tak Kak ero «Hauama»
NPOU3OLLIH, YTO HHKOrJa He GyHeT JHIUHHM OTMETHTb,
U3 YHHBEDCHTETCKHX JIeKUHH M MeHee BCEro SBJSIOTCS
yYeOHHKOM, NpelHa3HaYeHHHIM MIJs JeCATHJIETHEro pe-
6enxa. M1 TeM He MeHee 3TO HeJOpa3yMeHHE OKa3LIBaJIO
cBOe JeHCTBHe CyIIeCTBEHHHIM 00pa3oM BIJIOTb A0 Ha-
1lero BpeMeHH, KakK MHI ellle He pa3 yBHAUM.

CospemenHbie npexcraBieHus 1 TpeGoBanus. Cnpocum
ce0s1 npexjae BCero, Kakue UMeHHO Tpeb6os8aHus ClenyeT
TIpef’bsIBUTh B HacTosilllee BpeMsi K 300p0BOMY WIKOAb-
HOMY npenooasaKulo eeoOMeTPpUL.

1) Beskuit corsiacurcsi, KOHEYHO, C T€M, UYTO 3I€Ch
ncuxonoeuueckue coobpasceryss INOJNKHE HMrpaTh Cylle-
CTBEHHO pPYKOBOJSILYIO poJb. IlpenomaBaHue He MOXKeT
3aBHCETb OT OJHOro JHIIb (yuyeGHOTO) MaTrepuaja, HO
JOJIKHO IpexKJe BCero CYMTaThCA ¢ MOAJeRauuM obyye-
HHu0 cy6peKToM. OJHH H TOT Ke BONPOC MH OyIeM H3-
JlaraThb IIECTHJeTHeMYy peleHKy HHaue, 4eM JeCsTHJET-
HEMYy, a B3TOMY IOCJIeIHEeMY ONsTb-TaKH He TaK, Kak
B3pOCJOMY 4YesloBeKy. B u©acTHocTH, B NpUMeHEHHH
K TeOMETPHH 3TO O3HauaeT CJeAylolLiee: 8 uiKoae scez0a
cHawaaa caedyer AneAAUpOBaTd K HCUBOMY KOHKPETHOMY
co3epyanuto 1 MO3BOJUTENBHO JIUIIb IOCTENEHHO BHIJBH-
raTb Ha NepBHIH IJIaH JIOrHYeCKHe 3JEeMeHTH; BOOOlle,
e0UHCTBEHHO NPABUANbLHLIM SIBJISIETC 2eHeTudeckull me-
700, IpH KOTOPOM YYeHHK, He cliellla, CBHIKaeTcs C H3y-
YyaeMbIMH BelllaMH. ‘

2) Yro kacaercs nodbopa marepuaia, TO CJeLyeT
crapaTbcsl BBIGpaTh M3 BCeH 06J1aCTH YHCTOH H NpHKIaA-
HOH reoMeTpHUH TaKHe YacTH, KOTOpHEe MpPEACTaBJSIOTCS
COOTBETCTBYIOLIHMH YeAe80l YCTAHOBKe eeomeTpuu B
pamkax Bcero mpemnojaBaHus, He MOJJAaBasiCb NPH 3TOM
BJIMSIHHIO HCTOpHYECKHX ciydaiiHocreli. Hukorna He GwI-
BaeT M3JIHUIHUM MOBTOPSITh TaKoro poja obGuiwe Tpebo-
BaHHU{; eC/lU JaxKe BCAKHH CKJOHEH COTJiamlaTbCs C HHMH
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B TEOpPUH, TO Ha JeJie C HUMH JOCTaTOYHO YacTO He CUH-
TaloTCH.

3) Uro kacaetrcs obujeil yeau npenodasanus, TO fi
He MOry BXOJAHTb 3/leCb B DAacCMOTpeHHe Tex 6oJjiee TOH-
KHX HIOQHCOB, KaKHMH B3aHMHO OTJHYAlOTCS pa3Hbie
RUJBI IIKOJ. JOCTaTOYHO OTMETHTb, YTO 3Ta LieJb B BhIC-
yiefi CTemeHH B3aBHCHT OT KYAbTYPHO20 HANPABAEHUS
dannod snoxu. VI, KoHeuHO, He OyleT 3alLIUTOH IJIOCKOro
YTHJIHTAapHU3Ma, eCiM MH CKa)KeM, 4TO LleJlb COBpeMeHHOH
LIKOJIBl COCTOHT B TOM, UTOGBI CHEeJaTh IIHPOKHE KpYyrH
CIHOCOGHBIMH MOPAJbHO H YMCTBEHHO K COTPYAHHYECTBY
B COBPEeMEHHOH KyJbTypHOoH paboTe, HampaBJeHHOMH
rjJaBHBIM 00pa3oM Ha npaKTHYecKYylo- AesiTeqlbHOCThb. [lo-
3TOMY, B YaCTHOCTH, AJs NpenojJaBaHHs MaTeMaTHKH
npejcTaBiasieTcss HeOOXOAUMBIM gce 6oaee u 6osee npu-
HUMATb 80 BHUMAHUE eCTeCTBO3HAHUE U TEeXHUKY.

4) TlpennoxuTb KaKOH-HUOYIb onpedeseHHolil 86L60p
marepuasa s, KOHEYHO, HE MOry; 3TO — JeJIO Y4YHTeJs-
TIpaKTHKa, KOTOPHIH HMeeT GoraThlii COOCTBEHHBIH "OIBIT
npenojiaBaHus. Hacrosmu#t Kypc HROMXKeH, KakK s 3TO
yXe He pa3 NOJAYepKHBAJ paHblle, JHIIb NOArOTOBUTH
TakoH BBIOOp, NOCKOJbKY OH JaeT BaM B DyYKH B Buje
o630pa sceli 4ucTot ceomeTpuu TOT MaTepHal, KOTOPHIH
TIOMOXeT BaM BIOCJEACTBHH COCTABHTb CBOE COGCTBEH-
HOe BecKoe MHeHHe IO 3TOMY Bompocy.

5) $1 xeman OBl OTMETHTb 3[eCh ellle TOJBKO ONHY
NOJIe3HYI0O MeTOJAHYECKYI0 TOYKY 3peHHs, a MMeHHO, yiKe
HEOJHOKPATHO YNOMSHYTYIO TEHAEHUHIO K CAUTHOMY npe-
nodasanul0 NAGHUMETPUU U CTepeoMeTpuu, LeJb KOTO-
poro — nomemiath OJHOCTOPOHHEMY YCOBepLIEHCTBOBa-
HHI0O B NJIAHHMETPHH NPH OLHOBPEMEeHHOM MpeHeGpexce-
HHUM K Pa3BHUTHIO TPeXMEPHOH NMPOCTPAHCTBEHHOH HHTYyH-
uHH. B TOM Xe cMbiciae Halo MOHMMAaTb TaKke H Tpe6o-
BaHHe CAUTHO20 npenodasaHus apu@meTuku u zeomer-
puu: s He CUMTAIO KeJlaTeJbHEIM IIOJIHOE CJAHsiHHE 3THX
obnacTel, HO OHH He JOJIXKHBI OHITL CTOJIb Pe3KO pasrpa-
HHYEHBl, KaK 3TO YacTo Telepb MNPOHCXOAHT B UIKOJE.
Becpb yK/IOH 3TOTO M NPOILLIOro MOEro Kypca mokasblBaeT,
KaK, Ha MOH B3r/sij, BCeé 3TO CJAeAyeT NONHMaTb.

HelicTeurenbHas wWKOAbHASL NPAKTUKA OKa3biBaeTCs
C TOYKH 3pEHHsl 3THX Mbicjiell W TpeGOBaHHA BO MHOI'MX
OTHOLIEHHSIX COBepLIEHHO HeyJOBJeTBOpHTeNbHOH. Tpyn-
HO, KOHEYHO, INPOH3HECTH OJAMH OOIMUH NpPHroBOp, TakK
KaK Jaxe B Ipejenax OXHOH CTpaHb NpaKTHKa Me-
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HsleTCS OT LUKOJIH K IIKOJe M fa)Ke OT yuhuTesnss K yuH-
Teqio. Ho Bce e a4 CcuMTal0 BO3MOXKHBIM YCTaHOBHTb
He6OJIbIIOE YHCJIO B OOUIEM H LEJOM JAeHCTBHTE/NBHO
HabaonaeMBlX YepT, XOTS B OTBeT Ha KaxJIoe OT-
JenbHOe OOBHHEHHE MOXKHO, HECOMHEHHO, yKa3aTb Ha
MHOKeCTBO CJy4yaeB, B KOTOPHIX OHO COBEPIIEHHO HEMpH-
JIOXKHMO. _

1. TIpexne Bcero . moJsiarawo, YTO CAUAHUE pA3AUl<
Holx obaacTeli MpoBeleHO B NPENOJaBaHHH B HacTosillee
BpeMs ellle CJHIIKOM cJa0o; B NOATBEpXKAEHHE s NpH-
BeJly HeCKOJbKO NPHUMEpPOB, KOTOphie, GHITh MOXKET, CBfl~
3aHbl /11 Bac C XKHBHIMH ellle BOCHOMHUHAHHSIMH.

a) Ilpoexruposanue u u3o6paxkeHue NMPOCTPAHCTBEH-
HBIX (uryp, uMmemllHe, HECOMHEHHO, Ype3BhIYafHO BaX-
Hoe. 3HaueHHe, B COBPeMEHHOM IpeNOAaBaHHH reOMeT-
puH He 3aHHMalOT HajJexailero Mecra. Ilpasza,
BHEIIIHe OHH BKJIOYEHH B y4YeOHHIH Kypc, HO BHYTpPEHHe
He NepelJieTeHH ¢ HUM. B cBsi3u ¢ 3TuM TO, YTO Ha3wl-
BaIlOT JYyxom HOBOL ceomeTpuu, He 3aHHUMaeT B Ipenoja-
BaHUH MOAOGAIOIIEro eMy MOJIOXKEHHs; s HMeI0 B BHIY
Ty uleto 0 nodsustHOCTU 8cakol gueypel, Oaaromaps
KOTOpOH YyHaeTcsi KaXIHH pa3 mepefiTH OT YacTHOro
ciayyass K DOHHMaHHIO ofbulero XapakTepa reoMeTpuue-
cKHx o6pa3oB. U XoTa oTaesdbHBIE IJIaBH <HOBOH [eo-
MeTpUH», KaK, HanpuMep, yYeHHe O rapMOHHYECKHX TOY-
Kax ¥ TpaHCBepcajsX, H BOLLIH B NpPOrpaMMy, HO TO,
YTO CBOeOOpas3Hbli MeTOJ HOBOH TeOMeTPHH I03BOJIsiET
OXBATHTb OJHHM B3IJISIAOM, B ILIKOJe OGbIKHOBEHHO H3Ja-
raloT mo 3acThiBleH €eBKIHAOBOH cXeMe, pacuwieHsii Ha
MHOX€ECTBO YaCTHBIX CJy4YaeB.

b) Feomerpuro u apughmeruxy B mWKoJe OGLIKHOBEHHO
HCKYCCTBEHHO OTHENSIIOT OAHY OT APYroH; MOYyYHTEJNbHBIH
NpHMep 3TOro NpeACTaBJ]fieT YK€ YNOMAHYTHH Bhille
(c. 296) cnocob usyuenus reopuu nponopyutl, KOTOpbie
paccMaTpPHBAIOT CHayaxa apHpMeTHYEeCKH, a -3aTeM —
yacto jpaxe 0e3 BCSIKOH CBSI3H C TNpelnAyLIUM Mare-
pHajJoM — B reoMeTpHueckol ¢opme.

¢) AHaautuueckas eceomeTpus C ee OCHOBHBIM IIOJIO-
meHueM, uTo GyHKuHsa y = f(x) H3o6pakaeT KpHBYIO,
HECOMHEHHO, AOCTYNHa IIOHUMAHHIO feTeH yXKe Ha paH-
Hell cTynmeHW, U OHa Morja OBl M J0JXHa GelJa Gbl NpO-
HH3BIBATh B JajbHeiilleM Bce NpenojaBaHHe FeOMETpPHH.
BmecTo 3TOro ee HaJACTPaHBAalOT B BH/le HOBOTO OTAEJb-
HOro 3J4aHHs HaJ TOTOBbIM 3JaHHEM IeOMETPHH H MOCJ/e
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TOr0, KaK yxe OJHaXIhl NpopaboTalH «CHHTETHYECKHS
(B nyxe npeBHHX!) KOHHYECKHe CEeUYeHHs], NOKAa3HBAIOT,
KaK MOXHO BCe NOJYYHTb ropasfo.Npouie Npu NOMOLIH
«HOBOH JHCUHIJIHHBIY — aHaJUTHYeCKOH reoMerpuu. [Ipu
3TOM, KOHEUHO, He y4uThIBaeTcsi To 6osee riy6okKoe BO3-
3peHHe COBPEMEHHOro HCTOPHYECKOTO HCCJeOBaHHs, CO-
TJiaCHO KOTOPOMY HJeH AaHaJHTHYECKOH TIeOMETPHH IO
CYLIECTBY HMEJIHCh YXe Y AnmoJsisonus !84),

Kputnueckne 3ameyaHusi o TpaJHUHUOHHOI NOCTaHOBKe
npenojpaBaHus.

2. Teneppb 51 xoTenm 6wl 5pOCHTb B3IJISIA Ha TO, KakHe
Hayurole nOCAeOCTBUS UMENIO 3TO COXPaHeHHe B Npenoja-
BaHHH HCTOPHYECKH CJIOXKHBIIEHCS H30JHPOBAHHOCTH OT-
JeJbHbIX ob6nacrell. KoHeuHO, s/eMeHTapHasi reOMeTpHUs
Jlaxke B ee BLI3bIBalollled MOHM HapeKaHHsl H30JHPOBaHHO-
CTH BO MHOTHX CJy4YasiX AaeT NOBOJ K IIOCTaHOBKe Hay4-
HHIX npobJieM.

Sl He Mory, K coxXaJleHHIO, OCTaHaBJHBAaTbCs 3JeCh
Ha [IOJIOKUTEJbHOH CTOpOHE BO3HHMKAIOIIUX NPH 3TOM
HHTEPEeCHHIX NpOo6JeM H H0JKeH, Ha060pOT, OrpaHHYHTh-
csl MoJAUepKHBaHHEM HEKOTODHIX HesenocTreti, BOSHHKIIHX
8 pe3yabTaTe U3OAUPOBAHHO20 NONONEHUS dNeMEeHTap-
HOUl 2eomeTpuu BAANMH OT OGLIEro pa3BHTHSI MaTeMaTHKH,
OkasbiBaeTcsi, YTO HEKOTOpHIE BOMNPOCH], NpPeACTaBJSIO-
1€ C BhICIIEeH TOYKH 3PEHHUs JIMIIb BecbMa He3HAUHTEJb-
HBII MHTepec, NOJYYWJIH OYEeHb MLIMPOKOE Da3BUTHE U
TOXE BOLLIM B IIKOJIbHOE MpenojaBaHue. '

a) B sToM OTHOLIEHHH 51 HOJIKEeH IpexkJe BCEro ymo-
MSHYTb O OMCUHIJIMHe, HOCsAIIEH B WIKOJe Ha3BaHUE a.-
eebpauuecxoil eeomerpuu (B PoccHH ee yamie HashIBaaH
npuaoscernuem aseebpol K eeomeTpuu), KOTOpas YUUT
CHayajia BLIYHC/ISITD 3JEMEHThl TPEeyroJbHHKA HJIH APy~
rux Guryp, a MOTOM y:Ke CTPOHTb HX KaXKAbIH B OTHeJNb-
HOCTH. YUTOOHI NMOJYYHTb MEPHJIO LEHHOCTH 3TOH obaacTH,
cripocute cebsl, NPUXOJUIOCH JH BaM KOrna-iu6o moJib-
30BaThCS €10 B BHICUIEH IIKOJe WJIH MOIJH JH Obl B
TaM el BoOCHNOJb30BaThcsi? HaBepHoe, HeT; MBI HMeeM
3ech JieJjo ¢ GOKOBOH BeTOYKOH, KOTOPYIO HCKYCCTBEHHO
KyJbTHBHDOBAJIM pajfy Hee caMOi H KOTOpasi HHKOrja He
BCTynaja B 3HBOH KOHTAKT ¢ JPYrHMH BeTBAMH
Hayku %),

b) Iloabsyercsi cnaBoii Takke 06J1acTh, IOCBSILIEH=
Hasi NOCTPOEHUI0 TpeyzosbrHuxos (OTIeN TaK HasbiBae-
MHEX «3aJay Ha IOocTpoeHHe»). BecbMa Xopollo u 10+
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JIe3HO BOOOIIe 3aHHMaTbCs INOCTpOeHHeM OGHryp, H s
caM, KOHeYHO, Bcerja peKOMEHAYI0O MO0Jb30BaThCA BO
Bcex 06s1acTaX rpaHueCKUMH METOLaMH.

Ho B mxoJie orpaHnyMBalOTCsS MOYTH HCKIIOUYHTENBHO
NOCTpOeHUeM TPeY20AbHUKO8 W TIPUTOM JIMIIbL 3afa4aMH,
Pa3pellHMBIMH TIPH TNOMOLIH Yyupkyas u auneiixu. Kax
H3BECTHO, MOXHQ NOJYYHTb MHOXECTBO pa3HOOGpasHeii-
WIMX 3ajgay 3Toro poja, 4acThio OYeHb TPYAHHIX, €CIH
BLIOMDAThb TPH NAHHBIX 3JieMEHTa TPEYroJbHHKA CaMBIM
pPasIuYHBIM H K TOMY e, KaK yoayHo OBLIO CKasaHo,
«BO3MOXKHO 60Jiee Helesaecoo6pasHEIM 0GpPasoM»,

Ilpu 3TOM HeficTBUTE/ILHOMY BBHINOJIHEHHIO Hal1eHHBIX
TOCTPOEHHH 4YacTo He NpPHAAIOT HUKAaKOro 3HAYEHHs, M
OHH (aKTHUECKH OKa3bIBAIOTCS B GOJIBIIHHCTBE CJyuaen
CJHLIKOM CJOXHBIMH AJIsI NPAaKTHKH IO IPUYHHE HCKYC-
CTBEHHOrO OrpaHHYeHHs B CpelCTBaX (HHCTPYMeHTax).
KoHeuHO, C TaKHUMH IOCTPOEHHSIMH CBSI3aHBI TaKXe TeO-
peTHUYeCKH OuYeHb HHTEpPecHHe H IJy6OKHe BOMNPOCH; He-
KOTODEIe IpHMepH PacCMOTPeHbl HAMH B NEPBOM TOMe
aTOH KHHrH '%¢), g uMeo B BHAY ajreGpanyecKde HoKa-
3aTeIbCTBA HEBO3MOXKHOCTH, KOTOpHIe NOKa3hBAaWOT, MO-
yeMy NpH HEKOTOPHIX IOCTPOEHHSX (HanmpuMep, NMpH Mo-
CTDOGHHH INPAaBHJIBHOTO CEMHYrOJLHHKAa HJIH INIpH fesie-
HHM IPOH3BOJIBHOTO yrJjla Ha TPH 4acTH) Kak pas He-
'803M0%HO OOOHTHCH TOJDbKO LHPKyJeM- U JuHelikod. Ho
B lIKoJe 006 3TOM 4YaCTO He rOBOPHTCS Haxe B dopme
HaMeKa, H, TakKkuM o06pasoM, y MHOTHX JofeHd cHOBa
U CHOBa cosjaercss yOeXXJeHUe B pa3pelINMOCTH BCs-
KO reoMeTpHYeCKOH 3afauH ¢ NMOMOLIbIO UHMPKYJsS H JiH-
neiiku. B a3ToM, g Aymalo, Hajo HcKaTb OOBsCHeHue
TOro, MoYeMy HHKOrJa He BbHIMHpaeT TOJNa TeX HcKaTe-
Jied KBaJApaTyphl Kpyra H TPHCEKUHH YIya, O KOTOPBIX
s1 YXKe TOBODHJ BaM B IPOLLIOM CEMecTpe.

c¢) HaxkoHen, s 1OMXKeH ellle YIOMSHYTb O TaK Ha3hl-
BaeMOH 2eoOMeTpuu Tpey2oarbHuKa, T. €. 00 YYeHHH O «3a-
MeuaTeJbHBIX» TOYKAX M IPSIMBIX B TpPEYroJbHHKE, KO-
TOpOe MOJYYHJIO COBEpIIEHHO ocoboe ‘pasBUTHE B Kade-
CTBE CaMOCTOSITENILHOH MOHCUHIUIHHBL 8 Heopax WwKoAb-
noil maremaruxu'¥’), M1 B 3TOM cjiyuae BH JOJIXKHBI
6ynere COrJacHTbCg CO MHOI B TOM, YTO 3Ta 06JacTb
HACTOJIbKO K€ OTCTyIlaeT Ha 3aJHUH NJaH NPU AajbHel-
mieM HW3yYeHHMH MAaTeMaTHKH, HacKOJbKO OHa OOBIKHO-
BEHHO BBHIABHraeTcs BHepe] B IKOALHOM INPENoAaBaHHH.
Brile 651710 y2Ke 00bSICHEHO, B KAKOM YTOJIKE NpPOEKTHB-
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HOH reOMeTPHH HMeeTCs MeCTO JJIsi 3TOH reOMeTpHH Tpe-
yrosbHHKa (cp. ¢. 242—243): peub HIET O TEOPHH HHBA-
PHAHTOB TeX IVIOCKHX (HIyp, KOTOPbIe COCTOSIT M3 Tpex
NpPOU3BOJIBHBIX TOYEK H H3 06EHX MHHMBIX IHKJIHYeCKHX
TO4HeK HX IUIOCKOCTH, CJIe[0BaTes]bHO, AeHCTBHTENBHO,
0 4eM-TO COBEpLIEHHO CNelHaJbHOM.

Ecan Mbl XesaeM, KpOMe 3THX KPHTHUECKHX 3aMe-
YaHHH oOGINero Xapakrepa, paccCMOTpPeTh MAEeTaJbHO CO-
BpeMeHHBEE (OpPMBl MpENnoJaBaHHs TeOMEeTPHH, TO HaM
IPHJETCS M3YYHTb MOPO3Hb €ro pa3BHTHE B Da3HHIX
CTpaHaX, TaK KakK OHO CJIOXHJOCb, KOHEYHO, B HHX CO-
BePIIEHHO Pa3JIHYHBIM 06pasoM; IPH 3TOM MBI BHIHYX-
JeHBl, pasyMeeTrcsi, OTPaHHYMTBbCA 3/1€Cb JHIUb BaxKHeil-
IIUMH  KYJbTyDHBIMH CTpPaHaMH, XoTa Obl AHruuei,
®paununeit, Uranueit n I'epmanuei.

I. NIPENOJABAHHUE B AHIINHU

TpagHuMOHHLIA THN MNpenofiaBaHUs H S9K3aMEHORB.
B AHriuu npenojaBaHHe reOMeTPHH HOJIblIe BCEro Ha-
XOIHJIOCh BO BJIaCTH CpeJHeBEKOBOH eBKJIHAOBOH Tpanmu-
LMM, KOTOpas TaM OTYaCTH YYBCTBYeTCS ellle H IO ceid
neHb. Takoe noJioxkeHue BelleH 06yCJaOBJIHBaeTCss Opra-
HH3aUHOHHHIMH (OpMaMH aHIIHHCKHX 3kx3amenos. Ilpe-
KpaCHBI/i NPHHLHI, COIJIAaCHO KOTOPOMY YUHTBCS CJe-
AyeT He3aBHCHMO OT 3K3aMeHOB, KaK H MHOrHe Jpyrue
TpeKpacHble NPHHIUINBL, K COXaJleHHI0, HUTJe He NpOBO-
AMTCS B XH3Hb. B AHINIMH K TOMY e TOCNOJCTBYeT
3aMevarte/ibHas CUCTEMA CTPO20 UEHTPAAU3OBAHHO20 3K-
3ameHa Hapady ¢ COBEPUIEHHO He3aBUCUMOL HACTHOL
(npusarnoii) opeanusayueii orOeabHolx wkoa. ¥ Hac xe
Kak pa3 Hao6OpOT: y Hac B KaxKIOH OTAEJbHOH IIKOJe
YYeHHKAa 3K3aMEHYIOT YYHTeJs, XOpOLIO ero 3HamouiHe,
NpHYEM B 3HAUHTEJbHOH CTENEHH MNOJXKHA YYHTHIBATbCS
HHIMBHAYaJbHOCTb yueHHKa. Ho 3aTo MBI HMeeM elHHO-
o6pasHble yue6GHbIE IJIaHBl, KOTOpHle COJAEpXKaT ompeje-
JieHHble oflive AHPEKTHBH OTHOCHTEJbHO MaTepHala
METONOB IIpenoZiaBaHHs BO BceX ILIKoJax. B mporuso-
TOJIOXKHOCTb 3TOMY B AHIVIHH OTHEJbHbIE IIKOJH SIB-
JISIOTCA YAaCTHBIMH YYpeXJAeHUsIMH, KOTOpble NOJb3yIOTCSH
NOYTH HeOrpaHHYeHHOH cBOGOJOH MeHCTBHH H NO BceH
CBOEH OpraHu3alMu ObIBAIOT CaMOro pasjiIHYHOro THIIA.
Ho sk3amenosare cBOHX yUeHHKOB OHH He MMEIOT NpaBa.
YcTaHOBJIeHO, KaK NPHHIMI, YTO 9K3aMeHAaTOp He 3HaeT
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M Jlaxe He BUAMT 5K3aMeHYIOLIEroCss W COBepLIEHHO CXe-
MaTHYeCKH NpOBEpsieT H OLEHHBAET TOJbKO NMHUCHMEHHYIO
paboTy YYeHHKa M UYTO HCKJIOUHTEJIBHO OT pe3yJbTaTa
5TOH NPOBEPKH 3aBHCHT HCXOJA 3KiameHna. B JloHnowe,
B Kem6pumxe u B Oxchopre HaxomsTcsi Gosbluue 3K-
3aMeHalHOHHble ~ KOMHCCHHM, B KOTOPHIX IOJBEpraloTcs
HCIOBITAaHHIO aGHTYPEHTHl CO BCeH CTpaHBHL.

Taxk, HanpuMep, B JIoHIOHe, KaK cOOGLIMI MHE OAMH
U3 TJIaBHBIX 3K3aMEHATOPOB, €KErogHO [epKaT 3K3a-
MeHbl 24 000 yueHHKOB, H BCe OHH NOJYYalOT OJHH H Te
JKe 3allayd, OJHH H Te Xe Bompoch. s mpocMoTpa
3THX 3ajay 3K3aMeHaTop uMeeT 30 aCCHCTEHTOB, Kax-
OBl M3 KOTOPHIX MOJIXKEH, CJeloBaTelbHO, HCIPaBUTh
800 pa3 oxgHy M Ty Xe mo colepxaHuio pabory. Hukro
6bl, KOHEYHO, He B3slJIcsl 32 TakKyw pabory, ecau Ob OHA
He ONJIauHBaJach OYeHb XOPOLIO. ‘

B npenosaBaHHH MaTeMaTHKH TaKOH cBOeoOpasHbii
MeTOJ BO3MOXeEH JHIIb B TOM CJydae, e€CJH HMeeTcs
O0MH CTAHOAQpPTHoLE Yy4eOHUK, HU3BECTHBHII KaxKAOMY 3K-
3aMeHYIOIEeMyCs H CJAyKaIllHf I/ 3K3aMeHaTopa OCHO-
Bo#l s ero BompocoB. Posb Takoro CTaGUIbLHOrO py-
KOBOACTBAa B AHIVIMH IO OTHOIUEHUIO K T€OMEeTpHH C JAaB-
HUX mop ucnonHsiorT «Hauana» Eknupa. IlonsiTHO, uTO
NpH TaKOH CHCTeMe OAHH H TOT e Y4YeGHHK H OAHH
W TOT e MeTOA INpenojaBaHUsi JOJKHBI OBUIH coXxpa-
HSATBCS JIOJITOe BpeMsi Ge3 CYIIECTBEHHBIX H3MEHEeHHH H
yTo BOOGILE NpH Hell BCsiKasi peopMa compsikeHa ¢ Be-
JAMYaAIUMMH TPYAHOCTAMH. Bexs 3K3aMeHauHOHHOe Ha-
4aJIbCTBO He MOXKET caMo no ce6e peopraHMs3oBaTh Xa-
paKkTep npenojaBaHHs BO Bced CTpaHe, TaK KakK 3TO
HayaJIbCTBO He UMeeT HHKAaKoro oQUIHaJbHOIO BJHSHHSA
Ha XapakTep NpenojaBaHHs; C APYrod CTOPOHHI, 3K3a-
MeHaToOpH elBa JH MOTyT NPH MaccOBOM XapaKTepe
5K3aMEHOB Yy4YeCThb HHIHBHAyaJbHble OCOOEHHOCTH KaX-
JIOH OTHEeJBbHOH IUKOJH, KOTOpas noxejaJja Obl HCHIpo-
GOBaTb CaMOCTOSITEIbHO HOBBlE METOAH IPENoJAaBaHHf.

ITocMOTpUM Temepb, 4YTO IpeACTaBJseT CO60H mno-
JOGHHA aHeauticKuti wkoabHeli EBkauA. 31ech nepeno
MHo# uanaHue [lorca *), Koropoe B mocnelHHe [AeCATH-
JIETHSI T0JIb30BAaJIOCh OCOOEHHBIM PpacnpoCTpaHEeHHEM.
OHO COflepXHT, YTO OYEHb XapaKTepHO, TOJbKO KHHIH 11
u 12 (Hayajna cTepeOMETDHH H METOJ HCYepNLIBaHHSA),

*) Potts R. Euclid, elements of geometry. — London, 1869,
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M BCce 3TO B JOCJOBHOM nepeBoge. K stoMy Martepuany
Lo6aBJeHH OODbSCHHTENbHbIE M OTYaCTH HCTOpPHYECKHE
npumevaHus, a Tak#e 3anaud. OTCyTCTBYIOT, CJeloBa-
reJpHO, M3 KHHT, cocraBiasiomux «Hauama» EBkauna,
apudpmeTHueckde KHuUrH (7—9), Knaccupukauus Hppa-
uuoHasbHocTell (kHura 10) W npaBH/bHHE Tesna (KHH-
ra 13). HMwmeromufica martepHas no TpPpaAHIHH 3ayyu-
BaeTCs B aHIVIMHCKHX IIKoJaxX 6oJjiee HJH MeHee HaH3yCThb
Cc TeM, 4TOOBl Ha 3K3aMeHe KaxXJIbIH HMeJl ero Harorose
B roJjoBe. UToGpl oXapaKkTepH3oBaTb 3TOT MeTol, Ileppu
clenaj ONHaxXIb Takoe 3aGaBHoe 3ameuaHHe: «Kako#
3/10pOBOH J0JKHA OBITh aHIVIHHCKas HaTypa, €C/IH OHa
‘OKazajacb' B COCTOSSHHH B TeYeHHe BEKOB BLIHOCHTb
CTOJIb Hemonaxoisuui merol o6GyuyeHusi»., KoHeuHo, uyB-
CTBOBaJIaCh HEOOXOAHMOCTb NPHHATh BO BHHUMaHHe TaK-
e W pe3yJbTaThH COBPEMEHHOro, AajieKo olepeaHBILEro
Eekauna wuccaegoBanusi. Ho storo aymanu AOCTHYD
TeM, YTO UX HACHJIbHO BTHCKHBAJH B HENMOJBHIKHYIO €B-
KJIUA0BYy GopMy, npHYeM, eCTECTBEHHO, YTpayHBaJCs
B 3HAuyUTeJbHOH CTenmeHH caMblii JyX HOBOH HayKH.
B xauecTBe npuHMepa BO3HHKIIHX TaKHM 06pa3oM Tak
HasbiBaeMbIX npodoascenuti Esxauda s MOry OTMETHTb
KHUrYy Ka3u *), TpakTyiollyio B TaKOM HMeHHO BHJe Ha-
YaTKU NPOEKTHBHOH reOMETpPHH.

«Accounauusi COgeiiCTBUs YJYyYlIeHHIO npenojaBaHus
reoMeTrpuu». EcTecTBeHHO, UTO B KOHIle KOHIIOB BO3HHK-
Jia peaxkyus TPOTUB 3TOH 3acTuiBlleli cHcreMbl. Hauamo
ell mosoxun B 1869 r. Benukuil aHrIHACKHE MaTeMaTHK
CunpBectp, a B 1874 r. Obia ocHoBaHa «Accoumaunus
CONEHCTBHSl yJAYyYlleHHI0O TpPEeNnofaBaHUsi TIeOMETPHH>.
ITocsie ponrux pa6oT 3TO OGLIECTBO H3[aJO, HaKOHel,
HOBHIH CTaHAApPTHHIH yueOHUK «DJIeMEHTHl IIJIOCKOH reo-
metpun» (Jlongon, 1884, 1888). Ilo cymecTBy 31O mpo-
CTO HECKOJIbKO BhHIDaBHEHHas M CrJjaxKeHHas o6paboTKa
nepsHIX wwectH KHHUr «Hauama» EBknupa. Tak, Hampu-
Mep, TaM YCTpaHeHbl Te LIEPOXOBAaTOCTH B HayaJje Iep-
BOH KHHMI'H, Ha KO1Opble MH CeTOBaJIH, AJISI Yero IocJe-
Jl0BAaTeJbHO BBIABHUTraeTCsl Ha NepBOe MeCTO IOHSITHE ABH-
xeHusa. Ho B oOmeM coxpaHeHH KaK NOpSIIOK, TakK
u BrI6Op MaTepuana mo EBKIHAY, ONSATb-TaKH YYHTHIBas

*) Casy J. A sequel to the first 6 books of the elements of
lljlucl{g,o Ocontaining an easy introduction modern geometry. — Dub-
lin, .
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3K3aMeHallHOHHBle TpeGoBaHuA. Takum oGpasom, moay-
Yuaach JAOBOJBHO-TAKH CKPOMHAas NONBITKAa pedopmsl,
H TeM He MeHee OHa BCTpPeTHJa pe3KOe MPOTHBOIEi-
CTBHE CO CTOPOHEI NpPHBEpXKEHIEB CTAapOi eBKJIHIOBOI
cucteMbl. B BHIe wuJJIOCTpanuHM YKaxy HOBOJBHO 3a-
6aBHO HamuCaHHYI0 KHUXKY [oarcoHa «EBKkiaux u ero
COBpeMeHHBEle CONEepHHKH» *). ABTop 3areBaer ¢ Acco-
nuanuell B 6YKBaJbHOM CMBIC/IE CJIOBa Cyne6GHYIO TsXKOY;
OH BBIBOAMT Ha CIEHY He Gosiee H HE MeHee KakK alCKOro
cyapio MuHOca, IepeJ KOTOPHIM BHICTYynamT EBKiux
H ero CoBpeMeHHble COMEPHHKH, T. €. COCTABHUTEJNH HO-
BeHlINX y4eOHHKOB, ¢ JlexxaHapom Ha nepBoM Mecre. Ho
OIHOMY TOJIbKO EBK/IHAY ynaeTcsi mpH 3TOM. JIOBKO Ia-
pHpPOBaTh YAapHl, TOrAAa KakK Bce NPOYHe, H B 0COGEHHO«
¢t yJaydmarenu EBKJHAAa H3 accoOlMallHH, CKOPO HCUEp+
IBIBAIOT BCE CBOH apryMeHTHI.

91 He Mory BAaBaTbCsl 3[e€Chb B HETAJH H XOTea Onl
TOJIbKO OTMETHTb OLHO OOCTOSITENILCTBO, HMelollee GoJjiee
ofliee 3HAYeHHe M BCTpeyawlneecss TaKXe U B JIUTepas
Type APYrHX CTpaH. A HMeHHO, OYeHb MHOTHE H3 TeX,
KTO TIHIIET IO BOTPOCAM IpenofaBaHus, 3HAKOMH INOYTH
HCKJIIOUHTEJIBHO CO~ WKOAbHOU JIUTEPATypOll cBOel €06+
CTBEHHOU CTPaHH H He HMeIOT HHKAaKOro INOHSATHA HH
0 mapaJ/uleJbHHX CTpPeMJeHHsX B dpyeux crpaHax, HH
06 ycnexax YHCTOH HAyKu B COOTBETCTBEHHHIX 00JacTsX,
T. €. B IaHHOM CJiyuae [0 OCHOBAaHHSAM reoMeTpHH. DTO
OTYeTNIHBO BHAHO Yy JlOArCOHa, KOTOPHH yNOMHHaeT
HCKJIIOUHTENbHO, €CJIH He CYHTaTh JlexxaHiapa, crosiiero
y Hero oCOGHSIKOM, TOJNIbKO aHIVIMHCKHX aBTOPOB y4yeOHOMH
JUTEpaTypsl H COBEPLIEHHO He NPHHHMAaeT BO BHHMAaHHE
ycnexoB HayyHBIX HCCJIeJOBaHHH IO BOmpocaM OGOCHO-
BaHHa reoMeTpuu. Takoe sBJE€HHe NPHXOAHTCS YaCTO
HabJoaaTh; CpaBHUTeJbHHE O0630pH INpeNnofaBaHHsA B
pasjqHYHBIX HAUHOHAJbHBIX MLIKOJAX, NOAOGHBIE TOMY,
KOTOPHIH MBl 3[€Cb JaeM, pacnpocTpaHEeHHl elle AajeKo
He J0CTaTOUHO.

TMeppu n ero crpemaeHus. HecpaBHeHHO GosbuiMit
ycrex, ueM OINHCaHHas JesATeJbHOCTb Accouuanuy,
uMeqo Opyzoe OsuseHue 8 nosb3y pegopmol, HOCHBLIEE,
MOJKHO. CKa3aTh, NPSMO-TAKH PEBOJIOLHOHHBIH XapakTep
u cBszanHoe ¢ uMenem Ileppu. Ixxon Ileppu Obln HHXKE«
HEpOM M NpenojaBaj B OJHOM H3 CaMBIX OOJIbLIHX TeX<

*) Dodgson. Euclid and his modern rivals. — London, 1883.
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HHYECKHX HHCTUTYTOB B JloHnOHe. OH MOJNOXKHJ Hayaso
MOLLHOMY [ABHKEHHIO, KOTODO€ CaMblM 3HEpruYHbIM 006-
pa3oM BOCCTaJIO NMPOTHB OJHOCTOPOHHEH JIOTHYECKOH Tpe-
HHDOBKH NyTeM H3y4yeHHs EBKIHMIa H KXeslajo 3aMEHHTb
ee npenojaBaHHeM, GasHpPYIOIHUMCH HCKJIOYHTEJIbHO Ha
HarJsiAHbIX NpeACTaBJeHHsiX, KOTOpble AOJIKHBEI Ipexie
BCEro MPHBECTH yyallerocs K MOJHOMY OBJIafiecHHIO Ma-
TeMaTH4eCKOH TeXHHKoH. Ileppu u3BecTeH OoJiblie BCero
KaK COCTaBHTe/Nb YYeGHHKOB, HMEIOUIHX LEJbI0 HOMOUb
UHIMCEHEPHOIM KpY2aMm NpaKTU4eCKu o08aadeTs ucuucae-
Huem OecKkOHeuHo manablx. 3[0ecb CclefyeT Ha3BaThb B
0COOEHHOCTH ero He6oJbLIylo KHHXKKY «[IpakTudeckas
MaTeMaTHKa» *), KoTopas COCTaBHJacb H3 JeKUMA s
paboyeli ayIMTOPDHH M NHITAETCS B OYEeHb HCKYCHOH u
yBJleKaTeJbHOH ¢opMe clesaTh AOCTYNHBIMH HJs IIHPO-
KON nyO6JHMKH HIeH CHCTeMBbl KOOpAMHAT, QYHKUUH H T. A.,
NIOCTOSTHHO MOJIb3YSICh MPAaKTHYECKHMH NPHMepaMH.

Bce 3TO, COGCTBEHHO, He €CTb TeOMETpHs, HO MOA
pausinuem Ileppu Oblia crenaHa moOmHITKa -pedopMHpO-
BaThb IpemojlaBaHHe TaKxke M B 3TOH o6jsacTd mnyrem
BBeJl€HHs TaK Ha3blBaeMoro 4aboparopuHozo ‘merooda.
Ilpu paGore mo 3TOMY METOAY HAYHHAIOT C TOrO, UTO
H3Y4aloT BEIIUM B HX NPAKTUYECKOM NpUMEHeHuu, HalpH-
Mep UepTAT W M3MEepSIOT KPHBbie Ha MHJJHMETPOBOH Gy-
‘Mare, y4aTcsi MOJIb30BaThCsl IIaHUMeTpoM H T. A. O Jo-
rHYeCKHX BHIBOJAX H J[0Ka3aTeJbCTBaX He TOBOPHTCS
BOBCE MJIH, BO BCSIKOM cJyyae, HX OTOJABHTaIOT HA CaMblii
3aAHU} NJjaH. B nmeHTpe BHUMAHHS CTOHT TOJIKO npak-
Tukeckoe ymense. Mb uUMeeM 31ech -neped co6of, co6-
CTBEHHO TOBOpSl, HaHGOJBUIYI0O NPOTHBOMNOJOXHOCTb, Ka-
KYIO TOJIbLKO MOXHO IpelCTaBUTb cebe, MeTony EBkinuzaa.
OTH ycTpeMJieHHs IIOJHOCTbIO OTPAasHIHCh B YyyeOHHKe
XappucoHa «IIpakTuueckass reoMeTpHsi Ha IJIOCKOCTH
H B NpPOCTPaHCTBe AJs1 yYallHXCSi B HayaJbHBIX IIKO-
Jgax» *¥), KoTopbhiii, JeHCTBUTENbHO, HAUYNHAETCSA C OMHCAa-
HHsI BCEro TOro, Yto TpebyeTcss AJSl YepyeHHs: YEpPTex-
Hasg OyMmara, uepTexXHas [OCKa, Hrja AJs OTMETKH TO-
4yeK, KapaHjam H T. A. 3areM JaloTCs IpaKTHYeCKHe
yKa3aHus, OTHOCsUHeCS K YepUeHHIO; FOBOPHTCS O TOM,
KaK [pOBepsSIOT NPSMOJUHEHHOCTb JHHEHKH, NpPaBHJb-

*) Perry J. Practical mathematics. — London, 1899.
**) Harrison. Practical plane and solid geometry for ele-
mentary students, — London, 1903.
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HOCTb NPSMOro Yryia, H TakuM o6pa3oM, TaK CKa3aTh,
YHCTO 9MIHPDHYECKHM IIyTeM Pa3BHBAETCH Y4YeHHE O Mpo-
CTeHIINX MJOCKHX reOMeTPHYeCKHX 00pa3ax, IIOCTOSIHHO
IpeAnochyas MAeHCTBHTEJbHOE BHINOJTHEHHE 4YepTekei
H omupasicb Ha XHBYIO HHTyHUHIO. Heckosbko naJblie
3TOH COBepIUEHHO 3JeMeHTapHOH KHHMXKKH HaeT «IIpak-
THYeCKasi reOMeTpHsi Ha IJIOCKOCTH H B HPOCTPaHCTBe
IJIs ydallMXcs - CTapUIMX KJaccoB, BKJIoYas rpaguue-
CKylo craTHKy» XappucoHa u DBekcenpmosaa *), koropas
TaKUM XK€ SMIHPHYECKUM METOAOM [OBOAHT H3JOXKeHHEe
BIUIOTb A0 HayepTaTeJbHOH reOMETPUH H JO METOAOB
rpaduyyeckux pacyeToB. OueHb HHTEpeCHH TaKxe Te
JNHUCKYCCHH, KoTopble Bhi3Basa [leppu Ha cwesdax Opu-
TAHCKOL accoyuayuyu — aHTJUACKOro YupexXJeHHs, I0-
JOoGHOro HameMy HeMelkoMmy o6uectBy «Cbe3nbl ecre-
cTBoucnbiTaresneii»,—8 I'nasro u B FloxaHHecGypre
(1901 u 1905) m KOTOpPBIMH OH HOCTHT LIHPOKOrOo BO3-
JefiCTBHSI Ha mpenojaBaHue B AHIVIHH.

S cunralo atu TeHAeHUHH [leppu, HeCOMHEHHO, O4eHb
nooxo0auumu O HAYAAbHOIX WKOA BTOPOL CTYneHu
u Oaa HUusWux U CpeOHUX NpPopecCUOHANbHBIX ULKOL,
KOTOpble JOJIXXHBl FOTOBHTb NPAaKTHYECKH KBaJH(PHIHDPO-
BaHHHMX paboOYHX M MJaAWMX TexHHKoB. Ho mas cped-
HUX WKOA WCKJIIOYHTeJbHOE MNOJYepKHBAHHE IpaKTHYe-
CKHX MOMEHTOB, CBOMCTBEHHOe nBHKXeHHIO Ileppu, mpex-
CTaBJISIETCSA MHE HeJOCTATO4HbIM, XOTSI OHO, HECOMHEHHO,
JaeT psil BeCbMa LEHHBIX MMIYJbCOB. MH He cuuTaeM
BO3MOXKHBIM COBEpDUIEHHO OTKa3hBaThCs OT BHIPAaGOTKH
JIOTHYECKOr0 MBILLJIEHHs1 B mpouecce oOyyeHHs Mare-
MaTHKH, H HaM IIPeACTaBJ/IETCs KeJaTeJbHBIM CKOpee
teduTo cpednee mexncldy obeumu B03MONCHbIMU KPALHO-
cTAMU C TeM, 4TOGH Hapsly C HHTYMTHBHBIM IIOCTpOe-
HHEM TeOMeTPHH, HCXOASIUHM H3 NPAKTHYECKOro OIBITa,
JlorTHYeCKHe JOKa3aTeJbCTBAa TOXe He OCTaBaJHCb B
3aroxe.

HekoTopble Y4yeOGHHKHM, YUYHTBHIBalOmHE TpeGOBaAHHUS
pedopmbl. K TakoMy KoMnpoMmuccy, no-BHAUMOMY, HeficT-
BUTEJbHO MNpPHOJHXKAIOTCS INOA JAaBJeHHEM MABHXKEHHS
INeppu sk3ameHanuonHsle Biaactd B Oxcbhopre u Kem-
6pulrke, KaK 3TO BH/JHO - U3 HOBHX 3K3aMEHaIHOHHBIX

*) Harrison, Baxandall Practical plane and solid
geometry;3 for advanced students including graphic statics. — Lon-
on, 1903.
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npaBu 1904 r. B cooTBeTCTBHH ¢ HHMH HamHCaH HOBLI
yuebuuk Toadpeit n Cupponca «IIpakruueckas u Teo-
peTHYecKasi 3jeMeHTapHas reoMerpus» *), KoTophii 1o
cpaBHeHuio ¢ «Hauamamu» Acconpanuy sBJf€TCS 3Ha-
YHTEJbHbIM IIarom Brepel. Haunnaercs yueGHHK c g8e-
OeHus, 0CHOBLIBAIOW,E20CA HA UHTYUYUU, TIPeIHa3HAUEH-
HOro JAJifi MepBOH CTYNEHH H IpelAcTaBJsoLEero coboi
reOMeTpPHYECKYI0 NpONEeNeBTHKY, NOJOGHYIO TOH, KOTO-
pas y Hac NpHMeHsieTcsi BCIOAY yXe C AaBHHX IOp, HO
KOTOpOH B AHIJIMM paHblle NOYTH He 3HaJ H. 3aTeM
HIET A02u4ecKoe noCTpOexue 2eoMeTpuu, KOTOpoe MO
MaTepHaly H no ¢opme, KOHEYHO, TOXKe CHJbHO Hamo-
MuHaer EBKIHAa, HO B MOAXOASIIMX CJHydYasiX IPOHHK-
HYTO TaKXe H HOBBIMH HIEeSMH,— HalNDHUMeED, NOHATUE
naouadu ueyps. BnepBrle BBOAHUTCS C MOMOLIBIO TOrO,
4yTo (Urypy BHIYEPUHBAIOT HA MUAAUMETPOBKE WU CYUH-
TAIOT YHCJIO OXBAThIBAEMBIX €10 KBaJPAaTHKOB. DTa KHHUTa,
CBHJETENBLCTBYIOLIAs. O HauaBLielcsi, HaKOHel, MelJieH-
HOA MOJepHH3aUHH AaHIVIMHCKOro INpemnofaBaHHus, Cpasy
JKe TOJIyYHsia HeBepOSiTHOe. paclpocTpaHeHHe (KakK H
BOOGIe Ha aHIVIMACKOM KHHXKHOM pBIHKe: IPH THCaHT-
CKOM CIIpOoCe aHIJIMHCKOH KOJIOHHAJbHOH HMMIEPHUH MpH-
XOIZUTCSL UMEThb JesI0 C COBepIleHHO APYrUMH nudpamy,
uyeM y Hac B ['epmanun),

O6meMy KOHCepBaTHBHOMY XapakTepy aHIJIHHCKOro
LIKOJILHOTO Jejia He INPOTHBOPEYHT TO, YTO OTAEJbHLIe
aBTOpPHl Pa3BHBAIOT KpafiHe CBOGOJHbIE H HHTEpECHbIe
B3rJIsi 4Bl Ha INpenofaBaHHe, He XKejas M He HMes BO3-
MOXHOCTH BMeCTe C TeM BBECTH HeIOCPEeICTBEHHO
B JXKH3Hb KaKoe-THG6O H3MeHeHHe OpraHH3aIlHOHHOrO Xa-
pakrepa. B KauectBe mpuMepa s Ha3oBy KHHry BpeHn-
dopaa **), KoTopasi COAEPKHT OUeHb HHTepecHble HCCJle-
JIOBaHHS II0 BONIPOCY O NCHXOJIOTHYECKHX YCJOBUSIX Hpe-
NMojJaBaHUSI M C OCOGEHHHIM BHHMAaHHEM OTHOCHTCA
K Iapaljes]H3My, HMeOIleMy MeCTO MeXAy HCTOpHei
pasBuTHs peGeHKa H HCTOpHeH YeJ0BeYeCKOro poja; NMpH
3TOM MaTeMaTHYecKoe NOHHMaHHe peGeHKa, K KOTOPOMY
JIOJMIXXKHO oOpamarbcsi NepBoHadalbHOe OOydYeHHe, CTa-
BUTCSl B MapaJljielb C MaTeMaTHKOH AHKHX IJIeMeH.

*) Godfrey, Siddons. Elementary geometry practical
and theoretical, — Cambridge, 1904.

*¥) Brandford. A study of mathematical education includ-
ing the teaching of arithmetic.— Oxford, 1908,
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Hapsiny ¢ sTuM s Ha3oBy elle KHHIKKY CYIpYyros
IOHr *), H3gaHHyI0 Yepes TPH roja Ha HEMEUKOM SI3HIKE
noJ Ha3BaHHeM «MaJleHbKHII reoMeTp». DTa KHHra mpe-
TeHAyeT Ha yKa3aHHe HOBOI'O, ODHTHHAJBHOrO NYTH pas-
BHTHS TeOMeTPHYECKOT0 NMOHHMaHHus y peGeHKa, H IpH-
TOM BBOJs ero cpasy ke B 006J1aCTb TPEXMEPHOro Ipo-
CTPaHCTBEHHOro co3epuaHusi. PykoBoasimass upes 3a-
KJIl04YaeTcs B TOM, 4TO IpPHPOXHAsi NPOCTPaHCTBEHHas
HHTYHIUSL JOJIJXKHA TOHeBOJie 3aXHpeTb, €CIH C CaMoro
Hayajla NPHYYHTb -pe6eHKA YepPTHTb HCKJIOUHTEJIbHO Ha
JByMepHOH OyMare H TeM HCKYCCTBEHHO OrpaHHYHBaThb
IJTOCKOCTbIO €ro HarJsjiHele mnpexacraBieHus. ITosromy
C caMOro Havaja nmpHMeHsieTCsl HHTeDeCHHIH NpHeM CKAa-
doieanus 6ymazu, MOJb3YsCh KOTODHIM MOXHO 06pa3o-
8arb TpPH NOMOLIH Oy/J1aBOK BCEBO3MOXHBIE INPOCTPaH-
CTBeHHBIe M IJIOCKHe ¢uryphol. IlomyuyaioTcsi B BHcLIeH
cTeneHH HarJisiAHble H TeM He MeHee B TO Ke BpeMs Jo-
rHYeCKH YIOBJIETBODHTEJbHBIE JOKa3aTeslbCTBA, HaNpH-
Mep, AJs nudaropoBoil TeopeMbl; BooGlle, NPH 3TOM
BO3HHKaeT HOBHIH HHTEPECHHIH crnoco6 MOCTPOEHHSI reo-
MeTpHH, 3aciyxuBaolluii BHUMaHuUS H 1npu OGosee
cepbe3HRIX 3aHATHAX. OCTaBUM Ha 3TOM NOJIOXKeHHe JeJ
B Anrniun u ob6paTuMcsa Kk OpaHUHHU.

II. NTIPENOAABAHHE BO ®PAHILHH

TMerp Pamyc u Kaepo. I[ToctaHoBka nmpenonaepaHust Bo
®paHuuH NpeACTaBJsieT LI Hac TeM OOJIBLINI HHTepec,
YTOo OHa OKa3blBaja MHOrooGpasHoe BJIHSTHHE TaKxe
W Ha npenoxaBaHue B I'epMaHuu. 31ech MB BHIUM Kap-
THHY, APUHYUNUAALHO OTAUYHYIO OT TOU, KaKyl0- Mbl
BuaejH B AHrimu. B To BpeMs Kak aHriuyYaHe CTpOro
KOHCEPBAaTHBHO JepxKaTcsi 3a CTapble YyuYpekJeHHs,
¢paHLy3 JIOOHT HOBOE M YacTo JaxKe BBOJIHT ero He
IyTeM IOCTENEHHOro mpeoGpasoBaHHsi cTaporo, a B ‘Dop-
Me 8He3anHol peghopmol, KOTOpasi CKOpee HaxKe SIBJSETCS
peBomonneii. OpraHusauus NpenojaBaHHs 31eCb TOXKe
CoBeplIeHHO npyras: Bo PpaHHUH MB HMeeM [Ae€JO He
TOJBKO C YeHTpaausdayuel ax3amena B (GopMe INpHEM-
HblX MCOBITAHUH HPH IOCTYNJIEHHH B BBICIIHE UIKOJIHI,
0c0GeHHO MapHXKCKHe, HO H BooOlLle €O CTPO20 YeHTpa-
AU308QHHOI Opeanusayueii Bcero InpenojaBaHus. Bric-

*f Young G, Young W. The first book of geometry. —
London, 1905,
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urasg BJIacTb — TaK HasbiBaeMHi «CoBeT mo fejaM BLIC-
uero o6pas3oBaHHs», B COCTAaB KOTOPOro, KCTaTH, BCErja
BXOJAWJIH TaK¥Xe INepPBOKJACCHbIE y4YeHhle-MaTeMaTHKH, —
SIBJIJETCS MOJNHBIM XO35IMHOM H HMMEET BO3MOXKHOCTb
TIPEANHCHIBATD IO CBOEMY YCMOTPEHHIO H KaK YroAHO
JacTO caMble pajHKajbHble pepopMb U H3MeHeHus. Ta-
KHe pe(opMbl NOJXKHB B TAKHX CIydasix cpasy ke ObIThb
IpoBe/ieHHl BO BCel CTpaHe, M yKe JeJi0 yuurtesell cyMeThb
K HUM npHcnocobutbesi. C HHAUBHAYaIbHOH cBOGONOM OT-
JleJIbHOTO YuHTeJsl, KOTOpYI0 MH B I'epMaHHH NPHBBIK/IH
IeHHTb B BHICOKOH creneHH, Bo PpaHUIuH CYHTAIOTCA rO-
pasmo MeHbwle. 3Jechb ObIO OB BNOJHE IPaBHJIbHBIM
ynoTpeOGHTb BhIpaXKeHHe: «CHCTeMa DEeBOJIIOLHH CBEpXY».

Uto KacaeTcs cneunHaJbHOrO NpenojaBaHUs TeOMeT-
pHH, TO ero modepHu3ayus, T. €. OCBOGOXIEHHE OT
npexHero ciaejaoBanus EBkanay, Hayanach Bo PpaHuun
OYeHb paHo, NIpUMepHO 0K0.40 1550 2. OHa 6blAIa TOJBKO
ONHHM H3 NpPOSABJEHHH pasbirpaBlllefics B TO BpeMs Be-
JUKO# GOppOH HOBOrO ryMaHH3Ma IpPOTHB CTapoH cxo-
nactuku. Kak pas torna Ilerp Pamyc*), 3aHumaBiui
BBIIAIOLIEeCs NOJIOXKEeHHe cpeld MNpelACTaBHTeJeli HOBBLIX
naefl He TOJLKO B MaTeMaTHKe, HO U B APYrHX obJacTsx,
Hampcas yueGHHK MaTeMaTHKH **).

B HeM yXe coBeplIeHHO OCTaBJIeHH KaK (opma, Tak
U Mmatepuas EBKiHAA; B IPOTHBONOJOXHOCTb MOCJeN-
HeMy Ijasi Pamyca, Kak OH caM TOBOPHT MJsl XapakTe-
PHCTHKM CBoero yye6HHKA B Hayajle IepBOH KHHIH,
«reOMeTpHs SBJAETCS HCKYCCTBOM XOPOLIO H3MEpPSTbY.
B COOTBETCTBHH C 3THM npaKTU4ecKue UHTepecs. BCIOLY
CTOST y Hero Ha nepBoM MecTe. OH HauHHaeT ¢ OGbsc-
HEeHHs1 TOro, Kak HajJo IPOM3BOJAUTHL NPOCTHE reofie3nye-
CKHE H3MEpeHHs, ONMCHIBaeT HHCTPYMEHTHl H IOSICHSIET
BCE 3TO Ha MHOIOYHCJIEHHHBIX HHTEpPeCHBIX pHCYHKaX.
W nuub Ha BTOpOM MecTe JAIOTCSl Yy HEro TakKie M- JIO-
ruyeckue AENYKIHH, HO HH B KOeM cjlydae He KaK caMmo-
LeJb, .4 TOJbKO JIMIIb KaK CPelACTBO HJs BbIBOAA HOBLIX
reoMeTpHuYeCKHX TeopeM, KOTOpHe Hesib3s MOJYYHTb He-
II0OCPEJCTBEHHO H3 HAOJ/IONEHHs, HO KOTOphle TeM He Me-
Hee TIOJIe3Hbl [JIs TNPHJIOXKEHHH; IpH 3TOM, KOHEYHO,

*) JlaTHHH3HPOBaHHHI BapHAHT UMEHU KPYNHOro cbpax-myacxoro
¢duiocoda, noruka u matematuka Ilbepa ne na Pawme.

**) Ramus P. Arithmeticae libri 2, geometricae. libri 27.—
Basel, 1580.
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OTTeCHeHHe JelyKUuH y Pamyca He 3aXOIHT HacCTOJIbKO
-naneko, kak y Ileppu.

Takas TpaKTOBKa TeOMeTPHH INPaKTHKOBAJlach BO
@panuun odeHb monro. IlpuGausnurtenbHo uepes 200 Jet
nocje Pamyca (B 1741 r.) nosBHIHChL 3HAaMeHHTHE
«DyeMeHTH reomerpuu» Kiepo *).

drto ToT camuii Kyepo, KOTOpPHIH H3BECTEH KaK BHI-
JaoLIMACa HCCIefoBaTe/b; BOOOLIE MO OTHOUIEHHIO
K ®paHUMH B NPOTHBOMNOJOXKHOCTb I'epMaHun U AHriunu
MOXHO c/leJ1aTh TO HaGJIoJileHUe, YTO BBIJAIOIIHECH Ma-
TEMaTHKH H3 BBICUIEH WIKOJHl BCerja C HHTEPECOM MpH-
HHUMaIOT yyacTHe B pa6oTax IO BOIIPOCAM MPENOAaBaHHS.
Counnenne KJiepo BhIJeNsieTCSs CBOMM NpPEeKPacHbBIM CTH-
aeM. BooGie, @paHIy3E B BBICOKOH CTEINEHH BJIaAEIOT
HCKYCCTBOM IJIaBHOTO, YA000YHTAaeMOro H3JI0XKEHHU:
Jaxe TPYAHBIX OTBJI€UEHHHIX Bellled, KOTOpOe IpeicTaB-
JIeT CaMylo pE3KYI0 NpPOTHBOMOJIOXHOCTb OJAHOO6pa3-
HOH «eBKJHJOBOH» MaHepe H3JIOXKEHHS C ee MaGJIOHHOHN
pacuneHeHHOCTbI0. Takue KHHrM 4YHTalOTCH, «KakK po-
MaH», H T€M ONpPOBEpraioT CaMblM pPeLIMTEeJbHHIM OGpa-
30M CcTapelfi B3rasi, GYATO XOpOIIHe HayYHble KHHICH
06s13aTeJIbHO AOJIXKHBl OBITb HamucaHbl CKydHo. UTo xe
Kacaercsi codepitanus, To0 B Kiepo HCXOLHT HMCKIIOUH-
TEAbHO U3 NPAKTU4eCKux npobiem 3emiemepus U 3aTeMm
BeCbMa MOCTENEHHO BBOAMT YHTaTeNsi B KPYr OOGLIHX
Hiedi, NpHYEM CTPOr0 JIOTHYECKHH MOMEHT HECKOJIbKO
cTyuieBeiBaeTcsi. B cBoeM oueHb HHTEPECHOM IIpeRuc/Io-
Bui Kiepo o6bsicHsieT, moueMy OH BHIOHpaeT TaKoOH Io-
PANOK H3JIOKEHHS: JIOAH BOOGUIE NOAYYHIH CTHMYI
K CO3LaHMIO reOMeTpHYECKOH HayKM Kak pa3 OT mpak-
THYECKHX 3aJay 3eMJeMepHsi, [I0O3TOMy H Telepb elie
Jierde 3aHHTEPECOBATb BCAKOrO reOMeTpHEH, eClH HauH-
HaTh ¢ 3THX 3ajay, a ie ¢ a6GCTPaKTHOro MOCTPOeHHUH,
COCTOSIIIIEr0 H3 AaKCHOM M TeOpeM, BHYTPEHHHH CMBICI
KOTOPOro HHKTO He B COCTOSIHHH TaK OBLICTPO CXBATHTb.
Knepe cnenyer 3nech, OUEBHAHO, TEHAEHLHMH CHeJnaTh
CBOH TPYA AOCTYNHHIM TaKxe H JJs 06ojee LIMPOKHX
KPyroB, a He TOJNbKO [Js CHNEHHaIHCTOB, OTBeYaBLIEH
TOMy (aKTy, 4YTO TOrla MaTeMaTHKa CUMTajJach Heo6Xo-
AUMOH uacTbio obuiero o6pa3OBaHHUs MNPAaBSILLHX CJIOEB
o6uiecTBa B HecpaBHuMO 06OJbIUGH CTENEHH, YeM B Ha-
crosiiee BpeMsl.

*) Clairaut C. A. Eléments de géométrie. — Paris, 1830.
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«Hayana» Jlexanapa m ux 3HavueHue. Hosas snoxa
8 nocTanoBKe npenodasaxus HACTYNHJa B KOHIE CTOJIE-
THS B pe3ysJbTaTe BeJUKHX NEPEBOPOTOB, BHI3BAHHHIX
dpanyysckol pesorroyueti 1789 r.

Ecnu nmo aToro BpeMeHH peub Bcerja Lia IJIaBHHIM
o6pasoM JuIIb 06 06pa30BaHUH JIIOAEH BBICLIErO COCJO-
BHs, B YaCTHOCTH,O INOJrOTOBKE K BOEHHOH Kapbepe, TO
Tenepb Ha NepBbI I1aH BHICTYNAIOT HOBHE COIHAJIbHbLIE
cion 6ypiKya3ud, H mepejl IpenojfaBaHHEM CTaBSITCA HO-
BHle LeJH, B Hero BBOJSATCS HOBble METOAH. 31ecCh f
JOJI2KeH BHIIENHTb JBa HalpaBJieHUss B 3BOJIIOLMH IIpe-
NOJaBAHUSI TeOMETPHH, CBSI3aHHbIE C JBYMs BBICIIHMH
LIKOJaMH, OCHOBaHHHMH Torza B Ilapuxe,—c «Iloau-
TEXHHYECKOH IIKOJIOH» U «BrIciliefi HOpMaJIbHOMH IIIKOJIOH».
IlepBass u3 HHX, oTBeuass NOTPeGHOCTAM MOJydYHBLIEH
TOrZa HOBHII MOABEM TEXHHKH, HOJXKHA OblIa TOTOBHTH
rpaxJaHCKHX H BOEHHBIX HHJKEHepOB, a BTOpas — y4YH-
TeJell Ass crapmiux KinaccoB. B ITosnutexHnueckoit wIKo-
Jie HauGoJIbIINM BJHSHHEM HOJb30BaJICd 3HAMEHHTHIH
Monx. OH co3man TaM Ty INOCTaHOBKY IpenojaBaHHs
reoMeTpHH, KOTopasi ellle H Temepb CyHIeCTBYeT B BEHIC«
LIMX TEXHHYECKHX IIKOJaX M NMOJOGHBIX HM HHCTHTYTAX;
CIofla OTHOCATCA NpexJe Bcero OOMHpHBIE KypCHl Ha-
yepraTeJbHOH H aHAJHTHUeCKOH reoMerpuH. CyecTBeH-
HBIM HOBIUECTBOM IO CPaBHEHHIO C IpexHeHd MOCTaHOB-
Ko#l IpenojaBaHHs SIBJfETCS TO, YTO TeNepb Ipeycre-
BalOT He TOJILKO HEMHOTrHe OCOGEHHO HHTepecylollHecs
caymartesy, Ho 6iarojaps nejecoo6pasHoR OpraHH3alHH
6oJibIIOE YHCJIO CTYAEHTOB OJHOBPEMEHHO IIOAOTBOPHO
BHINOJIHSIOT Kaxibifi cBoio pabory. Ha coBpemeHnHHKOB
MoHxa nmpou3Beio 0CO6EHHO CHJIbHOE BIeuaT/eHue, Ko-
ria oH B mepBHIi pa3 BesJ NpakTHYeCKHe 3aHSTHSA, TIPH
KoTOpHX Ao 70 uenoBeK OAHOBPeMEHHO paboTajo Hax
CBOHMH UYepTeKHBIMH JOCKaMH.

A B HopmanbHoii mKosne B 310 BpeMs paboran Jle-
JKaHIp, Ha JA0Jroe BpeMs OKa3aBIUIH# CBOHMH 3HaMe-
HHTEIMH «HauanaMu reoMeTpuu» *) pelrapollee BJHSHHE
Ha mpenofaBaHHe reOMeTPHH.

dra kuura npuoGpesna HauGoJbliee mocae «Hauam»
EBkinaa pacnpocTpaHeHHe H3 BCeX YYeGHHKOB 3JIeMEH-
TapHOHl reoMeTpHH, NpHYEM 3aMmeyaTesJbHO TO, YTO, KakK
s yKe yKasblBaJl, 5T0 OTHOCHTCS He TOJbKO K PpaHuuy,

*) Legendre A. M. Eléments de géométrie. — Paris, 1794.
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rie ee MEepeH3faBajJM CHOBa H CHOBAa B TeueHHE BCEro
XIX cronerus, HO ¥ K JAPYrUM cTpaHaMm. B uacrHocTH,
B Amepuke u HMranuu oHa noiroe BpeMs 3aHHMaja Be-
Jlyliee IOJIOXKEHHE.

ITo cpaBueHuo ¢ Knepo unu tem Gosee ¢ Pamycom

kHura Jlexxanapa o3Hauaert! 6osbwuoti wae Ha3ad k Es-
xaudy. Ee raaBHOH Heslbl0 CHOBa SIBJISIETCSl yCTaHOBJIE-
HHe 3aMKHYTOH aGCTPAaKTHOH CHCTEMHl 3JeMeHTapHOH
reoMeTpuH. Ho, ¢ gpyro#i cTOpOHH, MMEIOTCS # cCyuje-
CTBEHHble OTAUYUA nO cpasHeruro ¢ Eexiudom, KoTophie
s Temepb H3J0Xy OoJsee moApoOGHHIM o0pasoM, HMes
B BHJAY BEJHKOe HCTOPHYECKOe 3HaueHue JlexaHupa.
* 1) Uro kKacaeTcs cTuas usaodcerus, To y Jlexauuapa
Mbl HMeeM c8a3Hbll, ydobouuraemsll TeKCT, MO CBoeH
BHelIHeH <¢opMe OH ropasfo OJHXKe K H3JIO0XKEHHIO
Knepo, KoTopoe s1 BhIllle BOCXBaJisiil, Y4eM K MaHepe Iu-
canusi EBkimnaa, pacuieHeHHOH —s1 OBl Jaxe cKasad,
H3pyO6JIeHHO#, — M YTOMHTEIbHOH CBOMM OJHOOGpasueM.
- 2) OTHOCHTEJIbHO CO0epianus CaMblM CYLIECTBEHHBIM
gBJsIeTCS TO, YTO JlexXaHJpP B HPOTHBOIOJOXKHOCTh EB-
KJIHLY CO3HATEAbHO NOAb3YETCS B T€OMETPHH dAemenTap-
HOU apughmeTuxoll ceoezo 8pemeru; TakuM 006pa3oM, oH
SIBJISIETCS CTOPOHHHKOM — YNOTPeGHM 3TO CJIOBO — CAUSA-
Hus (Fusion) apugmeruxu u eeomeTpuu U JNaxe OXBa-
THIBA€T B 3TOM CJHSHHUH TaKXe H TPUSOHOMETPUIO, KO-
TOPYIO OH TOXK€ H3J1araeT B CBOeH KHHre.

3) Ilpunyunuasbras ycranoska Jlexkanapa cpaBHH-
TEeJbHO C EBKJHIOBOH HECKOAbKO Cmewerna OT aozuue-
CKOUl CTOpORbL K uKTyuTusnol. EBKINA —KaK s yxe
JOCTaTOYHO YacTO OTMeyaJ— Bce CBOe BHHUMaHHE Ha-
NpaBJisieT Ha CHCTEMY JIOTHYECKHX BHIBOLOB, KOTOPYIO OH
CTPEMHTCSI BO BCAKOM CJyyae COXPaHHTb CBOOOZHOH oT
NpHMECH HHTYHTHBHHIX 3JIEMEHTOB; BCe€ (aKThl HHTYH-
LHH, KOTOpPHE OH CYHTAeT HYXHHM HCNOJb30BaTh, OH
NpeAnoCchllaeT COGPAaHHEIMH B BHJE CBOHX aKCHOM H T. A.
B npoTHBOMOMIOXKHOCTb 3TOMY JlexXaHap He GouTcs ymo-
Tpe6JsATh NpPH CIyyae HHTYHTHBHBlE COOOpaxKeHHs Tak-
e H B Ipouecc AeJyKTHBHOIO JA0Ka3aTeJbCTBa reoMeT-
pHYECKOH TeopeMHI.

4) [na OGoJabllel KOHKPETHOCTH NpeACTaBJIsIeTCS
OCOGEHHO MHTEPeCHEIM COIIOCTaBHTb TPAKTOBKY Uppa-
yuonarbHolx 4ucea y oboux aBTopoB. B 5-it kuure EB-
KJIHIa CONEPXKHUTCS, KaK MBI 3HaeM, NOAPOOHOe ompene-
JIeHHe UM HCCJIeOBaHUe MOHSITHSI HPPALMOHAJbHOIO YHC/AA
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B (opMe Joroca WJIH OTHOLIEHHS ABYX HECOHM3MEpPHMLIX
BEeJIMYHH B MOJHOH aHa/JOrMH C COBPEMEHHOH TeopHel
HppallMOHa/NbHOro 4YHcjaa. B JpanabHefileM cBoem H3J0-
KeHuM EBKINA Bcerfia OCOGEHHO TILIaTeJbHO HPOBOAUT
Jl0Ka3aTeJbCTBa TeX TeOpeM, B KOTOphle MO caMOH mNpH-
polie BOmpoca BXOAST HppallUMOHaJbHLIE YHCJIA, CO CTPO-
rOCTbIO, YJIOBJIETBOpSIOLIEeH Ja)ke TeNepellHHM HAaIIUM
Tpe6oBaHUAM (JOKa3aTeJbCTBA IO . METOAY HCYEpNbLIBa-
Husal). Jlexannap ke GerJo CKOJb3HT MHMO BCeX 3THX
NyHKTOB. UHc/a — KaK paunuoHasbHblE, TAK H HpPpaLHO-
HaJlbHble — OH CYHTaeT H3BECTHbBIMH H3 apH(PMeTHKH,
B KOTOpPOH TOrja TOXe He CJHIIKOM MHOI0 Jiomaju cebe
roJoBy HaJ HX CTPOrHM oGocHOBaHHeM. JlokasaTesb-
CTBO ‘IO MeTOAYy HCYepNbIBAHHSA H TOMY NOAOGHOrO OH
He NpHU3HaeT; eMy NpeJACTaBJISETCS COBEpIIEHHO OYeBHI-
HelM Ge3. BCAKUX MOSICHEHHH, 410 INpeNJIOXKeHHe, crpa-
BeJJIHBOE JJIl BCeX pallMOHAJBHBIX YHceJs, CIpaBelIHBO
TaKXe M B CJIydae YHCeJ HppalUOHAJbHHIX. Bnpouewm,
H B 5TOM OTHOLIEHHH JlexkaHAp CXOAHUTCS CO BCEMH ApY-
rHMH BeJHKHMH MaTeMaTHKaMM CBOEro BpeMeHH. B mpo-
LIJIOM ceMecTpe sl KaK pa3 IpHBOJHJ BaM NpPHMep TakKof
TOYKH 3peHHs Hu3 «TeopHH aHaJUTHYECKHX QYHKUIHI»
Jlarpanxa *). '

5) HecmoTpsi Ha Takoe BOJIbHOe ofpallleHHe C JOTH-
YeCcKOH CTPOrocThio B JeTaJsiX, Jlexkanap HHKouM obpa-
30M He OTHOCHUTCSI PAaBHOLYIIHO K NPUHYUNUANAbHbIM B80-
npocam 06 OCHOBAHUAX 2eOMeTpuu; B S3TOM CMBICJIE OH
B INPOTHUBCIIOJNIOXHOCTb CBOUM IpefLIeCTBEHHHKaM BO
®paHuIuM He TOJILKO BOCHPHHHMAET ¢ NMOJHBIM HHTEpecoM
'eBKJIHJOBY TPaJMIHIO, HO laxe pa3BHBAeT ee JaJblile,
BBO/Is1 CYLLIeCTBEHHO HOBHIE HIEH.

O JexaHapoBOil TEOPHMM MNapajiedbHBIX MPAMBIX.
Oco6eHHOe BHHMaHHE OH yJensieT Teopuu napariesbHbuix
npamolx ¥ Ha 3TOM s OCTAHOBJIOCH HECKOJbKO MOApo6-
Hee. 3lech s UMeI0 B BHJY NepBble H3MaHHA KHHrH Jle-
XKaHApa, TaK Kak B mo3fHeHmunx o6paboTKax Kak pas
B 35TOM OTHOLIEHHH BHeCeHH GOJblIHE H3MEHEeHHs !88),

Hauny ¢ rtakoro 3ameyaHHusi: Mbl OXapaKTepH3OBaJH
Bbllle eBKAMACBY M 00e HEeBKJIHAOBH T'€OMETPHH TeM,
YTO YHCAO NPSAMBIX, NPOXOASIIUX Yepe3 AAHHYIO TOUKY
napaJjenbHO JaHHOH MpsAMOH, pPaBHO eMHHIE, HYA0 MAH
nsyM. Ho BMecTo 3TOro MOXKHO TaKxkKe paccMaTpUBaTh

*) Cp. 1. 1, c¢. 220 [mOKasaTenbCTBO TeOpPEMH ©O GuHOMe).
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cymmy yeao8 106020 NPAMOAUHELHOZSO0 TPEY2OAbHUKQ,
uTO JaeT TakKoe, KaK MOXHO J0Ka3aTb, BIIOJIHE pPaBHO-
CUJIbHOE TpelBIAYlIeMy pasnudyeHHe. B cayuae esxkiu-
00801 zeomeTpuu 3Ta CYMMa paBHA T, 8 HEe8KAUO0B0U
2eomeTpuu nepsozo poda (ecunepboauueckoil) ona scezda
MeHbUle T U 8 2e0MeTpuu 8TOPo20 poda (IAAuUnTUYe-
CKoil) oHa Henpemenno Ovieaer 6oasbwe ;. M1 BoT Jle-
JaHJp KeJaeT J0Ka3aTb, YTO 00e INOCJeJHHE BO3MOXK-<
HocTH uckaoyaorcsi. Ho [dokasath 3To— Bce paBHO,
4YTO J0Ka3aTh €BK/JIHAOBY aKCHOMY O NapaJljielbHBIX; IO+
aToMy JlexaHJIp MOXKeT JOCTHYb CBOeH IIeJIH, TOJbKQ
3aHMCTBYsl Y HHTYHIHH HEKOTOphle NPOCThle MPHHIUIIBI,
HESBHO BKJIIOYAIOIIME aKCHOMY IlapaJiIeJIbHOCTH, H Bce
€ro HCKYCCTBO CBOAMUTCA K BHIOODY B KauecTBe 3THX
NPHHIUIOB HACTOJbKO NPaBAONOAOGHBIX MONOXKEHHH, YTO
HH 4YHTaTesb, HU Jaxe, HECOMHEHHO, CaM aBTOp He 3a-
MEUYaloT TOro, YTo peyb HAET q)axmqecxu 0 HOBHIX Orpas
HHUMTEJbHBIX NpPEANOJIOKEHHsAX (mocrynarax)!8?).

Yrto KacaeTcsi, NIpexae BCEro, HEBO3MOXKHOCTH 3.+
AUNTUYECKOU 2eomeTpuu, T. €. TOro, 4To CyMMma YIJVIOB
GoJibllle 3, TO B OCHOBE BECbMa INPHMEYaTeJbHOro NOKa-
3aTteJbCTBa JleXaHIApa JIEXKHUT MOJYaIHBOe JonyujeHue
TOro, 4to OauHa npamou beckoneyna. KoHeuHo, 3TO —
KpaiiHe NpaBaoNoJo6HOe AOMylIeHHe, H B €ro Crnpasel-
JIMBOCTH HE€ COMHeBaJuCb HH JIeXaHAp, HH KTO-1u6O M3
ero ypTaresel, [a M Bce MOCJEAYIOIIHE reOMEeTpPHl, mpen-
umiecTsoBaBluie - PUMaHy, CUHTalH ero CaMOOYEBHAHBIM.
Y Bce xe 3IHNTHYECKAast TeOMETPHS MOKAa3kIBAeT, YTO CO
BCEMH TPOYUMH aKCHOMaMH COBMECTHMO TaKxKe JOmylle-
HHE KOHe4HOU AJMHBl y NpPsIMOH, eC/H TOJNbKO NPHHATH,
YTO OHAa Heo2paruveHHa H, cleloBaTeJbHO, cama coboit
3aMbikaetcss. Heo6Xonumo nostomMy otnaBath cebe sICHBIH
OTYET B TOM, YTO BMecTe ¢ GECKOHEYHOH AJHHOH NMPsSMOM
BBOAMTCS HOBHIH (PaKT HHTYHLHH, HMEIOUIHH pellaloliee
3HaueHHe.

Urto6bl TakUM e 00pa3oM HCKJIOUYHTb BO3MOXKHOCTh
2unepboauveckol ceomeTpun, JlexaHAp CHOBA IOJb3yeT-
csl, He OroBapuBas 3TOro 0co60, OAHHM IPOCTHIM HHTY-
HTHBHEIM (aKTOM, B KOTOPOM HHKOrJa He YCOMHHUTCSA
HHYyel paccylok, elle, TaK cKa3aTb, He HCNOPYEHHHIH 3a-
HATHAMH reomeTpueii: ecau P — kaxas-aubo Touka 8HYT-
pu yeaa, o6pa3osanHoz0 08YMA NOAYRPAMbIMU a, B, TO
sce2da moscHo nposectu depes P npamyro, kotopas ne-
pecexkasra 6o kax a, Tak u B (puc. 142). I1pun momoun
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3TOr0 MNpeAnoJoXeHHs: JlexXaHApy YHAaeTcst N0Ka3aTs
6esynpeuyHelM 06pa3oM, YTO CyMMa YIJIOB B TPEYrOJbHH-
Ke HHKOrja He MOXeT OBbITb TaKXe H MeHblle m, TaK
YTO OCTaeTCAd B KOHIle KOHIOB BO3MOXKHOH OIHA TOJBbKO
€BKJIMJI0BA [€OMETPHS.

Tenepp 51 HOMKEH BBIACHHTb, MO4EMY OSTOT CTONL
TPUBUAAbHOLL (AKT He uMeeT mecTa 8 Hee8KAUA080IL 2eo-
MeTpuu nepsoeo poda; TOrAa TOJbKO Mbl CMOXKEM BIIOJIHE

Puc. 142 Puc, 143

NOHsSTb, noueMy JlexaHApY ynaercs, NOJb3YSICb 3THM
¢akToM, HCKIIOYHTbL Ha3BaHHYI0 reomeTpuio. Byaem wuc-
XOMUTb B TOYHOCTH M3 HAIIero INpeXHEero H3JOXeHHS.

[lycth o, B — ABa Jyya runep6OJHYECKOH reOMeTpHH,
ucxoase u3 Touku O, KOTOpasi, KOHEYHO, MOJIKHA Jie-.
}KaTh rae-HuOyab BHYTPH OCHOBHOTO KOHHYECKOro ceye-
Husg ® =0 (puc. 143). Torna BceMH napasiensiMH 1Mo
OTHOLIEHHIO K O SIBJISIOTCS JIyYH, NPOXOJsLINe Yyepe3 TOU-
Ky IlepeceueHHsl Jydya G STHM KOHHYECKHM CedYeHHEM
(1. e. uyepe3 OECKOHEYHO YAAJEHHYIO TOYKY Jyda a),
NOCKOJIbKY OHH IIPOXOJSIT BHYTPH NOCJEAHEro; NogoGHHIM
e o6pa3om o6GCTOMT ¢ mapamnaensmu K B. ITosromy cy-
LIeCTBYeT mpsiMas 7y, NapaJienbHasi KaK IO OTHOLIEHHIO
K Jyuy o, TaK 4 K [, a UMeHHO, psiMasi, COeIHHSIOIAs
TOYKH IepecedeHHs Jydyel a U ¢ KOHHUYECKHM CeueHHEeM
@®=0. B eBKJMIOBOH reoMeTPHH 3TO, KOHEUHO, He
MoxKeT uMeTb MecTa. Eciiu Tenepp B3siTh TOuky P Mmexny
a U P, HO BHe TPEYrojbHHKa, OrPaHHYEHHOrO NpPSIMBIMH
a, B, y (1 BHYTpH Haulero KOHHYeCKOro CeYeHHs), TO AJs
Hee JIeXKaHAPOBO JONMylleHHe yXe He HMeeT MeCTa: Belb
BCsiKasi mpsiMasi, NPoXoAsilasl yepes P, mepeceueT TOJIbKO
OMH U3 JydYed @, B BHYTPH KOHHYECKOrO CEYeHHs, a Ipy-
rofl Jyu oHa mepeceyeT BHe INOCJELHEro, T. €. B CMBbICIE
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Halled reoMeTpHH BoBce ero He nepeceueT, Ho 3To Kak
pas s ¥ XoTeJ 31eCh N0Ka3aTh.

Nocaenosarenu Jlexanapa. ITocse storo ortcrymie-
HUsl MBI OCTaBHUM JIexaHJpa U NOCMOTPHM, KaKHMH Iy-
TAMH TOLLIO IOCJTe HEro OaiavHeliuiee pas3sutue npeno-
Oasanus ceomerpuu 80 Ppanyuu. 3aMeuaTesbHO TO, UTO
OpraHM3anys WIKOJBHOro jaena Bo PpaHIHH B TeueHHe
XIX crosetns m3MmeHHJIach oyeHb MaJjo. Kak u BooOGlie
BO BCEX KyJbTYPHBIX 006J1aCTSIX, yUpeXAEHHs, CO3LaHHbIe
npu Hamnoneone I, coxpaHssnch 6e3 u3MeHEHHs B Teye-
HHe JIOJITOTO BPEMEHH CpelH BCeX CMEeH NOJHTHYEeCKOro
pexuMa, Tak H B IIpeNOJaBaHHH [EOMETPHH BCe elle
NMOUYTH HEOTPAHHYEHHO TOCIOACTBYeT JleXaHIp, eciu He
CUMTaTh TOTO, YTO B NOCTOSIHHO BO30GHOBJISIEMBIX HOBbLX
u3danusx ero yueOHHKa (Hampumep, 33-e u3gaHHe — B
o6pa6orke buanme—Buimio B 1893 r.) mnpoucxoaut
HU3BeCTHAasE (pUIAbTPALHUs COLNEpKaHHA B CTOPOHY O2paxu-
UeHUs NPUKAQOHbLLX MOMEHTO8, MMeBIUHXCA eue y Jle-
3kaHapa. A uMeHHO, ecsiH y caMoro JlexaHapa HCKYCCTBO
reoMeTpHYECKOro H3MepeHHsI H He 3aHHMaeT TaKOro BLI-
Jlalollerocsl NoJioxeHHs, kak. 'y Kiepo uan tem Gosee y
Ilerpa Pamyca, To OH He 06HapyXHBaeT U TOrO IpeHes-
PEXHTENbHOTO OTHOIIEHHS K 3TOMY HCKYCCTBY, KOTOpoOe
CTa/10 OGBLIYHEIM BIOC/IEICTBHH; B TO Xe BpeMs JlexaHnap
IIPOSIBJISIET OYeHb KHBOH HMHTepeC K TeXHHKe pelleHHs
MaTeMaTHUYeCKHX 3aad, K YHCJIOBHIM BeIKAagkaM. Ho Bce
OTHOCsIIeecs1 Clofla Bce B OoJbliell U GoJibllied CTemeHH
ONyCcKaJoch B NO3AHEHAIIMX H3JaHHSX; B UaCTHOCTH, CO-
BEpUIEHHO BhHIaJa IJaBa, NOCBSLIEH-
Hasi TPHTOHOMeTpHH, Kortopylo Jle-
JKaHApP OCOOEHHO TECHO YBA3BIBAJ C
YIOMSHYTHIMH NPHJIOXKeHUsMH. B ka-
yecTBe XapaKTepHOro HpHMepa MOXK-
HO Ha3BaTh TaK HA3bIBAEMYIO AEXHCAHO-
posy Teopemy u3 chepHUECKOH TpH-
roHoMeTpud. EciH Ha NOBEPXHOCTH
mapa HuMeeTcss cdepHyeckuit Tpe- Puc. 144
VrOJIbHHK €O .CTOPOHaMu a, b, ¢ u
yraamu o, B, y (puc. 144), To TaKk HasnBaeMHid cgepu-
yeckuii usboeitok o+ B+ 9y —n=E, Kak H3BECTHO,
HMeeT BCerjla MoJIOXKHTENbHYI0 BeTHYHHy. Ec/IH CTOPOHHI
He CJIHIIKOM BEJIMKH [0 CPaBHEHHIO C paiHyCcoM Iuapa,
He [peBOCXOAdA, HampuMep, Ha 3eMHOH MOBEPXHOCTH
100 kM, TO modaHO ¢ OocTaTouHoll Oai 6cex npaxTuue-
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CKUX yereli TOYKOCTbIO 3AMEHUTb cheputecKuil Tpeyzonob=
E
HUK NAOCKUM TPEY2OAbHUKOM C yeramu a— 5, B —,

E «
—73- STy KpacHBy10 TeopeMy, KOTopasa AEHCTBHTEJIbHO

HaxoAuT G6OJIbIIOE NPHMEHEHHe B TeOofe3HYecKOH Npak-
THKe, JleXXaHAD N0Ka3biBaeT BeCbMa MNPOCTO, OrpaHHYH-
Bascb B ¢opMynax cdepHUeCKOH reoMeTpHH OAHHMHU
TONbKO NepPBb{MH HJE€HaMH DPSJ0B, BbIPAXKAIOUIHX TPHro-
HoMmerpHueckue ¢yHKuUH. Ho B Gosiee mo3aHUX H3MaHHUAX
KHuru JlexkaHapa Bbl HampacHo cTajJu OBl HCKaTb 3TY
TEOpeMy.

Hapsiny ¢ mpomosxamowuMHcs nepeusfanusmu Jle-
JKaHApa NOsBJsAETCs ellle H Apyras TeHAeHIHs, Xapakre-
pusyemas o6mupHeIM «Tpakratom no reomeTpHu» Pye
u KomGepycca *).

Bo ®paHnun npemnojaBaHHe MaTeMaTHKH, Ipealle-
CTByWOLIl€e 3aHSTHSIM B BHICIIEH LIKOJe, NMOCTaBJEHO rO-
pasno wupe, yeM y Hac. Ilepexon K Bhicllell IIKoJe ocCy-
ILECTBJSIETCS [OBYXJETHHM KYpPCOM B TaK Ha3bIBaeMbIX
«KJaccax CIelHaJbHOH MaTeMaTHKH», B TeyeHHe KOTO-
poro Ha MaTeMaTHKy OTBOAMTCS He MeHee 16 uyacoB B
HeleNmo; 3TOT KypC AaeT BCIKOMY, KOMY IO3Xe NpHIET-
Csl MOJIb30BaTbCSl MAaTEMATHKOMH, IIHPOKOE COOTBETCTBYIO-
mee o6pa3oBaHue. Takas NOCTaHOBKa JeJa BhHI3Baja
NOTPpeGHOCTb BBECTH B YUYeGHHKH 3JeMeHTapHOH reomMer-
PHH Maccy HOB020 MATEPUAAd, YTO W OCYLIECTBJIEHO TH-
nuYHBIM o6pa3am B Tpakrare Pyme u KomGepycca, nosb-
3yIOLEMCS OUeHb GOJIbLIINM pPaclHpOCTpaHEHHEM; B CBOMX
MHOTOYHCJIEHHBIX JONMOJNHHUTENbHBIX CTaThbAX OHH 3HAKO-
MAT Yydaulerocsi ¢ HeeBKJIHMJOBOH reoMerpHeHd, reomer-
pHell TpeyroslbHHKa, reoMeTpHell TeTpasiapa, yYeHHEM O
BaXKHEHIIHX KPHBHIX U NOBEPXHOCTAX U MHOTHMH APYTrH-
MH BellaMH. '

Pedopma npenonaBanus 1902 r. Tenepb s1 nepexoxy
K Hogomy Osudsceruro 8 noas3y peopmol npenodasanus
maremaruxku, Kotopoe Hauajgocb Bo DpaHuum okoso
1900 r. ¥ cOBepIIEHHO CXOJHO C HAIUHMH HEMEUKHMH
CTPeMJIEHHSIMH K pedopMe. DTO ABHIKEHHE TOXKE MOIKHO
NOCTaBUTb B CBA3b CO CABHIaMH, IPOHCLIELLINMH BO BCeli
KapTHHe KyJbTYPHOH KH3HH paccMaTpPUBaeMOi#l 3IOXH.
HepeposiTHEIA MoabeM TOProBJH H BHEUIHHX CHOIUEHHI,

*) Rouché, dee Combérousse, Traité de géométrie. —
Paris, 1891, )
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a TakKxe TeXHHKH H NPOMBILIJIEHHOCTH NPOOYXAAIOT BO
Bce Oosee W GoJsiee IIMPOKHX CJIOSX HaceJeHHs . HACTOS-
TeJbHYI0 NOTPEOHOCTh NPHOOLIEHHST KO BCeM KYJIbTYPHLIM
3aBOEBAHHUSIM, NOTPeOHOCTb MNPUOOPETEHHUS 3HAHHH BO
BceX o00JacTsiX, CpeAH KOTOPHIX MaTeMaTHKa 3aHHMaer
JlaJIeKo He IocJieJlHee MeCTO; IIPH 3TOM, KOHEYHO, PYKOBO-~
JASILIHM MOTHBOM SIBJIIIOTCS He TeOpeTHYeCKHe HHTepecCHl,
a cTpeMJieHHe NPHOGPeCTH NOJe3HbEe 3HAaHHs, Henocpen-
CTBEHHO NpHMeHHMHe Ha npaktuke. Ho pykosomureneit
3TOro ABHKEHHS HH B KOeM CJyuyae Hesb3sl YIPEKHYTb B
IJIOCKO YTHJIMTapDHOM XapaKTepe MOTHBOB HX JesTel]b-
HOCTH, TaK KaK OHH IPeCJefyIOT BHICOKYIO Heslb-— IOf-~
HsiTHe o6ulefl mpogeccHoHaNbHOH KBaJaH(HUKaIHUH.
XapakTepHHIM [JJs1 (PpaHIY3CKHX YCJIOBHH sIBJsETCS
TO, YTO 3Ty -peopMy TaM HadajHu ¢ OGCYXKAEHHs B MaJjia-
Te genyratoB B [lapuxke; Bei6paHHas nanaTtoii KOMHCCHS,
CBSI3aBIUHCh C GOJIBIIMM YHCJIOM OOLIECTBEHHHIX KOPIIO-
pauui, npeicTaBHJa MOAPOOHHIH JOKJIaZ o pedopme
npenofaBaHus B CPelHeH IIKoje BooOlLe, MPHYEM mpe-
nojaBaHHe MaTeMaTHKH (UTypHpyeT JHLIb KaK OXHO H3
BaXKHbIX 3BeHbEB JJIHHHOH HenH. ['J1TaBHBIMH MOMeHTamMu
B 5TOH pehopMe SBJAIOTCS, C OLAHOH CTOPOHBHI, ynpoujerue
u 66abwan Ha2AsOHOCTb npenodasanus, a ¢ APyrof —
nepenecenue 8 Kypc cpedHell wrkosb. psada 80npocos,
KOTOpble ¢ OQBHUX NOP CHUTAAUCH - BPUHAOAEHHOCTHIO
sblcuieli mMaTemaTuky ¥ KOTOpble He TOJBKO BIIOJHE [0-
CTYNHHE, HO M HUMEIOT IIpeXJAe BCEro BejHuYalillee 3Haue-
HHEe [/ COBpEeMeHHOH KyJbTypbl, B OCOOEHHOCTH MJs
€CTECTBO3HAHHSI M TeXHHKH. S HMel0 B BHAY nOHATUE
pynxyuu, merodel. epaduueckux uzobpaxceruli u Hawaia
ucuucrenus OeCKOHEYHO MaablX. DTHUM CaMBHIM  XOTHAT
JNOCTUTHYTb, B YaCTHOCTH, ropasfio 6osee TeCHOU YBA3KH
apudMeTHKH C reoMeTpHed, yeM IpeACTaBJs/IH ee cebe
Korna-aiu6o paHbllle; 5TO BHICIIAS CTeNeHb (Dy3HOHH3MaA
B CaMOM LIMPOKOM cMbicie ciaoBa. Jdra pedopMa Oblia
H3JIoXeHa 8 yyebrnom naane 1902 r. U cpasy Ke MOBCIOAY
IpoBeJeHa B XXH3Hb. B 3ToM efnHOO6Pa3nyu MepoOnpHATHH
NpPOSIBUJIOCH [efCTBHE BLILIEYNOMSIHYTOH IIHPOKOH IEHT=
panusaunun Bo PpaHUHH TaKXKe H yNpaBJeHHs MIKOJaMH,
6saromapss KOTOpPOH HIJisi OCYLIECTBJIEHHSI TaKOH OGIIMP-
Hoi pedopMul TpeGyeTcsi TONLKO COOTBETCTBYIOLIEE pac-
nopsixkeHue BuicuIed BiacTH. UTo KacaeTcss HOBBIX (paH-
Iy3CKHX y4eOHbIX IJIaHOB, TO 31eCh 1 NOJAYEPKHY ellle pa3
JHlb TO, YTO B HHX CTapas 3JieMEHTapHass reoMerpHs
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B €BKJHJOBOM NOHUMAaHHH OYeHb CHJIbHO OTCTyNaeT Ha«
3a] Iepejn JUIOM COBpeMEHHBIX HOBBIX Hlell. Bl Hafinere
NOATBEPKIEHHE 3TOMY, €CJH IPHCMOTPHTECh K OLHOMY
W3 BaXXHEHIIHX yuyeGHHKOB TeOMETPHH, NPHMBIKAIOIIHX
K HOBbIM yueOHBIM IJIaHaAM, a HMeHHO K «['eomerpuu»
Bopens 1°°). Dro oyeHb HHTepecHass KHHra, B KOTOpOH
MarepHaJl paclosioXeH NPOCTHIM H eCTeCTBEHHBIM o06pa-
30M H, C APYrod CTOPOHH, BeCbMa MHOro MecTa OTBe-
JleHO BONmpocaM NpPaKTHKH.

Bausinne «Hosbix Hayans Mepe. 3aMeuaTeJbHO TO,
UTO OJHOBPEMEHHO C 3THM Telepb Cpeiu (PpaHIy3CKHX
npenojasaTtejedl CHOBa NPOOYXKJaeTCs HHTEPEC TaKXKe
H K BIIOJIHE JIOTHYeCKH pa3paboTaHHOH yueGHOH cucTeMe
2JIeMEHTapHO!H reoMeTpuH B Ayxe ugeanos Eeknuaa. Tyt
B 0COOEHHOCTH 1 IOJXeH Ha3BaTb BaM OAHY BeCbMa BHI-
npawourylocsi kaury «HoBeie Hayana reomerpuu» III. Me-
pe, KoTopast XOTsl M IosiBUJace emle B 1874 r., HO TONbKO
B IOC/NeNHHe TroAbl NpHBJeKJa K cebe BHHMaHHe Goaee
LIHPOKHX KpyroB *). B cBoux JpokasaTeabcTBax Mepe He
TNOJNb3yeTCs HH ONHHM HHTYHTHBHBIM (PAaKTOM, KOTOPOTrO
OH nepen 3THM He (GopMynHpoBas GH B BHAE aKCHOMBI;
TakuM 00pasoM, OH Pa3BHBAET HOAHYIO CUCTEMY AKCUOM
eeomerpuu. Ho mpu arom Mepe uaer HaBcTpeuy TpeGo-
BaHUIM JAeHCTBHTENIBHOIO INpeNoJaBaHHs B Tropasjio
Gosblell CTeneHH, 4eM CTpPOrHe NpHuBepiKeHUB EBKinna,
TIOCKOJIbKY OH He CTPEMHTCS CBECTH CHCTEMY aKCHOM K
BO3MOXKHO MEHbIIEMY 4YHCJIY B3aHUMHO He3aBHCHMBIX
TpeMJIOKEHHH H, IO CcylecTBy, GOpPMYJHpDYeT HX JIHIIb
TOrAa, KOrja B HAX AeHCTBHTEIbHO OKa3blBaeTcsl Hano6-
Hocth. Ho ocobeHHO xapakrtepHo 115 Mepe TO, YTO OH
NPOBOJHT CAUAHUE NAGHUMETPUU CO CcTepeomeTpuel Ha-
CTOJIbKO IOJIHO, HACKOJBbKO 3TO TOJBKO BO3MOXKHO, H,
KpOMe TOro, B NPOTHBOIOJIOXKHOCTb EBKJIHAY BCIOAY BHI-
JIBUTaeT Ha NepBOe MEeCTO HOHATUE 2pynnol 08uxcerul u
Ha HeM NOCJeIoBaTeJbHO 6a3upyeT BCe CBOE NOCTPOEHHE
reomeTpuH. ITosyyaercss mocTpoeHHe, COBEpIIEHHO CXOM-
HOe C TeM, KOTOpDOe MBI HeJaBHO HaMeTHJH: C CaMoro
Hayajla BBOJSITCSl KakK IapaJjliesbHble NepeHOCh, TaK H
TOBOPOTHI; INepBHE NPHBOAAT K NOHATHIO INapaJJelb-
HOCTH, a BTOpDhle, — TaK KaK Cpa3y e pacCMaTpHBaeTcsl
NPOCTPAHCTBO TPEX H3MepeHHH, — NPHBOAAT K IOHSITHIO

*) Méray Ch. Nouveaux éléments de géométrie, — Nouvelle
€dition. — Dijon, 1903.
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NepneHAHKYJAPHOCTH OCH BpAallleHHs MO OTHOLIEHHIO K
ITOCKOCTSIM, B KOTOPHIX JIeKaT TPAaeKTOPHH (OKPYKHOC~
TH) KaXXJoH TOUKH.

YnomsHy eme o TOM, yTo Mepe NOCTOSIHHO NpHIaeT
ocoGeHHOe 3HAUeHHEe TOUHOMY NnposedeHuro scex Heo6X0-<
JUMBIX B T€OMETPHH npedesbHblX NpoOYecco8 U IPH 3TOM
NoJb3yeTcsl MO Mepe HaJOGHOCTH COBPEMEHHBIM MOHSITH-
€M uHcaa B ero CTporod (opMynupoBKe, XOTSl OH H He
HIeT B CIHSAHHH apHPMETHKH H aHAJIUTHYECKOH reoMer-
PHH TakK e JaseKo, KaK JeJajH 3TO MBI

Bausinne ToukKu 3peHHss Mepe siCHO CKasblBaeTcss Ha'
COBpPeMeHHBIX (paHUYy3CKHX YyueOHMKax. Tak, nousTue
IBHXKEHHUS HrpaeT CYIIECTBEHHYIO pOJb B YINOMSHYTOM
kHure Bopeusi; B ewe Gosbllielf Mepe 3TO BUAHM B HOBHIX:
«Hauanax reometpun» K. BypJje *), aBTOpa MHOruX OueHB
pacnpocTpaHeHHHX Y4YeGHHKOB; 3JeCb BCIOAY BIOJIHE
OTYETJIHBLIM 06pa30M FOBOPHTCS O TPyIIe ABHXKEHHH H O
reoMeTpHYecKHX BeJHYHHAX KaK ee HHBapHaHTax.

Ha stom Mbl paccranemcs ¢ ®paHuuer u nepeiigem
K Hranumn.

III. NIPENOJABAHHE B HUTAJHH

Bausnne Kpemonel. 31ecb Mbl BHAHM TOXe KpaiiHe
cBoeoGpa3Hblii X0J pa3BHTHsS, XapaKTepuaymouwwuiicsa co-
BEpLIEHHO HHBIMH YepTaMH, YeM Te, KOTOpble Mbl Ha6io-
Janun B AHraun U DpaHIHM; THIHYHOE BBIPAXKEHHE €ro
MOXHO IIOCTaBHTb B.IapaJljiesb pa3Be YTo TOJbKO ¢ Me-
pe. S 3aiimych TonbKO cospemennot Hraaued, Hauunas
npumepro ¢ 1860 e. HaunbGospluee BAHSHHE HA €AHHOOG-
pasHyio pedopMy INpenoJaBaHHsi MAaTEMaTHKH B 3TOM
HOBOOGpa30BaHHOM OOBEIMHEHHOM TroOCydapcTBe HMell
JI. Kpemona — 1ot cambiii KpemoHa, KOTOpHIH H3BecTeH
BCEM BaM CBOMM HayyHEIM 3HaueHHeM B DPa3BHTHH
COBPEMEHHOH TreOMeTpHH; OH SBJAETCA OCHO8ATeAeH
CAMOCTOATEABHOEO an2ebpaudecKu-2eoMeTpuLecKoeo uc-
caedosarus B Wranuu, gaBlllero CTOJb 3aMeyaTeJbHbe
pesyJbraThl. B COOTBETCTBHH € 3TOH CBOEH HayuHOI
JesaTesbHOCTbI0O KpeMoHa OKa3biBas AJHTENbHOE BJAHSHHE
Ha npenodasaxue 8 8bLCUUX UWIKOAQX, BHIABHHYB Ha Iep-
BOE MECTO NPOCKTUBHYND 2e0METPUr0 8 C8A3U C Ha4epTa-
TeabHol eeomeTpuell u epaguueckoli craruxoti. Tenepn

*) Bourlet C. Eléments de géométrie. — Paris, 1908..
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BO BCeM MHpe HHXKeHepbl YHOTpPeOJSIOT BbIpa)keHue
Krifteplan *) Kpemoret, u eciu faxe OHO HCTOPHYECKH
H He MOXeT GBbITh ONIPaBJaHO, TO BCE Ke OHO SICHO CBH/e-
TeJbCTBYET 0 GOJBLIOM BJIHSHUH KpeMOHBI.
3ameuaTesNbHO, YTO Ha NpenojgaBaHHe B CpPeAHef IIKO-
Jge ToT e KpeMoHa MOBJHsAJM B COBEPIIEHHO APYroM Ha-
npaejeHud. B 3Hamenuto#i «3amucke» 1867 r. oH peko-
MeHayeT BBecTH EBKIHAa, eclH M He KakK HeuTo 06s3a-
TeJIbHOE, TO MO KpaiHell Mepe B Kauecrse obpasya 0as
8Ce20 WKOAbHO20 npenodasarus 2eomMeTpuu B OTHOILe-
HHH PacrnoJoXeHHs U BhGOpa MaTepHala, a TaKikKe IJaB-
HHIM 00pasoM B CMbICJAe HAeasa CTPOro JOrHuecKoro,
3aMKHYTOrO B ce(Ge TOCTpPOEHHUS reoMeTpuH. Takum
o6pasoM, 31ecb KpeMoHa HacTauBaeT B OCOGEHHOCTH Ha
s02u4eckoll’ ctopore, TOoraa Kak B ero COOCTBEHHOH He-
TIOCPe/ICTBEHHOH IpenofaBaTeNbCKOH HesTeJbHOCTH, a
TakXe B €ro HayyHo#d paboTe HAa NepBBIH IJ1aH BBICTY-
NalT MNpeXJAe BCEro UHTYUTUBHble MmOmeHTol. TpyaHo
MOHATb, YTO COOCTBEHHO $IBJISJIOCH CBSI3YIOIIHM 3BEHOM
MeXIy 5THMH ABYMS$, [10-BHIHMOMY, CTOJb B3aUMHO IpO-
THBOPEUHBBLIMH llesieycTaHOBKaMu y KpeMoH®I. -

BoJiee cTapoie yuyeOHukH reomerpuu. Ho Bo Bcsikom
caydyae 3ToT npusniB Kpemonn 1867 r. yman wa kpaiine
na000podHYyr0 no4sy, W MeXIy HTaJIbsSHCKHMH MaTeMma-
THKaMH Hauajocb (opMeHHOe COpeBHOBaHHe B Jese 3a-
MeHbl EBK/IHMIA TaKUMH y4yeGHHKaMH, KOTOpbIe MOJHOCTbIO
coxpaHsau Gbl KaK ero MaTepHaJ, Tak U BCIO €ro TeHJeH-
LLIHIO, HO TOJBbKO OCYILECTBJS/IH OBl INOCJAELHIOI CIOCO-
60M, Gosee OTBEYAIOUIHM TelepellHUM YTOUHEHHBIM Tpe-
6oBaHuAM. XapaKTepHO, 4TO B 3TOH paboTe NpPHHHMaeT
ydacTHe, TOYHO TaK e Kak U Bo PpaHuuH, psia KPynHbIX
YUYeHbIX-MaTeMaTHKOB, GJiarofapsi yeMy MNOsBJsieTcs He-
MaJIo OYeHb LleHHbIX B HayYHOM OTHOLIEHHH paboT, npas-
Jla, B NelaroriyecKOM OTHOIIEHHH, CTOSIHIHX He CTOJIb
e BBICOKO. B pajbHefilleM s X049y OTMETHUTb TOJbKO He-
KOTOpbie 0COOEHHO XapaKTepHble MOMEHTLI.

Hauny ¢ toro, uto Ha3oBy nepesod Eexauda, KOTOpHIil
u3nanu B 1867 r. Bertd U DpHOCKH M KOTOPBIH NOJOXKHJI
HavaJo pacrnpocTpaHenuio B Mitanun sHakoMmcTBa ¢ EBk-
aupoM. OH cooepKHT, NOJOGHO AHTVIMHCKHM IIKOJAbHHIM
usganuam EBkauga, Tonbko KHuru I'— 6, 11 u 12. Ho
B NPOTHBOIOJIO¥KHOCTb AHIVIMACKOH TPaAHLHH 3TH aBTO-

*) BepeBoYHbIi MHOTOYrOJNbHUK (HEM.).
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pbl OTHIOJb he MMEIOT B BHMAY JaThb B DYKH ydauumcs
MaTepHas 3TUX KHHr B ero crapoil ¢opme, a xKejaioT
JHIIb 1aTh (IPEnofarolluM) OCHOBY IJIsi CaMOCTOSITE/Nb-
HOH HayuyHOH W meJaroruyeckoil nepepaboTKH.

M3 nocsnenoBaBiiux 3areM y4yeOHHKOB IJHHHLIA DSf
6oslee cTapbiX KHHI ellle NPHAEPKHBAeTCs] O BO3MOXK-
HOCTH OJHM3KO €BKJIHAOBOH CXeMbl onpeleseHHH W T. I,
IIpHYeM, OJHAKO, IBHO H TOYHO (GOPMY/IHPYIOTCS BCE Te
MHOrOYHCJeHHble (aKTh HHTYMIHH, KOTOPLIMH EBKIHX
II0JIb3yeTCsl HeSIBHO.

UTo6H BOCIIONHUTDL IIpOGE/El B EPBOH KHUTe, K YHCIY
THX MOJIYAJHBO NpHMeHsieMblX EBKaugoM Belweil oTHO-
CSIT, cJelysl OOLIENpPHHATOMY B3IVISILY, TaKXe NOHATUE
Jsusicenus T6epdoeo Teaa M HOMEILAIOT €ro MO3TOMY B
¢aMoOM HauaJjie CHCTeMBl, GOPMYJIHDPYS PN «aKCHOM ABH-
keHnsi». Ho mpu aToM, momo6HO Mepe, us nexarorude-
CKHX CcOOOpaKeHHH He DPHAAIOT HHKAaKOro 3HaYeHus
B3aMMHOH He3aBHCHMOCTH OTJeJbHHX YCTaHaBJIHBaEMbLIX
3aecb akCHOM. THIHYHOH 11 3TOro HanpaBJeHHsT KHHroH
ABJISIOTCA OYeHb pacnpoctpaHeHHble «Hauwanma reomer-
pun» Cannna u JI’OBuamo *), BhllleldllHe BHepBbe B
1869 r., B KOTOpPHIX BBl HafJeTe NOATBEPXKAEHHE BCeX
cAeJaHHBIX MHOI0 3aMmeuyaHuii. Marepuan B HHX TOT Xe
cambiff, yto y EBKinaa, HO TONBLKO NpeACTaBlieH OH B
CYyLIECTBEHHO criaxeHHoH ¢opme. Tak, HanpuMmep, Bcio-
1y u3beraloT HCIOJb30BAHHS MOHATHSA YHCHIa, BhIpabaThl-
BaeMOro B YHCTOH apH(dMeTHKe, HO 3aTO siCHee, YeM 3TO
nenaer caM EBKJIHA, H3 €BKIHAOBBIX J0Ka3aTeJbCTB IO
‘METO/ly HCUEpNLIBAHHS BbIAeJeHa pa3 HaBCerja H H3Jo-
JeHa Jiexalasi B X OCHOBe ujes npezena. Jlanee, naa-
HHUMETPHSI M CTepeOMeTPHs BHEIIHHM o006pa3oM CTOsIT
II0PO3Hb, HO NPH 3TOM, OYEBHJHO, YYTEHO TO, YTO KHHrOii
6yAyT NONb30BaTbCsl B MIKOJaX C «()Y3HOHHCTCKUM»
yueOHBIM NVIaHOM, TaK KaK 3TH CTPEMJICHHS K CJHSHHIO
NJaHAMETPUH H CTepeoMeTPHH ObLIH OCOOEHHO pacmnpo-
crpaHeHnl Kak pa3 B Hranun. HasoBy eme xora 6bi
«Hauana reoMmerpuus P. ne ITaosuca **), Kak yuyeGHHK,
Hanbonee cnocoGCTBOBABLIMN 3THM CTPEMJIEHHAM.

Hoseiilune TpeGoBanus mnosbllieHHOH crporoctu. Cy-
HmecTBeHHO GoJsiee, YeM 3TH H -POJACTBEHHHIE MM KHHTH,

*) Sannia A, dOvidio E. Elementi di Geometria. — Na-
poli, 1869. '
**) de Paolis R. Elementi di Geometria, — Torino, 1887,
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YKJIOHSIIOTCSL OT €BKJIHA0BA H3JI0XKeHUS yuebHuxu Oopyezoil
2pynnosl, a UMEHHO, YKJOHSIIOTCS B TOM OTHOILEH#H, YTO
OHH CTPEMSITCS AOCTHYb 3HAYHTEJILHO 00.ee 8bICOKOLL CTe-
nenu CTPO2OCTU B NMOHUMAHHH OCHOB. ABTOpHI HX moJia-
ramor, yTo y EBKanla H B Ha3BaHHBIX BHIIIE yueGHHKaX
MHOTOUHCJIEHHbIe TI'€OMeTpHYeCKHe OCHOBHbIE IOHSATHS
onpejeseHbl HEJOCTAaTOYHO CTPOro, U XOTAT BMECTO 3TOrO
OGOHTHCH OJAHHM JIHWIb eOUHCTBEHHbIM OCHOBHOLM MNOHS-
Tuem, a HMEHHO — NOHSTHEM TO4KU, W3 KOTOPOro BCe
JApyrue HeoOXOANMble reoMeTPpHH OGpasbl JOMKHB GBHITh
MOCTPOEHBI YHCTO JIOTHYECKHM NYTEM.

B uacTHocTH, cienyeT pewuresbHO u3bezaTs NPH
OGOCHOBAHHH IeOMETPHH TaKxKe IOJb30BAaHHSI MOHSTHEM
Osugenus TBEPAOTO Tena.

KynbMHHaOHOHHBIH NYHKT TOrO Pa3BHUTHSI NPEACTaB-
JSI0T, NoXany#, pasauuHble ydeGHuKH JIIk. Bepownese,
OXBaThIBalOLHe BClo 06/acTh reoMeTpud. B naHHOM cay-
Yyae HaM He NMPHUXOAMTCH paccMaTpuBaTth ero «OCHOBaHHSA
reoMeTpUH MHOTHX H3MepeHHH W MHOI'HX BHJOB IIPSIMO-
JUHEAHBIX €JHHHI, IpeACTaBJeHHHIE B 3JeMeHTapHOIl
¢dopMe» *), Tak KaK 5TO He IIKOJbHBIH KypC, a NPOBeJeH-
Hoe B a6CTPaKTHOH (opMme Mccae0BaHHE YHCTO HAYYHOH
npoGJyembl oOLlefi MHOrOMEpPHOH H «HeapXHMeLOBOH»
reoMeTpuu. 3eCh Ke Hac HHTePecyloT ero e y4yeOHHKH
«DJileMeHTapHbIe CBEJEeHHs O HArJISIAHOH reoMeTpHH» **))
u «Hauana reomerpun» ***). IlepBas KHura sBJseTCA
UHOYKTUBHOIM 88e0eHUeM, KOTOPOe NOJIXKHO B HAIVIIAHOH
¢opme O03HAKOMHTb yyYalIUXCS HH3IUEH CTyNeHH C pas-
JHUYHBLIMH FEOMETPHUECKHMH (OpPMaMH, YTO COOTBETCTBYET
NPUMEPHO HalleMy [pPONEeJEBTHYECKOMY HayajJbHOMY
Kypcy reomerpuu. [leso B TOM, 4YTO, COIVIACHO BCEM
HTaNbsHCKUM Y4YeGHBIM IIaHaM, CUCTEeMATU4EecKoe npe-
nodasanue zeomeTpuu B cCOOCTBEHHOM CMBICJIe HayHHaeT-
csl TaM JHMIIb O4eHb nO30HO; TO3TOMY He cleflyeT AyMarh,
4TO BCe 5TH TOUHbIE YUeGHHUKH NpefHa3HaUYeHHl AJs pebsT
B BO3pacTe HAIIHX TPeTbeKsaCCHUKOB!

«Hauana» BepoHe3e coaepxKaT TeopeTuueckoe Hno-
CTPOEHUe TeOMEeTPHH, NPUYEM yCTaHaBJHBAIOTCA C yYpes-

*) Veronese G. Fondamenti di geometria a piit dimensio-
ni ed a pill unita rettilinee esposti in forma elementare. — Padova,
1891.

**) Veronese G. Nozioni elementari di geometria intui-
tiva. — Verona, 1902.
**¥) Veronese G. Elementi di geometria. — Verona, 1904,
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BBIYAHOMN TOJIHOTOM 8Ce MOCTYJAaTH, KAKHMH Gbl OYEBHA-
HBIMH OHH HaM HH INpeACTaBJsJHCh. Tak, HanpuMep, B
KauecTse MepBOro MOCTyJaTa SIBHO YCTaHABJHBAETCH I0-
JIOXKEHHE «CYIIECTBYIOT pa3AUHHble TOUKH», — TaKHM
o6pa3oM, MB He paccMaTpuBaeM, CKa)KeM, IeOMETPHIO,
B KOTOPOH CYyLIeCTBYeT TOJbKO oOAHa Touka! Bmpouewm,
NpH 3TOM Bcerga XoTs Gbl BKpPAaTIEe YMOMHHAETCHd H SM-
nupuueckKoe HaGJIONEeHHEe, KOTOPOE PYKOBOAHT B KayecTBe
SBPUCTHYECKOrO0 NPHHUHUNA NPH BBeJeHUWH akcuoM. UTo
Kacaercs JeTranel, To BepoHese mosabsyercsi npamoiu-
HelHolM OTpe3KOM KaK OCHOBHHIM TeOMeTPpHYeCKHM 006-
pa3oM, KOTOpHIi OH ompeiensieT KaK CHCTEMY TOUYEK,
yIOBJIETBOPSIOLLYIO OmNpelnesieHHbIM TpeboBaHusIM. KoH-
TPYSHTHOCTb TAaKHX OTPE3KOB BBOJAHTCS B KaueCTBe OCHOB-
HOTO MOHATHS, ¥ K HEMY BeCbMa OPHUTHHAJIbHEIM 06pa3oM
cBoxuTcs BCe mpouee, Tak, 08a TpeyzorbHuKa Ha3LIBAIOT-
Csl KOHTPYSHTHBIMH, €CJIH BC€ HX CTOPOHH NOMapHO KOHT-
PYSHTHBHI, UeM OIpeJessieTcsl TakxKe H KOHIDPYIHTHOCTb
yrJioB, TaK 4YTO 31echb 3-1 Teopema O KOHZPY3IHTHOCTU
BBOJHUTCSI paHee Bcero (B KauecTBe ompeneneHus!); aHa-
JIOTHYHO, C NMOMOLIBIO KOHIPY3HTHOCTH OTPe3KOB, CTPOHUT-
csl JlaxKe H yyeHue 0 NAPANILEAbHbIX AUHUAX: [BE NPSIMHEIE
Ha3bIBAIOTCA MapaJ/iieIbHBIMH, €CJH Yy HUX HMeercs
LHeHTP CHMMETPHH, T. €. €CJIH OHH OTCeKaloT Ha Bcex
TPSIMBIX, IPOXOASIIHUX Uepe3 HEKOTOPYIO TOUKY, NMONMapHO
paBHbie ortpe3kd. C japyrodl croponu, Beponese Toxe
CTPOro NPHAEPKHUBAETCS e6KAUC0BLLX PAMOK 8 OTHOUle-
Huu evlbopa marepuana; B YacTHOCTH, OH, KOHEUHO, H3-
GeraeT BCAKOro HCIIO/Nb30BAaHHUS apucpmemxu. C sroit
kHuroii BepoHese pOACTBEHHB NO cojepXKaHHIO «Die-
MeHTH reomerpun» ®. DHpukseca u Y. AManpau *), Ho
TOJIbKO OHHM Hapsily CO CTPOrofl CHCTeMaTHKOH B 3Hauu-
TeJILHO OoJiee BLICOKOH CTENeHH NMOAYepKHBAIOT TaKXe H
Nejaaroriueckie MOMEHTHI.

Idkona Meano. Eme nanbuie, yeM BepoHese, momunia
B TOM e alOCTpaKTHOM HampaBJeHHH TaK Ha3nlBaeMas
wroaa ITeano. ILx. Ileano, xxusmuit B TypHHe, CTpeMHUIICS
K TOMY, 4TOObl IPOBECTH YHCTO JIOTHYECKY0, CBOOOJHYIO
OT 32JIEMEHTOB MHTYHIIMH 06paboOTKy MaTeMaTHKH BO MHO-
ro pa3 CTpPOXKe, UEM 3TO HMEJO MECTO B PAaCCMOTPEHHBIX
[0 CUX MOP aKCHOMETPHYECKHX MCCJIeJOBaHHAX; AJA ITOMH

*) Enriques F, Amaldi U. Elementi di Geometn:ia.-—
Bologna, 1905.
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LEeJH OH MPUAyMaJs ocoOblil A3biK popmys (Tak Ha3blBae-
MY udeoepazpuro) *), KOTOPBI! IOJI2KEH 3aMEHHTb OGbIK+
HOBeHHHI sA3bIK. IIpu aToM IleaHo HCXOAUT U3 TOM MBICIH,
YTO HHauye HEBO3MOXKHO H30eXKaTb BMELIaTeIbCTBA HEJIOTH-
YeCKHX MOMEHTOB IO NMPUYHHE MHOTOYHC/IEHHBLIX accoulua-
L1H, HEBOJIbHO BHI3bIBA€MbIX NMPHBLIYHBIMH HaM CJIOBAMH.

DTO NPHUBOAHT B KOHLE KOHILOB K HJ€aJy, COCTOSLIEMY
B TOM, 4TOOb onepuposars ¢ cumeoramu (KoTopole camu
no cebe auienbl BCAKO20 3HAYEHUSL) NO KNPOU3BONLHOLMY
npasuiam, KOTOpble TOXe B CBOI ouepe/b caMH Mo cebe
HHUYero He JNOJIKHH O3HauaTb. IleaHo ocHOBaja 60JbIIYIO
IIKOJY, KOTOpas Tenepb B MTanuu nosb3yeTcsi HWIHPOKHM
pacmpocTpaHeHHeM H OoJblIMM BJHsiHHEM. BMecre co
CBOMMH YUeHHKAMH OH H3[laeT TaK Ha3biBaeMBlll «Dopmy-
Jisip», B KOTOPOM BCe OTJe/bl MaTeMaTHKH JOJIXKHBI GBHITh
H3JI0XKEHB! Ha si3bIKe (POPMYJ CO CTOPOHBI HX YHCTO JIOTH-
YeCKOro COAepIKaHHus,

Cnpocum cebs1, 64a20npUATCTBYET AU NPOSPECCY HAYKH
TaKoe [IOBeJleHHOe 10 KPaHHOCTH MOJUepKUBAHHE YHCTO
JIOTHYECKHX MOMEHTOB? $l BOCHOJIB3YIOCh TAKHUM CpaBHe-
HHEM: MHOTHe JIIOJM, NOJHHUMAasACh U3 AOJHHBI Ha IOPY, HC-
NbITHIBAIOT YAOBOJBCTBHE OT BAbIXaHHSI 60Jiee YHCTOTO H
pas3pexXeHHOTo BO3/lyXa; OJHAKO OTCIOJa He CJeldyeT, 4To
Bce -GoJblllee H GoJsiblliee Pas3pexKeHHe BO3Ayxa Bceraa 6y-
JleT MOBHIIIATL XOpollee caMOYyBCTBHE, CYLIECTBYET rpa-
HHIIA, 3a KOTOPOH BooGHle NpeKpalllaeTcsi BCSAKas BO3-
MOXHOCTb cyliecTBoBaHusl. [Tono6HO aToMy s moJsaraio,
4YTO TO BOOAYILIEBJIEHHE, C KAKHM JIOTHKH CTPEMSITCS H3-
rHaTh BCAKYI0O HHTYHLHIO (HACKOJBKO 3TO, BooGule, BO3-
MOXKHO, TaK Kak CHMBOJIH [leaHo KaK TakoBble TOXKe BHO-
CAT B €ro CHCTEMY elle HEKOTOPHIi OCTAaTOK HHTYHTHB-
HBIX 3J1eMeHTOB!), sIBJIsieTCS] HEeCKOJbKO HeOoGayMaHHBIM;
XOTsl HHble, GLITb MOXKET, BHayaJje H OYeHb MPHATHO cebs
YyBCTBYIOT B 3TOH 6oJjiee YHCTOH JIOTHKE, OJHAKO H 37echb
CYLLECTBYCT HEKOTODHIH ONTHMYM B pacnpe/e/eHHH AoJek
JIOTHKH W MHTYHLHH, KOTOPHIH Hesb3si Ge3 Bpena mepexo-
JIUTb B CTOPOHY VBeJHUYeHHs AOJH NepBoH!

KoHeuHo, ¢ TOYKH 3pEHUS YHCTOTO UccAedos8anus cie-
AyeT NPHUBETCTBOBATb BCAKHA HOBBIH MOAXOA H OXHAATb
OT Hero HOBBIX yCIexoB W umnyJbcoB. Ho B naHHOM cuy-
yae HEOOXOAMMO BBIHECTH Hallle 3aKJ/IOYEHHE TaKXKe H C
TOYKH 3PEHHS nedaeo2uku, TaK KaKk 3TH a6CTpaKTHHIE TeH-

*) Cm. T. 1, ¢ 2829,
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IeHLHH, MO-BHANMOMY, BO MHOTHX CJydYasiX OKasbIBaJiH
BJIMSIHHE TaKXKe M Ha LIKOoJbHOe mpenonaBaHue. Takoe 3a-
KJIOYeHHe JOJIXKHO OyleT HOCHTb 6oJjiee OTPHILATEJbHBIA
XapakTep: MOXHO, HECOMHEHHO, OXHAAThb TOTO, YTO NPH
LIKOJIbHOM NpenojlaBaHHy B TaKOM JyXe MHOTHE YUYEHHKH
COBCeM HHYeMy He HayyaTcsl, a Te HEeMHOTHe, KOTOphie BO4
oflle B COCTOSIHHH GYAYT CJAEAHTb 3a yyHTeJeM, OJydaT
OT TNpenoiaBaHHA BO BCAKOM cJyyae He TO, UTO OHH
CcMOrJi Gbl TPHMEHHUTDb B GyAylIeM.

_ Crpemaenust x pedopme. U neiicteurensro, B Utanuu
yKe, NO-BHIMMOMY, HACTYNHJAa peaKUHs MPOTHB I3THX
ype3MepHO aGCTPAaKTHHIX TeHAEHLUHH B mpenojaBaHHU
TaKxKe U B gbiculell TexHuuecKol wKoae, Tak Kak HMEHHO
B NOCHEIHUX YHCTHE JIOTHKH BO MHOTHX CJyuasx, Kak
3TO HM YIHBHTEJNbHO, HMeJH MNepeBec. Tam Temepp xKa-
JYIOTCSl Ha IJIOXYIO MaTEeMaTHYeCKYIO MOATOTOBKY Cpef«
HHX CTYIeHTOB, KOTOpble He B COCTOSTHHH CJEIHTb 3a OT-
BJIEUEHHBIMH pacCyX/IeHHIMH.

Eue paHblie MHe pacckasbiBaJu B KayecTBe MpHMepa
HeJOCTaTOYHOH COTJIACOBAHHOCTH C AeNCTBHTEJNbHBIMH IO-
TpeGHOCTAMH, YTO HA JIEKUHAX JJf HHXEHEPOB CHauyaJja
JOKa3hBaloT TeopemMy Tefyopa Ans Jo6oro yuciaa me-
PEMEHHBIX H YXe IOocJe 3TOr0 PacCMaTpHBAIOT 3Ty Ke
TeopeMy AJSl OJHOH NepeMeHHOH KaK YacCTHHIH cJiydai.

TakKe M 10 OTHOLIEHHIO K npenodasanuto 8 cpedneil
wKoAe B MocJeiHee BpeMst 0OHAPYKHBAIOTCS CTPeMACHUS
K pegpopme, KOTOpHIE COBEPILIEHHO B JyXe Hallero H ¢paH-
Ily3CKOTO IBHIKEHHSI CTAaBAT CBOEH I1leJbl0 OTKa3 OT Mpe-
HMYLIECTBEHHOrO HaNpaBJ/IeHHs BHHMaHHS B CTOPOHY a6-
CTPAaKTHOM JIOTHKH, a TaKXe OT TOYHOrO CJelO0BaHHSA
EBkauny B BhiGOpe MaTepHa/a M OXHBJIEHHE NpenojaaBa-
HHSl IyTeM BBEJIEHUS] HA2AAOHbLX MOMEHTO8, IYTeM BKJIO-
yeHUsl Ba)KHEHIIHX OOLIMX MOHATHH COBPEMEHHOH HayKH
(nonatue ¢ynkyuu) ¥, HaKOHeL, TaKXKe NyTeM YBA3IKU C
npusroxcenusmy. BoKAeM 3TOrO [ABHXKEHHS SABJSETCS
Jxuno Jlopua, kotopbiit B 1904 r. Ha 3-M MeXAyHapoa-
HOM MaTeMaTHYeCKOM KoHrpecce B [eiifenbGepre mpouu-
TaJ HOKJajJ O TNpenofaBaHHH MaTeMaTHKH B Hrtanuu u
[ocJie. TOr0 TOBOPHJ O CBOEM NPOeKTe pedopMH B OYEHb
HHTepPEeCHOM JIOKJajJe, MPOUHTAHHOM Ha CHE3Le HTalbsH-
CKOro c0103a YuHTesell cpeaHedl IIKOJAW -«MaTesucy.
VupexaeHue 3TOr0O COK3a CBHAETENbCTBYET O TOM, YTO
Tenepb yuuTeJbCKHe KPyrH Hranuu NposIBASIOT XHUBOH
HHTEepec K COBPeMEHHBIM HJEsiM, H XOT B HOBHIX yuel-
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AbiXx niaaHax 1905 r. nocnenHue CKasHBAalOTCHA efBa 3a«
MeTHHIM 06pa3oM, HO Bce e MOXHO, BEDPOTTHO, PacCuHe
THIBATb HAa TO, YTO HTAJbIHCKHE LIKOJbI IOCTENIEHHD OCBO«
GoasATcs OT y3 KpafiHero yBJieUeHHSl JIOTHKOA M noayuar
Qosee coBpemeHHOE OOpMJIEHHE TPENOAABAHHS.

Tenmepb, HakoHem, Mbl o6paTHMCA K Haulell poAMHe,

IV. NIPENOJJABAHHE B rEPMAHUH

Baustnue npenojasanus B HapoaHbix mwkoaax (Tlecra«
gouunu u Fep6apr). 3mech Mbl BKJIIOYHM B Ham 0630p
TaKXXe W BCE CTPAHH C HEMEILKHM Pa3rOBOPHEIM SI3LIKOM,
KaKOBbLIMH sIBJsIOTCH HeMelkas 1liBefinapust u ABcTpus.
Xon pa3BuTHs nmpenojaBaHus B I'epMaHHH NPHHANJEXHUT
K COBEpIIEHHO HHOMY THITY, YeM B NPOUHX CTpaHax. 34ech,
npexjie Bcero, HedocTaeT T020 edunoObpasun B XONe pas-
BUTHS, KOTOPO€ B APYTHX CTpaHaX MOJY4ajoch B pe3y/ibe
TaTe CTPOroM rocylapcTBEHHOH OpraHH3alUH JHOO BMes
maTeJabCTBa CHJAbHON JuuyHocTH. B Tepmanunm npenopa«
BaHHe B KaXX/IOM OTAeJNbHOM rOCyAapCTBe Pa3BHBaJIOCh
CaMOCTOSITEJIbHO 1O CBOAM COGCTBEHHBIM NYTHAM H, CBEpX
TOro, y OTHEJbHBIX YueOHHIX 3aBeAeHHHN, Yy OTHeJbHHX
npenojiaBaTesiell Bcerja elle OCTaBaJCs CPaBHHTEJNbHO
6GoJIBLIOH MPOCTOpP AJSI CaMOCTOATENbHON AesATeNbHOCTH.
B pesysibTaTe BO3HHKJIO MHOMCECT80 PA3HOPOOHBIX UM-
nYA6CO08 U3 CAMbLX PA3AUYHOLX UCTOYHUKOS, H OHH 10
6oJbllIell YacTH ycneBaJH OKa3aTb CBOe BO3AeHCTBHe elle
paHblle, 4eM OHH OblJIH YYTeHbl B OpHUMATbHHX YYeGHLIX
nJaHax. 31ecb 1 MOTY BBHIXBATHTb, KOHEYHO, JIHUIb HeEs
MHOTHE TOUYKH 3peHlsl, KOTOpbleé HMeJH OCOGEHHO GOMbe
uIoe 3HaueHHe AJS pa3suTus npenodasanus 8 nocrednue
decaruaserus, HauuHas npumepHo ¢ 1870 r.

Oco6GenHO BaxXHash TeHAEHLHs, KOTOpas CTaJja MposiB«
JISIThCSl, HAUHHAS C CEMUAECATHIX TOJ0B B CBA3H C BO3POC+
el B NepHOJA HAlMOHAJBbHOTO NOABbEMa TOro BpeMEHH
noTpeGHOCTBI0 IIHPOKHX CJIOeB HaceJeHHS B 06GpasoBas<
HHUH, KUMeeT CBOMM HCTOUYHHKOM (HOBLle) dsuscenus 8 oG-
sactu obyuenus 8 HAPOOHbLX wKorax. $1 uMel0 B BHAY
TOT B3IJIsiJ, COTVIACHO KOTOPOMY 8 HauaAbHOM 0bYyqeHuu
HQ nepaoM MecTe HenpemeHHO OOAXNCHO CTOATb Henocped-
CT8EHHOE co3epyanue, 4To 3TO oGydyeHHe Bceraa AOJXKHO
GLITb YBA3aHO C BHAHMBIMH, BIIOJIHE 3HAKOMBIMH YYeHHKY
BellaMH. DTH HJeH BelyT HAuaslo, Kak H3BECTHO, OT 3Ha-
menntoro msefinapua M. T. Ilecrasounn, sa koroporo
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Boo0ille HajAO CMOTpPeTb KaK Ha OCHOBaTe/s HAayajbHOTO
o6yueHHsl B COBpeMEHHOM cMbicje. Bpems ero mestesb-
HOCTU NPUXOAHTCS Kpyranim cuetoM Ha 1800 r. Hecowm-
HEHHO, IJIl KaXJAOro MaTeMaTHKa HMHTEPECHO I03HaKO-
MHTbCSl C OpPHTHHAJBHEIMH Npou3BefeHusiMu [lectadoniy,
HMEIOIIHMH OTHOLIEHHE K MaTeMaTHKe; 3T0 — «A30yka
HarJsAHbIX BPeACTABJIEHHA WM Har/sgHOEe yueHHE O CO«
OTHOLIEHHsIX Mephl» *) u «HarnsagHnoe yyeHne o yucso-
BHIX COOTHOLIEHHAX» **), 3agaua 3THX KHHUT — [0Ka3aTb,
KaK MOXXHO COBepLIEHHO HEMOATrOTOBJEHHOTO yUeHHKa J0-
BeCTH [0 MOJIHOIO OCBOEHHS MPOCTeALIHX (aKTOB INpo-
CTPAaHCTBEHHOH H uHcJ0BOH HHTynuud. HecoMHenHo, uTo
BCSKOrO, KTO 3K/[eT OT 9THX KHHT. 4ero-iu6o ocoGeHHO
yBJIeKaTeJbHOr0, NIOCTUTHET 60JblLIOE pa30yapoBaHue; OHH
NpeACTaBAAIOT cO60H, MoXKanay#, caMoe CKy4yHOe H3 BCero,
YTO TOJABKO MHe CJy4aloch KOorjaa-nu6o aepxartb B py-
Kax, Tak KakK OHH TOJbKO H3/1araloT oYeHb NOAPOGHO H
C yxacalolllefi CHCTeMaTHYHOCTBIO BCe€ BO3MOXKHbBIE TPHBH-
aJbHble cooTHowenus. ITpuBe-
Ly’ OLUH TOJIBKO IpHMep: pe-
GeHOK JOJI2KeH Y3HaTb, YTO
KBaJpaT MOXHO pPasiejHuTb
FOPH3OHT@/bHBIMH M BEPTH-
KaJbHbIMH JIMHHSIMH Ha paB-
Hbie yactu (puc. 145). C atoit Puc. 145

penbio [lecrasouuu He TOJb-

KO NpuBOAMT Tabauuy, coxepxamyro Bce 100 komGu-
Hauuid Jenennit mpu momouu 0,1,2, ..., 9 BeprHKa/be
HbIX W FOPH30OHTAJbHBIX JIHHHUH, HO, KPOME€ TOrO, OIHChi«
BaeT TaKXKe H B TEKCTe YHCJO, NOJOXKEHHe H T. A. yacreii,
HMEIOUHX BHA KBaJApaToB Ju60 NpsIMOYTOJbLHHUKOB, B
KaxJ0M OTHeJbHOM Cjyuae Bce BpeMsl [0  OJHOH U TOH
Ke cxeMe M NPHTOM CaMbIM NOAPOOHBIM, KaKOH TOJIbKO
MOXHO BooGpasutb cebe, crnoco6om. D10 cienyer, Bes
POSITHO, MOHHMAaTb B TOM cMbicye, yTo [TecTasonuu xorea
Jlae caMOMY HEHaXOAYHBOMY HAapOZHOMY YYHTENIO — a
Belb OH TOTHAa HQJXKEH ObI CYHTATbCA C COBEpLIEHHO
HEeJlOCTATOYHO MOJATOTOBJIEHHHLIM MaTepHaJoM — aaTb 60«
ratoe cofpaHHe NPHMEPOB, H3 KOTOPOro Y4HTesab MOr Gnl

: *) Pestalozzi J. H Das ABC der Anschauung oder die
Anschauungslehre das Massverhéltnisse. — Ziirich; Tiibingen, 1803,

*¥) Pestalozzi J. H. Die Anschauungslehre der Zahlenver-
haltnisse. — Ziirich; Tiibingen, 1803—1804.



356 O TNPETIOOABAHUH TEOMETPHH

JIO0YI0 4acTh MO CBOEMY YCMOTPEHHIO NOJIOXKHTb CJIOBO
B CJIOBO B OCHOBY CBOEro npernojaBaHHfl.

B monoJHeHue 51 npejJiaraio 3iecb BaM eille KHHKeUKYy
rérrunredckoro ¢uaocoda Iepbapra, chrpaBliero oco-
6eHHO AesiTeJbHYIO pOJIb B PacnpoCTPaHEHHH 3THX HIeH.
B atoit kuure («Mpues I[Tecranouun 06 asbyke HaraAsiAHbIX
npeAcraBieHuii»)*) Mpicau IlecTasounu passutel B He
CTO/Ib CXeMaTHYHOH M moToMy OoJiee HHTepecHoH ¢dopme.
B uwactnoctH, ['ep6apT cuuTaeT »xesaTe/bHHIM, 4TOOLI
pe6eHoK MO3HAKOMHJCA CO- BCEBO3MOXHBIMH (opmMaMu

TpeyroabHHKOB. IlosToMy B onHo#t

tabauue OH AaeT YIJbl TPeyroJb-

HMKa, a Takxe YrJbl, Jexaliue

CrpaBa M cJieBa OT BHICOThHI, 4Yepe3

KaxXAable naTh rpajiycos (puc. 146),

a B Apyro# tabJHlle COOTBETCTBYIO-

L IlHe LJHHBI CTOPOH C TeM, 4TOOhI

Puc. 146 3acTaBUTb pebeHKa NPOBEPHTb 3TY

tabauny fiyreM H3MepeHui. 3ame-

yaTesbHO TaKXke M Jpyroe ero npeaJsoxeHHe — 3aneyar-

JeTb B MNpeAcTaB/JieHHH pebeHKa: elle B KoJbiGeau pas-

JH4Hble (OPMbI TPEYFOJbHHUKOB, IOMelasi Nepej ero ria-

3aMH TabJuLBl C CaMBIMH Pa3JHYHBIMH (opMaMH Tpe-
yrOJIbHHKOB.

[Necrosounn u TepbapT okazain mownoe 8030el-
cT8ue Ha npenodasanue 8 HAPOOHLLX UWKOAAX, KOTOpOe
CKasbplBaeTcs elle H A0 cux nop. Bel MoxeTe o6Hapy-
KHUTb sicHble ciaeibl BausaHus uaelt Ilecrasnonun B 60Jb-
IIHHCTBEe Y4eOHHKOB FeOMETPHH AJS HAapOAHBIX IUKOJ.

B ouenp xapakrepHoii (opMe COXpaHHJIOCH N0 CHX
nop yueHue Ilecrasouuu o HarIsIAHHX NpeACTaBJEHHSX
B HaWHX OeTCKux cadax, UCTOPHS KOTOPBIX BOCXOJHT K
HeMy H cooTBeTcTBeHHO K P. Ppebenio; B HUX PeGATHIIKH
3HAKOMSTCS C NpPOCTEHIIHMH NPOCTPAHCTBEHHHIMH (op-
MaMH, urpas HajagexamuM o6pa3oM NOAOO6paHHBEIMH
npeiMeTaMHu.

AscTpuiickuii naaH dkcHepa u bonuna (1849); 3abora
0 pa3BATHM mNpocTpaHCTBeHHOH HHTyuuuu. Ho Bckope
9TH NeJaroriyeckue uieu NPOHHKIH H B CPEJHIOI LIKOJY.
B 3TOM OTHOlIEHHH 0cOOEHHO XapakTepeH yueOHH mJaH,
coctaBJieHHbIH oxoa0 1850 e. dan Ascrpuu Skcnepom u

*) Gerbart J. F. Pestalozzis Idee eines ABC der An-
schauung. — Goéttingen, 1802,
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‘Boruyem. V1 B 3TOM clyuae HaJ0 HCKAThb B NMOJHTHYECKOM
MoJioXKeHUU OOBbsSCHEHHE TOro, MOoYeMy HMEHHO 3/1eCh H
HMEHHO B 3Ty 3MOXY BO3HHKJ/IO pacCMaTpHBaeMoe ABHXKe-
Hue. B ABcTpuH NOA B/IHsHHEM MHOTOYHCJEHHHIX LIKOJI,
NpHHaJeXKaBUINX KaTOJHYEeCKHM MOHALIeCKHM OpIeHaM,
0cO6eHHO He3YHTCKOMY, B NpenofaBaHHU MaTEMaTHKH MO
CyLIeCTBY COXpaHsJicd HOTMaTHUYECKHH MeETOJ CpelHeBe-
KOBbSI, H KOTAla PEeBOJIIOIHOHHOE JBHKeHHe 1848 r. cMuLIO
BCe CTapoe, TO CpPeiH HAJHYHOTO MaTepHaJia HHYTO He
MOIJIO TMOCJYXHTb OTHPABHBEIM NYHKTOM, H MO3TOMY pe-
¢opMaTOpHl BBOJAHJH HOBOE B CaMOH YHCTOH popMe. DTUM
H o0BbsCHsIeTCS TO, YTO yuyeOHble MaaHbl DKcHepa — Bo-
HHUILlAa NepeHec/IH B CPeJHIOI LIKOJY HOBHIE HaIVIsiIHBIe
MeTOJbl, HACKOJbKO 3TO TOJbKO OLIIO BO3MOXKHO. [Ipo-
CTPAHCTBEHHOE CO3epyanie He TOJBKO KYJbTHBHpYeETCS
B KJlaccax NepBOf CTyNeHH KaK MOATOTOBHTENbHHIH KYpC,
HO cTaHOBUTCH camoyeavto. CliefyeT He TOJNBKO yIpax-
HSTb JIOTHYECKOe MBILJIEHHe Ha HarJAsJHbIX Bellax, HO
peub uier o6 ynpascrenuu camozo cosepyanus. Ha mep-
BO# cTyneHH (IepBbie YeThipe roja) JIOTHYecKasi CTOPOHa
BoOGlile COBEPUIEHHO CTYIIeBLIBAETCS, €TH yIpaKHAIOTCS
TOJIbKO 8 HA2AAOHOM O0C80eHUU (ueyp, NOCTOAHHO CONPO-
sosic0aemom vepieruem. Ha BTOpOH cTymeHH, Ha KOTOPOH
npuobpereHHHl TaKMM 06pa3oM MaTepHaJl MojBepraercs
JlorHuecKofi nepepaboTKe, YyepyeHHE COXpaHseTCs B 3Ha-
yuTeJbHOM oObeMe. MHorue M3 Bac HMeJsH, BepOSITHO,
cJyyall 3aMeTHTb, KaK yMeJO 4epTAT aBCTPHHACKHE MarTe-
MaTHKH, — OJIMH U3 Pe3yJbTAaTOB 3TOH XapaKTePHOH CTPYK-
TYpH yu4eGHBIX MJIAHOB.

MepeHoc atux crpemienuit B CeepHyro IepmaHuio;
yueOuukn Xoabumioanepa. DTH Ke caMble TeHIEHIHH
CTa/Ju NPOHHKATb B HayaJie CEMUIECATHIX FOJOB TaKXe H
8 ITpyccuio n BooGuie 6 Cesepryro I'epmanuro.

3nech cilefyeT OTMETHTb M TOT MOMEHT MepCOHAJIb-
HOro xapakTtepa, 4To BoHuIl 3aHA TOra B NPYCCKOM MH-
HHCTEPCTBE HAPOAHOro NpPOCBELIeHHS PYKOBOASILIUH MOCT.
IlpuHuunsl sTofi pedhopMul OblNH cHOPMYIHPOBAHB MJIs
[Tpyccun B yuebroix naanax 1882 e. C BHeuHe#l CTOPOHBI
HX XapaKTepH3yeT BBelicHHe 2e0MeTPU4ecK020 OATOTOBH-
TEJNBHOI'O Kypca, TaK Ha3blBaeMOH eeomerpuueckoli npo-
nedesTuKu 60 BTOPOM KAGCCe eUMHA3UL; HA STHX YPOKax
YYEHHK HOJIKE€H OCBOHTbCA B HarJISAHOH (GopMe C TeMH
BeillaMH, KOTOpPHie 1032Ke COCTaBAT COAepKaHUE HAaYUHOH!
CHUCTEMH reOMeTpHH.
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Yue6HHKOM, B KOTOPOM TeHAeHOHH pedopmer 1882 .
Hall/IM, NOXaJayH, HauboJjiee BHIIYKJIOE BEpaKeHHe, siB<
Jasietcss «MeToaruecKui Kypc aJeMeHTapHOH MaTeMaTHKHY
Xosbumionnepa *). 3aech XapakTepHO yKe CaMO Ha3Bas
HHEe: «METOJHYECCKHHA» MBICJHHTCH KaK POTHBOROJOKHOCTD
«CHCTEMATHYECKOMY»; KypC AQJKeH JaTh He OKOCTeHeJyio
aucuunauHy B Ayxe EBkauna, a ecrecrsenusiili x00 -00y-
YeHus, NPH KOTOPOM YUHTHIBAIOTCS BCe NaHHBIE MperNo«
JlaBaTeNIbCKOr'0 OMbITa, YToOL! Hanbosee NefiCTBEeHHBIM 06+
pasoM nomoub ydauiemycs. Jlanee, ajech nepes HaMH ‘He
yueGHHK OJHOH ‘TOJIBKO TeOMETPHH MJIH TOJBKO apHpMes
THKH K&K TakOBOH, HO H3JI0MeHa BCS 3JeMeHTapHas Ma-
TeMaTHKa C TIePEMEHHBIM uepeJoBaHHeM ‘ee -OTAeJbHbIX
yacTefl B TOM BHJE, B KOTOPOM HX JeACTBUTEJbHO MOXKHO
APOXOAMTh, TPHYEM SICHO BBICTYNAIOT TaKXe H HX B3aHM+
Hoe otHowenus. C Lpyro#i CTOPOHH!, H3/IOXKEHHE reOMEeT<
pHUECKHUX OTHEeJIOB BCEra HAYHHAETCH C YepueHus u no-
crpoeruti. OcobeHHOe 3HayeHHe TNpUAaeTcs BHPaGOTKe
[IPOCTPAHCTBEHHHX TNPECTaBJIEHHH, CTEePEOMETPUHECKOMY
yepyernuro. Kaxauh pas Tpebyercss He TOJLKO y6eAUThCH
B BO3MOXHOCTH MOCTPOEHHS, HO U AEHCTBUTEJIbHO B6LN0A-
HUTb €ro 8 HUCTOM u nosnom eude. Ilpn aToM reomerpu«
yecKHe TeOpEMH YaCTO MOJYYaloTcsl Kak OB MHMOXOLOM;
TaK, HalpHMep, TEOPEeMbl O PaBEHCTBE TPEYTOJbHHKOB MO-
Jy4yaloTCs M3 TOro HaO6MaI0JeHHS, YTO INOCTPOEHHe Tpe-
yroJbHHKA IO TPeM JAHHBIM €r0o 3JeMEHTaM NOoJyYaeTcs
OJIHO3HAYHBEIM 00pa3oM. 51 ROJIKeH, fajee, OTMETUTh, YTO
B COOTBETCTBHH ¢ YKa3aHHOH TeHIeHHHeH B KypC BIlJe~
TEHHl TaK¥Xe OTYACTH OCHOBHbLLE NOAOKHCEHUA NPOEKTUBHOLL
ceomerpuu. Koneuwo, 1 ‘He MOTy yMOJ4aTb O TOM, 4TO Yy
XoapluMIOJIepa JOTHYECKHE MOMEHTH B Pa3/IMUHBIX Mex
CTaX OKa3blBalOTCH, MOXKAaJYH, CJAHIIKOM ype3aHHbIMH, HO
Belb 3TO CTapasi HCTHHA, 9TO HEBO3MOXHO OJHOBPEMEHHO
NOJIYUHTb yAOBJETBOPHTENbHREE DPEe3yJbTaTH BO BCeX Ha«
npaBjenusix. EcIH noaiyepkHBaTh NPEeHMYLIECTBEHHO JIO=
[HKY, TO CTpajaeT HaIJSAHOCTb, H HA060POT.

[Tos0KuTENbHEIE PE3YJbTATH ‘ONHCAHHHX 34eCh CTPEM-~
JeHUil Temepb NepeMLTH, MOXaJyH, BCIOAY B NOCTaHOBKY
npenojaBanusd, HO pasyMeercs, CTajJH TOCTENEHHO MpHs
COeIMHATLCS ONSATb-TAKH HOBhie MMNyJbchl. Ciona OTHO«
cUTCAl Tpexje Bcero, Kak M -BO BCeX JLPYIMHX CTpaHax,

*) Holzmiiller. Metodisches Lehrbuch der Elementarmathe-
matik. — Leipzig: Teubner, 1894—1895.
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Cu/IbHOe JBHXE€HMe, HauaBlleecs B [epmManuy okoJo
1890.r. u crpemsimeecss K Gbjee CHIBHOMY MOAYEpPKHBa-
HHUIO NPUAOXHCEHUL MATemMaTUKU 80 8cex 06aAcCTAX ecTe-
CTB03HAHUA, 8 OCOBGEHHOCTU e 8 TEXHUKe, 4 TAK¥Ke ee
3HaueHus OAR 8CEX CTOPOH 4eA08e4ecKoll JCUsHu. ITo
JIBHXKeHHe BHOCHT IO CPaBHEHHIO C TeHIeHLued, npecie-
Iymollel HarJsaiHOCTb, HEUTO CYLIECTBEHHO HOBOE,
A nMeHHO, €C/IH ITOCJIeTHIOI MOXKHO ellle YBSI3aTh C YHUCTO
¢opMaNbHEIMH LEJNAMH, TO 3/eCb peyb HJeT O AEHCTBH-
TEJbHO MJIOJOTBODHOM IIPUMEHEHUH MaTeMaTHYECKOro
MBIIIIEHHS K Pa3JHYHBIM ApYTHM ob6sactsiM. B 6auszkom
OTHOIIEHHH K 3THM CTpPEMJIEHHSM HaxoasTcs Te pedop-
MAaTOPCKHE TeHAEHIMH, KOTOPHX MH TaK YacTO KacaJHCb
B NIEDBOM TOME 3TOr0 COUHMHEHHS, M KOTOphlE NO3TOMY
MHe JOCTaTOYHO 3JeCb INpPOCTO NEpPEUHC]HTb: 88edeHue
NOHATUR @YHKYUU, epaduueckux merodo8 U HAYATKOS
ucqucarenus 6GEeCKOHeYHO MaAbIX; BCe 3TO JAAeT MHOro
HOBBIX HMIYJbCOB TaKXe H JJA TNpenofaBaHHA Treo-
MeTpHHU.

‘BausiHue sKCmepuMeHTaJibHOi mcuxosorud. Ho 3ato
HECKOJIbKO MNojpoGHee S OCTaHOBJIOCH Ha HEKOTOPHX
Hoseduux Tendenyuax, udywux ewe oanvuie, KOTOPLIMH
MaTeMaTHKaM cJjelyeT 3aHfAThCH O6oJiee BHHUMATENbHO,
YyeM OHH 3TO AeJaJH A0 CHX NOp. '

a) B nepBylo ouepenb s1 HMEIO B BHLY HEKOTOpbsle pes
8YALTATLL COBPEMEHHBIX NCUXON02UHECKUX UCCAe008AHUL,
B YaCTHOCTH, Pe3yJbTaThl SKCHEpHMEHTAJbHOH MCHXOJO-
MM, a TaKXe COBpeMEHHOH rurueHsl. Yxe Iepbapr
NbiTaJICSd NP NMOCTPOEHHH MEdaroriukH OolepersCcs Ha MCH-
XOJIOTHIO, HO BHITIOJIHEHHE 3TOH 3aJayH MOAYYHJO COBEp-
IIeHHO MHYIO OCHOBY C TeX IOp, KaK MCHXO0JIOTHs BhIpabo-
Taja ANs ceGs TOYHbIE 3KCHEpHMEHTAlTbHBIE METOLH.
Tlogymaiite, RanmpuMep, 0 TOM, HACKOJIbKO BaXHO MJd
NeJaroruikd HCCJAeloBaHHE nNaMATU, KaK BaXHO, Ha-
npuMep, I/ Hee 3HaTb, KakKuM oOpa3oM (aKTh cXBa-
THIBAIOTCS NMaMSIThIO H COXPaHSIOTCA B HeH, B KaKoil Mepe
STO 3aBHCHT OT OGCTAaHOBKH MJIH OT JINYHOTO HACTPOEHHS
HeauBuaa. M peficTBuTesNbHO, Temepb MCHXOJOTH BO
MHOTHX MecTaX, B TOM uYucie H 3aech, B I'érruHreHe,
MHOI'0 3aHMMaIOTCsl 3THMH BompocaMHu. CTosb Ke BaxkKHO
g NelarorukH HCCaefOBaHHE YTOMAEHUS, HANpHMep,
BONPOC O TOM, HMeEeTCsl JH 33aBHCHMOCTb MeXAy (H3H-
9eCKHM H YMCTBEHHHM YyTOMJIeHHeM. B npexcHee BpeMsi
moJiaranig, 4TO HpejAlliecTBylollee (U3HYECKOE HampsiKe-
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HHEe JejaeT JioAeldl 0COOEHHO CNOCOOHBIMH K YMCTBEHHOM
paboTe, Temepb e NPHIWIH HAa OCHOBAHHH CJHe/JaHHBIX
HabJIIoAE€HUH K NPOTHBONOJIOXKHOMY B3IJALY.

Oco6eHHo BaXXHOH B 3TOH 006/1aCTH, ¥ IPHTOM KakK pa3
H 10 OTHOLIEHHIO K MaTeMaTHKe, sBJseTca npobJieMma
pasauuuli 8 undusudyarbHol odapenHocTu. Bulio BpeMs,
KOrja rocnoicTBOBaJO TBepJoe yO6exJleHHE B TOM, 4TO
TOJBKO OYeHb HEMHOrue YYeHUKH 00/71a4aloT «MmareMa-
THYECKHMH CINOCOOHOCTAMHY®, XKeJjasi 3THM CKa3aTb, 4YTO
TOJIbKO OHH B COCTOSIHHM BOOOIlle XOTs Obl 4TO-HHOYIb
IOHATb H3 MaTEeMaTUKH, TOr4a KaK BCe OCTajbHble HaxKe
npu caMoMm 60/IbIIOM HanpsiXKeHHH He CMOIVIH Gbl HHYEMY
HayuyuTbcsi. OGbsCHEHHe TOro, 4T0 NOAOGHEIA B3IISA
MOT MOJY4YHTb CTOJb BceobOllee pacnpocTpaHeHHe, MOXHO
UCKaThb HCKJIOUHTENbHO B HeJOCTaTKax TOCNOACTBOBAB-
1ero Toria Meroia npenosaBaHHsa. Korpa ke Bmocnen-
CTBHH B CBSI3M C yueOHBIMH MaHaMu DKcHepa — Bonu-
1a CTajHu NnpHAaBaTh Gosblliee 3HaYeHHe MeNaroruyecko-
My HCKYCCTBY, TO NPHIUJIH BCKOpPe K NMPOTHBONOJIOXKHOMY.
MHEHHIO, COTJIaCHO KOTOPOMY BCSIKHH yYeHHK HPH HaJH-
YUK JO6GpPOH BOJH M NPH HEKOTOPOM HampsKeHHH TaKXKe
H CO CTOPOHB YUHTeNsi B COCTOSIHHH HAayYHTbCA YeMY-
HHOYIb [deNbHOMY MO MaTeMaTHKe. $§I Hamechb, 4TO
SKCNepHMEHTaJbHO-NICHX0JIOTHYECKHe HCCIeloBaHUsl A0~
CTaBsSIT AaHHBIE JJI pelieHHs BONpPOCa O TOM, Kak C 3THM
06CTOUT Aeso ‘B JeficTBHTeJbHOCTH. HecoMHeHHO, uTo
Jaxe cpeiad, Booblule roBops, CIOCOOHBIX JIOJ4ed BCTpe-
4alOTCSl COBEpLIEHHO «aMaTeMaTHYeCKHe» WHAMUBHIbI, KO-
TOpPbLIM MaTeMaTHyeckoe MEIlJIeHHe a6COJIOTHO 4YyKJO.
B ToM, 4TO cpeln Haxe 0COOGEHHO AapOBHTHIX B XyJOXKe-
CTBEHHOM OTHOLUEHHH HATyp NONajaioTCs TaKHe aMaTe-
MaTHKH, yOelHJ MeHs1 HelaBHO OYeHb HHTEPECHBIH pas-
roBOp CO 3HaMEHHTbIM OepJIHHCKHM apxuTekTopom Mec-
cejeM, KOTOpHIH BCeM BaM H3BeCTEH, MEXAY I[pOYUM,
CTOJIb XK€ Leecoo6pasHbiM, CKOJMb LEHHHM B XYHOXKe-
CTBEHHOM OTHOLUEHHH 3JaHueM YHHuBepMara Beprxaiima.
Korzna oH ycanixasn, 4To si MaTeMaTHK, TO CTaJ FOBOPHTb
caMblM pe3KHM o6pa3oM O BceM ToM Oecnosie3HoMm
XJaMe, KOTOPHIM TaK MHOI'O MY4YaloT B LIKOJE€ U KOTOPBIH
BO BCSAKOM cC/iydae [Jisi HEro JHYHO BCerja OCTaBaJCs
He HMeIONIMM HHKaKOH moJjb3nl. BHTh MoXeT, GbJIO OH
yMHeee NpefOCTaBHTb NOAOGHBIM HaTypaM NPOHTH Kypc
IIKOJK 6e3 BCAKOH MaTeMaTHKH, YeM HampacHo GHTbCS
HajA TeM, 4ToObl COOOMIHTD MM XOTH Obl KaKHe-HHOY[Ib
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MaTemaTHueckue 3HaHHsA. [Ipy sTom Gosbiueil uacTbio
JOGHBAIOTCA TOJBKO TOro, YTO BO30YXHAKOT B HHUX CHJIb-
Helillee OTBpallleHHe K 3THM BellaM, KOTOPHIX OHH He
B COCTOSIHHH INOHATb, H TeM CO3JAIOT MJIS MaTeMaTHKH
BJIMSITE/IbHBIX BPAroB. PasyMmeeTcs, 3T0O OTHOCHTCS TOJIBKO
K OYeHb HEMHOTHM HaTypaM, KOTOpble NPH NPEeKPacCHHX
3aJaTKax B NPOYHX OTHOLIECHHAX JIHLIEHBl OXHOCTOPOHHUM
o6pa3oM MaTeMaTHYECKHX CIOCOGHOCTeH, H 3TO OTHIOIb
He JOJIXKHO ObIThb UCNOJb30BAaHO KaK apryMeHT B 3aLIHTY,
JIEHOCTH M NPa3JHOCTH HJIH TOH CTapoil TeOpHH O «BCeO6-
nieit HeCmoCOGHOCTH K MaTeMaTHKey, .

JlanbHefiline BaXKHble 3d1a4yH, KOTOPble MaTeMaTHKa
CTaBUT INepel ICHXOJOTHeH, OTHOCATCS K HMEIOLHMCs
604ee TOHKUM PA3AUMUAM 8 XAPAKTepe MATeMATULECKO20
daposanus, KOTOpbie  NPOABJSIOTCS Y NPOAYKTHBHO Hayd-
HO paboTaloIIHX MaTeMaTHKOB, HO HMEIOT HECOMHEHHO
6oJblIOe 3HaYeHHE W MU Nefarorukd. Beap Kaxablit
IleHb NmpHXoauTcsi HabjaioAaTb, YTO OAHH MaTreMaTHK Go-
Jiee pacrnosioxxkeH K a6CTpaKTHO-apH(MeTHYeCKHM HccJe-
JOBaHHfAM, a ApPYyro# mpeamoyHTaeT ONEpPHPOBATHL C reo-
MeTpHYeCKH-HaIVIAAHHMH o6pasaMH. YiKe NpOBeLEHO, B
4acTHOCTH, ICHXOJIOrHYecKoe o0c/eN0BaHHe TAKHX JIofei,
Bhipa6oTaBiiuX B ceGe BHIAAIOLIHECS CIOCOGHOCTH B Of-
HoH KaKof-Hu6Ydb Y3KO OrpaHHYeHHOM o6JacTH, KakK 3Ha-
MERUTbLE BLILUCAUTEAU UIH WAXMATHOLE U2POKU, H B 3THX
cayyasix Toxe OGHADYKHJAH OrpoMHbIe pas3jIHuHA: Tak,
Tenepb H3BECTHO, YTO Te GOJIbIIME YHCJIA, € KOTOPBIMH
BLIYHCJHTENH [POU3BOAAT AEHCTBHSA, OMHH H3 HHX Kak Obl
BHAAT Nepel CO60A 3anHCaHHBHIMH C NOMOILbIO UHGD (3pu-
TeAbHOe TpPEAPacNosIOKeHHe), Toraa Kak aApyrhHe paGo-
TaloT ayouTusHo (Ha cayX), CBA3BIBas CBOH acCOLUHALHH
cO 3BYKaMH CJIOB, BhIpaxalomux uucnaa. PekomeHayio
BaM B 3TOM OTHOILEHHH HHTepecHYI0 KHury Bune «[lcuxo-
JIOTHSl 3HAMEHHUTHIX BHIYHC/HTe/NeH H HIPOKOB B IIaxMa-
ThI» *). /

OTHOILIEHHE K COBPEMEHHOMY XYNO0XeCTBEHHOMY BOC-
NUTaHHUIO.

b) Bropas TeHAeHLHs, YaCTO MPOABJSAIOLIAACT B MO-
cJefHee BpeMs, O KOTOPOH 51 XO4y elle 3[eCb YOMSIHYTb,
CONMpHKacaeTcsi C T€M, YTO st TOBOPHJI O MaTeMaTHYeCKOMH
[IPEAPaCcnoNOKEHHOCTH JIHIL C BBIJAIOLIHMHCA XyHOXKe-
CTBEHHBHIMH NapOBaHHAMH; 51 HMel0 B BHAY COBpPEMEHHO®

*) Binet. Psychologie des grands calculateurs et joueurs
d’echecs, — Paris, 1894.
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TaK HasblBaeMoe XxyJoxeCT8eHHOe 80CNUTAHUue W HOBO-
BBeJleHHSI B COBPEMEHHOM #penodasarutt pucosaxus,
31ech Leab 3aKAOYAETCS B TOM, YTOOH KaK MOXKHO CKO-
pee JOBeCTH YYEHHKa [0 XKHMBOTO UHTYUTUBHO20 MpE-
CTaB/eHHs BelleHd B 1e0M, B OOJBIIOM, a He HaYHHATb
¢ u3ayueHus ux pgetajed. OcoGeHHO HHTEPECHHIM Ipej-
CTaBJsieTC .9TO CTPEMJIEHHE, MNpOsABJsSIONIeecs TaKkKe
CXOJHBIM 00pa3oM Yy HEKOTOPHX BbINAIOLIHUXCS HHIXKEHe-
pOB, B pPa3BHTHH NpenojaBaHHA pHCOBaHUS. B mpexnee
BpeMsi IVIaBHOe 3HaUeHHe BO MHOTHX CJly4YasiX NPHAaBaJH
TOMY, YTOOBl KaXKAblHl yUeHHK Hay4yHJCS B TOYHOCTH BOC-
NpPOU3BOJNTb ONpeeJeHHEe KOHTYpH IO JaHHHM 006-
pasuaM — NnpHeM, KOTOPbIH CJIHLIKOM 4YacTO HMeJ CBOHM
pesyabTaToM cJ1abblii HHTepec H ciabble ycnexu. 1 Bcmo-
MHHal0O, KaK B MoOe LIKOJIbHOe BpeMsi s JOJKeH Obli
CHOBA M CHOBa KONHPOBaTb BCe BpeMs OIHY H Ty Ke
apabecKky, NOTOMY YTO OHa HHKaK He y1aBajach MHe,
4YTO HHUCKOJIbKO, pa3ymeeTcsi, He COJeHCTBOBA/NIO pPa3BHTUIO
y MeHsi COCOGHOCTH pHCOBaTb. Tenepb ke, B NPOTHBO-
HOJIOXKHOCTh 3TOMY, peGeHKy [aloT B PYKH C CaMoro Ha-
yajla KHCTb H KPAacKH M MpPeACTaBJAIOT €My CPHCOBHIBATb
(xpackaMu) mo COOCTBEHHOMY €ro BI€YaTJeHHIO Ipoc-
Thle, [OBCEJHEBHLIE NPeAMETH B TOM BHAe, KaK OH HX
BHJHT HeNocpeACTBeHHO mepea coboio, JAH60 MO BOCHO-
muHaHuio. [Ipn sToM OTHIOAL He INpecienyeTcs 3azaya
TOYHOTO BOCIIPOHM3BENEHHs JeTajnel; OHH MOryT OuiThb
KpaliHe HETOUHHl, €CJIH TOJBKO CXBaueHo obuiee Bmeyar-
genue. Tenepb MOXKHO BHIETb BCIOAY HAa IIKOJBHBIX
BHICTAaBKaX, KaKHe NOPa3HTEJbHO XOpOIIHE pPe3yJbTaThl
JIOCTHTalOTCSl STHM METOJAOM fAaxKe H Yy jered 6e3 BCAKOro
crenuduyeckd Xyn0KeCTBEHHOro 1apoBaHHs.

KoHeuHo, 310 HanpasJ/ieHHe npedcrasaner co6oii noa-
HYIO NPOTUBONOANOICHOCTG MATEMATUHECKOMY HepUeHUro,
TIOCKOJIbKY TNoOCJIefiHee NOJXKHO CTaBUTh Ha NEPBOE MECTO
TOYHOe, Haxe KOJHYeCTBEHHO NpaBHJbHOe (UKCHpOBa-
HHe BceX jnerasieil. EcrecTBeHHO, YTO 3TH JBe TEHIEHLUH
JIErKO MOTYT 3aTesATb CaMyl0 OXeCTOYeHHYI0 6opbOy
Mexay co6o#, ecan oaHa JAHO0 Jpyras NpHMeHSeTCst
CIHIIKOM OJHOCTOpPOHHe. Tak, Hampumep, ObIBaeT, 4ToO
B HauepTaTeJbHOH reoMeTPHH C GOJNBLIHM TPYAOM CTPOSAT
OYeHb MHOr0 OTAeJbHbIX TOYeK KpPHBOH, HO TaK Kak
33 HeNOCTaTKOM HeOOXOAMMBIX H306pa3uTe/bHBIX Ha-
BHIKOB 3TH TOYKH [OJYy4YaioTcs, OBITb MOXKET, OYeHb
HETOYHO, a YepTALIHA He HMEeT NPaBHJIBHOrO NpPEACTaB-
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JIEHHst O TOM, KaK JOJI)KHa BHIIVIJeTb KPHBasi, TO OH
NPOBOAUT Yepe3 3TH TOYKH BMeCTO NPABHIbHOH KpUBOH
f42B006pasUMble KapaKyJH, KOTOpble BO BCSKOM cJjyyae
He [a10T HUKAaKOro NpeACTaBJieHHs O NojJexallux H3006-
PaxXeHHIO NeHCTBUTEJbHBIX NPOCTPAHCTBEHHHX OObEKTAaX.
TouHO TaK Ke M XYHAOXECTBEHHOE DHCOBaHHe MOXKeET
nepeiTH B KapHKaTypy; JAeTaJd MOJyyYalTcs OO0 TOTO
pacnibiBYaThie, YTO €CJIH Ha HEKOTOPDOM DAaCCTOSIHHH H
MOXKHO HalesaATbCA 4YTO-HHOYAb y3HaTb, TO YX BOJH3H
BHIHA TOJBKO OJHAa HeompeaeneHHas MasHa. Ho a mo-
Jaralo, 4TO NpH pa3yMHOM DYKOBOACTBe 06a HampaBie-
HHUSl 8noarHe Morau OH €O2Aaco8aTbcs U B3aHMHO JOMOJ-
HSTb OAHO Jpyroe, H 5T0 6bIJIO OBl KpalHe XKejaTelbHO
B HHTepecax jgena. M mna camoii MaTeMaTHKH GHlJIO Onl
BecbMa Helleqecoo6pa3HO 3aHATb 3/eCh MPHHUHIHAJBHO
Bpaxae6Hyi0 NO3HIHIO MO OTHOLIEHHIO K HOBOMY, GHICTPO
pasBHBalOLIEMYCs IBHXKEHHIO.

illonedrayspoea KpuTHKAa MaTeMaTHKH; 3aMeuaH#usl O
JoKa3aTeabcTBax nudaroposoi Tteopemnl. B cBsi3u co
BCEM 3THM A Xoreql OHl eule YNOMSHYTb O YacTO LHTH-
pyemofi, upe3BpYaiiHO pe3Koll KPHTHKe 3HaMeHHTOro ¢u-
socoda IlloneHrayspa, HampaBJieHHOH NPOTHB MaTeMma-
THKH, TaK KaK 5Ta KPHTHKa HeoOhuaiiHO XapakTepHa AJs
BpaxKAeOHOCTH IO OTHOIIEHHIO K Hallled HayKe CO CTO-
pPOHH HaTyp, OoJjiee NpeApacnoAOKEHHBIX K HCKYCCTBY.
IlloneHraysp cunTaer Lenb OTHAENbHHIX JOIHYECKHX BbI-
BOJOB, KOTODPYIO JOJIXKHO COJepXaTb CTPOroe Marema-
THYECKOe N0Ka3aTeJbCTBO, HENOCTAaTOMHOH H HEBLIHOCH-
Moi#i. OH xXouer cpasy, Tak CKasaTb, ¢ 00HOeO B3rJsja,
UHTYUTUBHO yOexaaTbCs B HCTHHHOCTH TEOPEMDLI; 3TO
OPUBEJIO €ro K TEOPHH, COIVIaCHO KOTOpOH Hapsiy ¢ Jo-
FHYECKHUMH JNeNYyKHHUsSIMH, HCXOASLIMMH H3 ONpe/eseHHBIX
NPEeANOCHIJIOK, CYIIECTBYeT SIKOOH elle Opyzoi MeTon
MaTeMaTHYeCKUX J0Ka3aTeJbCTB, KOTOPHI BHIBOAHT Ma-
TeMaTHYeCKyl0 HCTHHY HENOCPEICTBEHHO H3 WHTYHUHH,
C 3Toll TOYKH 3peHHsI OH B CBO€M IJIaBHOM IIPOH3BEAECHHH
«MHup Kak BOJIA M NpeACTaBJeHHe», KaK U B JPYrux co-
YHHEHHSAX, CAMBIM CTPaCTHRIM 06pa3oM INPHHUHNHAIbHO
ocyxKJaeT BCIO eBKJIHAOBY CHCTEMY; B OCOOEHHOCTH, egK-
Audoso 00KA3aTEeALCTBO NUazoposoll Teopemsl CIYIKHUT
npeameroM ero Hanajgok. OH HasbIBaeT 3TO JAOKa3aTelb-
CTBO «MbILIEJIOBOYHBIM»: OHO, NOXKaJyH, AEHCTBUTENbHO
B KOHIle KOHIOB 3aCTaBJIsieT COIVIaCHTbCS CO CIpaBef-
JUBOCTbIO YTBEPXKIEHHA TeM, 4YTO KOBAapHO 3anupaer



364 O TMPEMOJAABAHHMN TEOMETPHUU

NooYepeHO BCe, KAKHE TOJbKO MOTYT ObITb, BHIXOABI, HO
HUKOrJa He NPUBOJHT K BHYTPEHHEMY NO3HAHUIO HCTH-
Hel. Hu omuH MateMaTHK He MoxeT corsacuthes ¢ Hlo-
MEHrayspoM B 3THX ero paccyXaeHHsX, HOO Kakywo Obl
OTPOMHYIO POJIb HH NPHIHCHIBAJIM MBl B MaTeMaTHKe HH-
TYMUHH KakK 3BPHCTHYECKOMY IDHHIUNY, COAEHCTBYOLIE-
My @nporpeccy HayKH, HO B KOHLEe KOHIOB B KayecTBe
nocjaeaHe#l eJHHCTBEHHO pellaiouiefi HHCTAHIHH IOJKHO
OyleT BHCTYNHTb JIOTHYECKOE [0Ka3aTeNbCTBO, KOTOpOe
HCXOJIHUT H3 CAEJaHHBIX NMPeAnoJIOKEeHHH.

YKaxy B CBSI3H C 3THM Ha OYeHb HHTEPECHO HaMUCaH-
HYI0 aKaJeMHYeCKyI0 TOPXKeCTBEHHYIO peub «O IeHHOCTH
H MHHMOH HempurojgHoctH MarteMmaTtuku» A. IIpuHrcxaii-
Ma *), B KOTOpOH KaK pa3 moJpo6HO paccMaTpHBAKOTCH
Hanaaku lomenrayspa.

Koneuno, ecnn 6b lllonenraysp Hamajgana ToJbKo Ha
pa3apobJ/ieHHYIo, JIMIIEHHYIO NJaBHOCTH (OpMYy H3JI0XKe-
Hua y EBxaupa, ecau 6bl OH Xesan GoJiee HarJassgHoOMH
pa3paboTKH HAeHd KaxXI0ro AoKasaTeabcTBa H Boobuie

Hapady ¢ JoruKo# Gosee moJ-

HOro MPH3HAHHUA POJIH HHTYH-

IHH, TO C HUM MOXHO G6HlIO

I \ 6bl BHoJiHe corjacutbes. Ho

\ ‘ H B TaKOM Cjlyyae e8KAud080
X\\\ y I doxasareabcTso Teopemeol [Mu-
\\1 N ¢pazopa oKasajgochb O6b He
‘ ‘ = O4YeHb MNOAXOASILHM O0Obek-
I TOM JJIs €ro Hamajok; IeJo
B TOM, YTO HMEHHO 3TO JOKa-
| 3aTeJbCTBO §. CUUTAIO MO Ca-
MOH ero ujaee, ecjH OTBJEUb-
Cf OT BHEUIHHX KayecTB €B-

KJIHJ0BOH MaHepHl, 0CO6eHHO

I Hae2aa0HbIM, KaK $ICHO BH-

Puc. 147 HO M3 TaKOro ero H3Joxe-
HHUSA

UYepTuM Hu3BecTHY0 durypy (puc. 147) npsmoyrob-
HOro TpeyrosbHHKa ¢ KBaapaTtamu I, Il Ha KaTerax u C
kBaapaTom [/l Ha rumoTeHy3e; ONYyCKaeM Ha FUIOTEHY3Y
BbICOTY TPEYroJbHHKa, MNPOJOJKEHHE KOTOpOH MHeJaHuT

*) Pringsheim A UOber Wert und angeblichen Unwert der
.Mathematik//Jber. deutsch. Math.-Ver.—1904. — Bd. 13. —S. 357.
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kBaapat /Il Ha nBa npsmoyronbHuka I’ u UI1”, Tak urto
Hr=r-+1ir. (1)

Tenepp mokaxkeM, 4YTo npsMoyroibHHK I’ paBen !®')
kBajpaty I. lna aToro nmpoBoauM oGe BCIIOMOraTe/bHBIE
NYHKTHPHEIE NpSIMEE H paccMaTpHBaeM HAaHCKOCh 3a-
IITPUXOBAHHLIA TPEyroJbHHK A H BepPTHKAJbHO 3alITpH-
XOBaHHBIA TpeyrosbHHK A’. IlepBHit M3 HHX HMeeT, Oue-
BHIHO, ¢ KBajapaTtoM I obumiee OCHOBaHHE H BLICOTY - H
[03TOMY, KaK H3BECTHO, PaBeH ero INoJOBHHe: ‘

1
A=51.

TouyHO TaK Ke BePTHKAJbHO 3alUTPHXOBAHHBIH TPEyrob-
HUK A’ paBeH NOJIOBMHE NPSAMOYroJibHHKa I”:
1
r__ Ly
A= r.

Hakonel, ycMaTpuBaeM, 4TO 06a TPeyroJbHHKa KOH-
FPY2HTHBHl H, CJI€fOBaTe/]bHO, PaBHBH IO MJIOLIAJH:

\ A =_A,,
a MoToMYy IJeHCTBHTEJNBHO
I=r.
Takum )e 06pa3oM MOXKHO J0Ka3aTb, YTO
H=1ir,

oTKyna B cBsidu C¢ (1) melictBHTeNbHO BEITEKaeT nuda-
ropoBa TeopeMma

HI=1+1l.

Takum o6pasoM, 34ech NOKa3aTeNbCTBO MNPOBENEHO
COBepLIEHHO KOPOTKO H, Ka3a/aoch Obl, BIIOJIHE SICHBIM AJS
BCSIKOrO 4eJioBeka cnocob6oM. ITpH 3TOM HHTYyHUMsT H
JIOTHKa NepemJeTaloTcss TakKHM o0pa3oM —H B 3TOM £
BHXKY HJeall, — YTO KaxOblli A02u4eCKull wae ToT4ac se
npueoouTca Taksce Kk HazaA0roU owesudHocTu. Bernomo-
raTeJbHYIO TeOpeMy

A=-1,

o] =

l(OTOpOﬁ Mbl 3J4€Cb MNOJE3YEMCA, TOXKE€ MOXHO, KaK H3-«
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BECTHO, CjeJaTb BIOJIHE HAaIVISAAHO SICHOH# NPH MOMOLIH
puc. 148, Ha KoTopoM A mosyyaeTcsi H3 IOJOBUHH KBaj-
para I nyteM cIBHra OTHEJbHBIX FOPH3OHTAJbHBIX IOJIO-
cox (npuHuun Kasanbepu!). Koneuno, B TOM, 4TOGH 3TH
IIPOCThie HJIEH MNOJYYHIU NPAaBHJIBHYIO H SICHYIO (Gopmy,
CYLICCTBEHHYIO pOJIb Hrpaer GoJiee IJIaBHOE MO CpaBHe-
HHIO C eBKJHJOBOIO OKOCTEHEJIOI0 CXEMOI0 WU3A0)eHue
¥ yLauHO BbIOpaHHbIe 0603Ha4enus. Oco6eHHO 51 HacTau-
Balo0 Ha TOM, YTOOH! elle LIHPe NMPHUMEHSTb B Ipenojiasa-
HHH A/ DasjHYeHHs JIHHHH H IJIomajeldl pasiuuHble

= Z
p— = =7
— SN
L= —] '
— S
P —
P e —— 57 's
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IUTPUXOBKH HJIH elle Jyullle, YTO, K COXAaJIeHHIO, B Ha-
CTOSIIEM TEKCTe He OCYILEeCTBHMO, pasAudHsle Kpacku
EMECTO eBKJIHJOBa mpueMa 0603HayaTb GYKBaMu HCKJIIO-
YMTEJbHO TOJBKO YIVIB; HecpaBHEHHO Jierde Ha#TH
«KpacHbIfi» WIH «XKEIThIH» TPeyroJbHHK, YeM MeNJEHHO
pasLICKMUBaTh cHavana BepiiMHbl E, K m L B caoXHOR
¢urype.

Takum o6pasom, s mosaraio, uto Hanajaku lllonenra-
y3pa Ha €BKJIHAOBO [0Ka3aTesJbCTBO MO CYLIECTBY CO-
BepILIEHHO HecnpaBeMIHBbI; 3TO CTAHET ellle fICHee, ec/H
TIOCMOTPETh, YeM OH XKeJaJj Obl ero 3ameHHTb. OH naer
H3BeCTHoe AoKasateabcTBO Ilmatona (puc. 149), xoro-
poe JeHCTBUTENbHO MOXHO MNOHSTh npH OIHOM B3rJsaae
Ha yepTexk, H-OrpaHUYHBaeTcs TeM, 4To TpebyeT MomoG-
HOro Xe W Jja obuiero cayuyasi. Ho Beap 3To mpHBOAHMT
KaK pa3 K €BKJIHUIOBY J0Ka3aTeJbCTBY B Pa3yMHOM e€ro
U3/i0XEeHHH, U AeHCTBHTEIbHO 06a J0Ka3aTeabCTBa, €CJH
IOCMOTpEeTh B KOpEeHb Bellel, COBEPIIEHHO B PaBHOH Mepe
COCTaBJIeHbl W3 JIOTHKH M M3 HHTYHIHH C TOH JIHIUb paa-
Huuefl, yrto caydaii lllonenrayspa Kak 6oJiee cneumHasb-
HBIH MO03BOJISIET, €CTECTBEHHO, H HECKOJbKO 60siee Impo-
CTOe pelleHHe, TaK YTO 3[eCb H /I HEONHTHOro B 3THX
BELAaX YeJoBeKa Jerye Cpa3y HHTYUTHBHO IOCTHYb CO-
JlepxKalylocsi B [J0Ka3aTelbCTBe LeNlb JIOTHYECKHX BhI«
BOJ0B,
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Hopefiluue Bo3neiicTBAs CO CTOPOHB! BHICHEH IHKOJbi.
Ho nosombro o IHlomenrayspe; paspeumnte Tenepn 3a-
KOHUHTL HAIH 3ameqaxus, OTHOCAUjueCs K pa3suruio
npenodasarnus zeomerpuu 6 I'epmanuu. 1o cux mop Mbi,
IO CYIIECTBY, CAEJHJIM JIMIIb 332 TOH JIRHHEHA Da3BHTHSA,
KoTopasi HauaJach ¢ TeHaenuuest Tlecranonnu — 'ep6ap-
Ta, UMEBIIHX B BHAY CHavaja ofydyeHHe B HapOAHHIX
mKonax. Tenepp MH paccMOTDHM, KaKoe BJHsSHAHE Ha
npenofaBaHHe B CpPelHed IIKoJe OKasajo y Hac B Fep-
MaHH# rnpenodasanue MaTeMaTHKH 6 6uiwed wKoae.
3mech mepen HaMH PacKPHBAETCs ropasjo MeHee yTellH-
TeNbHass KapTHHA, YeM B Ipyrux crpanax. Kak pas B reo-
MeTpuH ©6HapyXHBaeTCsi TO BH3LIBABI€E TaK MHOTO
HapeKaHHH sBJIeHHe, YTO BHICIIAA H CPeRHSS HIKOJbI
IBHIaJHCh ITO. COBEPIIEHHO pa3JHIHHBIM IyTAM 6e3 BCs-
KOTO JKHBOTO B3aUMOAeHcTBHS MeXAy HuUMH. Hcknroue-
‘HHeM sBAsloTcs B nepeoft nonosnne XIX erometna npex-
CTaBUTEJIH TaK Ha3blBaeMOH HOBOH reoMeTpHH, B 0COGEH-
HocTu MéGuyc u Hlteifinep, paboThHl KOTOPHIX MHI yXKe He
pa3 UuTHPOBaJH B 3ToM Kypce. Ho mo3xe onHOBpeMeHHO
c GoJibIIMM NOALEMOM MaTeMaTHYeCKOH HayKH 3Ta OfT-
YyXIEHHOCTb BCe Gosee w Gosiee YCHIHBAETCs, H TOJNBKO
B mocJefHee NECATHJIETHE MB MOXeM ¢ 9yBCTBOM YAOB-
JIeTBOpERA® KOHCTAaTHPOBATb BO30GHOBJIEHHE XKUBHIX I10-
IBITOK 3aMONHHTE 3Ty [IPOMACTh.

B KkauecTBe CaMOro BBHIAAIOLIETOCS SIBJCHHS B 3TOM
HanpaBJIeHHH 51 CHOBA HA30BY BaM «DHUHKJONENHIO 3Je-
MeHTapHOH MartemaTHkuH» [. BeGepa u M. Beabiurefina.
BrnpoueM, B 3TOH SHUMKIONEIUH He BIOJHE peasH30-
BaHO TO, 9TO f CUHUTAIO JKEJATENbHBHIM MAJSA UIKOJH,
B YaCTHOCTH, B F€OMETPUYECKHX YaCTAX COCTAaBATENH BO
MHOTHX cJy4afX OrpaHHYMBAIOTCH TEM, YTO Pas3BHBAIOT,
rpaBAa, B 0O9eHb HHTEPeCHOH, HO M KpafiHe a6CTpaKTHON
¢dopme HeKOTOpHie BellR, KOTOPHIMH OHH CaMH OCOGEHHO
MHOTO 3aHHUMaJIUCh, TOTAA Kak Obuio Owl Jydlle naTh
o6uIyI0 OPHEHTHPOBKY OTHOCHTENbHO 8cCefi obiacTu reo-
METPRH, NOCKOJbKY OHa HMeeT OTHOUIeHHE K IHKOJbHOMY
npenofaBaHHio. B NpPOTHBOMOJIOXKHOCTL 3TOMY BBl Belb
3HaeTe U3 MOUX HEOIHOKDATHHIX 3afBJIEHHH, B YeM HMeH-
HO f BUKY KOHEUHYIO {esb MOUX COOCTBEHHbLX AeKyuil,
S xoren maTh obuyro KapTuHy ecell eeomerpuu, B KOTO-
po#i paBHOMepHO OHblIH Obl NpEACTaBJEHBt BCe €€ YacTH
U KOTOpas no3BOJissa 6bl OXBAaTHTh MX BCE OJHHM B3rJf-
JIOM BMeCTe C HX B3aHUMOOTHOUIEHHSIMH. Pasymeercs, 5
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MOr JIMIIb B KayecTBe HOCTyJaTa yTBepKAaTh, UTO Cle-
IlyeT NbITaTbCsl HCCNENOBAaTb B COOTBETCTBHH C OTAEJb-
HBIMH YCTaHaBJHBaeMbIMH 3JeCb TOYKaMH 3peHHs, 4TO
HMEHHO H3 BCEro 3TOro MaTepHaja NpHEMJIeMO AJS KO-
Jbl B HAacKOJbKO BOOGIIE MOXHO y4yeCTb Hallld pe3yJib-
TaThl B LIKOJIbHOM NpENOAaBaHHH.

ABcTpuitcknit yyeGHblii naad 1900 r. u «Kypc» Ien-
puuu u TpeiiTneiina. Yxe MHoro pas Gpajuch 3a paspe-
meHue 3Tod NpobJeMEl, HO B JeHCTBHTEJbHOCTH HHKOrAA
elle ee He pa3pelIMJIM; H g He MOry He YNOMSIHYTb e€lle
X0Ts1 6Bl O CJEAYIOLIHX ABYX HHTEPECHHIX MyOJHKAUHAX,
B KOTOPHIX 3HauUMTeJbHAas 4acTb OTHOCSLIMXCS Cl0Ja BO-
npocoB mepepaGoTaHa ¢ eAMHEIX ToueK 3peHHs. OxHa
H3 HUX — ascrputickutl y4uebroui naan 1900 2., KoTOpHIf
NPHAEPKUBAETC OCHOB pegpopmol IdxcHepa — Bonuya
1850 e. Kak u B To#t pedopme, 3aech pasnuyaercss nep-
Basg W BTOpasi CTyNeHH THMHa3uM (Kaxjas mno 4 roxa),
npHYeM Ha NepBOH CTYNEHH MpENojaBaHHe TeOMeTpHH
NPOBOAMTCS HMCKJIIOUHTENbHO B HarisifHOH ¢opme B coe-
AMHEHHH C OYeHb GOJIBIIHM KYpPCOM UYepueHHs; MOC/eNHH il
NpPOJOJIKAETCSl TaKkKe H Ha BTOPOH CTymeHH Hapsamgy c
HAaYHHAIOIIMMCS TaM JIOTHYeCKHM KYpCOM TeOMeTpHH.
CaMBIM HHTEpPECHHIM B 3TOM YYeGHOM NJIaHE SIBJSIOTCA
no0pobueie 06BACHEHUS, OTHOCSILHECS K MPENOJAaBaHHIO
MaTeMaTHKH, KOTOpble BHIAAIOT KpaliHe CBeyIiero cocra-
BHTeJIsl, HO MHEe He YJaJoch y3HaTb €ro HMeHH. 31ech
nepex HaMH OTPaAHBLIA KOHTPAacCT ¢ OOKIYHBIMH OpHLHAL-
HBIMH y4YeGHBIMH IJIaHAMH, KOTOpble B MaTeMaTHUYeCKOH
4acTH GbIBalOT no Gosiblefl 4acTH CTOJMb CKATO COCTAB-
JIeHBl, UTO H3 HUX e[lBa JIU MOXKHO MOYEpPNHYTb YTO-1HGO
onpeaeieHHoe.

Bropas ny6nuKaunusi, KOTOPYIO i XOTeJl Ha3BaTh, —
«YueGHUK sJieMeHTapHOH reomerpun» I'eHpuuu u Tpeiir-
JefiHa *). B HeM cocTaBHTeNH ¢ YyCmeXOM MOMHITAJHCh
y4yecTb pe3yJabTaThl HOBHIX [IO TOMY BpPeMEHH HCCJIEeN0Ba-
HHH, NPOEKTUBHYIO 2e0METPUIO, a TaKKe NPUNONEHUS;
M3/araeTcsl Takxke H QHAAUTU4ECKAS 2e0METPUA B Opra-
HHYECKOH CBSI3H C NPOYHM MaTepHAJIOM, a HMEHHO, C
Tpuzcosomerpuel. B dacTHOCTH, OTMeuy, 4To nodpasde-
AeHue marepuasa nPoucxoOuT no KAACcam zeomeTpuue-
ckux npeobpasosasuii, Kak MH 3TO HeNaJH Bbllle H Kak

*) Henrici, Treutlein Lehrbuch der Elementargeomet-
rie. — Leipzig, 1882—1883,.
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Bnepseie moctynua MéGuyc B coem <«bBapunentpuue-
CKOM HCUHCJIEHHH»: KOHTPY3HTHOCTb, momobue, mepchek-
THBHOE COOTBETCTBHE.

Yro ke KacaeTCsd NPHJIOXKEHHH, yKaxy, YTO B KOHLe
BTOPOH YacTH HaXOIHTCA Mexesas KapTa 8eAuUK020 zep-
yozcrea Baden (aBTOpr camMu GajeHuBl), TaK YTO yda-
muiica moJiyuaeT XHBOH o06pa3 ILeJH TPHIOHOMETPHH;
Al CUHTAlO, YTO OT TaKOH JKHBOH CBSI3H C OTeYeCTBOBeJe-
HHEM, TNOAKpPEIJIeHHOH HefCTBHTENIbHBIM BHINOJHEHHEM
H3MepeHHH Ha MEeCTHOCTH, MpeNofaBaHHEe BBHIHTPHIBAET
uype3pbyaiino. [To aHasoruy B HallMX MIKOJAaX CJef0BaJIo
6bl, HanpuMep, NMOKa3aTb raycCoOBY CHEMKY KOpOJIEBCTBA
TanHoBep, TaK 4TO KaXAblH YyueHHK y3Han1 Obl, B ueM
3aK/II0YaeTCsl €e CBfA3b CO 3HAMEHHUTBIM TPEYTrOJbHHKOM
Bricokuit I'aren — Bpoken — Hu3enbc6epr. Takum o6pa-
soM, kHHra TIenpunn — TpefiTnefina 8 goicutell crenenu
sacayxcusaer sHumanus. KoHeuHo, ¢ TemepemHeld TOYKH
3peHHsl MOXHO COXaJieTb, YTO B HeH OTCYTCTBYIOT Te
obujezo xapaxrepa npeobpa3osanus, BEIXOAsIHE 32 Npe-
JieqBl JIMHEeHHBIX npeo6pa3oBaHU# NPOEKTHBHOH reomer-
pHH, KOTOpHle MBI BHILIE PacCMaTpPHBAJH, H YTO B CBSA3H
C 9THM He NPUHSITH BO BHHMaHHe TaK¥Xe U COBpEMEHHbIe
TpeGOBaHHA QYHKYUOHAALHO20 MbLUAEHUS W T. 1., HE
IOCTaeT TaKke H (PuaocopcKo20 8aAKAIOHUTEALHO20 OT-
Oesa (T. e. pa3bsiCHEeHHH, OTHOCSUIHXCA K aKCHOMAaTHKe
K T. ), O XKeJaTeJbHOCTH KOTOPOTo AJIA CTapIUHX KJjac-
COB LIKOJIH Temepb 4acTo TOBOPST.

MB NONOULTH Tenepb, yBaXaeMmble CJyLIATeNH, K
KOHLly HAIINX COBMECTHBIX 3aHSITHH; €CJIH MHe H CJYuH-
JIOCh YK€ MHOroe pacckasaTb BaM B IIOCJHEIHEM pasjele
© TOM, KaK Temnepb NMOBCIOAY B MIKoJaX 3abujna cBexas
CTpysi, TO BCe Xe s AyMaio, 4TO npobiema pedopmul
NpenojiaBaHH MaTeMaTHKH Boobule H, B YaCTHOCTH,
reoMeTpUH BHIABHHETCS B GJMKalilliie rOAH B HeCpaBHeH-
HO GoJjiblueli Mepe B LeHTp ofllero HHTepeca. Bnl Bce
NpH3BaHB COTPYJHHYATL NO Mepe CHJI B pa3peuieHuu
9TOH CTOJIb BaXXHOH 3ajauyH — COTPYAHHMYATb HA OCHOBeE
CaMOCTOSITEJIbHOTO Pa3MblillJieHHst 060 BCEX OTHOCSILIMXCHA
CIOla BONPOCax H CBOGOAHO OT THETa BCECHJABHOH OKame-
Hesnofi Tpaauuuu. Bu 6yneTe B COCTOSIHHH caenaTb 5TO,
ecJH cocTaBHTe ceGe JOCTAaTOYHO oObluee MpeaCTaBJIeHHE
060 BCex OTHOCSIIIMXCA CIOfia G6JIaCTAX HAayKH H 06 HCTO-
PHH HX DPa3BUTHA. a8 ]S 3TOTO — XOUY HaAEATbCA — BaM
JlaJli HEKOTOPYIO OCHOBY STH MOH JIEKUHH.
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1. TepMHE <«OTHOCHTEJbHbIE€® UHCJa, HEeKOrga OHTOBAaBIIHA H 8
HaweH IIKOJE, O3HAYaeT DacCMOTPEHHe WYHCEeJA BMECTe CO 3HAKaMH,
T. €. OJHOBpeMEHHOe PacCMOTPeHHe KaK MOJIOXKHTEJNbHHX, TaK H OT+
pHUATEJBHBIX YHCeA (B NPOTHBONOJNOXKHOCTE <«aGCOMIOTHHIM®, T.e.
NOJOXHTEJbHKM, BEJHYHHAM, — B COOTBETCTBHH C 9eM MOLYJb YHCAA
KaspiBaJcAd ero «aGcosoTHOl BennuuHnoii»). Ceifuac sTa TepMHHOJO-
rusl CTaHOBUTCA apxanuyHofd. Uro6n OTMETHTh, 4TO HONUYCKAIOTCH K
PacCMOTPEHHIO KaK IOJIOXKHTeJbHbIE, TaK M OTPHIATe/NbHbIE UHC/A,
NIPOCTO TFOBOPAT O OedCTBUTEAbHbIX HUCAAX; BMECTO TepMHHA <«abco-
JIOTHAasi BEMMYHHA QHCJIa» cefiuac NMPHMEHSIOT TePMHH MOOYyab 4UCAG
(cm. Takke npumeuanune 18 na c. 384 nepBoro Toma). 3amernwm,
BIpPOYEM, YTO B COBPEMEHHBIX AJTOPUTMHYECKUX S3HKAX B3THE MOs
nynas uucaa M o6osnauaercs uepes ABS (M). )

2. Ucnonesyembie KinefinomM ¢akTH aHaJHTHYeCKOR TreoMeTpuH
MOXHO HafiTH B ydeOHukax. Cm., Hampumep, [TocTHHKkOB M. M,
AnaantHueckas reoMerpus. — M.: Hayka, 1973; Henore B. H,
Paiixos I A. Kypc anamutuueckoit reomerpun. — T. 1. — M.: Toce
Texusnar, 1948. — T. 2. — M.: Tocrexusznar, 1949.

3. 3nech u nanee Kneiin roBopHT O HarasAHO MOHSATHOM criocoGe
BHI6Opa OAHOM BMOJIHE OMpese/eHHOH CHCTeMbl KOODIHHAT, CBS3aHHOM
C HalMMH NPeACTaBJEHHAMH O peajbHOM npoctpancrse. Hampumep,
€CJIH YUHTeJb CTONT Mepel KJAacCHOH NOCKOH, TO OH MOXET OBODHTb
0 HanpaBJIeHHSX «BNPAaBO», «BBEPX», «Bnepea» (OT KJNACCHONA NOCKH),
H STOT Crnoco6 BhipaxeHHs GyneT MOHATEH BCeM CHOSILHEM B KJjacce
yaamumcs. Maremartuuecku Xe peub HIET O TOM, 9TO MH (uxcupyem
Ha [pAMOA KaKoe-1HGO NONOKHTEeJIbHOE HaNpaBJieHHE H YCA08AU-
6aemcsa HasbLIBATH €r0 HampaBJ/ieHHeM BNPaBO; HHaye FOBOPs, TOUKa B
Hallel NpAMOH CUHTaeTcs Jexallel npasee TOUKH A, ecad BekTop

—
AB uMeer HampasJieHHe, cOBNajamwllee ¢ (GHKCHPOBAHHEIM HampaBsJe-
HHeM Ha 5TOH npsiMoil. AHa/NOrHYHO, KOTAa peub HAET O MJIOCKOCTH
HIM TPOCTPAHCTBe, NMpeAnojaraercsi (ukcuposaHHOl HEKOTOpas CH<
cTeMa KOOPAMEAT, H NMOA HanpaBJIeHHSIMH BNPaBO, BBEDX, BHepe] MO«
HHMAalOTCA HanpaBJeHHsi ocefi ¥, Yy, 2 STOH CHCTEMHI.

4. B peajbHOM NPOCTPAHCTBE HAMpPAaBJEHHs <«BIPABO», «BBEPXY,
a TaKXe «I0» H <«NpPOTHB» YyacoBoO# CTPEJIKH MNOHATHBH Yy4YallHMCH,
€cnH, HAUpHMep, YYHTe/b HeJlaeT 4epTeXH Ha KiaaccHoi mocke. Ilpu-
pefieHHas $HOPMyJHPOBKa MpHOGpeTaeT MaTeMaTHYEeCKH TOWHHI CMBICA
NpH CHAEAYIOUHX COrJalieHHsX. Mul (HKCHpyeM Ha IJIOCKOCTH ORHY
NPSAMOYTOJIbHYIO CHCTeMY KOOPAHHAaT H MPHHHMAaeM HampaBJieHHS ee
ocell X, y 3a HanmpaRJeHHs «BIPaBo» H «BBepx». Jlasee, HampaBJeHHe
BpallleHHs,, TPH KOTOPOM OCb ¥ (DHKCHPOBAHHOM CHCTeMH UepPeXONHT
B OCb Yy B pesyasTate moBopoTa Ha 90° YCJIOBHMCA CYHTaTh Ha-
npaB/eHHEM NPOTUS 4acOoBOfi CTPENKH (NOJIOXKHTeNbHOE HanpaBJIeHHS
BpalleHnus), a NPOTHBOIOJOXHOE HanpaBJieHHe — HanpasjeHHeM Bpa«
meHus no uyacoBoit ctpenke. IIpm aTMX corsaweHHAX npHBeleHHAs
¢ opMyJHpOBKa H ee NOKa3aTeNLCTBO COXPaHSAIOTCH.
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5. D10 yTBepXKJEeHHEe HMeeT ICHHIH CMBICJ B peaJlbHOM NMPOCTPaH«
CTBe, NIOCKOJIbKY, KaK Obl MBI HH pacnoJiarajucb B NPOCTPAHCTBE, MH,
BHAs nepel co60i MIOCKOCTb, CUHTAEM MNOHSATHBIM, UTO O3HAYAET Has
npaBJjieHHe MO HJAH NPOTHB YacOBOH CTPeJKH B 3Toil miockoctd. Of-
HaKO TOYHAasi MaTeMarHyeckas (OPMYJHPOBKA STOrO YTBEpXKIAeHHS
6/1u3Ka K TaBTOJIOTHH. B caMoM gesie, mycTb B CMBICJIe (UKCHDPOBAH-
HOH CHCTeMbl KOOPAMHAT XYy2, BBELEHHOH B NMPOCTPAaHCTBe, TOuKa A
HaXOAMTCsl neped IJIOCKOCTBIO Xy (B KOTOPOH ONpeneseHo — ¢ Io-
MOILBIO OCell ¥ WM Yy — HanmpaBJjieHue BpallleHHs M0 YacOBOH CTpeliKe
H npotuB Hee). IlycTb, Najiee, C MOMOILbIO HENPEPLIBHOTO IlepeMeles
HHS B NPOCTpaHCTBe (HJH, HHaue, C NMOMCLIbIO ABHXKEHHs C MOJOMCH=
TeJbHHIM OMNpefe/HTel]eM) ToYka A H IJIOCKOCTb Xy MepeBOLHTCS
cooTBeTcTBeHHO B Touky C H mjockocts y. Torda ¢ mnoMollbio
5TOro JIBHXKEHHS HanpaBJieHHe BpallieHHs] MPOTHB YaCOBOH CTPEJIKH B
IJIOCKOCTH Xy MepeBOJAHTCS B TaKoe HampaBJeHHe BPalleHUsl B IO+
CKOCTH Y, KOTOpoe CuHTaeTcsi Hab/iofaeMbIM H3 TOYKH C Kak Ha-
npaB/eHie TOXe NMPOTHB 4acoBOi cTpeskH. MHaue rosops, Hampasse-
HHe BpalleHHs CNpEeAe/AeTCH C MOMOLULbIO ABHXXEHHH C MOJIOXKHTE/b
HbIM onpejeauteseM. Ho To, 9ro mnpH TakHx mnpeo6pa3oBaHHsX
coxpaHsieTcsl 3HaK B (opmyJse o6beMa, OUEBHIHO. ’

6. O6 Hcno/ib30BaHHH 3HAKOB OTPE3KOB B 3JIEMEHTapHOIN reo-
METPHH H NPEHMYIUECTBaX 3THX COrVIalEHHH HMeeTCs CreuualibHbIH
pasfgea B npesBocxofHoil kHHre: Amamap )X. Diemenrapnasi reo-
metpusi. — Y. 1: Ilnanumerpus. — 2-e uan. — M.: VYunearus, 1957. —
Y, 2: Crepeomerpusi. — 2-e u3g. — M.: Yunenrus, 1958,

7. O6 aHI'apMOHHYECKOM OTHOIUEHHH, I'aPMOHHYECKHX 4YeTBepKax
TOYeK H HX POJH B NMPOEKTHBHOH reoMeTpHH KueiiH nHuier B xajb-
HelHX 4acTaX KHHrH. Ilo MoBoAy OCHOBHBIX MOHSITHH NPOEKTHBHOM
reoMerput cM. caenyiouue keuru: Fmarognes H. A, I[poektusnas
reomerpusi. — M.; JI.: OHTH, 1936; Tuab6ept I, Kon-®oc--
ced C. Harnsgnas reomerpusi. — 3-e usg.— M.: Hayka, 1981;
Kokctep X. C. M. JleiicTBuTe/bHAsi NMPOEKTHBHAsT MJIOCKOCTD, —
M.: dusmarrus, 1960; Edbumos H. B. Bucuas reomerpus. —
6-e u3n. — M.: Hayka, 1978; BoatsHckHuit B. I. Dnemenrapuas
reomerpus. — M.: Ilpocseienne, 1985.

8. KuneftH 1.8 MpoCTOTH OrpaHHYHBAaeTCsl B HayaJjle CBOHX JIEKUHMA
JHLIb OMNpeleJHTeNsIMH TpeTbero mopsaka. Ecan ke B3ATh onpene-
JIMTe/]b YETBEPTOro Nopsiika

Xo Yo 1 1
Xy Y 11
x3 y2 1 1
x3 ys 1 1

(koTopHIfi, OuUeBHAHO, PaBeH HYJIO H3-3a COBMajeHHs ABYX cToabuos),
TO noJayuuTcsi Gosee mpocroe H obliee N0OKa3aTesNbCTBO, He Tpebyro-
Liee npeanoJioxeHus xo = 0, yo = 0, rae Xo, Yo — KOOPAHHATH TOY-
kn O. B camoM Jene, pasjaras STOT ONpeAeNHTeJb [0 o/eMeHTaM
nocsenHero croabua, nojyiyaeM COOTHOIUEHHE

¥1 4 1 X0 Yo 1 %o Yo 1 X Yo 1
—|x2 y2 1||x2 yas l|=|xx g1 1|+|x o 1|=0,
X3 Yya 1 X2 ys 1 3 Y3 1 *2 Y2 1

KoTopoe coBnagaer ¢ paseucrsom (I, 2; 8)=(0, 2, 8)+(0, 3, 1)+
+(0, 1, 2).
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9. JloxasaHHOe TOXJECTBO JaeT BaXXHYI0 H HHTEPECHYI HHTep-
NpeTALHIO 6apuUyeHTpuieckux KoOpOUHAT C TOMOLIbIO [JIOWAMeH;
KneitH 06 3THx KoopanHaTax nuweT HHXe. CM. Takxe Bank M. B,
Boarauckuit B. I'. T'eomerpus wmacc.— M.: Hayka, 1987. —
(Bubauoreuka «KBaHT»).

10. O6 akcuoMax, JeXaillHX B OCHOBE ONpejeJeHHsI OGLEro mMo-
HSITHSl IUIOIIAJAH, MOXHO (B CHHTETHYECKOM MH3JIOXKEHHH) NpPOYHTAThb
B caenyiouux KHurax: JleGer A. O6G u3MepeHHH BeaHuuH. — M.:
Yunenrus, 1960; Poxanu B. A, [laowans 4 o6beM//DHuuKAONELHSA
sjemenTapHoi MareMmaTHkH. — Kuura V: TI'eomertpus. — M.: Hayka,
1966. — C. 5—87; Boartauckuii B. I. Tperba npo6nema I'uib-
Gepra. — M.: Hayka, 1977. Bo Bcex 3THX HCTOYHHKax mJoLlajgb
TPaKTyeTcsl KaK MNoJ0KUTeAbHAsA BeauunHa. B kuure: Jlom-
wu 1 A. M. Boluncaenne nioinanei OpHeHTHPOBAHHLIX (uryp. — M.:
T'ocrexusnar, 1956, naercs usJjoxeHue, 61H3Koe K HIAesIM, O KOTODHIX
puwer Kieitn. . _

11. Ecan, kak Ha pHc. 14, Ha kpHBO#A BHIGpaHO HampaBJjieHHe
06x01a NPOTHB YacoBOH CTPesKH (B CJydyae NPOTHBOMOJOXHOIO Ha-
npasseHusi 06X04a MOJYYHTCS MJIOIIAlb, B3ATas CO 3HAKOM MHHYC).

12. ns Toro utoGbl cuTyauuss Ghusa sicHee, Ha puc. 15 u 16
yooGHO B3sTh HayaJo KOODAHHAT B TOYKe caMolepeceyeHHsl KPHBOH,
a Ha puc. 17 — B JIeBOH H3 ABYX TOYeK caMoNepeceyeHHs.

13. To ecTb TaK, YTO HalpaBJieHHEe BeKTopa dp mnojayyaercs H3
HanpaBJeHuss BekTopa /2 (c HavasoM 2 H KOHUOM I) moOBOpOTOM
Ha 7t/2 MPOTHB YaCOBOH CTPEJKH.

14. KoneuHo, ToukH Ay H A, IOMKHBE NOJHOCTBIO (M NpHTOM
OJHOKPAaTHO) ONHCAaTh COOTBETCTBEHHO KPHBHIE, OrpaHHYHBaIOLIHE
nowain Fy u Fa.

15. Unu uHaue, Gapuyenrpamu (OT JaTHHCKOro cjoBa baris —
Tsxenblit). Cefiuac yaille roBOPSIT «LEHTPHL Macc».

16. WMau, uaule, 6apuieHTpHYECKHMH KOoopAHHaTaMH. Bosee mon-
po6HO O GapHLEHTPHYECKHX KOOpAHHATaX H HX NPHMEHEHHAX B reo-
METPHH MOXHO mpountath B KHure B. I'. Boarsnckoro u M. B. Baa-
ka «['eomeTpusi Macc», yKasaHHo# B npumeyaHuu 9. B uacTHOCTH,
reOMeTPUYECKOE ONpEfeseHHe MaccC mMmi, Ma, Ms, 3afalOLIHX MOJOXKe-
HHe TOYKH P (KoTopyio 0603HauuM yepe3 O) OTHOCHTENbHO TPEYroJb-
HHKa ¢ BepliHHamHu I, 2, 3 HMeeT BUX

(0,23 _(1,0,3) _ (1,20
=023 ™MTU 3 ™T1, 2,3

17. Ee MOXHO NOJyudTb, 3anucas (cp. npuMeuaHue 8) pas-
HBl HYJIO ONpele/uTeNb OATOrO MOPSAKA, B NMEPBHIX TPeX CTOJOLaX
KOTOPOro CTOAT aGCUHCCHl, OPAMHATH H ammiHkaTh Touek O, 1, 2, 3,
4, a B ABYX NOCHEIHHX CTOJGLAX BCE 3JEeMEHTH PaBHH eNHHHULE.
Pasnaras 3TOT ONpefe/uTeNb MO 3J€MEHTaM NOC/eLHero cronbua, Mul
HEnoCPEACTBEHHO foayyaeM (opMmyJy

(1,2,84=(0,23 4—(0,1,3,49+4+(0,1,2,4H—(0, 1, 2,3),

oTJauyaloulyiocss ot ¢opMyJnl, HanucaHHo# y Kaeftna, jHwb oueBun-
HbIMH [IePeCTaHOBKaMH CTPOK B ONpeJe/HTeNsX UYETBEPTOro MNopsiika,
BLIPAXaIOMWHX 00beMbl TeTPasipoB. '

18. Heo6xonuMO chesaTh HEKOTOpble 3aMeYaHHS OTHOCHTEJLHO
Toro, yTo KJeilH nmoHMMaeT MO MHOrOrpaHHHKOM. Belme noa MHoro-
'YroAbHMKOM TOHMMAaJach NPOH3BOJIbHAA 3aMKHyTas JomaHas (BO3-

m,
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MOXHO, caMomnepecexkaiomasics). Ecan oTBJeubcs OT CJoXHOCTel,
CBSI3aHHRIX C BO3MOXHBIM CJHSiHHEM HECKOJbKHX BepLIHH B OAHY,
MOXHO CKa3aTb, YTO B KaXXJOH BepIIHHE MHOTOYrOJIbHHKA CXOAATCS
POBHO [Be €ro CTOPOHHI, KOTODble Ha3HBAIOTCH CMEHCHbIMU (TOUKH
caMorepeceyeHHsl JOMaHON BepLUIHHAMH He CYHTAIOTCH).

Mmnoeoepannuk CuUHTaeTCss COCTaBJEHHHM H3 KOHEYHOro YHCJa
MHOTOYTO/ILHHKOB (B YKa3aHHOM IOHHMAaHHH), KaXXIH# H3 KOTOpBIX
JIEKHT B HEKOTOPOH INIOCKOCTH. DTH MHOTOYT'OJIHHKH HasbIBalOTCSA
epanamy MHororpaHHuka. [IpH 5TOM, AJs TOro 9TOGH KOHEUHHIH Ha-
60p MHOTOYTrOJIbHHKOB TNpeACTaBJsa cO00# MHOrorpaHHHK, Heo6xo-
JHMO BHIMOJIHEHHE ABYX YCJOBHi: BO-NepPBLIX, MHOTOYT'OJbHHKH-TPaHH
IOJIKHH JH60 NpPHMHKAThb APYr K JpYry LeJod CTOpOHOH, J160
uMeTh OOLIYyI0 BEpPWIHHY, JAHGO COBCEM He -HMeTb OOIMHX TOYEK H,
BO-BTOPHIX, MHOTOYTOJIbHHKH-TPaHH AOJ/KHH NPHMHKATh APYr K APY-
Iy OoOGUIUMH CTOpOHaMH no dsa. MHaue roBopsi, eciH a — HEKOTOpoe
pe6po MHOrorpaHHHKa, T.e. CTOPOHa OZHOH H3 rpaHeli, TO HO/KHA
HafTHCh ellle POBHO OAHA rpaHb, NMPHMBIKAIOILAass K 3TOMY pe6py a.

Ecnn Tenepb Ha KaXkJ0H rpaHH 3ajaTb HEKOTOpPOe HampaBJ/IeHHE
o6xoxa, To Ha ofueM pebpe ABYX rpaHell B3AThie HanpaBJeHHS
06x01a MOT'yT ONpefessiTh JHGO OZHHAKOBOE, JHOO NMPOTHBOMOJIOXKHOE
HanpasJenue. ITpasuso pebep MéGHyca CHUHTaeTCs BHINOJHEHHLIM,
ecqd Ha a060m pebpe nBe NpPHMHIKAIOIIHE K STOMY pebpy rpaHH
ONpENesIOT NPOTUBONOAOXKCHbe - HanpaBJaeHus. Ecau npaBujo peGep
MéGuyca BHINONHEHO, TO TFOBOPAT TaKXKe, YTO HamnpaBJieHHs 06xoxa,
B3siThie Ha BCeX IpaHAX MHOrOrpaHHHKa, SIBJSIOTCA CO2AQCOBANHbLIMU.

19. 910 yTBepXIeHHe O «CyMMe» MHOrOTDaHHHKOB Hafo 31€Ch
NOHHMaTh JIHIIbL B TOM CMHICJ]e, YTO o6%em TeTpasapa (I, 2, 3, 4)
paBeH cymMe 00beMOB uYeTHpeX YKa3aHHbHIX <«TeTPa3ApOB-yacTeil»
NpH YKasnlBaeMOM NOpsJAKE BepIUHH.

20. 3necy KueilH npeanoJaaraer, 4To B NMJIOCKOCTH paccMaTpHBae-
Moil rpaHH B KayecTBe HamnpaBJ/IeHHS «MPOTHB® HJH <«NO» YacoBOi
CTpe/sKe NpPHHHMaercs TO, KOTOpPOe MH INoJyyYaeM, Habawopas 3Ty
naockoetb U3 ToukH O. ToJbKO Moc/e TOro Kak B MJOCKOCTH YCTa-
HOBJIEHbl HampaBJ/ieHHs NMPOTHB H MO 4acOBOH CTpPeJKe, MOXHO onpe-
JlefMTh MJIOLaJb MHOTOYroJIbHHKa (BO3MOXHO, CaMoOIepeceKaloLero-
csl), Ha KOHType KOTOpOro 3ajiaHo HamnpasJjieHHe o6xona.

2]1. DTo HETOYHOCTb: HHKaKOH 3HAaK yXe NPHCOEHUHSATb HE HYX-
HO, MOCKOJIBKY mJomafib ocHoBauus (I, 2, 3, 4, 5, 6) moxer OHTb
MOJIOKHUTENbHOA HJM OTPHLATENbHOM, B 3aBHCHMOCTH OT Yero oGmbem
NHpaMHAH (NOJMYYalOUIHACS NMPH YMHOXEHHH IJIOIMAJAH OCHOBaHHsS Ha
TpeTh BHICOTH) OyNeT MOJIOXHTEJNbHBIM HJIH OTPHLATEJbHBEIM.

22, Ilycte O” — Touka, oramuHas ot O. 3ameHss B ¢opmyne
Ha c. 31 Touky 4 Ha O’, nepenuuieM 3Ty GOpMYyJay B BHIE

(O,’ I, 2’ 3) - (O' ly 2: 3) =(O/1 Ov 11 2)+(0/1 Or 2: 3) + (O,v 0,31 1)-

AnanornuHas ¢dopmyna cnpaBeAJHBa He TOJBKO AJS TPeyroibHHKA
(4, 2, 3), HO H [ NPOHM3BOJLHOTO MHOrOYroOJIbHHKA, Ha KOHTYpe
KOTOPOro 3aJaHO OmNpejeieHHOe HampasJjeHHe o6xogma. Ecau Tenepb
Ha BCeX IDaHAX MHOrorpaHHHKa 3ajaHH HanpasJeHusi o6xopma, co-
raacoBaHHble APYr C APYroM, TO NPH CYMMHPOBAaHHH HaNHCaHHBIX
COOTHOINEHHH 1O BCeM TIPaHAM MHOrOrpaHHHKAa Mbl IJsl KaXJ0ro
pebpa (a, by mosnyuaem B npaBoil yactH ABa caaraemux (07, 0,a,b)
n (0, 0, b, @) BBHAY HanHuHs ABYX rpaHell, NPHMHKAIOUHX K
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sToMy pe6py. VlHaue roBops, nmpaBas 4acTb COOTHOIUEHHS, TOJy4aio=
Ierocss B pe3ysnbTaTe CyMMHPOBaHHS, paBHa HYJIO, T.e. Pa3HOCTb
06bEMOB, MOJIYYAIOLUIHXCS, €CJAH HCXOAHTb OT TOYKH O HJH OT TOY-
ku O’, paBBa HyJ0O. DTHM H YCTaHAaBJAMBAeTCs HE3aBHCHMOCTb pe-
syapTaTa oT BhiGopa ToukH O.

23. Ecin B TpeXMepHOM TIpPOCTpaHCTBe 3ajaHa 3aMKHyTas, He
nepecekaroiias ce0si MOBEPXHOCTb, COCTaBJIEHHas H3 IVIOCKHX MHOIO-
YroJbHHKOB (paccMaTpHBaeMhHIX He KaK KOHTYP, a KakK 4acCTb INIO<
CKOCTH), TO OHa OrpaHHUYMBAeT HEKOTOpPYI 006JacTh NPOCTPaHCTBA
(6HyTpenntor0 ee obaactb). Tenepb AJs KaXAo rPaHH pacCMaTpHBae-
MO# MHOTOrpaHHOM NOBEDPXHOCTH MOXXHO 3aJaTb TaKOe HampaBsJeHHe
o6xona, KOTopoe H3 OJH3KHX K 3TOH IpaHH TOYeK, PacCloJOXeHHHX
BO 6HewHed o6nacTH, HaGaiOfaeTcss KaK HanpaBjleHHe IO 4aco-
Boll cTpejke. DTO HaeT, KaK JIETKO MNOHATb, CO2AACOBAHHble HaNpas-
Jenus o6x0ja Ha BCceX TpaHsX pPacCMaTpHBaeMOfl MHOT'OTPAHHOH MO«
BepxHocTH. TakuM o6pa3oM, A/ 3aMKHYTOH MHOrOrpaHHOH NOBepX«
HOCTH, He mepeceKaiolllefi ce6sl, MOXHO 3alaTb Ha BCeX IPaHsX CO-
r7acosaHHbe HanpaB/ieHHss 06X0Ja, H 3TO MO03BOJIET ONpeNeNHTb
00Bes COOTBETCTBYIOLLETO MHOIOTpaHHHKA (T.e. 06beM BHYTpeHHeH
o6nacTH, OrpaHHYHBaEeMON paccMaTpPHBAeMOH NOBEPXHOCTHIO).

Hanporus, cpean 3aMKHYTHIX MHOrOrpaHHHX MOBEPXHOCTEN, ne-
pecexatouyux cebsl, CyLIeCTBYIOT KaK MOBEDXHOCTH, HAa KOTOPHIX MOX«
HO 3a1aTb COrJIaCOBaHHLIEe HanpaBjeHHs 006xola Ha BCeX IpaHsfx, Tak
H TOBEpXHOCTH, AJ KOTOPHIX 3TO He yJdaeTCs cAeJaTh. TakOBHIMH
SBJISIOTCH OOHCCTOPOHHUE NOBePXHOCTU, He pa3pe3aloline 6JH3/exKa-
mHe TOYKH Ha ABE OGJMACTH (BHYTPEHHIO H BHEIIHIOW), a HMEMLHe
JHWb 00HY cTOpory. Takylo mosepxHocTb (ancT Mé6uyca) Kieitn
H ONMHCHIBAaeT HHXeE.

24. D1a nosepxHocTb Ohla He3aBHCHMO oT MéGuyca oTkpHTa
Jluctuurom.

25. TlonpoGHoe onncaHue Jqucta MéEGuyca u ero cBOACTB (a Tak-
JKe PHCYHOK, H306pakaloumuil AefTeNbHOCTb Majsipa, O KOTOPOA mNH-
wer Kuneiin) MoxHo Hakith B Knure: Boantauckuit B.T,, Edpe-
vMoBuu B. A Harnsinuas tomosorus. — M.: Hayka, 1982. — (Bu6«
auoTeyka «KBaHT»). 3aMeTHM, uTo JHCT MéGuyca sBasieTcs He3a-
MKHYTOU TOBEPXHOCTbIO (OH HMeeT Kpa#); TOJbKO NO3TOMY €ro u
y#aeTcsl peajH3OBaThb B TPeXMepHOM MNpOCTpaHCTBe Ge3 camomnepeces
ueHH#l (B BHAe NepeKpy4YeHHOH GYyMaXKHOM JIeHTHI). 3aMKHYTYHO Ke
CNIOCTOPOHHIOI NOBEPXHOCTb, KaK BLITEKaeT H3 CKa3aHHOrO B MNpH-
MeuaHnuu 23, HE603MOJHO peanH30BaTbh B TPEXMEPHOM NpPOCTPaHCTBE
6e3 camomnepeceyenHil.

26. dta 3aMKHyTas OLHOCTOPOHHSI TMOBEPXHOCTb («IepeKpyueHs
Hasi NSATHrpaHHas MHpaMHAa», KakK ee HasbiBaeT Kueiin) ronosozuue-
CKU 3KBUBAAEHTHA npoexTuswol naockoctu. Camomnepecekamouuiics
CeMHTpaHHHK, O KOTopoM HHxe nuuer KiefiH (oH 6nJs BnepBHe B
autepatype ynoMsHyT Peiinxaparom B 1885 r.), TakkKe npeacTaBisier
co6oil 3aMKHYTYIO OJLHOCTOPOHHIOIO MHOTOrPaHHYIO NOBEPXHOCTb, TO+
TI0JIOTHYECKH 3KBHBAJIEHTHYIO NPOEKTHBHOH IUIOCKOCTH (T.e. ofe sa«
MKHYThi€é MHOTOrpaHHble NOBEPXHOCTH romMeoMopdhHH Mexnay co6oil).

OrmetuM, uTo KieiiHy npHHamJeXKHT OTKpHITHE eule OLHOH 3a-
MKHYTO! ORHOCTOPOHHEii MOBEPXHOCTH, Ha3biBaeMO# Tenepb OyTolaKod
Kaedna; ona MoxeT OniTh, HampuMep, NOJyueHa, €cJH NBa JIHCTA
Mébuyca ckaeutb HXx kpasimH. IlonpoGuee 060 BCceM 3TOM CM. B KHH-
re, ykasaHiof B npeibiayweM npumeyasun. O6 obliem onpeneseHHH
ODHEHTAlUHH H ODHEHTHPYeMBIX MHOrOMEepPHHX MHOroobpasusx CM.
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xuury: y6posun B, A, Hosukos C. I1, Pomenko A. T.
CoBpeMeHHass reomeTpHs. — 2-e u3f. — M.: Hayka, 1986.

27. DTo yTBepXKAeHHEe BEpHO NMpPH YCJIOBHH, YTO XOTH GLl OLHO H3
yucea X, Y oTanuHo ot Hyssi. OG HCKJIIOYHTENbHOM caydae X = Y =
‘== ( (nosyyawouemcsi npH cOBnajfeHud Toyex / u 2) Kueid rosopur
HHXe. :

28. Haaye rosops, peyb HAET O MHOXKECTBE BCEX ABHXKEHHH (CH-
CTeMH KOpAHMHaT) c ompepenuteneM 1. Kaxmnoe rtakoe ABHIKeHue
MOMeT ObiTb OCYUIECTBJEHO HenpephLIBHHIM NepeMelleHHeM OpsMO-
YroJIbHOHl CHCTeMbl KOODAHMHAT B €e IVIOCKOCTH; 3TO H HMeeT B BHAY
Kueitn, roBopsi 0 ABHXKeHHIX «B OYyKBaJbHOM CMBIC/IE CJIOBay.

29. 3nech KineliH HecKobKO KpaToK. IIpH pacCMOTpPeHHH reoMeT«
PHYCCKHX CBOHCTB (HIyp HYXHO PaccMaTPHBaTb He OXHY, a HECKOJb-
KO DPa3JIHYHBIX TpYyNNn npeo6pasoBaHHil KOOPAHHAT (MM mpeobpasc-
BaHHI muocKocTH). /s aneMeHTapHON reoMeTpHHM HaHOboJee BaXKHLI
ase rpynnel. Ileppas M3 HHX — 06o3HauHm ee uyepes P W Hasobe:t
gpynnotl nodobuii — COCTONT H3 BCeX NpPeo6Pa3OBaHHH KOODPAHMHA:,
KOTOpble MOryT OBITb NOJyYeHbHl KOMMO3HUHSIMH YKa3aHHBIX Bbllie
npeobGpa3oBanuit (Ai) — (As). Bropas rpynna — o6o3HauuM ee ue-
pe3 D u HasoBeM 2pynnoii Osudsicenull — COCTOMT M3 BceX npeobpaso-
BaHUB KOOPAHHAT, MOJYYaIOIIHXCH KOMMO3HUHAMH MpeoGpa3oBaHui
(Ay) — (As). @opMys, HHBADHAHTHBIX OTHOCHTEJbHO BCex mpeobpa-
soBaHuil rpynnel D, 6oasute, T.e. 3Ta rpynna onpepesserT 6osee
oOUIHPHBIA HaGop reoMeTpHYeCKHX CBOHCTB, yeM rpymna P, Tak, Ha-
npumep, ¢dopmyna d=4/(xs — x,)>+ (y: — y1)?, onpepensomwan
IMHy d oTpe3Ka C KOHIAMH B TOYKax (X1, Y1) H (X2, Y2), HHBa-
pHaHTHa OTHOCHTEJBHO BCeX npeobpasoBaHuit rpymnet D, Ho mepe-
craer ObHITb HHBapHaHTHOH, €CJAH MH nNepelinem K rpynne P (npu us-
MeHeHHH Maciutaba JJHHA oOTpe3ka H3MeHseTcs). IHaue rosops,
rpynna D COOTBETCTBYET PacCMOTPEHHIO FeOMEeTPHYECKHX CBOMACTB (H-
ryp npu ¢ukcuposannoii eduruye paueb. Hanpotus, ornoutenue
JUIHH (@ TaKXe YIJIbl) OCTalOTCS HHBAapHAHTHBIMH NpPH Bcex mpeoGpa-
3oBanusx rpymnbl P. TIpHHATO cuMTaTh, YTO pa3/IHUHE MEXAY reo-
MeTPHSIMH, onpefensieMbiMH rpynnamMu D u P, HecyuiecTBeHHo. B ka-
YyecTBe MpHMepa OTMETHM, YTO OKpyxHocTb C ¢ ueHtpoM O Moxuo
onpenejuTh K&K MHOXECTBO BCEX TaKHX Todyek A, A/ KOTOPHX pac-
croanue mexay Toukamu O u A paBHO 3ajaHHoMy uucay r. Ilpu
TaKOM OipefeJeHHH CBOHCTBO (HUIypH ObITb OKPYIKHOCTbIO BBICTY~
naer Kak o6beKT reoMerpuu rpynnul D. OHaKO onpeje/eHHe OKpY-
HOCTH MOXHO c(opMysJHpoOBaTb H HHaye: AJs JIOGbIX ABYX TOYeX
A;, A, paccmaTpHBaeMoro MHoxectBa C OTHOwerue paccTosHu:d
|OA,| : |OA;| paBHo emunuue. DTa GOpMY/IHPOBKA ONpeJENEHHs NO-
KasblBaeT, YTO CBOMCTBO (HUrypH GHTbL OKPYXKHOCTBIO SIBJISIETCH B
JleACTBHTEIPHOCTH OGBEKTOM IeOMETpHH rpynnsl P. AHaJlOrHyHO, pas-
pobenpeHHBIl TPEYroJbHHK MOXHO ONpeleJHTb KaK Takofl, y Koro-
poro Osuwnst 0GeHX GOKOBHIX CTOPOH DaBHH 3aflaHHOMY YHCAY [, HO
MOKHO ONpEeNeJHTb H HHaue: OTHowleHue Oaur GOKOBHIX CTOPOH paB-
HO enuHuue. Takum o6pa3om, cBOACTBO (Hrypn OHITb paBHOGEHpeH-
HBIM TPEYrOJbHHKOM OTHOCHTCS He TOJIbKO K I'eOMeTpHH rpymns D,
HO H K reome1pus rpynnu P. Teopemy Iludaropa u apyrue Teopemsl
5JIEMEHTapHOH FeOMETPHH TaKiKe MOXHO cHOpMYJHpOBAaTb B TEpPMH-
Hax BeJHYHH YIJIOB H OTHOWleHui AJHUH, YTO H AaeT NMOBOA K YTBep-
JKIEHHIO O COBNAJEHHH COLepxkaHus reomerpuit rpynn D u P. Onna-
KO B JIeiCTBHTEJHHOCTH 3TH FeOMETPHH BCe XKe Pa3JjIHYHBl (CM. HpH-
MedaHne 122).
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30. Hanpumep, cootHomwenns (Bz) MoxHO mepemucaTh B BHIE

+2s
X cos @+~ sin @ X X Y .
7= % , T,—=Wcoscp+w-smq3,
—sinq:,+-X—coqu
Y’ X Y
W=—Wsinq)+-A—/cos.qJ,

T. €. nonapuele oTHoweHus seanuuH X', Y/, N/ BHpPa)kaloTcs TOabKO
yepe3 MoNapHble OTHOLIEHHA HCXOAHHX BeauuuH X, Y, N.

31. To ecTb B 3aBHCHMOCTH OT TOrO, OTHOCHTC pacCMaTpHBae-
MBIl HHBapHAHT K reOMETPHH rpynnbi D HJH K reOMeTpuH rpynmnu P
(cM. npumedanue 29).

32. lna enuHooGpasHs JajbHEHHIHX (GOPMYJ oOnpenesHTeNb
M =| 2z, X

29 X
cMaTpuBaeMOl MaTpHOH (BHYEPKHBaHHEM BTOPOr0O # YeTBEpPTOro
CTOaI6LOB), a C NMEepecTaHOBKOH OCTaBUIMXCA CTOJNGUOB (T.e. C H3Me-
HeHHeM 3Haka). To e oTHocHTcst K M u P.

33. Kak 1 B ciyyae reoMeTpHH Ha NJIOCKOCTH, 3TO yTBepIKAEHHE
CnpaBefJIHBO JIHLIb NPH YCJOBHH, YTO XOTSl Gbl OAMH H3 ONpENEeNH-
reneii & M, N oTanuen oT Hyas. O6 HCKIOUMTENIBHOM ciayuae € =;
=M =N = 0 (nosyyarmouemcs, ecid TOUKH I, 2, 3 nexaT Ha of-
Ho#i npsmoil) KiuefiH nuumer Huxe.

34. Kneits Be3ne rOBOpDHUT O «MHHOpax», HO 6eper HX cO 3Ha-
KaMH =, T.e. PacCMaTpHBaeT COOTBETCTBYIOIHE ajreGpaHyecKue Ao-
NOJIHEHHS.

35. [lpn nononHHTeNbHOM TpPeGOBaHHH, YTO XOTH Obl OAHO H3
yucen X, Y, Z oTAH4HO OT HyJas.

36. Bulpaxas %1, Y1, 24 B CHJy nepBHX Tpex dopmya (1) uepes
X2, Y2, 22, X, Y, Z H moAcTaBnAs STH 3HAYEHHS B OCTaBIUHeCs TPH
¢dopmyan (1), nonyuaem aas L, M, N cnenyiouke BhpaxeHus:

GepeTca He B TOM BHJe, KaK OH MOJYyYaeTcs M3 pac-

—Zys+ Y=L,
Zx, —X22=M,
—YX2+Xy2 = N.

OTH COOTHOLIEHHs MOXHo npH sanauuux X, Y, Z, L, M, N paccma-
TPHBaTh KaK CHCTEMY YpPaBHeHHH OTHOCHTEJNbHO X, Y2, 2. Marpuua
K03(OHUHEHTOB 9TOH CHCTEMH  HMeeT HYJIEBOH omnpedesHTeNb, a €CJH
JOTIOJIHHTENbHO NMPeNNoJIOXKHTb, YTO XOTA OBl onHo H3 uucen X, Y, Z
OTJHUHO OT HyJsi, TO PaHr 3Tofi MaTpHuUH paBeH 2. CJem0OBaTe/bHO,
[ PaspeliHMOCTH CHCTeMbl HEOGXOAHMO H IOCTaTOYHO, YTOGH U
paclIHpeHHasi MaTpHlA HMeJa PaHr 2, T.e. 4TOOHl BCe ONpenesHTend
TpeTbero nopsifka OblIH paBHBl HyJo. Hanpumep, BhiuepkHBas CTOJ-
6enl K09 GUUHEHTOB NPH X2, MOJyYaeM ONpeJesIHTeNb

-2 Y L
0 —X M|=XXL+YM+ ZN),
X 0N

KOTOpBIA paBeH HyJio B cHly ycaosHs (3). Anasoruuso, o6pamarTcs
B HYJb H BCE APYTHe ONMpele/HTeJH TPETbero MOpsika, T.e. CHCTeMa
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copmectHa., OmpenenuB H3 3TOfl CHCTeMbl KakHe-THGO 3HAUEHHS Xz,
Y2, 22, MBl 3aTeM H3 INEPBHIX Tpex cooTHoweHu#t (1) HaizeMm xi,
Y1, 21.

37. Tounee, X=lcosa, Y=1I[cosfP, Z=Icosy, rae [=a
= 4/XZ £ Y2+ Z% — noNoxHuTe/NbHOE UYMCIO (AJHMHA paccMaTpHBae-
MOro HeHyJIeBOTO BeKTopa), a a, P, y.— yrabl, o6pa3oBaHHHe 3THM
BEKTOPOM C MOJIOXKHTEIbHEIMH HanpaBJleHHSMH Ocell KOOpPAWHAT Mpss
MOYroJibHO# cHCTeMbl. JlHaroHanib, o KOTOPCH HAET peub, HMEeT Ha-
npapJieHHe OT HayaJa KOOPAMHAT K NPOTHBOMOJIOXHOH BepIufHe ma-
pannenenunena (¢ koopauHaramu X, Y, Z).

38. IloCKOJIbKY NpsIMble, BJOJIb KOTOPHIX AeHCTBYIOT paccMaTpH-
BaeMhl€ CHJbl, Napa/iieJbHbl, HO He COBMAJalOT, XOTHl Gkl ONHO H3
uyucen Ly 4 Lo, My + My, Ny + N, orauuso ot Hyas. B camoMm nene,
obpalleHHe BCeX STHX TpeX YHCeJl B HYyJb O3Havano Gk, 4TO
Ly = —Ls, My = —M,;, N; = —N,, T.e. KOODAHHATH paccMaTpH-~
BaeMbIX [ABYX JIHHEHHBIX 3/1eMeHTOB (H300paKaloLHMX CHJbI) MOJdY+
yaloTCA APYr M3 APYra yMHOXeHHeM Ha —I, T.e. IPONOpLHOHAJbHBI,
H NMOTOMY 3TH JIHHEHHblE 5JIeMEHTHl ONpenelsaloT 00nYy u Ty de Gec-
KOHEUHYIO NpAMYIO.

39. Jlaxe BK/IIOuYasi B MOHATHe CHJIK 6eCKOHEYHO Maaylo, Gecko-
HEeYHO YIaJIeHHYIO CHJY C KOHeYHBIMH MOMEHTaMH BpallleHHs, T.e. TO,
YTO B 3JIEMEHTAaPHOM H3JIOXKEHHH Ha3blBalOT Mapoil CHJI.

40. JlaabHeliliHe BLIYHCJIEHHS TPOBOAATCA MNPH YCJIOBHH, 4YTO
xoTa 6b ofaHo u3 uucea E, H, Z orauyHo ot Hyas — o6 atom Kuaeiin
nuileT B KOHLE J0Ka3aTe/bCTBa.

41, Ecan HanpaBseHHHT oTpe3ok (/, 2) cMellaTb mo conepia-
meii ero mpsimoi, To Beanumnn X, Y, Z, L, M, N u3MeHaTbcs He
6ynyT H noToMy He OYyJeT M3MEHATLCH ONpPENE/ICHHHIH BHIIE MOMEHT
‘OJJHOrO JIHHEHHOro 3JIeMeHTa MO OTHOLIEHHIO K APYroMy, T.e. He Gy-
neT H3MeHATbC o6bem Tetpasmpa (I, 2, 1’, 2'); To e cmpa-
BEIJIHBO H INpH CMelleHHH HanpasJeHHoro orpeska (I, 2) Bmoab
comepxaieii ero mnpsamofi. CJenoBaTeJbHO, MbI MOMEM CUHTAaTb
TOYykH I’ W 2 COBMANAIOLIHMH - C KOHLAMH OTpe3Ka p. [Ipu Takom
pacnoNioXKeHHH OTPE3KOB IJIOWlaib  TpeyroJbHuka (2, 1, 2')
paBHa pr/, a BHCOTa TeTpas[pa, NPOBENEHHas H3 BepWHHH I,
paBHa |rsin @|, oTKyaa H BhTeKaeT, YyTo 06beM TeTpasipa paBeH
-é—rr’p sin ¢, a MomeHT paBeH rr’ psin@. B coorBercTBuH coO che-
JaHHHIM Ha C. 13 cornaweHueM O 3Hake oGbeMa TeTpasipa yroda
@ [OJXeH CUHTaTbCsl MOJNOMXUTENbHEIM HJIH OTpHULATENbHHIM B 3a-
BUCHMOCTH OT TOT'O, BHAHM JIH Mbl H3 TOukM I HamnpasjeHue o6xona
TpeyrosbHuka (2, I’, 2') coBepIIAIOIMHMCS MPOTHB YaCOBOH CTPeJIKH
HJH [0 4acOBOH CTpeJKe.

42. dto Gyzer BHAHO M3 JajbHelIlero HCCJAeLOBAaHHS, B KOTO-
pom KueliH paccMaTpuBaeT JMIb CJayyail, KOr4a AMHAMA HMeeT
o6u4)ua 8ud (T.e. He CBOAHTCA K OJHOH CHJle H He CBOAHMTCA K mape
cuJa1).

43. CorniacHo CKa3aHHOMY B NpeAHAYLIeM MNPHMEYaHHH HMeeM
Z%% 0, N% 0 (u notomy uucio k& = N/Z onpeleneHO H - OTJIHYHO
OT HyJs).

44. BHHTOBBIM NBH)XEHHEM Ha3bIBA€TCH KOMIO3HLHA MOBOPOTa
BOKDYI' HEKOTOPOH OCH H NapaJjlieJbHOrO NepeHoca B HanpaBJIEHHH
9To# ocH. HaCTHBIM CjyyaeM BHHTOBOrO ABHXXEHHsl SIBJISIETCS NMOBOPOT
(ecH mapagJiesbHBI NepeHoc mpeAcTaBiasieT CO0OH TOMXIECTBEHHO@
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oToGpaxkenne), a Takxe NapaJJebHuil nmeperoc. Jlio6oe coxpausios
11ee OpPHEHTALHIO NBHIKEHHE TPEXMEPHOro NMpOCTPAHCTBa («COOCTBEH-
HOe ABHXKeHHe» 0 TePMHHOJOTHH Kie#iHa) sIBJs€TCS BHHTOBHIM JBH-~
xKeHnem —cM. Boarsnckuit B. I'. Daemenrapnas reomerpus. —
M.: INpoceewenne, 1985.

45. Ha nepBHIl B3rJIS4 3TOT BHIBOJ MOXET NOKa3aThCs MapajoK-
caJibHEIM, TaK KaK INOJYy4YaeTCs, YTO IJs NOJIYYeHHS 8CeX HYJIeBBIX
oceil JOCTaTOYHO NMOCTPOHTb B KaXJOf TOYKe MPOCTPAHCTBAa MO 00-
HOU H3 HMX, a MEXIY TeM Yepe3 KaXAYI0 TOYKY AOJKHO NPOXOIUTb
GeckoneyHo MHoro HyJueBbix ocefl. Ho npu ykasaHHOM mnocTpoenuu
JIeHCTBHTENbHO Yepe3 NAHHYIO TOYKY P npoiier GeCKOHEYHO MHOr'O
NPSAMBIX, HO TOJNBbKO MOCTPOEHHHIX (KpoMe oAHOH) He B P, a B 1py-
THX TOYKaX NMPOCTPAHCTBA.

46. CM. npuMeuaHHe 44.

47. 31ecb TepMHH «3epKaJjbHOoe oTpaxeHue» KiefiH ucnosbsyer
Ias o€o3HaueHHs ABHXKEHHs C ompefenHTe]eM — 1, T.e. NBHXEHHs
He B «COOCTBEHHOM CMbIC/Ie CJIOBa» (OCTaBJISIIOIIEr0 HENOABHXKHLIM
Hayaj 0 KOODAHHAT). 3ameTHM, 4YTO, HanmpuMep, 3epKajbHOe OTpaKe-
HHE OTHOCHTEJbHO IJIOCKOCTH XYy MOXKHO NpeiACTaBHTb B BHIE KOM-
TO3HUMH JABYX JABHXXeHHH: mnpeoGpasoBaHus (As), T.e. CHMMeTpPHH
OTHOCHTEJNHO Hauasa KOODAMHAT, H mnpeo6pasoBaHus X' = —x,
Yy = —y, 2/ = 2z, npeacraBiswowero co6oii «COGCTBEHHOE» JBHU-
kenne (mosopor Ha 180° Bokpyr ocu 2). MmeHno nostomy Kueiia
He NpPHYHCASET CHMMETPHH OTHOCHTEJbHO KOODJAHHATHHIX IJIOCKOCTeil
K YHCJY <«3/IeMEHTapHHX» ABHXXEHHH, KOMMNO3HLHSIMH KOTOPHX MOXHO
MOJYYHTh JIOOble H3MEHEHHS' NMPAMOYroJbHOH CHCTEMH KOOpJAHHAT, a
orpaHHuHBaercs npeo6pasosaHHeM (As).

48. D10 pPaBHOCHJIBHO TOMY, YTOGH TPaHCMOHHPOBATb B JIEBOM
4acTH NepBuIi MHOXKHTeb (YTO He MeHsieT ONpefejHTeNs), a 3aTeMm,
KaK OOLI4HO, YMHOXaTb CTPOKH NEpPBOro ONpEeNeJHTeNss Ha CTOJGLbI
BTODOro.

49. DTo0 BHITEKaeT H3 NPHBOAHMLIX HHXXe cOOOpaXKeHHIl 0 3HaKax
onpeneauTenei. .

50. Ilpu auHeliHOM npeoGpa3oBaHHH KOOPAHHAT

=ax+by-+cz y =ax+ by + 2, 2 =asx+ b3y + c32

koopannath X, Y, Z, L, M, N juneiinoro ajseMenta mpeoGpasyiorcs
cnenyowmnm obpasom. Mmeem

X' = x; - x; = (ax; + b, + ‘121) - (alx2 + by, + clz2) =
=aX+b,Y+c,Z.
Ananornuno mpeo6pasyloTcs’ KOOpAMHATH Y, Z, T.e. MH mNoJyYaem
X =a,X+0b,Y 42, Y = a X 4+ bY 4 ¢, 2,
Z=a3X + b)Y 4 ¢3Z.
Hanee,
L =yi2, — 42 = (ap, + by, + cg21) (agey + byyp + c52) —
— (agx2 + byys + c220) (asx, + b3y, + €32() =
= (baca — bse) (¥122 — Y221) — (@203 — asc2) (21X — 22%1) +

by €2 .laz bzl
by ¢ M+ a. be N.

az €2
as C3

< (aghs — asbs) (x1y2 — X2y1) = L—
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Anajornuno mpeobpasylorcss ‘KoopauHaTH M, N, T.e. MH noJyyaeM

’ bg 2 Qg C3 as by
L = L — )
b3 :€3 a3 ¢ as bs N
b, ¢ a, ¢ a b
M =210, 1 €y I M—|% b l
b3 cs. !as C3 az b, N, (=)
b, ¢ a; ¢ | a; b
N’l — 1 1 l L — 1 1 Af 1 1 N~
by ¢ a Czl + az b,

Ecnu Tenepb MH paccMaTpuBaeM Napy CHJ, T.e. OCYLIECTBJsSeM Mpe<
JleabHbI nepexon, npH kKortopoM X, Y, Z crpeMsTcs K Hymo, a L,
M, N umeroT KOHeUHHle MpeLeJbl, XOTs OHl OJHH H3 KOTOPHX OTJH-
yeH OT Hyasi («GecKOHeYHO ynaJjieHHasi GeCKOHeYHO MaJjasi CHja O
KOHEYHEIMH MOMEHTAaMH BpAIlleHHsI»), TO H B HOBOH CHCTeMe KOOpIH-
HaT Mbl noayyaem B mpeneie X'-= Y’ = Z’ = 0, Torga Kax HOBH@
koopaunata L, M’, N’ Bupaxaiorcs uepes L, M, N no ¢popmynam
(*). Ot0 ¥ pmaer ¢opMynn npeoGpPa3OBaHHs ‘KOOPAMHAT HAapH CHA
IIpH .Nepexofie K :HOBOH CHCTeMe :KOOPAHHAT.

Tenepr ocraercst NOACTaBHTb 3HaYeHHS ‘KOI(DQHIHEHTOB -ay, . : .
«eey C3 JUIS KaXKAOTO M3 npeobpasoBanuii -(Az), (As), (As) —>3To u
naer gopmyan (Cz), (Cs), (Cs). Ilpu sToM A nosyHuenus -hopMys
(Cz) Hajmo JHIIb HCNOJNbL30BAaThb COOTHOweHHe (7) (M aHajlOrHYHBe
paBeHCTBa s APYrHX KoadguuneHToB, o KoTophix Kieitn muuwer
Ha c. 68).

51. Kneiin uMeeT B BHAy NOBeleHHe KOODAHWHATH BEKTOpa MpH
3epKajJbHOM OTPaX<EHHH CHCTEMbl KOODJAMHAT OTHOCHTEJBHO €e Has
yaja.

52. AkcHa/bHBIe BEKTQDEI ‘Ha3bIBAIOT TaKXKe OCEBLIMH BEKTOpaMH
HJIH nces0oseKTOpamu.

53. Co6CTBEHHO TOBOpS, «HAYa/0» HMeeT HaNpaBJeHHbi OTpes
30K, a He BeKTop. CMBbIC/I BHCKa3uBaHHst KieiiHa COCTOMT B ToM, uTO
MHl OTK./a0bléaes BEKTODH OT OJHOH TOYKH A, T.e. HaXOLHM TaKyio
TOuKy By, 4TO PasHOCTH KoopAuHAT Touek By u A paBuu Xi, ¥y, Z,
(4 aHAJIOTHYHO AJIS1 BTOPOro BeKTopa). OTK/JalAbBas OT TOH Xe TOU<
ku A cymMMy. paccMaTpHBaeMBIX BEKTOPOB, MBl H IOJYuYaeM Hanpage
NeHHbI OTPe30K, H306pa)KaeMblii JHAroHaJbi0 MapajJiesorpaMMa,
Cnepyer mpH 3TOM OTOBOPHTb, YTO pPacCMaTPHBaEMOE ONMHCaHKe («Mas
‘pa/ienorpaMMa CHJI») NPHMEHHMO TOJBKO ‘B TOM CJydae, €CJH BeKs
TOpHI-C/laTaeMbie He KOJVIHHeapHB, T.€. HX KOODPAHHATH He MPONOp<
‘UHOH JILHHL.

54. 3peck u panee KieiiH HeCKOJNBKO Ype3MepHO JKECTOK K MeXa-
‘HHKe H ¢u3nke. Hcnonb3oBaHHe aHANOTHH MeXAy HAeHCTBHAMH Haj
yHcJaMH W JIHCTBHAMH Haj BEKTOPAaMH XapaKTepHO TaKXe H Ul
‘MaTemaTHKH. Tak, LIHPOKO HCHOJNb3yeMble B MaTeMaTHKe H €e MpH-
JIOKEHHSAX BEKTOPHble NPOCTPAHCTEA BBOAATCS C TOMOLIbIO CHCTEMBI
aKCHOM, SIBHO HCNoJIb3yiollell yKa3aHHYIO aHajnoruio. HasBanue «cka-
JiipHOE TIpOH3BeleHHe», o KoTopom KuefiH nuumer HHXe, LHHPOKO
NpYMEHsIETC B -Psifie pa3fiesloB MaTeMaTHKH (HampHMep, B JIHHEHHOH
.ajre6pe ‘M (PyHKUHOHAJbHOM aHaJu3e). K ToMy ke Ha3BaHue <Npo-
w3BelleHHe» IJs 3TOH ONeDauHH HMeeT CTOJNLKO XKe OCHOBaHHH,
‘CKOJILKO M Pe3yJIbTaT ONepalld YMHOXEHHs, pacCMaTpHBaeMOli ‘B Tll«
JIePKOMIIEKCHBIX cHctemax (cm. T. 1, ¢. 89, rae Kneitn ne BHCKa«
8HIBaeT B CTOJb SMOUMOHAJIBHOMN -thopMe CBOErO HENOBOJLCTBA -MpH-
JMUBHIEHCH TepmHHoOJorHeil). OnHaKo, OCTaBJfs TePMHHOJIOrHYECKH®
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coobpaxkeHHs1 B CTOpOHe, CJeAyeT OTMETHTb, UTO NeTaJbHHA aHa/u3,
nposeleHHu KiefihoMm Ha Ga3e «rpaccMaHoBa NpPHHUMMA», rAy60KO
BCKPHIBaeT NPHPOAY TreOMeTPHYECKHX OObEKTOB, NpexIe 3aTyIleBH-
BABIUYIOCS PACCMOTPEHHEM TOJbKO OXHOH (HKCHPOBAaHHONA CHCTEMH
KOOpAMHAT (HJH TOJNBbKO «NPaBHIX» CHCTEM KOOpPAMHAT).

55. B caMoMm pene, COBepLIEHHO TaK e, Kak B npuMeuaHun 50,
yCTaHaBJIHBaeTCsl, YTO NPH JHHEHHOH OJHOPOAHO! NOACTaHOBKE KOOp-
JHHAT KOMIOHEHTH CBOGOLHOrO MJIOCKOCTHOTO 3JieMeHTa mnpeobpasy-
foTcsl mo (GopMyJiaM, aHaNIOTHUHHIM (#):

’ by c;
= b3 C3

Qs C2
az ¢

as bz
as b3

n

u 1. 4. Orciona nosyuyaem ajs Jo6oro cBoGoxHoro Bektopa X, Y, Z
H Jo60oro cBoOGOJHOrO MJOCKOCTHOro ajemeHnta &, M, N cooTHolIEHHE

X MY +RZ =ARX + MY +N2).

CnenoBatenbHo, paBeHcTBO &X 4 MY 4-NZ = 0 -coxpausercs npu
moboM agduHHOM (oZHOpPOZHOM) npeobpasoBanuH. OpHako B He-
OpTOroHaJ/LHON CHCTeMe KOOPAHHAT STO PaBeHCTBO yXKe He o3Ha4aer
OPTOrOHaJILHOCTb 8€KTOPO8 ¢ KommoHeHTamH &, M, R u X, Y, Z.
OTCi0fla BHITEKAaET, YTO CBOGOAHHIA MJIOCKOCTHON 5JIEMEHT, yAOBJIETBO-
PAIOLIHA YCJIOBHAM

X, + MY +NZ, =0, X+ MV, +NZ,=0

B HCXOAHOH (NMpSIMOYroJbHOH) CHCTeMe KOOPAHHAT, T.e€. TaKOH, YTO
BeKTOp ¢ KomnoHenTamun &, T, X HMeeT HanpaB/ieHHe BeKTODHOro
npousBeneHnss BekTopoB Xy, Y,, Z, u X, Y, Z,, noayuaer B apy-
roff (HempsiMOyroJbHO#) cHcTreMe KoMmnoHeHTH &/, W', B’, sajmawomue
BEKTOp, BOOGLIEe TOBOPS,, He OPTOZOHAAbHbLE HCXOLHLHIM BEKTOpaM.
HHaue roBopsi, coBnajeHHe KOMIOHEHT CBOGOJHOr0 MJIOCKOCTHOTO
3JIeMEHTa H BeKTODHOro NPOH3BedeHHs SafaHHbIX CBOGOAHLIX BEKTO-
poB, HMeBILee MeCTO ‘B HCXOJHOH NPSAMOYroJbHOH CHCTeMme, paspy-
waerca NpH Nepexoje K HENPSIMOYTOJbHOH CHCTeMe.

56. HauGosiee oOlllee MOHMMAaHHE AuHUU B COBPEMEHHOM MaTteMa-
THKE OTHOCHMTCA K 0GJIaCTH TONOAO2UW W CBSI3aHO C HMEHEM BbiAaio-
uierocs coBerckoro MartematHka [II. C. VYpeicona (Ge3Bpemenno
noru6uero B Bo3pacte 26 JieT). YpPHCOHY NpHHaMJIEXHT o6llee ompe-
Jle/IeHHe PA3MEPHOCTYU TOMOJIOTHYECKOrO NMPOCTPAHCTBAa (H, B 4aCTHO-
CTH, JI060ro NMOAMHOXKECTBa €BKJHAOBa mpoctpaHcTBa). Ilocse atoro
JHHHS eCTECTBEHHO ONpejeNsiercss Kak (Hrypa, HMeiollas pasmep-
Hoctb 1. Hanpumep, naockas ¢urypa (T.e. NMOAMHOXECTBO IJIOCKO-
CTH) sIBJISiETCS B YPHICOHOBCKGM NOHHMAHHH JIMHHeH, eCJH, BO-NePBhIX,
OHa He COLEPXKHT HHKAaKOro kKpyra (T.e. HMeeT pasMepHOCTb <2) H,
BO-BTODLIX, OHa He SIBNISIeTCH Hec8A3HOU (T.e. HMeeT pa3MepHOCTb
>0). B TpexmMepHOM npocTpaHCTBe pa3MepHOCTb (Hrypnl ompefe-
Jasercs caoxHee, CM. HHTEpECHYI0 H NMpPEKPacHO HANMHCAHHYIO KHHTY?
Napxomenko A. C. Yro takoe aunus. — M.: Tocrexnspar, 1954.

gamemm, KCTaTH, YTO NMOAXoA, onucaHHui Kaefinom B n.3) u4),
NPUBOAMT K JBYM pPasjH4YHHIM O0O0OOLIEHHAM HAHBHOTO MOHHMAaHHS
«JHHHH». OQHO NMOHHMaHHEe COCTOHT B TOM, YTO NMapameTpHUecKas 3a-
nuch x = @(¢), y = P(f) paccmarpHBaeTci KaK Crnoco6 onucaTth
MHOXMCECT80 BCeX TOYEK, MOJIyHalOMIKXCA TaKHM 00paseM, T.e. Kak
cnoco6 3ajaHHA JIHHHH, TOHHMaeMoi B cMHCIé M. 5). 3mech 3Haues
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HHsl Tlapamerpa ! B KOHIle KOHLUOB HCKJIOYAKTCH, T.e. He BaXKHO, UPH
Kakom t MoJiydaercss Ta HMJHM HHas TOYK3, a BaXKHO JIHMILb BCe MHO-
JXeCTBO MOJIyYaloUIHXCS TOYeK. BTopoe NMoHMMaHHe yUHTHIBaeT nocae~
dosarenbHocTe mpoberanua TOoueK x = @(f), y = P({) mpu Boaspa-
cTaHuM napamerpa f, ckaxem, oT 0 no 1. Takoe moHHMmaHHe ompe-
AeaseT nyre (STO NOHATHE, B YaCTHOCTH, HIpaeT BaxHYI pOJb B
anre6pauyeckoli TonoJioruH). Takum 06pasoM, JIHHHS KaK MHOXeECTBO
TOYeK HJIM JIHHHS KaK NyTb — 3TC pa3Hsle TPAKTOBKH INOHATHS JH«
HHH, KoTOphle KileiiH He pa3s/HyaeT yeTKo.

57. MoXHO CKasaTb, YTO B TaKOM UOHHMaHHUH CHHTe3 O3Hayaer
nocJefloBaTe/bHOE «BOCXOXAEHHEe» OT HNAHHBIX (NPH MOMOILH OTAelb-
HBIX «IIAXKOB MBICJH») K HCKOMOH UEJH, T.e. HanpHMep, K MOJyye--
HHIO TpeGyeMOro NOKa3aTeJbCTBAa HJH OCYILECTBJIEHHIO IOCTPOEHHS.
HanpoTus, aHa/i¥3 MOXHO NPeACTaBJATb KaK <IONATHOE ABHXKEHHe»
OT LeJH, T.e. pelleHHs 3ajayH, K TeM Bce GoJiee NMPOCTHIM MOCHLI-
KaM, U3 KOTOPHX 35Ta LieJb MOXeT OHTb NOCTHTHYTa, MOKa MH He
3aNOJIHHM LIeNOYKY, MEXAY HCKOMBIM pellleHHEM H HMEIOLIHMHCS NaH-
HbiMH. TIpH TakOM NMOHMMaHHH aHa/H3 elle He JaeT pelleHUs 3aJaud
(ecan TonbkO MBI B mpoLECCe aHaN¥3a He yOex[ajuch KaXIblii pa3
B 06paTumocTi OYEPENHOro JIOTHYECKOTO <«WIa)KKa»), a JHWb Haer
OTHICKAHHE MNYTH pelleHHs; MO0 3TOMy INOBOAY cM. BoaTsaH-
cku#i B. T. AHanus — MOMCK pelueHHs 3ajgaud//MaremaTHka B
mKoJse. — 1974, — Ne 1. Mnaue roBopsl, — H NpH pelIeHUH 3aJaYH Ha
NOCTpOeHHe 35TO, KaK MNpaBHJIO, BCeria TpeGyeTcs —3a aHaJH30M
(nepBbIM STAamOM pelIeHHs) JOJUKEH CJef0BaTh BTOPOH 3Tam —
OCMBICJIeHHS, 0OpMJIEHHs HaHAEHHOrO nyTu pelleHHs B BHAE YETKOro
pewenus (HampuMep, ONMHCaHHe OKOHYAaTeJbHO HaMIEHHOro nOCTpoe-
Hus), a 3aTeM TPeTHH 9Tanm — J0KA3aTeAbCTE0, OGOCHOBAaHHE 3TOr0
pellleHHs B BHJE CUHTETUXECKO20 PACCYXJeHHs, BEAYIIEro oT AaHHHIX
K MCKOMOMY. B samauax Ha moctpoenne, Ha HaXoXJeHHe BCeX peLle-
Huii ajare6paHyecKofi sajauyd H T. I. HMeeTCs elle 3aKJIOYHTEJbHBIH
YeTBEPTHI 3Tal — uccaedosanue, TOBOpsIlee O WYHCAE pelneHH#
B 3aBHCHMOCTH OT BbIGOpa mapameTPOB, XapaKTepH3YIOIUHX yCJIOBHeE.

58. 3mecb caenyer ¢ YNOBJETBOPEHHEM OTMETHTb, YTO B COBPEMEH-
HOM NPENOojaBaHHH MaTeMaTHKH B WIKOJe (KaK BhiClieHf, Tak W cpen-
Hell) BEKTOPbl 3aHSJIH B COBETCKOH LIKOJie NMPOYHOe MECTO, — XOTH H
CYWECTBYIOT pasJHYHBle TOYKH 3PeHHs MO BONPOCY O TOM, B 1OCTATOY-
HOH JIH CTemeHH NPOHH3aH KyPC MAaTeMaTHKH NPHMEHEHHEeM BeKTOp-
HbIX MeTonoB. O6 HCTOPHH BBeJeHHS BEKTOPHbLIX METONOB B Mperno-
JaBaHHEe MAaTeMaTHKM MOXHO TDOYHTaTb B HHTEPECHOH CTaTbe:
Tnetizep I ., Kesn I K. K ucropun Bompoca 06 usyuenun
BeKTopoa/})Ma'remamKa B 1KoJse. — 1986. — Ne 5. — C. 54—57.

59. B mnporpamMmax H yueGHHKaX, HeACTBYIOIIMX B COBETCKO
IIKOJie, 3Ta TOYKa 3peHHsi KiefiHa HaXOAHT cBOe OTpa)keHHe B TOM,
4TO NpHJAeTCs OyeHb GOJblIOE H Cepbe3HOe 3HaueHHe BOmpocy od
OCYILECTBJIEHAH MennpeOmMeTHblX C68a3eli MaTeMaTHKH C JIpYyrHMH
npeaMeramu (¢pu3HKoO#H, xuMmued, unpopmaTHko#, reorpaduedt u T. 4.),
a TaKXe BONPOCY O B8HYTPUNPeOMETHbLX CBA3AX B MaTeMaTHKe — Mes
XKy KypcaMH reoMeTpHH, ajre6pbl, HauaJ MaTeMaTHYeCKOro aHaJH3a.

60. D10 ompepesenHe MoJsApH He ABJsSETCS -o6WHM (HanpaAMep,
OHO HENpPHJIOXKHMO, €CJIH TOYKa p JIEXKHT BO BHYTpPeHHeHl 006.1acTH,
T.e. Yepe3 Hee He NPOXOAHT HH OJHA JAeHCTBHTE/JbHas KacaTe/bHasi
K paccMaTpHBaeMOMY KOHHuYeckoMy cederuio). Obluiee ompenesnenue
nosyuyaercs JH60 NepexofOM B KOMIVIEKCHYIO o6JacTb (M3 Jio6oi
TOYKH, He NpHHaMJeXalllell KOHHYECKOMY CEYEHHIO. MOXHO NPOBECTH
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K HeMy IBe KacaTesbHble, KOTOpHE, OZHAKO, MOTYT OKa3aTbCAd MHH=
MEIMH, HO H B 3TOM CJy4Yae MnpsiMasi, COeJHHsSIOUAasl TOYKH KacaHHs,
6yner HelCTBHTENbHOH — 3TO M €CThb NOJsApa), JH60 C HCIOJb3OBa-
HHEM rapMOHHYECKHX 4eTBEPOK Touek. VIMeHHO, ecau yepes TOuky p
NPOBOJAHTb BCEBO3MOXKHEIE MPSIMble, MepeceKaloillie KOHHYECKOe ceyes
HHe B JIBYX TOYKax @, b,"TO MHOXECTBO BC€X TaKHX TOYeK g, YTO @,
b, p, g —rapMoHHuecKkas ueTBepKa, NpeACTaBJsAeT COo60i Ju6o Tps-
MYI0, 1150 4acTb HEKOTOPOil mpsMoH. DTa mpAMas & U ecTb NMoJspa
TOYKH p.

61. Teopema Ilackans (mokasaxsnas uM B 1639 r.) yrBepsnaer,
yto ecai A1A2A3A1AsAs — LIECTHYTOJILHHK, BOHCAHHEI B KOHHYECKOe:
ceuenue, To duazonaavreie Touku M, N, P, Noayuaomuecss npu nepe-:
ceyernd npsaMbix AiAs ¥ Auls, A2As u AsAs, AsAi 1 AesAy, nexar:
Ha oauoli npamoil. [lroiictbennas eif TeopeMa Bpuasmona (ycranos-:
JedHas uM B 1806 r.) dopmyaupyercs caeaywouum oGpasom. IlycTh
81, G2, Q3, Q4, G5, Gg— LIECTb KACATEJbHHX KOHHYECKOTO CedeHHs:}
TOrfa AHAroHaJH M, 7, p TMOJYYaiOlerocss ONMUCAHHOTO MLIECTHYIOJIbs:
HHKa 312323334345355331, T. €. IpsAMbIe B1zBus, stBso, BsLBu, nepe-
CeKaloTcsi B OAHON TouKe. JlOKasaTeJqbCTBa STHX TeopeM (a TakxKe;
H3JI0XKeHHe Hed NPOEKTHBHOH reoMeTpHH H O0OCHOBaHHE MPHHLHMIA:
JBOACTBEHHOCTH) MOXKHO HalTH B KHHraX, yKa3aHHbIX B IpHMeuas
HuH 7.

62. Cm. cHOcky **) Ha c. 89.

63. Ilpu ycaoBuH, YTO paccMaTpHBaeMasi npsiMasl He NapaJlieNbe
Ha IJIOCKOCTH X, Y

64. 3ametuM; uro Kuefin owmGaercs, Ha3BaB aBTOpa aHOHHM-:
apiM: «KpaapaT» — ncesnonum MatemaTHKa JaBuHa . D660Ta, Ko«
TOPHIH H s8J€eTCA aBTOPOM KHHTH. Pycckuii nepesoa: 9660t 3.3,
daarnanang//366or . . Qaataanaua. Bioprep . Cohepnan-
nus, — M.: Mup, 1976.

65. D10 €JOBO «3jleCb» BBHIAECHO IS TOro, 4TOOL YHTaTe/lb He
NpHHSJ J1aBaeMylo A/ JaHHOTO CJyyas XapakTePUCTHKY MaTeMaTHKH
3a obu1yl0 TOYKY 3penus, Kaefina.

66. Cxa3aHHOe 3/1eCb OTHOCHTCS TOJIbKO K OPTOZOHAAbHOMY Tpe-
06pa3oBaHHi0 KOOPAHHAT, NMOCKOJbKY TOJbKO B 3TOI CHCTEME NEPEXOL
& ob6paTHOl MaTpHUe (cM. (2)) COOTBETCTBYET ee TPAHCIOHHPOBAHHIO.
Kak BuaHo u3 cooTHoweHuss (5) Ha c¢. 67 M nojyyaeMbiX H3 Hero
luddepenuyaabHbX caeaCTBHH, Kos;q;(lgmueﬂ'ru B BLIPaXKGHHH KOMIIO-

HEHT yepes ABJIAIOTCA NPH JIHHeR«

x"’ Jy” 9z dx ' 9y ' 0z
#oM (a¢dunHoM) mpeoGpa3oBaHHM KOOPAMHAT SJIEMEHTaMH He caMoil
MaTpHLLI mepexona oT X, Y, 2 K x/, y’, 2/, a aneMeHTaMu 06parwoil
(0 d 0
\ox* 9y’ oz
JauaHa ot BekTopa (dx, dy, dz); nociefHHIT Ha3BIBAIOT KOKTPABA-=
PUAHTHbIM, @ TePBbIi — KOBAPUAHTHOLM BeKTOpPOM. Pasjnuyue mnpu-
pPOLH KOHTDABapHAHTHHIX M KOBapHaHTHHIX BEKTOPOB CKa3hlBaeTcs
yxKe NpH H3MeHeHHH Maucraba (o ueM HHKe nHmer Kaeiln). Pas-
JM9He KOHTPaBapHAHTHHX M KOBAaPHAaHTHRIX KOMIIOHEHT 0CO6eHHOo
CYLIECTBEHHO B TEH30PHOM HCYHCJIEHHH M OOluell TEODHH OTHOCHTEJb+
soctd. Cm. kuury B. A. Ily6posusa, C. I1. Hosukosa, A. T. ®omen-
KO, YKa3saHIlylo B npuMeuyaHuu 26.

67. Ceilaac, kak NpaBHJO, U3MEHEHHe 3HAKa, O KOTOPOM MHIICT
Kaneiin, ne npuMmeHsiercs, T.e. IPaJHEHTOM Ha3LIBAIOT BEKTOP C KOM-

MaTpHUDL B cBsisn ¢ 3THM npHpoaa BEKTOopa oT-
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o o o,

TNIOHEHTAMH e Fy—’ PR OH YKasuBaeT HanpabJieHHe GricTpels

wero sospacranus GyHkuun f. .

68. 31o 3ameuanne KieliHa npeicTas/sieTcss OueHb BaXKHHIM AJS
LIKOJIBHOTO NpenojaBaHHs MaTeMaTHKH. Peub HoeT o Tom, 4ToObI,
HCXO&fi W3 oOledl TeOpPeTHKO-MHOXeCTBEHHOH TOYKH 3peHHs (pac-
cMaTpHBalolileli H3yuaeMble B aHaJH3e (QYHKUHH KaK YaCTHHIH ciyuai
o6L1ero NOHATHs .0TOOpasteHus ONHOTO MHOXKeCTBa B ApYyroe), Tpak-
TOBaTh Npeo(pasoBaHHs TWIOCKOCTH HJIH NPOCTPAHCTBA KaK CBOeoG-
pa3Hble «reoMeTpHueckHe (YHKUHH». DTOT «MOCTHE®» MeXAY aHaJH-
30M H TeoMeTpHell He TOJbKO CO3faeT yAo6CTBa B CMHIC/AE OGLIHOCTH
TEOPETHKO-MHOXECTBEHHOTO MaTeMaTHYeCKOro f3blka, NpHMeHseMOoro
B \9THX H JIpyrux o06JacTaxX 3JeMeHTapHOHX MaTeMaTHKH («o6pas3s,
«npoo6pas», «nepexoJHT B», «06paTHble NPeo6pasOBaHHA MJIH (YHK-
LHH», «06J1aCTh ONMpEJeNeHHsI» H T. A.), HO H HMMeeT NPHHIMNHAJIbHOE
METOJ0JIOTHYECKOe 3HaueHHe KaK BaXKHHI 3JIEeMEHT COBpeMeHHOH Ma-
TeMaTHYeCKO# KyJbTypH. [TOHATHS MHOXeCTBa, OTOOpaKeHHs, OTHO-
1IeHHsl SKBHBAJIECHTHOCTH M CBH3aHHOH C HHM KJacCHOHKalUHH H Ip.
MrpaloT CerofHs BaXHyI0 poJab B HHOpMATHKe, MaTeMaTHYECKON
JIHHTBHCTHKE, MaTeMaTHUeCKOH SHOHOMHKe, TeOpeTHUeCKod (QHu3HKe,
6uonorun. To, uto KiefiH mpeiBHies 9TO yXe B Hauaje CTOJIETHS,
ABJITETCS NpOsiBJeHHeM ero o6uiefl NMPOrpecCHBHON MO3HLUHH «dY3HO-
HH3Ma», T. €, He Pa300IeHHOro pacCMOTPEHHsS OTAeAbHLEIX BeTBeil Ma-
TeMaTHKH, a HaXOXJeHHs H NOAYepKHBAHHA (Kak B HayKe, Tak H
B NpenofiaBaHHH) B3aHMOCBsi3el, B3aHMONPOHHKHOBEHHS H BJMSHHS
pasauuHeEIX o6sacTeli Ha HX B3aHMOOOYyCJ/IOBJIeHHOe pa3BHTHe. Kcraru
(06 atom Kueiin KpaTko mHier B ciepyioumeM ab3aue), HMENHO reo-
MeTpHsl JlaeT MpPOCThle H HarJs[Hble NpUMepH oToGpaxKeHHuii GoJsee
o6uiero BuAa, YeM GYHKLHH, pacCMaTpHBaeMble B 3JIEMEHTApHOM aHa-
Juse (roe Bcerja YHCJAO MEePeXOAHT B YHCJO, HJIH TOYKA — B TOUKY),
a HMMeHHO, OTOOpaceHHH, TepeBOASLIHX SAEMEHTH ONHOr0 MHOXe-
cTBa B 3JIeMeHTHl Apyroro. Tak, B npeabiayuieil raaBe peys luia
O [pUHIMNE JBOHCTBEHHOCTH B MNPOEKTHBHOH reOMETpHH, NepBOHa-
yaJbHbIH BapHaHT ‘KOTOPOrO INpeacTas/sa coboi orobpaxenue, co-
nocrasJsiollee KaXKAoH Touke HEKOTOPYIO NpsMyilo (ee moaspy oOT-
HOCHTEJIbHO (OHKCHPOBAHHOTO KOHHYECKOI'O CEYeHHs ).

69. Caenyer NOAuEpPKHYTb, YTO aHAJHTHYeCKas TPaKTOBKAa ¢hak-
TOB FeOMETPHH, CHCTEMaTHUYeCKH H HW3BICKaHHO npenofxocumas Kieii-
HOM B €ro JeKUHsiX (H Aaxe BCTPeyalollHecs [aJiee BHICKa3hIBaHHs
O NpPEeBOCXOACTBE TAKOrO NOAXOAA liepell «YHCTO CHHTETHYECKHM» IO-
HUMaHHEM reOMeTpHH), MpecjelyeT CTPOro ONpejiesieHHYIO Lelb: AaThb
€20 CAYWOTEeNAM UAU HUTATeAaM TJyOOKOe, YeTKO NPOBeIdeHHOe HC-
cJiefoBalide, BCKPHIBAKLiee AHAJHTHUECKYIO NPHPOLY OCHOBHBIX reo-
MEeTPHYeCKHX MQHATHH, HX B3aHMOCBSI3b H NOBeJIEHHE NPH TeOMETpH-
uyeCKHX Npeo6pasoBaHMAX, a TaKxkKe NMO3BOJISIOLIEe NaJeKO NMPOCAEHTh
KJIeHHOBCKYIO «3DJIAHT@HCKYIO» TOYKY 3DEHHss Ha TFeOMeTpHIO KaK Ha
TEOPHI0O HHBAapHAHTOB OMNpeleJeHHHX rpynn npeo6pasosanuit. Ilo
Mmuican KnefiHa yuurtens mo/KeH BO BCeM 9TOM XOpOIIO pa3GHpaThes.
2TO He CJelyeT TMOHHMaTb B TOM CMHICJe, 9TO B [UKOJIe Mpenofasa-
HHE TeOMEeTPHH JOJIXXBO NPOBOAHTBLCS YHCTO AHAJIHTHYECKHM METOLOM.
‘Hanpotus, Knefin B psifie MecT (M, B 4aCTHOCTH, B 3aK/IOYHTE/bHOR
rjaBe 9TOH KHHTH, — K COXaJIeHHIO, HaMHCa#sHOH OYEeHb KPaTKO) MOX-
YepKHBaeT HeOOXOAHMMOCTb FeHeTHYecKoro (OpMHPOBaHHs T'eOMETPH-
YECKHX TMOHATHH, PasBHTHA HHTYHIHH, NPOCTPAHCTBEHHHIX NPEACTABs
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JIeHHH, HAaBHIKOB M306paxeHHus (HIYpP M FeOMETPHIECKHX NOCTPOEHHH,
HHbiMH c/l0BaMH, B NEePBOHAYAJIbHOM INKOJBLHOM NpENOJaBaHHH HOJK-
HO CaMO€ CYLIECTBEHHOEe MeCTO 3aHATb CHHTETHYEeCKOe Pa3BHTHe reo-
METPHYECKHX 3HaHHH, YTO, KOHEYHO, He TOJIbKO He HCKJIOYaeT HCs
NOJIb30BAHHsT HIedl 3pJNaHTeHCKOH NMporpaMMH, HO, HaNpOTHB, B CBOEM
BBICLIEM Da3BHTHH LIKOJIbHOE NpenojaBaHHe IeOMETPHH NOJIKHO C ca-
MOro Hayaja HIHPOKO HCNOJB30BaThb HAEH CHMMETPHM, reOMeTpHue-
CKHe npeo6pa3oBaHus, IpyNNnoBoil MOAXO.

70. Kaefin HcnoJsb3yer TepMHH nodobHoe npeobpasosarue mpo-
cTpaHcTBa. B 3TOM M3JaHMH KHHTH MH NpHAEPXHBaeMcs Cjefyouiei
Tepmunosorud. Tomoterne#i ¢ ueHtpoM O u Ko3dpdHuUHeHTOM & 5= 0
Ha3bpiBaeTcsi Npeo6pa3oBaHHe NPOCTPAHCTBA, KOTOpOe KaXayio Tou-

Ky A nepesozut B Takylo Touky A’, uro OA’ = kOA. Jlanee, koM-

nosunus feo h romoreruu h M JIOGOro NBHXKEHHs [ HasbiBaercsi mpe-
ob6pazoBaHueM nofoGHs. Bce npeoGpasoBanHss momobuss o06pasyioT
epynny npeoGpa3oBaHHil MPOCTPaHCTBA.

71. DT0 He oueHb 4eTKO CHOPMYJHPOBAHHOE YTBEpXKAEHHE MOXK-
HO YTOYHHTb cJelyioluM o6pa3oM. OrpaHHYHMCs CjyyaeM, Koria
onpenenuTeab A mpeoGpasonanus (1) orTauuen oT Hyas. B stom cay-
yae paccmaTpHBaemoe npeo6pa3soBaHHe B3aHMHO OJHO3HAYHO OTO-
€paxaeT NpoCTpaHCTBO Ha cebs (mpuyeM H camo mnpeoGpa3oBaHHe
H 0o0paTHOe eMy SBJSIOTCS HeNpepbiBHBIMH, T. €. MPENCTaBJSIT CO-
Goit comeomopgpusmet). VI3 asToro ciepyer, uTo ecaH Touka (x,y,z2)
NPOH3BOJLHEIM 06Pa30M YXONHT B GECKOHEYHOCTD (T. e. |x]|+1y1+ 2]
HeorpaHHYeHHO BO3pacTaeT), To H Touka (x’,y’,2’), moayyaeMas npe-
o6pasoBanneM (1), yxoaur B GeckoneuHocTh (um oGpaTHo). [lpu
A = 0 310 He BCerja TaK, T. €. TOYKa (X, Y,2) MOXKeT TakHM obpa-
30M yXO0OMTb B GECKOHEYHOCTh, YTO ee o6pa3 (x’,y’,2’) Gynmer ocra-
BaTbCs B KOHEYHOH YaCTH NpOCTpaHCTBa (MM naxe Oyner ocra-
BaTbCsl HENMONBHXKHBIM).

OnHako, CyAsi MO TOMY, YTo TFOBODHTCS B cCjelyiouiem abs3alle,
Kaeiin, BuauMo, HMeeT B BHAY cjenyloliee 6osee ciaaboe yTBepxie-
Hue (KOTOpOe CUpaBelJIHBO NPH JOGOM 3HAYEHHH ONpefeNHTens A
H oueBHANbIM 06pa3om BhiTeKaeT H3 dopmya (1)): ecan x, y, 2
He3aBHCMMO [pyr OT ApYra CTPEeMsTCS K KOHEYHLIM INpefenaM, TO
%', y’, 2’ TakxKe CTPeMATCS K KOHeuublM mpeienaM. MubiMu ciaoBawmu,
touka (x’,y’,2’) He MOXeT YATH B OECKOHEYHOCTb, €CJH TOYKA
(%,y, 2) ocTaeTcst B OrpaHHYeHHOH YacTH MPOCTPAHCTBA.

72. Jlerko Buaerb, uto A’, B’, C’ nonayuaworcs u3 A, B, C ju-
HefiHbIM npeob6pa3oBaHHeM C TeM e onpeaeauteseM A. Tak kak
x0T 6b OfHO M3 uncea A, B, C OTIHYHO OT HYJas (NOCKOJABKY
Ax 4 By + Cz+ D = 0 ecTb ypaBHenHe INIOCKOCTH), TO NpH A 5= 0
TakXKe XoTs 6b ofHO u3 yucen A’, B/, C’ oTanuHO OT HyJs, W mo-
tTomy ypasHenne A’x’ + B'y’ + C’2’ + D' = 0 rtakxke onpejensier
nockocTb. TakuM o6pasoM, B cayyae A % 0 o6pa3oM Kaxpaoii mjo-
CKOCTH npu upeo6pa3oBaHHH (2) CHOBa fBJISETCS HEKOTOpasi IJIO-
CKOCTb.

73. UnTepecHO OTMETHTb, YTO 3lech Kieiin naeT comepixaTesb-
HO-TE€OMETPHYECKYI0,-a He KOOPJAHHATHYIO TPAKTOBKY CBOGOLHOrO BeK-
topa. Vimenno, eciu B raase I cBoGonnblfi BeKTOp ompejessicsi Kak
reomMeTpuyeckHii o0pa3, XapakTepusyeMmui KoMmnoHestamu X, Y,
(c. 49—50), To 3aech HEABHO HCUOJB3YeTCS CJeYIOIasi reoOMeTPH-
uecKasi HUHTEpPNpeTalHsi: CROGONHHIM BEKTOPOM Ha3blBaeTCs MHOXKe-
ctBo (GeckoneyHoel) BCeX HanpaBJIEHHHIX OTPE3KOB C OAHHMH H TeMH
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sxe KommoHentamu X, Y, Z, T.e. HampaBJeHHBIX OTPE3KOB, MOJyuaio-
muxcs APYT M3 Apyra mapaJliiebHbIMH NepeHocaMH. Pasymeercs, aTu
oTpene/ieHHs BIOJHE COOTBETCTBYIOT APYr Apyry. Bmecre ¢ Tem cyuie-
CTBEHHO OTMETHTb, YTO [aXe NpH aHaJIHTHYECKOM H3JoxKeHHH Kieiin
HalleJIHBaeT cjymaTenef Ha TO, YTOGH 3a KaXKIbIM aHATUTHYECKHM
onpe/esieHHeM FeOMeTPHUeCKOro o6pasa yMeTb 8udeTo ero copepia-
Te/IbHO-Te€OMETPHYECKHH CMHICIL

74. Knelin He Bcerja 4YeTKO pa3jiHyaer CBOOOLHBIE BeKTOPH H
HanpaBJieHHble OTPe3KH (HampHMep, TOBOPHT O ABYX BeKTOpax «Ha
OLHOH MNpSMOii»), moJaras, YTO MOCJe CKa3saHHOro B NpeabAyllel
YacTH KHHIM YHTaTesb JIErKO NpPHAAcT (GOPMYJHPOBKAM TOYHBIH
CMBICJI. ~

75. Insi nmpuMeHeHHsi OOBIYHOTO INpPaBHJIa YMHOXEHHS MaTpHIL

(ka)gasi CTpPOKa NMEPBOTO MHOXHTeJs YMHOXKAaeTCsl Ha KaXAHH CToJ-
6ell BTOPOr0) HYKHO B BLIMHCHIBA€MOM HHXKe PaBEHCTBe TPaHCNOHH-
poBaTh MepBYIO MaTpPHIY H NEPECTAaBHTb MHOXHTEJH.
' 76. 3necb Kueitn Tpakryer ¢opmyan (1) (mam (2)) He Kak 3a-
nawomwue apdurHOe mpeoBpa3oBaHHE CaMOro TPEXMEPHOrO NMPOCTPaH-
ctBa R, a kak adduHHOe OTOOpascerue OLHOrO NPOCTPaHCTBA R
(B KOTOPOM BBENeHH KOOPIMHATH X, Y, 2) 8 Opyzoe npocTpan-
crgo R’ (c xoopauHatamu x’, y’, 2’). DTOT Ke NMpHEM HCNOJb3YyeTCH
yacTo W B jajbHeiweM. B cayuae, eciu R’ coBmajaeT ¢ mpocTpaH-
cTBoM R, MB HMeeM OToOpax<eHHe DPOCTpPaHCTBa R 8 ceb6a; B 3TOM
cayyae uame Bcero B R paccmaTpuBaercs o0ma KOOpAMHaTHas CH-
crTema, TNpHYEM X, Y, 2 TPAKTYIOTC KaK KOOPAHHATH TOYKH-NPOOG-
pasa, a x’,y’,2’ —Kak KoOOpAHMHaTH ee oOpa3a IpPH paccMaTpHBae-
moM addunHOM orobpaxennH (1) mpocrpancrBa R B cebs. Ecau arto
oTo6paKeHHe B3aHMHO ONHO3HAYHO (H NOTOMY HMeeT o6paTHoe ad-
¢HHHOe OoToOpaxeHHe (4)), TO oHO Ha3biBaeTcs a(p¢HHHHIM Npeol-
pa3oBaHHeM NpocTpaHcTBa R Ha cefs.

77. Ora dopma 3anucu adpdHHHBIX npeobpa3oBaHHii AesaeT BO3-
MOXCHOCTb NMPOCTOTO H HAarJIAAHOrO HX NpeicTaBJjeHHs. OrpaHHuMMCs
IJIs1 MPOCTOTHl CJIy4yaeM IJIOCKOCTH H NpeACTaBHM cebe JABe JeKap-
TOBB! CHCTEMBI KOOPIMHAT, OJHAa H3 KOTOPHIX NPSIMOYroJbHas, a ApY-
rasg KOCOYroJibHass C Pa3HBIMH JJIHHAMH eIHHHYHBIX OTPE3KOB IO
ocsiM. Pa3o6beM B KaXXIOM Ciyyae INIOCKOCTb Ha NapaJjliieJorpaMMbi,
NPOBOAA 4Yepe3 IEJOYHCAEHHbIe TOYKH KaXKZAOH OCH NpsiMble, mapaJ-
JesbHEe ApYroil ocH (B mepBofi cucreMe 3TO OYAYT KBaApaTH, a BO
BTOpOH — napaJuiesorpammbl obuiero Buaa). Ecam Tenepb B nepBoit
CHCTeMe HapHcoBaTh HekoTopyio ¢urypy M, a 3aTeM BO BTOpOil CH-
cTeMe INepepHCOBaThb <IO KJETOYKaM» aHaJjorHunyio ¢urypy M’, To
Mbl NMOJIyYUM B pe3ysbTaTe «apPHHHO HCKaKeHHyW» komuio M’ ¢u-
rypst M. (B kuure [lenone u PaiikoBa, yka3anHOH B npHMeYaHHH 2,
B KauectBe M Gepercst pHCYIIOK KOTeHKa, a M’ GyneT BHITAHYTHIM H
nepeKolIeHHHIM ero H3obpaxenuem:.) [lepexox or M x M’ u naer
npejcrasjeHde 06 acddHHHOM nNpeo6pasoBaHHH MJIOCKOCTH, a BO3-
MOXHOCTb NepeHoca PHCYHKa «IO KJeTOYKaM» KaK pa3 H 06ycJoB-
JleHa BHAOM dopmya (6).

78. Inst moJjiyueHuss TakHM 06pasoM NPOH3BOJILHOrO 3JJIHICOHAA
JIOCTaTOYHO B KauecTBe A, [, V 6paTb NOJOXKUTEJbHHE YHCHA.

79. YuuThiBas HanpaBJeHHOCTb 3THX JeKuuii KiefiHa Ha IWIKOMb-
HOe IpenojaBanHe, Il1eJeCOO0pPa3HO NPHBECTH ellle MNapy NPHMeEpoB,
.Oosiee O6JM3KHX K LIKOJBHOA TeMaTHKe (M yMECTHBIX, HanpHMep, AJs
NpHMeHEeHHs B KPYXKoBoili paGore).
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Mpumep 1. B Tpameuun cepelHHH OCHOBaHHA OCO3HAaYeHH
gepe3 u N, nanee, P — Touka mepeceyeHHsl AuaroHajeil, Q — tou-
Ka IepeceyeHHs] NPONOKEHHHIX GOKOBHIX cTOpoH. JlokasaTb, HuTO
M, N, P, Q nexat Ha ofHO#l NPsSMOii.

Insa pokasatenscTBa ocyulecTBuM adduHHoe nmpeoGpasopanue f,
nepesofsiee oHoBanne AB H oTpesok MN B ABa B3aHMHO nepreHs
JMKYJspHHIX orpeska. Torza MBI mosyyHM paBHOOGOYHYIO Tpaneumo,
B KOTOpOHl yKasaHHBle YeThipe TOYKH JeXaT (B CHJIY cooOpaXKeHHit
cuMMmerpuH) Ha onHoi npsmoll. Ho Torpa, nepexoass k HCXoRHOIX
TpaneudH ¢ TNOMOIIBIO apHRHOro npeoGpasoBaHHus f—i, MW Haxo-
JlAM, YTO M B Hell 3TH yeThipe Touyku M, N, P, Q JexaT Ha OXHOM
npsimMofi.

INpumep 2. Borpyr nanHoro saaunca L omucaTb TpeyroJbs
HHK HaHMeHblleld NJOLIAJH.

Jas peweHns ocyuiecTBMM adduHHOe mpeob6pasoBaHHe f, mepe-
Bofsuee samunc L B kpyr K. Ecaun T — HCKOMBIH HaHMeHbIUHH Tpe-
YTOJIbHUK, ONHCaHHHA BOKPYr L (T.e. OTHOlIeHHe IJomajeil ¢H-
ryp T u L muHuMasibHO), To TpeyroabHHK S = f(T) o6aamaer Tem
CBOHCTBOM, YTO OTHOLIEHHe mnJoulafeli (He MeHsoumeecss npH ad-
¢unHoM npeoGpasoBanuu) ¢uryp S m K MunumaspHo. HMHaue ro-
BOpsA, S — TPEYroJbHHK MHHHMaJIbHOM IJIOL(aAH, OMHCAHHEIH BOKPYD
kpyra K. Ho Toraa S — paBHOCTOPOHHHH TPEYTOJIbHHK, a HCKOMLIH
peyronbhuk T nosydyaercs M3 S o6paTHEM npeoGpa3oBaHueM f—1i,
Tak Kak CylIeCTBYeT OZHOKpPaTHO GecKoHeuHoe (oo!) cemeiicTBO
PaBHOCTOPOHHHX TPEYroJbHHKOB, ONHCaHHEIX okoJo Kpyra K, To,
CJIeIOBAaTE/NbHO, CYLIECTBYeT OAHOKPAaTHO GCCKOHEYHOE CeMeiCTBO
TPEYroJbHUKOB, OMHCAHHEIX OKOJIO JAHHOTO 3JUIHNICA W HMEIOLIUX
MHHHMaJibHYt0 miowanb. (Ecam 3ajzaTh TOuky KacaHHs OJHON H3
CTOPOH ONHCAHHOTO TpPEYroJbHHKAa C 3JUIMICOM, TO 3ajaya Gyaer
HMeTb eIUHCTBEHHOe pellieHHe.)

Psin npyrux npumepoB umeercs B kHure: draom M. M. Teo-
MeTpHyeckHe npeo6pa3oBaHus. — Y. 1: JIBukewHs H npeoGpasoBa-
#is nopobus. — M.: Tocrexusnmat, 1955. —U. 2: JluHefiHble H Kpy-
rosbie npeoOpa3oBaHusi. — M.: Tocrexuanar, 1956. )

80. B nanvueiiinem E HasbiBaeTcs OpHTHHanbHO#M, a E’ — kap-
THHHOHM IUVIOCKOCTbIO (MJIH TVIOCKOCTHIO H300paskeHwii).

81. ToBopss 0 KocoyrospHOii cHcTeMe KkoopauHaTt, Kaefin 3nech
npeanoJiaraeT, YTo eIHHHLE Macwitaba AJs BCeX OCeH OLHHAKOBH
(M COBMajalOT C HeKOTOpoH ¢GHUKCHpOBaHHOA emuHHUell Aaunbl). ITo-
9TOMy X’ =¥, a UYHCJO | OJHO3HaYHO ONpeje/seTcsi BLIGOpOM
ocH y, MIOCKOCTH E’ M HampaBJieHHst IPOEKTHPOBAHHS.

82. B camom nene, pacnosoxuM miockoctH E u E’, Kak yka-
3aHO B TEKCTe, T.e. TaK, 4TOGH ToukH M, A coBmaau cooTBeT-
ctBeHHo ¢ M/, A’, Ho Touka B ue Jsexana B mnockoctH E’. [anee,
paccMOTpUM NapaJielbHOe NPoeKTHpoBaHHe mJyockoctd E Ha E’ ¢
NOMOILBIO CBASKM NPSAMBIX, NapajielbHBIX nNpsmoil BB’. dTo npoek-
THpPOBaHHE ocyllecTBJseT addHHHOe oToOpaenHe mockoctH E Ha
E’, nepeBomsiiee Touku M, A, B coorBercrBenHo B M’, A’, B’,
Ucxonnoe adduHHOe oTOGpaxkenne miaockocth £ Ha E’ Takxke me-
pesoxutr M, A, B coorBerctBenso B M’, A’, B’. Ho cywectsyer
enuHcTBeHHOe addHHHOe OTOOparkeHHe ONHON TJIOCKOCTH Ha Apy-
ryio, mepeBofsimiee 3afaHHble TpU ToukH M, A, B (He nexauwue Ha
oxuoit mpsimoit) B M’, A’, B’. CnenoBaTenpHo, HCXOAHOE addhHHHOE
oto6paxeHHe cosnadaer C TOCTPOEHHbIM MNapaJiIeJbHBIM [POEKTH<
poBaHueM mJockoctH E na E’,
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83. Bosee moapo6uo: mycts £ u E’ — nBe MJIOCKOCTH B Tpex-
MepHOM eBKJIHAOBOM mpoctpauctBe R H f— addurnoe orobpaxe-
Hue miIockocTH E na E’; Toraa cymecTBYIOT TaKoe mnpeoGpasoBa-
HHe ToJo0HsA g NpocTpaHcTBa R (T.e. KOMNO3HUHS FOMOTETHH H
ABHXeEHUs)) H TaKoe mnapaJjlleJbHoe NpPOeKTHPOBaHKE p MpPOCTpak-
ctBa R Ha miockocTh E’, 4TO KOMIO3HIHS p ° g, paccmaTpuBaemast
Ha mjockoctd E, cosmajgaer ¢ f. IIpeAblAyliuMH pacCMOTPeHHAMH
5Ta TeopeMa NOJHOCTBIO JOKaszaHa.

84. dra ¢opMyJHpoBKa He OYEHb YeTKasi, a MOCJeAyIoLlie He-
CKOJIbKO CTPaHHL, MOCBsILleHHBIE [0Ka3aTeJbCTBY, He CJHLIKOM OpPO-
SICHSIOT fesio. KuleiH 3mech CJOHIIKOM MHOTO BHHMAaHHsS YAeJs€eT
aHaJIUTHKe B Yyuep6 4YeTKOCTH TIeOMeTPHYECKHX (ODMYJHDOBOK H
NpPOCTPAaHCTBEHHHIX NpPEACTaBJeHHiH uuTaTens. JlaaMM NO3TOMY KpH-
THYECKHII pa30op colepKallUXCcA Aajiee pacCyxAeHHd.

[Tycte p — mapaJuiesbHOe NPOEKTHPOBAHHE TPEXMEDHOrO PO~
cTpaHcTBa R Ha maockocte E’ < R, npoxopsiuyio uepe3 Hauano O
(pa3yMeeTcsi, HampapJleHHe NDOEKTHPOBAHHS He MNapasjelbHO IJIO-
ckoctH E’). Janee, nycte h —roMoreTust ¢ HeHTpoM O M NOJOXKH-
TesibHBIM K03 ¢duunenTom, Toraa Kommo3uuuss ho p npeincTaBisieT
co6oil, MOXHO CKasaTb, abdHuHHOe H300pa)ieHHe mNpocTpaHcTBa R
Ha myockoctd E’ c usmeHnennem maciutaba (KiefiH B KauecTBe mpu-
Mepa . IPpHUBOAMT ¢ororpaduueckoe H3obpakeHHe mpeaMeTa C AOCTa-
TOYHO GOJIBLIOrO pacCTOsiHHsI). DTO oTobpaxkeHHe hop u Gyaem
Ha3LIBaTb AKCOHOMeTpuel. 3aMeTHM Telepb, 4TO TNocje «pororpa-
¢upoBaHHs» KapTHHHas IJIOCKOCTb E’ MOXeT OHTb Mepemenieda B
HEKOTOpoe HOBOe moJoXeHHe (Qororpaduio MOXKHO mNepeHecTH B
npyroe Mecto). Ecin MH o6o3HaunM uepes E* HOByl0 KapTHHHYIO
IJIOCKOCTb (B KOTOPYIO MH NOMECTHM Haumy ¢ororpaduio), To Mma-
TEMaTHYeCKH 3TO MOXHO C()OpMY/JHPOBaTh TaK: Mbl OCYIIECTBJSIEM
HekoTopoe Osusgienue  mpocrpaHcTBa R H o6pa3s miockoctH E’ mpu
9TOM JBHXXEHHH 0003HauaeM uepe3 E*. 3ajmaya saxioyaercsd B Hc-
CJef0OBaHHH (aHAJHTHYECKOM H TeOMETPHYECKOM) OTOGpaKeHHs
feo (hop) mpocrpanctBa R Ha mjockocTb E*, T.e. Mul ocyuie-
crBisieM ¢ororpadHpoBaHHe nNpeaMeTa C JaJeKOro PpacCTOSIHHS
(yTo mpakTHYecKH coBMellaeT B ce6Ge MapaJesbHOE NPOEKTHPOBaA-
HUe H u3MeHeHHe MaciuTaba), a 3ateM nepeHocHM doTorpadHio B
HoBoe moJioxeHue, (Boamoxuno, KieilH Ha3nBaeT «aKcoHOMeTpueil»
Kaxjaoe u3 oTo6paxeHHH hop M foho p, HO NOCKOIBKY 3TO Bewd
pasubie, MB GyJaeM JJs 9eTKOCTH HasblBaTb aKCOHOMETPHeiHl TOJb-
KO nepsoe H3 HHX, a HECKOJbKO HEONpeleJeHHBH TeDMHH <«aK-
COHOMETpHuecKoe  H3o0pa)KeHHe», Kak OB  XapaKTepH3yWIIHH
«poTorpaduioy, rxe Ob OHa HH HaxoAuJach, YNOTpeGIATH He
GyneMm.)

Tenepb, YCJIOBHBLIMCH O TEPMHHOJIOTHH, TNepefifieM ‘K TOYHBIM
¢opMyaHpoBKaM. DakTHYECKH Deub HJET O Tpex TeopemMax (mepBbie
niBe u3 Koropbix Kuefin He dopmysupyer sicHo).

TeopeMa 1. Bcakoe orobpaxenue npocrpaxcrsa R e cebs,
npedcrasasaoweecs 6 eude komnosuyuu feo (hop), sanuceieaercs
8 Oekaprosslx Koopdunarax (Hanpumep, NPAMOY20AbHLIX) 8 8ule
(1), npuuem A = 0, HO He 8ce MUHOpbL 8TOPO20 nOpsadKa 0Opa-
warnTca 8 HYsb.

Teopema 2. O6parno, ecakoe oTobpaxenue npocrpainctsa R
8 ceba, umerowee sud (1), e0e A = 0, HO He 8Ce MUHOpPbL BTOPO2O
?op&axa )oépawarorcn 8 Hyab, npedcTasAseTca 6 eude KOMNO3UYUU

o o p).
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3amerum, uTO 0GOHTHCH B TeopeMe 2 6Ge3 NBHXKEeHHs [ Heb3s,
T. €., BoOOle roBopsi, oTo6paxenue (1) (rae A = 0, HO He Bce MH-
HOpPHl BTOPOro nopsiika o0palllaloTCsi B- HYJIb) He ABAAETCA AKCOHO-
MeTpHeH, T.e. He npexcrasjsercs B BHAe Ac p. (Hanpumep, B Ta-
KOM BHJAe He NpeAcTaBJsieTcss oToOpaxKeHHe, OmHCbiBaeMoe ¢opMy-
damu ¥ =y, y' =2, 2 =0.)

Hakonen, Tperes Teopema (IToapke — IlIBapua) copmyaupyer-
csi KueiiHoM HHXe M HCNoJb3yeTcss NPH J0Ka3aTeNbCTBE TEOPeMhl 2,
chopmyaHpoBaHHO# 3aech. KiueiiH He ¢opMyJaHpyeT pasaenbHo u
4eTKO TeopeMbl 1 H 2; NpH 3TOM Ha JOKa3aTesbCTBe Gosee mpoCToi
TeopeMbl | OH BHayajJe He OCTaHaBJIHBaeTcsi BoBce (06 3TOM oOH
KpaTKo roBOpHT Ha c¢. 132), a Bce BHHMaHHe (DAKTHUECKH YAENsieT
1eopeMe 2. Ecam ke yuects, uto Kuefin paccMaTpupaer HHOrma
OJHO NpocTpaHCTBO R, a uHorxa pABa mpoctpanctBa R u R’, o6pa-
uiasg BHHMaHHE Ha CaMH KOOpDIMHaThi, a He Ha H300paKaeMmbie HMH
TOYKH, TO CTAaHOBHTCS INOHATHOH NPHYHHA TPYAHOCTH H3JIOKCHHS.

Ilpusenem mnpexjie Bcero MRoKasaTeslbCTBO TeopeMu 1. Hrak,
NnycTb p — NapaJjuleibHOe NMPOEKTHPOBaHHe NPOCTpaHCTBAa R Ha mJo-
ckocTe E’. Ecam MBI PacnoJioXXHM OCH KOOPAHHAT KOCOYTOJbHOIL
CHCTeMBbl TaK, YTOObl OCH X, y OblIIM PacnoJOXeHb B INIOCKOCTH E’,
4 OChb 2z MapaJ/iieslbHa NPOEKTHPYIOIMM NPSIMBHIM, TO paccMaTpHBae-
Moe napaJiiesbHOe NPOeKTHPOBaHHe p OyJAeT OmnHCeIBaTbCs (GOpPMYy-
JiaMH

X =x4+0y+0z y =0x+y+02 =2 =0x+ 0y 0z (+)

T.e. JHHe/HO! NOLCTAHOBKOH KOOPAMHAT C OMNpeJesHTeNeM, PaBHbIM
nyao. IlostoMy komnosuuus feo (hop), B KoTopoit [ u h— ne-
ebiposdennole NUHeHHnle npeo6pa3oBaHHs, TaKkKe OMHChIBaeTCs
B oTod (a motoMy u B JO6GOH Jpyrofi) J[dekapToBOil CHCTeme
JIUHEiHOH TNOACTAHOBKOH KOODAMHAT C HYJEBBIM ONpele/NHuTeeM.
Janee, Tak Kak MarTpuila OTOGpax<€HHs (%) HME€eT OTJHUYHBIA oOr
HyJss MHHOp ETOPOTO MOpsAAKa, TO H MaTpPHUAa OTOGpa)keHus
f o (heop), 3anucanHoro B JI0GOH NEKapTOBOH CHCTeMe KOODAMHAT,
MMeeT XOTs Gbl ONHH OTJIHYHBI OT HyJs MHHOpD BTOPOro MOpPsiiKa.
OTHM H 3aBeplIaeTcs N0Ka3aTeJbCTBO TEOPeMH! 1.

Hanee Kueiin ¢axkTHyeCKH NPHUCTYymaeT K JHOKa3aTeabCTBY cdop-
MyJupoBaHHO# 3aech TeopeMmul 2. [lpexne Bcero oH ycTaHaBauBaeT
(c. 124—125), uto npu A = 0 oToGpakeHue (0603HAYUM ero uepes’
), olpejenseMoe B HEKOTOPOH cucTeme KoopAauHaT ¢opmynamu (1),
o6sajaeT TeM CBOHCTBOM, 4YTO OOpa3bl BCeX TOYEK NPOCTPaHCTBA
Jexar B OAHOM IJIOCKOCTH (2), mpuuyeM (NIOCKOJbKY He BCe M-
HOpPH BTODOTO MOpsiAKa O6pawlaTcs B HYJb) 3Ta IJIOCKOCTb OOHO-
8HauHO onpefeneHa cooTHoweHHsmH (2°). Huaue roBops, o6pas
npocTpaHcTBa R upH oToGpaXkeHHH ¢ MpeACTaBJseT co6Goit n.o-
CcKocTt (a He MpAMYIO).

He 6ynem Tenmepb oGpawmaTb BHHMabusg Ha To, 4To Kueiin me-
pEeXOLHT 3aTeM B dpyzoe mpocTpaHCTBO R’, a 6yAeM mNpOAOJIKATb
BECTH pacCyxJieHHsi B ToM e mnpoctpaHctBe R. O6osHauum nJio-
cKocTb (2), T.e. o6pa3 mpocTpaHcTBa R npH paccMaTpHBaeMoOM OTO-
Gpaxenuu ¢, yepe3 E*. Jlanee, KpOMe HCXOAHOHl CHCTEMH KOOpZH-
HaT (B KOTOpPO#i Hawe npeo6pa3oBaHHe 3amHCHIBAJOCh (OPMyJaMu
(1)) — 6ynem Ha3blBaThb ee CTapol CHCTeMO#l — BBeJeM elle OAHY,
HO8YI CUCTeMYy KOOPIHMHAT, Y KOTOpOH ocH x/, y’ JexaTr B INIOCKO-
cti E* (y Kueiina HoBas cucreMa sBJIsieTCS npAMOY20A46HOU: Teps
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Bhle JB€ OCH COCTaBJISIIOT MPSIMOYTOJIbHYIO CHCTEMY B TJIOCKOCTH £*,
a TpeTbs NePNeHAMKYJsApHA 3TOH micckocTH), Torma miockocte E*
onpejensieTcsi B HOBOH CHcTeMe ypaBHenHeM 2’ = 0. YcioBHmcsa
Telepb 3aMUCHBATh TOYKH-NPooGpa3bl B cTapoid CHCTeMe, a X o6pa-
3sl —B Hogoil. WHaue roBopsi, ecaH a(x, y, 2) — NPOM3BOJbHAS
TOYKa mnpocTpaHcTBa R (KOOpAMHATHI B cTApoli CHCTEME), TO ee
o6pa3 b = @(a) 3amucbBaeTcss CBOMMH KOODJHHaTaMH B HO80L CH-
creme. B pesysnbrate u moayuatorcs ¢opmyan (3). Takum o6pasowm,
cooTHoweHust (3) NpeACTaBAAOT cO6Oi 3amHCh TO20 dHe Camozo
oTo6paxKeHHs1 @, HO TaKyl0 3alHCh, IPH KOTOpPOii mpoo6pa3 a H o6-
pa3 b = @(a) 3anHCHIBAIOTCS CBOMMH KOODAHHATaMH B pA3HbIX CH-
cTeMax. .

Teneps (B pasgese 1) Kueiitn nokaseiBaer, uto npoo6pas ¢@=!(b)
JoGoii ToukM b & E’ mnpexacraBasier coGoit NpsAMyl0, NpHYEM STH
npsiMble (B3siThle 1JIs PasjMUHHIX Touek b & E’) nomapHo mnapaJ-
nenvrel. lanee mepefinemM x pasmeny 8. 3mech Kieitn nokasmBaer,
YTO CyLIeCTBYeT B INpPOCTPAHCTBe TaKas KapTHHHas MJocKocts E’
H Ha Hefl TaKas NPSAMOYroJbHasi CHCTeMa KOOPAHMHAT x’, y’, 4TO mpo-
eKTHpOBaHHe p npoctpancTBa R Ha E’ (nmapassienbHO yKasaHHEM
BHIILIE TPSIMBIM), CONPOBOXKJAaeMoe romoTeTHeil h ¢ KoaddHuHeHTOM
A (T.e. oToGpaxeHHe A p), ONHCHIBAETCH KAK pA3 ypaBHEHHAMHU
(3), B KOTOPHIX X, Y, Z— KOODJHHATH NpPOEKTHPyeMOH TOUYKH, a X',
y — g})opnuﬂaru ee ob6pa3a (nmpu oto6paxkeHHH A ° p) Ha MJIOCKO-
ctn E’.

Jns nokasaTenbCTBa TeOpeMbl 2 OCTAeTCs 3aMeTHTb, YTO €CJH
f — Takoe naBuXKeHHe npocTpaHcTBa R, Kotopoe miaockocte E’ ¢
HMelolelicss Ha Heft cuCTeMOHi KOODAHHAT X, y MNEpeBOIUT IMOKOOp-
JHHATHO B mJockocte E* ¢ KoopauHaTHO# cucreMoi x/, y’, TO
oro6paxenue f o (h o p) coBnanaer ¢ @.

Ocraercsi 3aMeTHTb, YTO B pa3genax 2—6 Kieiin naer reomer-
pHYecKoe OMHcaHHe oToOpaXkeHHs @, onmuchHBaeMoro ¢opmysaamu (3),
rae no-mpexHemMy X, Y, 2— KOODAMHATHI NPOH3BOJBHON TOUKH
a=R B crapoii cucreme, a x’, y’, 2’ —koopauHaTH ee o6pasa
b= ¢@(a) B HOBOH cucTeMe (3aMeTHM, YTO IJOCKOCTb, COAEpPIKa-
myio o6pasH @(a) Touek NMPOCTPaHCTBA R, MEl B 3TOM NpHMeYaHuH
o6osHaynau gepes E*, a Kuefln oGo3nauaer ee uepe3 E’). Pesyin-
TaTOM STOTO ONHMCAHHsI fABJSETCH, B YaCTHOCTH, TO, YTO €IHHHUHHE
BEKTOPHl, HalpaBJ/leHHHEe MO0 OCSM KOODAMHAT CTapoil CHCTEMH X,
Yy, 2, nepexonsAsT B TPoiKy BekTopoB (A), (B), (C) Ha mnJjockocTH
E*, cpenn xoropeix HafiiyTcsi ABa JIMHEHO He3aBHCHMBIX. A B pas-
pene 7 Kneitn ¢dopmyanpyer TpeTbio Teopemy (Teopemy ITosbke —
IllBapua), cnpaBefJHBOCTb KOTOPOH Temnepb HENOCPEACTBEHHO BHITE-
KaeT M3 JIOKa3aHHOH BHILe TeopeMbl 2. B camoM nene, ecinm 3apa-
HB BekTOpH (A), (B), (C), TO MOXHO HamucaTh COOTHOWeHHs (3),
H Tenepb pacCyXJeHHs|, NpoBeleHHHe B pa3jesne 8, NOKasHBalOT
cyllecTBOBaHHe TpeGyeMoil KapTHHHO# miockocty E’ ¢ mnpsimo-
YroJibHOM CHCTeMOR KOOpAHHAT X/, Y’ Ha Heil.

85. Ecoin BCe MHHODH BTOpOrO MOPSIAKA PaBHBI HYJMIO, HO XOTS
6H OAHH M3 K03()(HUHMEHTOB OTJHYEH OT HyJs, TO cooTHoweHHs (1)
(nun (3)) sapalor oro6paxense heg, rie g— NpOEKTHPOBaHHe
NPOCTPAHCTBA Ha HEKOTOPYIO APAMYI0O C TOMOIILI0 NapaJJiebHBIX
NPOEKTHPYIOWHKX IJIOCKOCTeH, a A — roMoTeTHsI.

86. Miu nyTem paspHBOB Ha HHXKHHX "(3alHHX) pebpax, HJH
e NMyTeM H30CpaXKeHHs 3THX HHKHHX (<HEBHIMMBIX») pebep LITPH-
XOBEIMH JIHHHSIMH.
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87. Oto ¢yHnaMeHTa/JbHOe NpeNJOXKeHHe aKCOHOMETDHH HMe»
HyeTcs Tenepb Teopemoi Iloavke — llsapya.

88. Cpenn KOTOpHIX, OJHAKO, HMEIOTCA JBA JHHEHHO He3aBH-
CHMHIX.

89. YuntnBasg, uTo maockocth Q'RS mepneHAMKyJAspHa NpsiMOi
E=n=0

90. Crporo rosopsi, B caepywoulefi ctpoke KiefiH B mpomexy-
TOYHOM BHYHCJEHHH HAaXOAHT mo0ysb yucaa X', a B KOHLE HCNOJbe
8yeT TO, 4To X’ U § HMeIOT OJHHAKOBHE 3HAKH,

91, IlepenncaB cooTHOlIeHHe (C) B BHIE

A+Bi+ci A4+ B+ C]
1 +ctg26, ~ 1-4ctg?6; °

a sareM 3amenus ctg?0, c momouwbio cooTHoOIWeHHA (a), Moaydaem
pas ctg 0; GUKBaApaTHOe ypaBHEHHe, Y KOTOPOro CBOGOAHHIA 4jieH H
xo3dduuuent mpu ctg® 0y umeor (npu cos a # 0) nporusonoiomn-
note 3naku. Ilostomy masi ctg? 04 mosydaeM aBa BO3MOXKHHIX SHa-
YeHHs, OLHO M3 KOTOPbIX OTPHLATEJbHO (H He JaeT HeHCTBHTENb-
HBIX pelleHHii), a BTOpPOe IOJIOXKHTENIbHO. DTO H MOKa3biBaeT, YTO
ctg 0, onpepeseH OXHO3HAYHO C TOYHOCTBIO JO 3HaKa. AHa/JOrHYHO
(npu cosa %= 0) uncao ctgO; ompensensercs OAHO3HaYHO C TOu-
HocTblo J0 sHaka. Eciu xe cosa = 0, To, corsqacHo (a), omHO
u3 uncen 0;, O, paBHO 7/2, a A/ BTOPOrO OXHO3HAYHO OMpemeJsis-
erca M3 (C) 3HaueHHe CHHyCa; OTCIOla BHITE€KaeT, YTO H NpH
coso = 0 uucaa ctg0y ctg0a onpeneneHnl ONHO3HAYHO C TOY-
HOCTBIO IO 3HaKa.

92. Kuneit, TakuM oG6pa3oM, HesIBHO MNpeANoOJaraer 8aech, 4TO
x0T OH OAHH H3 KO3(QOHUHEHTOB ai, bi, Ci OTIHYEH OT HyJs
(MHaue Heslb3si TOBOPHTb O <IJIOCKOCTH» aiX = biy =+ ciz 4 di=0).
OnHaKO HMEHHO STOT CJy4yall M NpPEeACTaBJseT HHTEePeC, NQCKOJBKY
npu ai = by = ¢, =0 dopmyan (1) samawor apgunnoe npeobpa-
30BaHHe, a 3TOT cayyaff GHJI yxe paHee MOAPOGHO PacCMOTPeH.

93. Tne xotss 6b omHO M3 umcena E, 1, § ZOMKHO OHTb OTJHY-
HHIM OT HyJs (MOCKOJBKY BCe yerhipe BeqHuHHH &, m, §, T He Moryr
OXHOBPEMEHHO OGpaTHTbCA B HYJIb).

94. Eciu | — kakag-n1u6o npsimas, Jexamas B myockoctu E, a
m — napaJjieNtHas eff npsMas, NpoxoAsixas depes Touky O (u,
CJIeflOBaTeNbHO, Jexallast B IJIOCKOCTH T == 0), TO NpOH3BOJbHAS
Toyka M npsiMoit m HMeeT KoopAHHAaTH E = pE* n = pn*, v =0,
rae E*, n* — KOOpAMHATH BEKTOpa, JieXKallero B IVIOCKOCTH T = 0
M napanjenbHoro mnpsMoif m. Ecau Tenepp Ao — ¢uKcHpoBaHHas
Touka npsamoi ! u Eo, Mo, 1:_=)l — ee KOOpAHIIaTH, TO TO4Yka P,

— —

yaosaersopsitomas ycaosuio OP = OA, + OM, npunaanexur nps-
Mol I u umeer KoopmuHaTh E =& + p*, n =mno+pn*, = 1.
CienoBaTenbHO, ToO4Ka P HMeeT OTHOPOXHHEE KOOpAMHATH Eo 4 pE*,
No-+pon* 1, HIH, WTO TO Xe caMoe, OXHOPOIHHE KOOPAMHATHI

b LI +ﬂp°-, —:)- Ecin Tenepb p —> %00, To Touka M yxo-

JHBT B GeCKOHEYHOCTb Mo npsiMofi m, a Touka P yxoautr B Gecko-
HeuHocTb mo npsiMoii I Tlpu sTOM OAHOpOAHHE KOOPAHHATH TOY-
KH P crpemsarcs k 3Hauenusm E*¥, m* 0, a npoekTHpylomasi mps-
mass OP npuGnuxaercs K NPsIMOA m. DTO W JaeT MOBOA CYHTATh,
4TO HecOoGCTBeHHass («GECKOHEUHO YAaJleHHas») -Todka mnpsmofi
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uMeeT OJHOPOAHBIE KoopAMHATH E*, m* 0, a m sBAsercs TOH mps-
Moii cBsisku O, KOTopasi COOTBETCTBYET 3TOH HeCOGCTBEHHOH TOUKe.
B pesysbraTe ocyllecTBJseTCs B3aHMHO OAHO3HAaYHOE COOTBETCTBHE
MeXJy TOYKaMH (COGCTBEHHLIMH HJIM HECOOCTBEHHBIMH) IJIOCKOCTH
E u npsimbimMu cBsasku O.

95. 3necy (m HHoraa najee) Kieltn Tpakrtyer dopmyant (2),
(3) He Kak sajaioulMe NPOEKTHBHOE MNPeoGpa3OBaHHE CAMOTO Tpex-
MepHOro NMpOCTPaHCTBa R, a KaK NPOEKTHBHOE OTOGpajceHue OIHOTO
npocTpaHcTBa R Ha JApyroe mpocTpaHcTBO R’ (B NepBOM H3 KOTO-
PHIX BBeJeHH OAHOPOAHBIe KoopAuHaTHl E, M, {, T, a BO BTOpOM —
g, n’, ¢/, v'). CM. npumeyanue 76.

96. CylIecCTBEHHO OTMETHTb, YTO peYb HJET O B3aHMHO OMHO-
3HAaYHOM NpeoGpasoBaHUH NPOEKTUBHO20 NPOCTPaHCTBa. Ecin xe
peub HAET O NMPOCTPAaHCTBe (MJH IJIOCKOCTH), He INONOJHEHHOM He-
CcOGCTBEHHBIMH 3JeMeHTaMH (T.e. 00 agpunrHom mpocTpaHCTBE), TO
Jqiobas KoJUIMHealluss B HeM IpeJcTaBJjseT coboi agpunroe mnpeob-
pa3oBanue. Bosee Toro, ecim orobpakeHHe COXpaHSeT CBOMCTBO
Tpex TOYEK JIeXaTb Ha ONHOH NPSMOM, TO OHO SIBJSIETCS KOJIIHHEa-
uueit (M, cienoBaTesbHo, ad¢HHHEIM npeoGpa3oBaHHeM). DBoJee
noapo6HO 06 3THX BONPOCAaX MOXHO INPOYHTATb BO BTOPDOM TOMeE
xuuru B. H. Jenone u JI. A. PafikoBa, yka3aHHO#l B nmpuUMeYaHHH 2.

97. CnpaBel/IHBOCTb 3TOTO YTBEPiKJAEHHS 31eCh [0Ka3hiBaTb He
HYMHO, TaK KaK OHO BBITEKaeT H3 pacCyXJeHHs, NPOBOAHMOrO B
pasnene 6) Ha c. 140—142.

98. TakuM o6Gpa3oM, y KieiiHa HameueHa JHLIb HIes JAOKa3a-
TeJabcTBa. AKKypaTHOe N0Ka3aTeJbCTBO HMEETCs, HanpHMmep, B KHH-
re b. H. Henowe u [I. A. PafikoBa, yKa3aHHOH B NpHMeYaHHH 2.

99. OTo — yacTHHI * cayvyaii oOwei#l TOYKH 3peHHs, NPOBO3IJa-
mensoit KiefiHoMm B ero spJaHreHcKoil mnporpamme. MmeHno, ecin
sajlaHa HeKoTopasi rpymma npeo6pa3oBaHHi (B JaHHOM cJyyae —
NPOEKTHBHBIX) HEKOTOPOro MHOXeCTBa (B JXaHHOM CJy4yae — IPOEK-
THBHOTO npoc-rpaﬂcraag, TO OHa OmNpejeNseT HEKOTOPYIO I'eOMETPHIO
(B maHHOM cJyyae — NPOEKTHBHYIO TeOMETPHIO), NpPEAMET KOTOpOii
COCTaBJIsIeT BCe, YTO COXPaHseTCs NpPH 3THX Npeo6pa3oBaHHsX.

100. IIpuBeseM ellle HEKOTOpHie NPHMEPH NPHMEHEHHS NPOEK-
THBHBIX NpeoOpa3oBaHuil, NPeACTaBJAOLINE, HaPHMEpP, HHTEPEC AJs
IIKOJIbHONH KPYXKKOBOH paGoTHI.

TeopeMa O NMOJHOM YeTHpPEeXCTOPOHHHKe. ITycTe
P1, D2, D3, Pi—HdeTolpe npamvle 8 NPOEKTUBHOL NAOCKOCTU, Ajz.

13, Ara, Ags, Aps, Ass— ux Touxku nepecewerus u M, N, P — touxu
nepeceverus npamolx AgpAsi, AisAz, Audes. Toz0a kaxdas us
uersepok (A, Ass; M, N), (An, Ay M, P), (As, Ay P, N)
2apMOHUYECKA .

Jis JOKasaTeNbCTBa HAJAO PacCMOTPETh JHUIb NEePBYIO YeTBEp-
Ky (mBe nIpyrue aHamorwuHm). [Jlanee, ecmm pillp: u psll ps (T.e.
B CJyyae mapaJuenorpamMma) ofHa H3 ToueK M, N sBasercs cepe-
nuHoi otpeska AjuAdzs, a Ipyrasi GeCKOHeYHO YAaJsieHHas, OTKyZAa
CJefyeT, UTO B 3TOM cJyyde 4eTBepka (A4, Az; M, N) rapMmonu-
uyeckad. Ho Torna M3 npoeKTHBHBIX cOOGpaxceHHl (TO3BOJSIOLIHX
nepeBecTH MapaJiéjorpaMM B J06GOH YeTHIPEXCTODOHHHK) 3Ta 4eT-
Bepka Gyler rapMOHHYecKOi H B JiloGOM cayvae.

IMMpeannoxenne Ilanna. Ecau | u m— dse pasauutoie
npamote, Ay, As, As— Tpu TOuku Ha 00HOI u3 nux u Az, A, As—
Tpu TOYKU Ha Opyeoil, TO TOuKu nepecedenus npameix AA; u
AAs, A2As u AsAg, AsAy u AgA, sescar na oduod npamoil.
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OT10 mnpensoXeHHe SIBJSETCS UaCTHHIM cJaydaeM Teopemst [la-
exann (NONYYaIOUIMMCS, eCIM KOHHYECKOe CeueHHe BbIPOXKAaercs B
napy mnpsMeix). OTo mnpelJoXeHHe ObuIo Bbicka3aHo [lanmom B
I11 Beke H. 3.

Teopema Je3apra. Ecau tpeyeorsnuku AiBiCy u A:B,Cs
PACNOAOJNCEH L 8 NAOCKOCTYU TaK, 4T0 npamvie AiAs, BiBa, C,C, nepe-
CceKaioTca 8 00HOL Touke S, TO Touku nepecedenus npamoelx AiBy u
A2Bs, BiCy u B:Cy, CiA;y u CyA,; pacnoaroscenst na 00Hoi npamofl.

JlokasateabcTBo TeopeMbl Jlesapra H o6paTHOM eit TeOpeMHl HaH-
6oJiee TMPOCTO NPOBOAMTCH, €CJAH DPacCMOTPeTb CHayaja NpOCTPaH-
CTBEeHHBI cJydal (TPeyroJibHHKH He JieXaT B OJHOH IJIOCKOCTH), a
8aTeM CIPOEKTHPOBATh MOJNYYAIOUlylOCS B 3TOM cJydae Koudurypa-
LIHIO Ha IJIOCKOCTb.

W3 TeopeMbl 0 TOJHOM YeTHIPEXCTOPOHHHKE HENOCPEeACTBEHHO
BLITEKAeT, UTO €CJH B aurnoil TIOCKOCTH 3afaH oTpe3ok AB u
yKasaHa ero cepeauHa M, To uepe3 .o6yl0 TOUKY 3TOH MJIOCKOCTH
MOXHO C NOMOLIbIO OXHOH JIMHEHKH MPOBECTH NMPSMYIO, NapaJliebHyIO
AB. (Jluneiika npeanosnaraercsi oGHocTopornet.) OGpaTHO, ecau Ha-
yepyeHb [Be NapaJulesibHble NMpsiMble B ah(HHHOM NJIOCKOCTH, TO OT-
Pe30K, PacnoJIOXKeHHHI Ha OJHOM H3 HHX, MOXHO C NOMOLIbIO OAHOM
JIHHEAKH pasfe]uTb nonosaM. M3 yKa3aHHLIX Bhlle TEOPEM MOXKHO
NOJYYHTb U PSR APYTHX NOCTPOEHHH, BBHIMOJHSEMBIX C NMOMOLIBIO OX-
Hoit JuHelikH. B npowsiom Bexke §1. IllTeiiHep nokasaa, uYTo ecsu
B IJIOCKOCTH HayepueHa OKPYXHOCTb H YyKasaH ee LeHTpP, TO C Mo-
MOMIbIO OJHOI JIHHEHKH MOXHO peIHTb JIo6Yylo 3ajaiyy Ha NOCTpoe-
HHe, Pa3pelluMyI0 C NMOMOLIBIO LHPKYJsl U JIHHEeHKH (pasyMmeercsi, 3TH
NOCTPOEHHsI MeTpudecKkue, a He NMPOEKTHBHLIE H Aaxe He adbHHHBE).

Pap npyrux TeopeM H 3aJay NPOEKTHBHOH TeOMETPHH MOXKHO
HalTH B KHHraX, yKa3aHHEIX B NpHMeYaHHH 7.

101. Yro, BnpoueM, caMo co6o# sICHO, MOCKOJBKY H3 CHMMETpHY-
HOCTH OINpEJeJeHHs] OTHOCHTENbHO TOYeK p, p’ HEMOCPEACTBEHHO Clle-
JyeT, YTO paccMaTpHBaeMoe NpeoGpa3oBaHue (WHBEpPCHsi) COBNanaeT
cO CBOHM 0O6paTHHM (MOLOGHO TOMY, KaK CHMMETPHSI OTHOCHTEJbHO
TIpSIMO¥ COBMajaeT cO CBOMM oOpalleHHeM, BCJIEICTBHEe 4Yero HHBEp-
CHI0O HEpefKO HAa3bBaIOT CuUMMeTpuell OTHOCUTEAbHO OKPYNCHOCTU).

102. Jlyume ckasaTh, YTO 3HaMeHaTe/Nb OKa3biBaeTcss GECKOHEYHO
MaJioil GoJsiee BHICOKOrO MOPsiAKa, YeM, HalpHMep, MaKCHMYM MoAyJeil
YMC/IMTENeH, H TMOTOMY - XOTsi Gn OfHA H3 KOopAMHaT x’, y’ 2z’ cra-
HOBHTCS GECKOHEeYHO 6OJbLIOH.

103. ITnockocTb, K KOTOPO# yKa3aHHbBIM 06pPa3oM NpPHCOeAHHeHa
oflHa GeCKOHEYHO ylaJIeHHas TOYKa, Ha3bBaeTcsl NJOCKOCTbio MEGuy-
ca, a TaKXe WHBEPCHOH, HJHM KPYroBoll mjockocThio. OHa siBasieTCst
«Cy6CTPaTOM», Ha KOTOPOM CTPOHMTCSI KPYroBasi FeOMETPHsl, O KOTO-
po#t Kueiin nmuuer pasnee.

104. Knefin 115 MPOCTOTH M3JI0XKEHHS ONMyCKaeT HEKOTOpbie ne-
Tanu. YpasHenue (5) MoxHO nepenucath npu A = 0 B BHAe (YMHO-
KHUB Ha 4A)

B \? C \2 D \2
2 ’ — 2 ’ —_— 2 4 —_ —
12 (2 gp) + a8 (v +g5) + 44 (7 +g7)
= B2 4 C? + D? — 4AE,
OTKyZAa BHJHO, YTO OHO ompejensieT cgepy (Hé BHIDOXKAIOLLYIOCS B

TOuKy) mnpH ycaoBun B2+ C2+4 D?—4AE > 0. Ilppg A= 0 3r0
ycaoBHe npuHHMaer BHA B2 + C? + D? > 0, T.e. 03Hayaer, YTO XOTH
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6u oauH M3 Kosboduunentos B, C, D oTiHUeH OT HYJs H, CJelOBa-
TesbHO, ypaBHeHHe (5) ompenenseT IJOCKOCTb (MOcKoabKy A = 0),
Takum 00pa3oM, ypaBHeHHe (5) cJjeayeT pacCMaTpHBaTb JIHIUb [IPH
BbINOJIHEHHH JONOJIHUTENbHOTro ycaoBusi B2 + C?2 + D2 — 4AE > 0 ua
K03¢QHUHEHTbl, U NPH 3TOM YCJOBHH OHO BbLIpaxaeT JHOO chepy
(ecan A == 0), au6o niockoctb (ecan A = 0). B npeoGpasoBannom
VpaBHEHHH poJH KoabouuueHToB A H E MeHSIOTCsS, HO YCJOBLe
B? + C?4- D2 — 4AE > 0 ocraeTcsl BLIIOJHEHHbIM (BBHAY €ro CHM-
METPHYHOCTH OTHOcHTenbHO A H E). Takum o6pasom, eciH nosepx-
HocTh P mpencraBJisieT co6oil MJIOCKOCTb HaH chepy, To ee obpa3 mpu
HHBEPCHH TakKXe MpeICTaBJsieT COGOH IJOCKOCTb HJH cdepy. )
105. Ecan A, B — KOHUH LITAHT, HMEIOIIUX AJHHY [, TO KaXAas
us touek O, p, p’ paBHOyAaneHa oT TouyeK A H B, H NoTOMy TOYKH
O, p, p’ nexar Ha ofHOH mpsiMOi (Ha ocH cuMMeTpuH Touek A u B),
JHadnee, eciu Q — cepennna orpeska AB (T.e. meHTp pomba), TO

Op+0p’=(0Q —Qp) (0Q + Qp) =0Q*— Qp*=
= (12— AQ?) — (m* — AQ?) = I — m?.

106. JocraTouHo AOKasaTb 3TO A/ cJyuas, KOrja paccMaTpH«
BaeMble MOBEPXHOCTU SIBJSIIOTCS NAOCKOCTAMu (2 MMEHHO, KacaTelbs
HBIMH IJIOCKOCTSIMH paccMaTPHBaeMBIX NOBEDXHOCTE#l B HX TOUKe me-
peceueHusi). B camom nene, Tak Kak npeoGpasoBaHHe BHpaaercs
HenpepuBHO AH(depeHLHPyeMbIMH (Jax<e aHAJHTHYECKUMH) (opmy-
JaMH, TO KacaHue NOBEPXHOCTell coxpaxsaercs NpH HHBepcHH. Ecan
xe o M f — ABe naockoctu, a Qi, Q2 — uentpu chep a’, f’, aBasio-
muxcs HX obGpasamu, To npsmbie 0Qi, OQ: sABJAAIOTCE Hopmasamu
NJIOCKOCTEl o U B, H NMOTOMY YroJ MeXJY STHMH IVIOCKOCTSIMH paBeH
Z£Q10Q:. Ho Tak kak Q10, Q20 sBasiorcs paguycamu cdep a’, B/,
npoBeleHHbIMH B TOYKy O, TO YroJ MeXJIy KacaTeJbHHIMH MJIOCKO-
cramu chep a’, B’ B Touke O (a mMOTOMYy H B JMI06OH APYrod HxX
obweit Touke) Toxe paBeH £Qi0Q..

AHasioriyHasi TeopeMa O COXPAaHEHHH YIJIOB CNpaBelJIHBa H AJs
AUHUE (3TO MOXeT OHTb BHIBEJEHO H3 COXPaHEHHs YIVIOB MEXAy
MOBEPXHOCTSIMH, €CJIH PacCMOTPETh TPH IVIOCKOCTH, MepBasi U3 KOTO-
phix KacaeTcsi 0GeHX JIHHHHA-OPHIHHAJNOB, a ABe APYrHe OPTOrOHaJbHb
nepBoOi NMJOCKOCTH H Ka)/las KacaerCs OAHOH M3 JIMHHH).

107. B oranune or adpHHHHBHIX H NMPOEKTHBHHX NpeoGpa3oBaHHii,
npH pacckase o KoTophix Kieifin ocTaHaBiMBaJjcsi Ha HEKOTOPHX IPH-
JIOKEHHSIX, HHBepcHs OOpHCOBaHa 3lecb KPaTKO H 6e3 yNOMHHaHHs
npujoXeHni. B ajeMeHTapHOM reoMeTpHH HMHBEDCHS siBJsIETCH, B
4aCTHOCTH, YJAOGHBIM annapaToM [IJisi pelLueHHsi ONpeNeJeHHOro Kpyra
3ajauy Ha nocTpoeHHe. Peub HjeT mpexpe BCero o 3ajayax, B KOTO-
puLIX TpeGyercs NOCTPOHTb OKPYXKHOCTb (HJH MPSMYIO), MOAYHHEHHYIO
YCJOBHSIM CJEAYIOLIEro THMa: a) MNPOXOAHTb Yepe3 JAaHHBIE TOYKH;
6) nepecekaTb AaHHBIE NPSIMble HJIH OKPYXHOCTH NOA AaHHLIMH yrJa-
MU (B YaCTHOCTH, KaCATbCA RAHHWX NPSAMBIX HJH OKDYXHOCTeil).
TunuuHHIM TNpPHMEpOM sBJseTCA CJelylomas 3ajaya: NOCTPOHTh
OKPY2KHOCTb, NPOXOASINYIO Yepe3 SafaHHYI0 TOYKY O H Kacaiouyiocs
ABYX 3aJaHHBIX OKpYyxHocTed o u P. Ecim mpoussecTH HHBepcHIO
c ueitpom O, TO HCKOMasi OKPYXKHOCTb (¢ TNepeiiieT B HEKOTOpPYIO
npamyro @’, a OKPyXHOCTH o M f§ — B HeKoTopble (HM3BECTHble HaM)
okpyxHoctH o’ u f’. CnenoBaTenbHo, 3ajaya cBeleTcs K IOCTpOe-
HHUIO npsMoll @', Kacarolelcst JBYX 3aJaHHBIX OKpyxHocTeil o’ u B’
PewnB aTy cTaHzapTHyio 3ajayy (HMEIOI(YI0 AO YETHIPeX pellcHHI),
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MHB 3aTeM M3 NOJYUEHHO! NpsMOH ¢’ MONYYHM C TOMOLIBIO TOH 3Ke HH«
BEPCHH HMCKOMYIO OKDYXHOCTb ¢ (TOXKe [0 YeTbIpeX pelleHHil).

O npHMeHeHHsX KHBEPCHH MOXHO NpounTaTh B KHurax )K. Ana-
mapa (npumeuanue 6), M. M. fIrnoma (npumeuanue 79), B. I'. Boa-
TaHcKoro (mpumeyarne 7). CM. Taxike Kuury: Annep A. Teopus
reoMeTpHYecKHX nocrpoeduii. — M.: Yumearus, 1940.

103. Kyney, Topeosey BbLIpaXkaeTCs Ha JIATHHCKOM SI3LIKE CJIOBOM
Merkator, a Ha Hemeuxom — Krémer.

109. Mssectublit dpanuyzcxuit reomerp (1824—1897); ero Tpak-
TaT, B KOTOPOM OH paccMaTpHBaeT OTOOPaXKeHHs] OAHOH NMOBEPXHOCTH
Ha JAPYrylo H cOCTaBjieHHe recorpaduyeckHx Kapt, Bhiuea B 1881 r.

110. B coBpeMenHOff TepMHHOJIOTHH OTOOpa)KeHHe (CKaKeM, 01«
HOH TMOBEPXHOCTH Ha JpYyryio, o ueM roBopuT KueiiH), KoTopoe B«
JIIeTCsI B3aHMHO OJHO3HAYHBIM M B3aHMHO HeNpepbIBHBIM, HAa3:IBa-
eTcsl 20MeoMOpPuU3MOM, a 06/1aCTh MaTeMaTHKH, K3ydalollasi CBOHCTBA
Guryp, COXpaHsIOLIHeCss NPH JIOOBIX romMeomopgH3Mmax, Ha3bBaercd
TOnoAo2uel (BMECTO apXaHYHOTO TePMHHA «aHaJiH3 TOJIOXKEHHS»).
Haspanue 310 GbLI0 NpenoXeHo JIHCTHHIOM B €r0 HCTOPHUECKH Iep-
Boii paboTe, CHEUHAJbHO MOCBSLIEHHOH mpo6jeMaM  TOMOJOrHH
(1847 r.). )

111. CM. ykasannylo B npumeuanuu 25 kuury B. I'. BonrgHckoro
u B. A. EdpemoBHua, rae MOXKHO TaKxKe NPOYHTATb O AaJbHeilmeMm
Pa3BHTHH 3THX HJeH.

112. TToapoGHoe H3JIOX(eHHe BONPOCOB, 3aTparHBaeMbX 34eCb U
panee KueiiHoM, HMeeTCss B KHHMre, YKa3aHHOii B MNpedblAyL(eM NpH-
MeYyaHHH.

113. B nacrosmee BpeMsi H3BECTHO, YTO 3TO NpepJoXKeHre (Teo-
peMa Diilepa O MHOTOrpaHHHKax) GhJIO H3BeCTHO Takxe J[lekapry,
KOTOpLIH Biajen H OOLIMM ero NOKa3aTeNbCTBOM. Jiljiep Brocses-
CTBHH HE3aBHCHMO CJeJaJ 3TO OTKpHTHe. B cBA3M c aruMm ceiivac
HepelKo roBOPsT O TeopeMe Jlekapra — Diiepa H 0 XapaKTEPHCTHKE
Hekapra — Diinepa (BMECTO paHee NPHMEHSBLIErOCs TEPMHHA <«3ilJe-
pOBa XapaKTePUCTHKa»).

114. Cm. Huxe ofumee ypaBHeHue (5).

115. O posiu KOMILIEKCHBIX YHCEJ B T€OMETPHH CM. KHHTH, YKa-
SaHHble B NPHMeYaHHAX 2 U 26.

116. B uacTHOCTH, TOJIE3HO 3aMETHTb, YTO TPHrOHOMETpHYECKHe
“(«kpyroBeie») ¢GyHKuMH M = sin§, n = cos§, n = tg¥ mncpexoasT
npu 3ameHe E = if B runep6onuueckne ¢yHkuun —ishg’, ché¥’,
—ith &’ (sT0 HemocpeACTBeHHO BbiTeKaeT u3 (opmya Diiiepa), npu-
geM reoMeTpuyeckas CBsi3b TPHTOHOMETPHUYECKHX (QYHKIHH C OKpYX-
HOCTbIO MO3BOJISIET NPOCJEAHTb AHAJOTHUHYIO FeOMETPHYECKYIO CBs3b
runepGoJnyecknx QyHKUH# ¢ paBHOCTOpPOHHeH rumep6oJoi.

117. Unaue rosops, npu § = E’, T = ©’ mocseHee COOTHOLIEHHe
npunumMaer BHA AE? 4 2DEv + F12 = 0, T.e. onpeznessieT TOYKH INe-
peceyeHHs paccMaTpHBaeMOil JIHHUH BTOPOro MOPsAKa C OChIO X.

118. HUnaue roBops, ecau m: E = £ (T.e. B3sATa GecKoHeyHO yaa-
JIEHHAS TOYKa Ha INpsAMOH C YTJOBHIM KO3(QGHIHEHTOM k), TO H3
ypaBHeHHst nonsipHo# cucteMul §E' 4+ nn’ = 0 M noaydaem 0/ : &' =

1
-_— T= b T' T. e. COOTBETCTBYIOIAsi 6eCKOHEUHO yNaJieHHasi TOYKa

JIeXKHT Ha NMepNeHAHKYJIApHOH npsMoft.
119. Toropsi 0 ToM, uTOo Touka P «MHHMasi», KiefiH HMeeT B
BHIY, 4TO ee KOMIIEKCHhIe KOOpAHHATH &, 7, { He MoryT OHITb 10-
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MHOXEHHEM Ha OTJHUHLIA OT HyJsi MHOXHTENb 0 MpEBpAlleHH B TPH
OelicTeuTensHotx uucaa. VI3 sToro, B 4acCTHOCTH, CJelyeT, 9YTO B BhI-
nucaHHoi HuXe ¢opmyte (1) xors 6nl oaHO H3 uucen &, 1M, &
OTJIHYHO OT HyJsl, H TOYHO TaK JKe XOTA GHl ORZHO U3 uHcen Ez, 1o,
OTJVIHYHO OT HYJIS.

120. OcranoBuMcsi Ha 3ToM Bompoce Gojee moxpo6Ho. Ilycrts
BbIOpaHa e[MHHLA H3MepeHHs NJIHH, — CKaXeM, oTpe3ok AjA,, y Ko-
TOPOro 3ajaHul KOOPAHHATH KOHUOB Ai(ai, b1, ¢1), Az(az, b2, c2).
Toraa AJMHOA NPOH3BOJBHOrO OTpeska P;, P;, COEIUHSIOIIETO TOYKH

: l
Py(x1, y1, 21), P2(%2, Y2, 22), Ha3uBaeTcs uucio | PP, | =, TAe

L= (21— x2)% + (41 — y2)> + (21 — 22)7,
e= ’\/(at - 02)2 =+ (b, — b2)2 + (¢, — 02)2-

B uacrhocty, ecan e = 1, To |PyP;| = I, Kak H yKa3aHO B TeKCTe
Kneitna. 3aMeTuM Tenepb, YTO IpH MNapa/uIeNbHEIX NepeHocax, MOBO-
poTax M CHMMETPHH OTHOCHTEJbHO Hauyaja BeJHYHHL [, e He H3Me-
HsoTcsA. IIpH roMoreTns ke ¢ KeadduuuenToM A obe BeanuuHu [, e

YMHOXAIOTCSL Ha A, OJHAKO OTHOIUIEHHE — He H3MEHSeTCH W NpH 3THX
npeo6pa3oBanusix. MHaue roBops, eciu onpeaesuTb AJIHHY $HOpPMYJIOH
IP,P2|=—e—, TO OHa GyneT HHBapHaHTHOH NpH Bcex npeo6pa3oBa-

HHSAX OTMEYEeHHOro BHJAA, T.e. 6yneT HHBapHaHTHOMH NpH Bcex npeobpa-
30BaHHAX 24a6HOlL epynnel, KoTopylo KieidH onuchiBaer Huxe. OnHa-
KO TaKofi MOAXOX O3HauaeT, YTO AJHHA ONpefle/sseTCss He CaMHM OT-
peskoM PyP», a napoit (PiP:, AiA;), mpuueM npu mnpeoGpa3oBaHUH
Halo KaXJHi pa3 6paTh AJHUHY OTHOCHTEJbHO HOB0I eIHHHIH —
TOH, B KOTOPYIO MepeXoAHT oTpe3oK A4A; npH 3TOM mpeo6pa3oBaHHH.
CaMa e BeanunHa [ He ocraeTcsi HHBapHaHTHON TipH Bcex mpeoGpa-
30BaHHAX IVIaBHO# TPYymNnbl, T.e., CTPOro roBops, He sIBJsieTCH OODbEK-
TOM TOi MeTpHuYecKoil reoMeTpHH, 0 KoTopoii roBopuT Kueitn.

Ecsm 3xe paccMoTperb TOJIBKO Te NMpeoGPa3oBaHHs, KOTOPHIE fB-
JSI0TCA KOMNO3HLHSIMH NapaJjlieJbHHX NepeHOCOoB, MOBOPOTOB H CHM-
MeTpu#t (T.e. nmpeoGpa3oBaHHsi, COCTaBJsIOIHe 2pynny Osusceruid D,
0 KOTOopo# peub 6yzeT HATH B AaJbHEHIIHX NPAMEYaHHAX), TO OTHO-
CHTeJIbHO 3TOil rpynnn o6e BeaHuHHH !, e WHBapuaHTHH. CienoBa-
TeJbHO, B3sIB C CaMOro Hayaja e = 1, T.e. ompenenuB AJHHY ¢op-
myaoii |PiPz| = I, MBH moOlyuYHM BeJHYMHY, HHBAaDHAHTHYI0 OTHO-
CHTeJIbHO BceX mnpeo6Gpa3oBaHuil rpynnu ABuXeHuit D, Koropas u
NMPHHHMAeTCsl B 3TOH reOMeTPHH 3a JJIHHY OTpe3Ka. DTO NMOKa3HBaEerT,
YTO reOMeTPHs TPYNIbl ABHXKEHHH OTJIHYaeTCs OT FeOMETPHH IJaBHOM
rpynnu. O najabHeHAIIHX pa3/iHuusAX GYyAeT CKa3aHO HHXKE.

121. 3pece paccyxnaenus KuneitHa ckopee HMeIOT HaBOJSIUHA Xa-
pakTep, HeXXeJIH TOYHHIH MaTeMaTHuecKHil cMHca. B ocoGenHocTH sTO
oTHocucsl K cka3agHoMy B 1. 6). B caMoM meuse, Koraa B pasnere 2)
Kne#iH roBOPHT O METPHYECKOH TeOMETpHH, OH HMeeT B BHAY, 4TO
paccMaTpHBaeTCs TpeXMepHOe apH(MeTHYeCKoe NpPOCTPaHCTBO R3,
TOYKaMH KOTOPOrO fBJISIIOTCS BCEBO3MOXHHE TPOAKH (X, y, 2) Rei-
CTBHTEJIbHBIX 4YHCeJl, H B 5TOM NPOCTPAaHCTBE pacCMaTPHBAeTCs HEKO-
Topoe MHOXecTBO P npeo6Gpa3oBaHuil, a HMeHHO, npeo6pa3oBaHHI,
KOTOpHE HOPEACTABASAIOTCA B BHAE KOMNO3HUHI NpeoGpasoBaHii,
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nNpHHaAJeKalUX OCHOBHHIM YeThipeM THNAM. DTHMH OCHOBHHIMH de-
THIPbMS THNAMH Npeo0pasoBaHHil ABJAIOTCA: 1) mapaJnJebHhie mepes
HOCH; 2) NMOBOPOTH BOKPYr HYJIeBOH TOYKH (T.e. Takue npeoGpa3o-
BaHHsl, IPH KOTOPbIX KOOPAMHATH X', y’, 2’ TOUKH-06pasa mosyyaioTcs
H3 KOOpAMHAT X, Y, 2 TOYKH-pooOpa3a JIHHEHHOH OJHOPOAHOH MO~
CTaHOBKOM, K03 (PHIHEHTH KOTOpOi 06pa3yioT OPTOrOHaJbHYIO MATPH=
ny c onpemenuteseM -}1); 3) CHMMeETPHS OTHOCHTENbHO HYJEBOH
TOYKH; 4) TOMOTETHH C IOJIOXKHTEJNbHBIM KO3(hD(HLUHEHTOM H C LEHT-
poM B HyJeBoil Touke. MHoXecTBY P Kak pa3 H NpPHHAaAJIeXKaT BCe
npeo6pa3oBaHHs, NPeACTaBJSAIOIHECS B BHAE KOMIO3HLHH npeobpa3o-
BaHMi 3THX YeThlpex THNMOB. MHoxecTBo P mpexacraBasier coGoit epyn-
ny npeobpasosanuii (0 NOHATHH rpynnsl KieiH mumer 9yTh HUXKe), KO-
TOPYIO YCJIOBHMCsi Ha3blBaThb epynnod nodobud mpocTpaHcTBa R3;
Kieiin Ha3bBaeT ee HHXXe <IJIaBHOA rpynmoii» U oG6Go3HauaeT ue-
pe3 @&;. Temepp Bce Te cBOHCTBa reoMeTpHueckHx ¢uryp (T.e. moa-
MHOXKECTB NPOCTPaHCTBa R3), KOTOphle OCTAIOTCA HHBAapHAHTHBIMH, He
H3MEHSIOTCA NPH Bcex Npeo6pa3oBaHHAX, NPHHAMJNEXaLIMX rpymnne P,
M COCTaBJSIOT NpeAMeT H3yuyeHHs TOil reoMeTpHH, Kortopywo Kieiin
Ha3hIBaeT MeTpuueckoll.
3To mocTpoeHHe YKJIaAbIBaeTcsi B CJeAyIOIlyl0 OOGLIYI0 CXeMy.
VMeeTcss HEKOTOpOE OCHOBHOe MHOXecT8o M, sieMeHTH KOTOpOro
HMEHYIOTCSI TO4Kamu, W 3aflaHa Hekoropas rpynma G mnpeoGpasosna-
HHit MHOXecTBa M (KaXpzoe paccMaTpHBaeMoe npeoGpa3oBaHHE siB-
JsieTcsl B3aHMHO OJHO3HAYHBIM OTOOpaXKeHHeM MHOXKecTBa M Ha ce6s;
KOMIIO3HLHA npeo6pa3oBaHHi H o6paTHOe mnpeoGpa3oBaHHE HMEIOT
oueBHAHBIAI cMbics1). Tenepb Bce Te cBOHCTBa reoMeTpuueckux uryp
(T.e. MOAMHOXECTB OCHOBHOTO MHOXecTBa M), KOTOpble HHBapHaHT-
HBl TIPH Bcex npeo6pasoBaHHsX, NPHHaAJexauwux rpymne G, cocras-
JISIOT TPeAMET H3yYeHHsl eeomeTpuu, onpedeasemoil Ha muosxcectee M
epynnoti G. T0 U ecTb B a6CTPAaKTHOM BHJAE Ta OCHOBHasi HAes, KO-
Topasi Gnla mpoBo3ryaieHa KiefiHoM B ero 3HaMeHHTOH 3pJaHreH-
CKO#l nporpamme.
cllyyae MeTpPHYeCKO# reoMeTpuH, paccMatpuBaemoft Kiefinom
B I. 2), OCHOBHBIM MHOXeCTBoM M sABJseTcs NpoCTPaHCTBO R3, a
rpynnoi mnpeo6pa3soBaHHil 3TOr0O OCHOBHOTO MHOJXKECTBa SBJSAETCH
rpynna nomobu# P. [lns paccMoTpeHHoil B N. 3) aggunnoli zeomer-
puu OCHOBHLIM MHOXeCTBOM M siBJisieTcsi TO Ke NPOCTPaHCTBO R,
Ho rpynna npeoGpasoBaHuii (0603Haunm ee uepes A) sapasercs GoJee
wHpokoii, uem P, IlpeoGpasoBaHus, cocrasisitomue rpynny A (T.e.
atptgnﬂﬂue npeo6pa3oBaHHs), SABJAIOTCH KOMIO3HLUAMH -apaliieb-
HBIX TlepeHOCOB # NpeoGpa3oBaHHil, OMHCHIBAEMBIX 4r06biMU JHHEI-
HbLIMH NOACTaHOBKaMH C HEBBIDOXXIEHHbIMH MaTpHuaMu, TakuMm oGpa-
soM, adounHas rpynna A codepscur rpynny noaoGuit P, H motomy
BCSIKO€ CBOMCTBO, HHBapDHaHTHOE OTHOCHTEJNbHO BceX npeo6pa3oBaHH#
rpynnel A, coxpaHseTcs, B YaCTHOCTH, NpPH Bcex NpeoGpasoBaHHsAX
rpynnsl P, Ho, BooGluie roBopsi, He HaoGopoT. Minaue roBops, Bcsikas
TeopemMa addHUHHON reOMeTPHH COXPaHSeTCs H B METPHUECKOH reomer-
PHH, HO MHOTHEe MeTDHYeCKHe CBOHCTBA NepPecTaloT HMETb CMHCJ Npu
nepexoje K adduHHOH reoMeTpuH, uTo H oTMeuaer Kiefin B m 3).
Eciu e nepefiTH K mpoeKTHBHOH reoMeTPHH, pacCMaTpPHBaeMoOM
KneliHoM B m. 4), TO 3JeChb NpexJe BCEro CJeAYeT OTMETHTb, YTO
u3menaeTca OCHOBHOe MHoxecTBo M. B caMoMm pese, ApoGHO-iHHel-
Hble Mpeo6pa3oBaHHs He ABAANOTCA B3aHMHO ONHO3HAUYHHIMH Ha Npo-
crpaHcTBe R3. Jlas obecneyelnst B3aMMHOM OXHO3HAYHOCTH MPOEKTHB-
HHX Upeo6Gpa3oBaHHi NPHUXOJAHMTCA B KadeCTBe OCHOBHOTO MHOXECTBA
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M 6pats yxe He R% a TpexmepHoe (HeHCTBHTENbHOE) NPOEKTHBHOE
HPOCTPAHCTBO, B KOTOPOM TOUKOH SIBJISETCS yxe He Tpoika (x,y,Z2),
a uerBepka §:1:{:T AefiCTBUTEJbHLIX YHCes, ONpeAeJeHHHX C TOY-
HOCTbIO 10 O6LIero MHOXHTEJIs.

«leomerpusi o06paTHHX pafHycoB», o Koropoil mumwer KieiiH B
pasznene 5), BHOBb TpeGyeT AJs KODPEKTHOI'O ee ITOCTPOEHHsI H3Me-
HeHHsl OCHOBHOro MHoxectBa M. TpebGyeMoe 34eCb OCHOBHOE MHO-
xKecTBO M moxeT GbiTb mosiyueHo H3 R3 noGaBiieHHeM 00HOU «Gecko-
HEYHO yIaJIeHHOM» TOYKH (OHO roMeoMOpGHO TpexMepHo# cdepe, HO
He romeomMopdHO HH RS, HH TpeXMepHOMY NPOEKTHBHOMY NpPOCTpaH-
CTBY). )

Takum o6pa3om, reoMeTpHH, ynoMHHaeMmble KiefihoM B paspe-
nax - 3), 4), 5), onpelensiOTCS HAa pPA3HbLX OCHOBHBIX MHOXECTBAX,
H CpaBHEHHe HX MeXAy co6oil (M ¢ MeTpHYeCKOH reoMeTpHel) MoOxeT
6biTh JHUb ycaOBHHIM. Hampumep, 3 Bcex — paBHONPABHHIX MeXAY
c0060ii — MJIOCKOCTE} TPEXMEPHOro MPOEKTHBHOIO NMPOCTPAHCTBA HYXKHO
BbIIEJHTb ONHY H YCJOBHTbCS CYHTaTb ee «6ECKOHEYHO YAaJeHHOM»:
JUWb NPH 3TOM YCJOBHH MOXHO OyJeT CpPaBHHBAThb .IPOEKTHBHYIO
reoMeTpHio ¢ apHURHOM.

C 3T0#t 0O6lIell TOYKH 3PeHHs Te COOOpaKeHHs O TOMOJIOTHH, KO-
Topble BhicKa3niBaloTcsi KieiiHoM B 0. 6), Bpsil JH HONycKalOT YeTKoe
odhopM/IeHHe B paMKax HJell 3pJaHTeHCKOH mporpaMMu. MoxeT no-
KasaTbCsi €CTeCTBEHHbIM pacCMaTpHBaTh BCEBO3MOXHHBIE TOMeoMOpd-
Hble 0TOOpaXKeHHsl MPOCTPaHCTBa R* Ha ceGsi (oHM 06pasyioT rpynny)’
H TOMHITAaThCSl ONpPEJeNHTb TONOJIOTHYECKHe CBOHCTBa (HIyp Kak Ta-
KHe, KOTOpble COXpaHSIIOTCS NpH JIOObIX YyKa3aHHBIX mnpeoGpasoBa-
Husix. OHaKO 3TOT MOAXOA JaeT B MEHCTBHUTEJbHOCTH He TONOJIOTH-
YyecKHe, a TaK Ha3nlBaeMble usdoronuseckue cBoiicrBa ¢uryp. Hampu-
Mep, HenepekpyueHHasi JieHTa (6oOKoBass NOBEPXHOCTb UMJIHHJPA,
BLICOTa KOTOPOrO MeHblle Pafiiyca OCHOBaHHSI) H ABaXAbl Nepekpy-
yeHHast JieHTa (ee MOXHO MOJYYHTb, paspe3aB MNPEABAYUIYIO JIEHTY
nonepex, ABaXkKAbnl NePeKPYTHB H CHOBA CKJEHB), KaK JIETKO BHJETh,
roMeoMopGdHb, OAHAKO H30TONHHIMH OHH HE SIBJISIOTCS, T. €. HHKaKHM
romeoMopdHEIM O0TOOpaxkeHueM nmpocTpaHcTBa R3® Ha ce6s He ymacres
HemepeKpYYeHHYIO JIEHTY MNepeBeCTH B JABaXKJAh NepeKpyuyeHHY0. ITo
NOKa3hlBaeT, YTO IIPH PACCMOTPEHHH TONOJOIHYECKHX CBOHCTB ¢u-
ryp NMPHXOAHTbCH OTKAa3aTbCs OT PacCMOTPEHHs] KaKOro-iu6o «OCHOB-
HOrO MHOXECTBa» H KakoH-aH60 ero rpynnsl mnpeo6pasoBaHHil.
duryphl, TONOJOrHYECKHMMH CBOHCTBAMH KOTOPHIX MBI MHTepecyeMcs,
JIOJKHBl paccMaTpHBaThCsl caMH no cefe (a He KakK BJIOXKEHHBE B
KaKoe-TO €AHHOE XOCHOBHOE MHOXECTBO»), H 3TO JejlaeT TOMNOJIOTHYe-
CKHE CBOWCTBA He YKJaJAHBAIOUHMHCA B PaMKH KJEHHOBCKOrO rpyn-
NOBOro NOAXO0Ja.

(BnpoyewM, eciin pasmMepHOCTb GHrYpHl CYLIECTBEHHO MeHblie pas-
MEpPHOCTH OOGDBEMJIOLIEr0 €ro €BKJHAOBA MNPOCTPAHCTBA, TO MNOHSATHE
romeomMop(dusmMa caHBaeTcsi C NMOHATHEM H3OTONHH; HanpHMep, 3ay3-
JleHHasi U Hesay3/eHHas 3aMKHyTasi JMHHA B R3S, koTophie romeo-
MoOp¢HBEI MeXAY co6oi, ABASIOTCS HeusoTonwsimu B R3, onqHako B R4
JIBe 3aMKHYTBHIE JIHHHH BCerjfa u30TOnHbl, HO 3TH COOOpaKeHHs He
YHHYTOXKAIOT, a YCJIOXHSAIOT NMPOCTOe caMo No cefe NOHSITHE rOMeo-
Mopdusma.)

122. PaccMoTpeHHe «rjaBHOM Trpynnel» (KoTopass B TpHMevas
HuH 121 HasBaHa rpymnmo#l momoGuii m o6osnavyeHa uepe3 P) umeer
OJHY TOHKOCTb, KoTopyto KieliH ocraBasieT Ge3 BHHMaHus. JJas Toro
4TOOH ee NOSICHHTH, BBEIEM €lUe B PACCMOTPEHHE epynny O8uiceHul
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D npocrpanctBa R3, cocrosulyio M3 Bcex npeo6pasopaHHil, npen-
CTaBJSAICIUXCS B BHJE KOMIO3HLUHH NapaJuleJbHBIX IepeHoCcoB, MOBO-
poroB H cumMerpui. I'pynna D comepXHTCA B «ryaaBHO#t rpymne» P,
HO OTJIMYaeTCsi OT Hee TeM, YTO He COAEpPXKHT romMoTeTHH. Teneps,
COrJIacHO HIesM KJIEHHOBCKOH 3pJIaHTeHCKOH MPOrpaMMH, MOXHO pac-
cMaTpuBaTb B R3 reoMeTpui0 Ipynnbl JABHXeHHA D H reoMeTpHio
rpynnbl noao6uit P (WM rJaBHOM TPYNmb, Kak ee HasbBaeT Kueiin).
MHaue roBopsi, MOXHO paccMaTpPHBAaTh BCe Te CBOHCTBa, KOTOpble
OCTAIOTCS HHBAapHAaHTHBIMH NPH BceX npeo6pa3oBaHHsX rpynmbel D
(OHH COCTaBJIAIIOT NMpeAMeT reOMETPHH TPYNNH ABHXKEHHH), a MOXHO
paccMaTpHBaTh BCe Te CBOHCTBa, KOTOpble HHBapHAaHTHH IIPH Bcex
npeo6pa3oBaHusXx rpynnel P (T.e. OTHOCATCS» K TeOMETPHH TIpYyIb
nono6uit). O6e 3TH TreoMeTPHH OYeHb GJH3KH, HO MEXAY HHMH
HMmeloTcss M passuuns. Hampuwmep, B reoMeTpuu nopoGuil Jiobbie ABa
OTpe3Ka KOHIPY3HTHHI, T.e. CyllecTByeT B rpymne P mnpeo6pa3oBa-
HHe, NepeBojsllee MePBHIH H3 JIOOHIX ABYX 3aJaHHHX OTPE3KOB BO
BTOpOH. B cBsI3H ¢ 3THM, Kak oTMeuasoch B npuMeudaHuu 120, B reo-
METPHH TPYNHBI NMOAOGHA OTCYTCTBYeT NMOHSATHE MJIMHH OTpe3Ka, T.e.

prpaxenne | = 4/(x3— x1)? + (§2 — 41)2 + (22 — 21)% , CcOCTaBJeH-
HO€ H3 KOODAMHAT ABYX 3aJaHHHX TO4eK (X1, Y1, 21) H (X2, Ya, 22),
He sIBJISIeTC HHBADHAHTOM B IeOMETPHH TpPYNmbl NMOAOGHH (OHO Me-
HsETCS NpH roMmoTerusx). B reomerpuu ke rpynnel D BripaxeHue !
MHBapHaHTHO, H MOXXHO FOBOPHTb O JAJIHHE OTpPe3Ka, O KOHIDYSHTHBHIX
U HEKOHTDYSHTHHIX OTpe3Kax H T. . BmecTe ¢ TeM oTHowerue RJuH
JABYX OTPE3KOB HMEeT CMBICJ He TOJIbKO B FeOMeTPHH IPYynnH ABHXe-
HHH, HO H B IeOMeTPHH TPynnH NOA06HHl (NMOCKOJBKY XOTSl AJHMHa [
OoTpe3Ka H3MeHsiercsl B pesyJbTaTe npeo6pa3oBaHHit nofo6Hs, HO OT-
HOlIeHHe [JMH JABYX OTPe3KOB coxpaHsieTcsi). MHaue rosops, ecan
A (%1, Y1, 21) u Az(%xe, Y2, 22) — IABe TOUKH, MO KOOPAHHATAM KOTO-

’ 4
PHX BBIYHCJIEHO YKa3aHHOe BhIlIe BbipaxceHHe, H eciuA; U A, — nBe

ApyTHe TOYKH, MO KOOPAMHATAM KOTOPHX BBIYHCIEHO AHAJIOTHYHBIM
06pa3oM - BhipaxkeHue !’, ToO oTHolleHHe [/l’ MHBapHaHTHO NpH Bcex
ppeo6pa3oBaHHsX rpynnu P.

Tor ¢axr, 9T0 B reoMeTpHH Ipynnel NoJ06u# (B reOMEeTpHH rJaB-
HOH FpymuH No TepMHHoOJoruu KueiliHa) MOXHO roBOpHTb 06 «OTHO-
HICHHH [JIHH» ABYX OTPe3KOB, NPHBOAMT K MHEHHI0 (ZOCTaTOYHO pac-
OPOCTPAHEHHOMY) O TOM, YTO €CTeCTBeHHOEe OCMBICJIEHHE eBKJHAOBOM
TeOMETPHH COCTOHT HMEHHO B IOHHMAaHHH ee KaK IeOMeTPHH rpyn-
nel P (raasHoif rpynmel), a pacCMOTpPEeHHE reOMEeTpHH TPYNNBl JBH-
JeHH#l MaNoCyIeCTBEHHO M He COOTBETCTBYeT HCTHHHOMY NOHHMAaHHIO
CMBIC/Ia €BKJHJAOBOM TIeOMeTpHH. JTO MHEHHe MOXKHO MNOSICHHTb He-
CKOJLKHMHA NPOCTBIMH NpHMepaMH. B cHJy HHBapHaHTHOCTH OTHOIIe-
HHSl JJIHH B Te€OMETPHH I'DYNNH NMOAOGHA MOXHO TFOBOPHTb O PaBHO-
GenpeHHOM TpeyroJibHHKe (T.e. 0O TpeyroJbHHKe, B KOTODOM OTHOLIe-
HHe AJHH OOKOBHIX cTOpPOH paBHO 1). TeopemMa o TOM, YTO B paBHO-
GeflpeHHOM TpPEYroJIbHHKE YIJbl TPH OCHOBAaHHM paBHH, MNOJHOCTHIO
COXpaHsieT cBoe 3HaueHHe B reoMeTpHH rpynmbl mojao6ufi. CoxpaHser
cBoe 3HaueHHe W Teopema Iludaropa (B dopme (a/c)2+ (b/c)2 =1,
rie a/c B b/c — OTHOWeEHHS AJUH KaTeTOB K JJMHE THIOTEHY3H).
Cdepa ¢ nentpoM O, mpoxonsiuast depe3 TOUKy A, onpeneisieTcs B
reOMETPHH IPYNNH NOJOGHH Kak MHOXECTBO BCEX TAaKHX Totek M, uTo
oTHomeHHne paccrosiiuii -|OM| : |OA| pasho 1, u T. n. U3 atex npHu-
MepOB CTaHOBHTCS NOHATHHIM, UTO MeTpudeckas ceomerpus (mo Tep-
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MuHosorun Kuiefina), T.e. reoMerpus rpynnst HonoGuit P, OXBaThl«
BaeT Bce GOraTCTBO TeOpeM 3JIeMEHTapHOH eBKJHAOBOA reOMeTpHH.
VimenHo mostomy KiefiH mpuiaeT STOH reOMeTPHH TIJaBeHCTBYlollee
3HaueHWe, a rpynny P Ha3biBaeT <«IJIaBHOH rpynnoii». PaccmoTpenune
2XKe TeOMEeTpHH, ompejessieMod Ipynnoi ABHXeHHH D, MOXeT moOKa-
3aTbCA H3JIMIUHAM H He NAIOLIHM HHYEro HOBOro.

OpxHako Takasi TOYKa 3peHHs HeNpaBHJbHA. B JefCTBHTENbHOCTH
reoMeTpusi IPYNNH [ABHXEHHHl 6o0eza4e, yeM reoMeTpHs TPYNNbl MOAO=
Guit. MMeloTcsi comepxKaTelibHble TeOPeMbl, KOTOpPhie HMEIOT MeCTO B
reoMeTpHA TPYNNH [ABHXKEHH{, HO pa3pyLIalOTCs, NepecTalT OHThb
CrpaBel/IMBLIMH NpH nepexofe ot D k Gousbwefi rpynne P (nopoGHo
TOMY, KaK CYLIECTBYIOT CoOjJepXaTesibHble TeOpeMhl MeTPHYECKoil reo-
MeTpHH, paspywaloumyecss NPH nepexofe OT rpynnel P k GoJblued
rpynne A — rpynne Bcex addHHHHX npeobpasoBanuii). YroGu mpr<
BECTH NpPHMep TeOpeMhl, OTJHYaloulell reOMETPHIO TPYNNH JABHMKEHHHE
OT FeOMeTPHH I'Pynibl NOAOGHI, -OrpaHHYHMCS AJIS NPOCTOTH PaccMo-
TpeHHeM FeOMEeTPHH Ha IJIOCKOCTH. YCJIOBHMCSI Ha3blBaTh INIOCKYIO
CBA3HYI0 OGHrypy Auruerd, ec/lH OHa He CONEPXHT HHKAaKOro Kpyra
(MH OrpaHHYHMCS PacCMOTPEHHEM C8A3HbIX JIHHHH, T.e. Kak O Co-
CTOSIIUMX M3 OJHOI'0 KyCKa — 5TO MOHsTHE, OTHOCSLleecs K 006JacT
TONOJIOTHH, MH 3Jechb He yTouHseM). CBsi3Hyio JHHHIO ! Gynem Ha-
3LIBaTb TPAH3UTUBHOU, eClH AJs MOGHX ABYX Touek A, B stoil aus
HHMM Hajiijercsa npeo6GpasoBaHue f (NpHHaAJexailee rpynne mpeoGpa«
80BaHHMH, OMNpefessiolleli DacCMaTPHBAaeMYI0 TFeOMETPHI), KOTOpoa
nepeBoAUT JuHuIO [ B ce6s, a Touky A — B Touky B. TpaH3HTHBHas
JIMHHS MOXeT KaK Obl «CKOJIb3HTb MO cefe» B paMKax paccMaTpHBae-
Mo reoMeTpuH. B eBKJIMZOBON TreOMeTPHH CYINECTBYIOT TOJIbKO
JZBa THNA CBA3HHIX JIHHHA Ha IUIOCKOCTH, KOTOPEIE MOTYT 4CKOJIb3HTH
no ceGe»: 3TO NpsIMBIE H OKPYXKHOCTH. M1 3TO MoXeT GHTBH CTpPOro
ohopMJIeHO B BHIEe TeOpPeMbl, KOTOpas CNpaBeAsiiBa B FeOMETPHH
TPYNNH ABHXEHHH: MAOCKAR CBA3HAR AUKUA 8 TOM U TOALKO 8 TOM
cAy4ae ABAAETCA TPAH3UTUBHOU, ecAu OHa npedcrasasieT cobou nps-
Mmyro uau oxpyscnocto. OXHAKO 3Ta TeOpeMa pa3pyuilaercs, nepe-
craer 6biTo cnpasedAusol, ecid MH TepeilieM K KJEHHOBCKOH MeTs
PHYECKOH TeOMeTpHH, T.e. K I'eOMeTPHH rpynnu nono6mii P. B reo«
MeTPHH TpPynme NOAOGHH CYMeCTBYIOT CBA3HbE IVIOCKHE JIHHHH,
OTAUYHblE OT NPAMHX H OKPYXHOCTeil, KOTODHE MOTYT B PaMKax 3TOH
TeOMETPHH <CKOJIB3HTb IO ceGe»,T.e. SABJSIOTCA TPaH3HTHBHRIMH. Ta«
KHMH JHHHSIMH B TeOMeTDHH T'DYNNH NOAOGHA SIBAAIOTCS A02apuhmu-~
wecKkue cnupaau, onpejelisieMbie B MOJSPHHX KOOPAHHATax (Ha MJo«
CKOCTH) YypaBHeHHeM r=r°ekq’. B camoMm zxesne, KOMNO3HLHSA MOBO-
poTa Ha yroa @ (T.e. ¢’ = @ -+ @o, 7’ = r) K rOMOTETHH C LEHTPOM
B Hy/eBOM TOUKe H Kos(duuuenToM €% (1. e, @' =@, 1’ = r+e*®),
siBJsIOWasnCs npeoGpa3oBaHHeM, npuxadiexauyum rpynne nogobui P,
NEepPeBOJHT, KaK JIErko BHAEThb, pPacCMaTPUBAaEMYI0 JOrapHMHUECKYIO
cnupaib B cebsi. TakHM o06pa3oM, eCTECTBEHHOE C TOYKHM 3peHHs
€BKJIH/IOBO TEOMETPHH NpENCTaBJeHHe O TOM, 9TO CBASHHIMH IUIO-
CKHMH JIHHHSIMH, KOTOphI€ MOTYT CKOJIb3HTb No_cele, SBJISIOTCS JHIUb
npsiMble H OKPYXKHOCTH, HMeeT CHJY B F€OMETDHH IDYNNH ABHKEHHIT,
HO He B TeOMETPHH TrpynnH noxo6uii. KnelfiHoBCKas MeTpHuecKast
reoMeTPHs B 3TOM BONpOCE OTXOAHT OT HPHBHYHLIX NpeAcTaBJeHHMH
€BKJIHJ10BO/i T€OMETpPHH.

Takum oGpasom, To, uto Kuaefin coBceM He yaeaser BHHMaHHS
TEOMETPHUA TPYNNH JBHXKEHH{l, a OIpPaHHUYMBAET <«METPHUECKYIO



400 TIPUMEUYAHUS

reOMeTpHIO» PaMKaMH TeOMETPHH TPyNmb nojaobuit, He BO BCEM COOT-
BETCTBYET <«3JIEMEHTAapHO-T€OMETPHYECKHM» MpeIACTaBJEHHAM.

123. B npumeyanun 121 6bla oTMeueHa HeAOCTAaTOYHOCTb Ta-
KOr0 TMOAXOAa B OTHOLIEHHH TOMNOJIOTHH. B cpoBpeMeHHBIX mpexacTas-
JICHHSIX peyb HJeT He O Tpynne BCeX roMeoMOPGHHX OTOOpaxeHHH
HekoTopozo mpocTpaHcTBa M Ha cebsi, a 0 KaTezopuu B C e X TONOJO-
rHYECKHX NPOCTPAHCTB H HX HenmpeprIBHHX oToOpakeHuit. HauGosee
CYLeCTBEHHbIe TONOJIOTHYECKHE CBOHCTBA ONHCBLIBAIOTCS (YHKTOpAMU,
HanpuMep, BaHeiilllee 3HaueHHe HMEIOT TOMOJIOTHYECKHe (DYHKTOpPHI
(cm. Ctuupon H, ditmenb6epr C. 3. OcHoBanus anreGpauue-
ckoil TonoJsorun. — M.: ®usmatrus, 1958).

124, Kaeiin 3Jech CJIMIIKOM KaTeropHueH. Peub uJer, KOHeUHo,
He O BCEeX BO3MOXHBIX TF€OMETPHSX, @ O TeOMETPHSX, ompejesseMbix
rpynnami npeo6pa3oBaHuii. B 3TOT Kjacc reoMeTpuii He BXOAAT 06-
uasi pHMaHOBa reomeTpHsi, (PHHCIEpOBa reOMeTPHS H ApYrHe IOHH-
MaHHsi NPOCTPAHCTBA, HrpalolliHe BaXKHeHIIYI0 pPoJb B COBpPEMEHHOM
MaTeMaTHKe H (H3HKe.

125. B npumeuanun 121 sTa KJeiHOBCKas HIesi BblpaXKeHa He-
CKOJIbKO 6oJiee abCTpakTHBHIM H o6wuMm o6pa3om. Tor dakt, uto
Kaeitn sgech paccMaTpHBaeT TOJIbKO TaKHe FPYNNbl npeoGpas3oBaHmil,
KOTOpBIE CONEPKAT «[VIaBHYIO TPYNINY», HECKOJbKO CyXaeT 0OILIHOCTb
paccMOTpeHHsl TeOMeTpHH, Ompe/essieMbiX IpynnaMu npeo6pa3oBaHHi
(HO 3aTo npHOJHKaeT paccMaTpHBaeMble FeOMETPHH K €BKJHAOBOH).
Cnenyer, ofHaKo, HMeTb B BHAY, uTo adduHHAs rpynma He BKJIOYa-
eTCsl B NMPOEKTHBHYIO OOHO3HAYHOIM U eCTeCT8EeHHbIM 06pa3om, a To-
JyyaeMoe BJIOXKEHHe 3aBHCHT OT TOTO, KaKyl0 IJIOCKOCTb TPEXMEPHOTo
NPOEKTHBHOT'O NPOCTPAHCTBA YCJOBHTbCS CUHTATh GECKOHEYHO y[aJieH-
Hoii. TeM He MeHee, HECMOTPSI Ha YCJIOBHOCTb, 3TO BJIOXKE€HHE MO3BO-
JISleT NPOCJEAHTb HEKOTOPHle CBA3H MEeXAY ap(PHHHOHA H NMPOEKTHBHOMH
reOMeTPHSIMH.

126. B nacrosiiee BpeMst ykaspiBaeMblit KiefiHOM NmpHHUHN npo-
cJleXeH B CBOeil MaKCHMaJIbHOH OGLIHOCTH H NPHMEHHMOCTH H Hrpaer
BaXKHYI0O posib B reoMeTpud H ¢usnke. O poJd reoMeTpPHUECKHX mpe-
06pa3oBaHHi B NOCTPOEHHH PAa3JHYHBIX reOMeTpHil H HX poJH B ¢H-
3HKe MOXKHO mpounTath B KHurax: jirmom HW. M. I'eomerpnueckue
npeo6pasoBanus. — Y. 1: JIBuxKeHus H npeoGpasoBaHHs NOAOGHS.—
M.:- T'ocrexnsmar, 1955. — Y. 2: JlunefiHble H KpYroBHe TnpeoGpa-
3oBaHua. — M.: Tocrexusmar, 1956; fAraom HW. M. Ilpuuuun
OTHOCHTeJIbHOCTH [a/myiess M HeeBKJauJoBa reomerpus. — M.: Hayka,
1969; Gosee riy6okoe paccMOTpPeHHe 3TOrO BOMPOCca HMeETcs, HalpH-
Mmep, B kHure B. A. Ily6posuna, C. Il. HosukoBa u A. T. dowmenKko,
yKka3aHyo#l B npumeuaHuu 26. Cm. Takxke Buaruu B. Il dpnau-
reHckas mporpamma u ¢u3auka. — M.: Hayka, 1975.

127. B camom pnene, eciu S — cdhepa ¢ LUEHTPOM B TOUKe mepe-
CeYeHHs] NepNeHAHKYJSPHHIX APYr APYry npsMo#t ! H IVIOCKOCTH o,
To oKpyxHocTb K = Sl o o6Gnanaer TeM CBOHCTBOM, YTO MpsiMble,
napajiejbHble [ M NPOXOAsiHe Yepe3 TOYKH OKpyXHoctH K, siBas-
I0TCsl KacareJbHBIMH K cdepe S. Orciofa cienyer, uTo TOuka P,
B KOTOpO#i NepeceKaloTCss BCe 3TH KacaTeJbHble, SIBJSETCS INOJIOCOM
IVIOCKOCTH ¢ OTHOCHTEJbHO cdephl S. Ilepecekast Bce 3TH MHOXeCTBa
6CCKOHEYHO YAANEeHHOH MJIOCKOCTBIO e, NMOJYy4aeM, YTO P €cTb IO-
NIOC  OPAMOH  Go =: Mo (1 ¢ OTHOCHTENHHO KOHHYECKOTO CEYeHHS
Tl [1S, T. €. OTHOCHTEJIBHO OKPYXKHOCTH cep.

128. Toapo6HocTH HMeloTcst, HampuMep, B Khure: I'ype-
Buu I. B. OcHOBs!l Teopnu ajre6paunuecKHX HHBapHaHTOB.— M.:
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Focrexnsnar 1948. Cm. rtakxke Kuaeiln @. Jlekuun o pasBuTHH
maTtematukn B XIX crosernn. —M.; JI.. OHTH, 1937; 3apuc-
ckuit O, Camwosab II. Kommyratusuas aare6pa. —T. 2. —
M.: WJI, 1963.

129. OcHoBHasi TeDMHHOJIOTHSI TEOPHH HHBAapPHAHTOB (HHBApHaHT,
KOBapHAHT, NMCKPHMHMHAHT H JAp.) Oblja BBeleHa CHJIBBECTPOM.

'130. Hago paccmoTperp onpefesHTeNb YeTBEPTOro MNOPsiAKa, B
nepsoit M Tperbeil CTpoKax Koroporo crosaT i, &2, Es, &, a BO BTO-
pOHl H uyeTBepPTOH Ty, T2, Ts, Ts, @ 3aTEM PA3JIOXKHTb 3TOT ONpENE/H-
TeJab (OYEBHAHO, PaBHbI HYJIO) B CYMMY NpPOH3BEAEHHH COOTBeET-
CTBYIOULHX MHHODOB BTOPOrO MOPsiIKa H3 NMepBOH H NOC/JeAHeil mapbl
CTPOK. AHAJIOTHYHBIA npuem Obul npuMeHeH Kaeiinom Ha c. 51,

131. Ecaiu K ypaBHEHHSIM OKDYXHOCTH cdep

=0, E+n+=0
NPHCOENHHHTD yPaBHEHHE MIOCKOCTH

af +Pn+yE+01=0 (*)

H pemaTb MNOJYYEHHYIO CHCTEMY COOTHOLIEHH#l OTHOCHTEJNBHO OXHO-
ponHbix KoopaHHaT E, M, §, T (T.e HCKaTb To4Ku nepeceuenus
GKPYXHOCTH chep ¢ yKasaHHOH IJOCKOCTbIO), TO NOCJE HCKJIOYeHHS
HEH3BECTHBIX MBI NOJYYHM OJHO KBaJpaTHOe YPaBHEHHE, AHCKPHMH-
HAHT KOTOPOTO OTJIHYaeTCs JIHIIb MHOXHTeJdeM oT a2+ f2 4 y2
TakuMm o6pasom, paseHctBo a2+ B2+ y2 = 0 sBAsieTcHd YCAOBHEM
TOro, YTO IJIOCKOCTb (%) HMeeT C OKPYKHOCTbIO cdep ABe cosnadaro-
wjue TOYKH NepeceyeHHs, T.e. Kacaercs ee.

132. UHaue roBops, peub HAeT 0 opmyJjax apHHHOH reomer-
pHH, Nosyyaioulefics, ec/H 32 GeCKOHEUHO yNaJIeHHYIO NPHHATD He IJIO-
ckocth T = 0, a Apyryilo miockocTs af 4+ Bfn 4+ y5+ 6v = 0.

133. KOMNOHEHTH 3TOr0 aHTHCHMMETPHYECKOTO TeH30pa HMEIOT

BHI
0—c¢ b
c 0 —al. (*)
b a 0

Kosd¢duuuentsl 1, crosiiue Ha IJaBHOH JHAroHajH, XapaKTEpH3YIOT
OTHeJbHBIH BekTop, Kotopbiii Kieiin 3fnech noGasasieT, uTo6H mOJy-
yaouiHecs: GopMyJsibl ONMHCHIBAJH GeCKOHEYHO MaJblii MoBOpPoT. TaKHM
06pa3oM, COOTHOLIEHHs! (8) MOXKHO 3amHcaTh B BHAE

£ = 2"+ Agxﬁ; o, =1, 2, 3 (cymmupoBarue mo B),

rae nox E!, E2, E® nonmmalorcs E, m, §, mom x!, x2, x% — BeqMuMHH
x, 4, 2 2 Ag-— KOMIIOIIEHTE  @HTHCHMMETDHUECKOrO TeH3opa ().

Boo6uie, B CHy ONpeleNeHHss aHTHCHMMETDHUECKOro TeH30pa ero
[MaroHaJIbHble KOMIIOHEHTH PaBHH HYJIIO..

134. CM. B CBsI3H C 3THM NpHMeuyaHHe 122.

135. 3mech cienyer rOBOPHTb He O NMPOEKTHBHOM, a 06 appunrol
reOMeTPHH, NOCKOJIbKY Bbiie KiefiH HONmycTHJ CylleCTBOBaHHE ABYX
NpAMBIX Ha RJIOCKOCTH, HE HMEIOIIHX OOCILHX TOYEK, a TaKXe NBYX
HenepeceKaloOUMXCA NJIOCKOCTeH; KpoMe TOr0, aKCHOMBI TOHSTHS <Me=
XKAYy» TaKxKe OTHOCATCA K a(p@HHHOH, a He K NPOEKTHBHOH reoOMeT-
pun. Bupumo, ‘KieliH roBopuT 0 NpOEKTHBHOH TreOMeTpHH, HMés B
BHIY nocJelylolilee NpHCOeIHHEHHe HeCOOCTBEHHBIX TOYeK
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136. 3necy Kuaefin BnepBhie TOBOPHT He TOJBKO O TOH MeTpHue-
CKOHl reoMeTpHM, KOTOpasi ONpefelsieTcsl TVIaBHOH IPYINNOH, HO TaKkKe
O TreoMeTpPHH KOHIDYIHTHOCTH, ONpeleasieMOH TIpynmoll JBHMKEHHH.
B npumeuannn 122 yxe orMmeuasoch, YTO 3TH '€OMETPHUH OTJIHMYAIOTCH
JAPYr OT Apyra, HanpuMep, OTCYTCTBHeM (BO BTOPOH H3 HHX) IIOCKHX
CBfI3HKIX TPAH3HTHBHHIX JIMHHI, OTJIHYHBIX OT NMPSIMHX H OKpPYXXHOCTEH.
Kinefin oTMeuaer 3jech eumie OAHO OT/IHYME: 3aMKHYTOCTb (Jyyuie
CKa3aTb 02PAHU4EHHOCTb) JI060H TpaeKkTOpHH JOOOro ABHIKEHMs,
HMEIOIIEr0 HENMOJABHKHYIO TOUKY (TpaeKTopHel TOYKH @ OTHOCHTENb-
HO JBHXKeHHMs [ Ha3bnBaeTCs] MHHHMaJbiOe MHOXECTBO, COJepXKauiee
TOUKY 4 M mepexojsiee B ceGs NpH KaxAOM H3 ABHXKeHHH f, f-1).
Bnpouem, HanGoJee TIPOCTHIM OTJIHYHEM SBJSAETCS HaJHyHe IBYX He-
KOHPPYSHTHbIX oOTpe3koB. [loxaay#l, ¢ HarJIsgHO-reoMeTpHUecKOo
TOYKH 3peHHs HaHGoJiee yOeIUTENbHHIM OTJIHUHEM sIBJISETCS TeopeMa
O TPaH3HTHBHBIX JIMHHAX, YNOMsIHYTass B TpHMe4yaHHH 122,

137. Takum oGpasom, KuefiH ¢akTHYeCKH HIDHYHCJISET K NepBO-
Haya/bHBIM, HEONpele/NsieMHM MOHATHAM, KPOME TO4eK H INPSAMHLX,
elre H JBHKEHHs; K aKCHOMaM, ONMHCHLIBAIOIIHM CBOMCTBA JABHXKEHHI,
OTHOCSITCA TPeGOBaHHS O TOM, YTO KaxJoe JBHXKEHHe NpeiCTaBJjseT
co6oii B3aHMHO OJIHO3HauHOe (GHEKTHBHOE) OTOGpakeHHe IJIOCKOCTH
Ha ce6si; O TOM, YTO ABHXKEHHe NMEePEeBOAHT NMpsIMble CHOBa B NpsiMHeE;
O TOM, YTO CnpaBeisuBa chopMynupoBaHHast Kieilirom axcuoma no-
68uscHOCTY TIOCKOCTH (puC. 104). DTa akcHOMa NMOABHIKHOCTH H SiB-
JisieTcsl JeTaJH3alueli TOro, YTo CyHIECTBYeT ocod NBHXKeHHi: npu (HK-
cupoBaHHHX A H a BhGOp Touku A’ oBnajaer ABYMSl «CTeNeHSIMU
CcBOOOABI» HJH COJAEPKHT 002 BO3MOXKHOCTeH (TaK Kak moJoxeHue A’
ompejessieTcs ABYyMs KOOpAHHAaTaMH), a BhGop Jayya a’ oGnamaer
eile OJHOH CTeneHbl0 CBOGOAH, T.€. CONEPKHT oo! BO3MOKHOCTEI
(snauennit yraa or 0 go 2m). 3amerum, yro nanHaa KieiiHoM ¢op-
MYJHPOBKa aKCHOMH TOABHXXHOCTH O3HayaeT, YTO PacCMaTPHBAIOTCS
JHIIb JBHXKEHHS, COXPAHArOUujue opuexTayuio (MHade CYLIECTBOBAJH
Obl poBHO Jga ABHXKeHHS, nepeBoAsmHX A, a cooTBeTcTsenHo B A',
a’, ONHO H3 KOTODHIX COXPaHsleT, a ADYroe MeEHSeT OPHEHTAUHIO).
Huaue rosops, eciu ¢urypa F He o6l1ajaer HH OLHON OCHIO CHMMET-
puy, a F/ — ¢urypa, cumMerpuuHasi F OTHOCHTEJbHO HEKOTOPOH OCH,
T0 F n F’ He cuuTaioTca KOHTPYSHTHEIMH B paccMaTpuBaeMor Kueii-
HOM MOJEeJH €BKJHIOBOH IJIaHHMETPHH.

138. DT10 He ecTb HOBask aKCHOMa O JABHIKEHHSX, a JHIIb YaCTHHA
cnyualf akCHOMbI MOJABHXKHOCTH: Touka A mnepexozur B A’, a ayu a
¢ HauajoM A, comepxamui Touky A/, mepexoaur B ToT Jayy a’ ¢
HauasoM A’, KOTOpH pacnojioxeH Ha npsMod AA’ u He comepKHT
TouKy A (3aMeTHM, 9TO OmpeleJeHue Ayua H 'rechpema 0 pa3GHeHHH
npsiMofi Ha ZiBa Jiyua C HayaJoM B JJaHHOH Touke A perJaMeHTHPYIOT-
Csl aKCHOMaMH DacIOJIOXKEeHHs). ’

139. 3tn cBelicTBa mapajiiesbHLHIX NEpPerocoB NPeiCTaBJsIOT CO-
6ot HOBHle aKCHOMH. 3aMeTHM, 4TO B FeoMeTpHH JloGaueBCKoOro STH
CBOMCTBA MapaJileibHEIX NEPEeHOCOB He BBHINOJHSIOTCS (XOTS aKCHOMBI
COeIHHEHHsl, aKCHOMBI pAacHOJIOXEHHS H paxee CHOPMYJHPOBAaHHbLIE
CBOHCTBA ABHIKEHHH, BKJIOYas aKCHOMY NOJBHKHOCTH, HMEIOT MECTO).

140. 310 — onHa u3 dopm akcuomst Apxumeda, UIH AKCUOMbS
usmepenus (yTOUHEHHe HAIVISIJHOFO BHIPAXKEHHS «JOCTHYb JHGO Ie-
pelIarHyTbs OCYLLeCTBJISIETCS OYEBHAHHIM 0Gpa3oM).

141. OTo mpeAcTaBJeHHE O <«HENPEPHIBHOM® OCYLIECTBJEHHH Ia=
paJLIeNbHOTO TNepeHoca MoXeT ObiTb MaTeMaTHUECKH CTPOro YTO4-
HEHO, HO NMOKa 3TO MOXHO pacCMaTPHBATh JHINb KaK HarAsgHoe NO-
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sICHeHHe, a TpPaeKTOpHeH INapaJlJieIbHOrO NepeHoca CUHTaTh MNPOCTO
npsaMylo, coeluHsomyo Toyky A u ee o6pas A’

142. Pa3roBop o TpaexTOpHH KaK O pe3yJbTaTe «HelMpephLIBHOTOY»
BHIOJIHEHHSI NapaJlJieJbHOrO NepeHoca, BO3MOXHO, YAOGeH B Lessx
HarJIHOCTH, HO B OTHOLIEHHH CTPOrOCTH MOXET TOJbKO 3anyTaTh
paccyxIeHHs M CIeJaTh HX HeyGelHTesNbHHIMH. UeTkoe H0OKazaTenb-
CTBO MOXHO IIPOBECTH, HanpuMep, TaK. Ilycts [y H Iz — nBe Tpaekro-
puu (T.e. Iy — npsMas, Npoxoasillas yepe3 HEKOTOPYIO TOUKY B u ee
06pa3 B’, u ananornuydo pas lz). Ecan I, u l; uMeoT o6myno Tou-
Ky A, T0 (DOCKOJBKY, cOracHo OAHOH M3 akchoM Kueiina, kaxnasa
TPaeKTOPHs NepexoiuT B cels) Touka A JO/KHA, BO-NEPBLIX, mepe-
XOAHTb B TOYKY A,, NMPHHaAJEXAIlyl0 TPaeKTOPHH [, H, BO-BTOPHIX
(nockombky A & I2), Touka A [O/KHA MEPEXOAHTb B HEKOTOPYIO TOU-
Ky As, npuHajjexamyto npsamoit l;. Ho nmockosnpky o6pa3 toukn A
onpejeneH ONHO3HAyHO, Mbl HmeeM Ay = Aj, T.e. Iy u [, umelor,
gpome A, ewme oxHy o6uiyio Touky A; = A, CienoBaTenbHO, Npsi-
mble [y H l; coBnapmator. Mrak, [Be TpaeKkTOpHH JaH60 He HMEKT OG-
LIHX TOYeK, JHGO (eCJH OHH HMEIOT XOTsi OH OZHY OOLIYI0 TOuKy)'
HENpeMeHHO COBMAajaloT.

143. Kneith o06Go3HayaeT KOMNO3HLHIO NpeoOpa3soBaHHH TOYKOH;
3/1eCb HCIOJIb30BAHO COBpPeMeHHOe 0603HaueHHe (KPYIKOK).

144, CorsnacHo chopMyAHpPOBaHHOH BHILE aKCHOMe ApxHMmena.

145. OGHIKHOBEHHO 3Ty aKCHOMY HasHBalT axcuomot Ilawa,
KOTOpLI BBeJ1 ee B CBOHX «JIeKUHSiX Mo HOBOH reomerpuu» 1882 r.
B pnaHHOM cJyuae 3Ta aKCHOMa NPHMEHSeTCS K TpeyroJeHHKy 012
Y K npsMoil, ABJAILEHACS TPaeKTOpHed mapaJJienbHOro nepeHoca S’y
npoxoasueil yepes TouKy I’ (3Ta TpaeKTOPHs He MOXeT mepeceyb
npsaMyio 12’, Tak Kak AB€ TPaeKTODHH OAHOI'0 NapaJ/lJeJbHOrO mepe-
HOCa He NepeceKaloTcs, H, CJIe0BaTebHO, OHA NOJNKHA Iepecedyb OTs
pesok O ocu x).

146. 3pecy U najee usnoxenne KiefiHa HECKOJIBKO CXeMaTHYHO.
OmHaKo OH M He TpecJefyeT Lesb AaTb CKPYNyJie3HH BHBOA BCeX
TeopeM FeOMETPHH H3 BBOJAHMBIX aKCHOM, a HMeeT B BHAY JIHLIb 06-
pucoBaTh OGIIYI0 CXeMy OGOCHOBAHHSI TeOMETPHH C HCIOJb30BaHHeM
rpynn npeo6pasoBaHHi.

147. TouHee, OJHOH M3 aKCHOM, ONMHCBLIBAIOLIHX CBOMCTBA JBHKE-
HEH (cM. mpuMeuvanue 137).

148. Crnenyiomue najee coobpaKeHHss He TaK INPOCTO peajH3o-
BaTb B BHIE Y€TKO NpPOBENEHHBLIX PAacCyXJEHHH aKCHOMAaTHYECKOro
xapakrtepa. IlosToMy cKasaHHOe cliefyeT PacCMaTpHBaTb JIHHIb KakK
ouepK JaJbHEHINero aHaJHTHIECKOTO IOCTPOEHHS TeOMETpHH.

149, KaeitH 3anuchiBaeT npeo6pa3oBaHHs CAe8a HANPAso B TOH
NOC/IeAOBATEJNbHOCTH, B KOTOpPOH OHH BHINOJHSIOTCA. OJHaKoO MH B
3TOM M3JaHHH KHHTH CJelyeM NPHHSTOH Temepb TPaAHUIMH, MCNOJb3YS
o6o3HaueHHe KOMNO3MIMH (KPYXKOK) H 3amHchiBass npeoOpa3oBaHHs
cnpaBa HaJseBo. Hanpumep, pas mo6Go#it Toukn A nmeeM

R, (A) =(ToQoT~ 1) (A) =T (Q(T™ (4))).

150. BrickazanHhe coofpaXKeHHs O Nepexoje OAHHX oceil B Apy-
rHe O03HayalT, B 9acTHoctd, urto Touka A (1, 0) nepexonaur B
A’ (0, 1), a Touka B (0, 1) nepexomut B B’ (—1, 0); oTcioga onHo-
3HauHO onpenensioTcss KoaddHUueHTH npeoGpasoBanus (1). Hamom«
HHM, YTO X, Y — KOODAMHATH MNPOU3BOJBHOM TOYKH, a X', Yy — KOOp-
JuHAaTH ee 06pa3a B 00KOU u Tou dte cucreme KOOPOUHAT.
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151. VupiMu cloBaMH, (QYHKUHH SiNX H COS X onpedeastoTca C
nomolpio HX psamos Teitsopa:
x3 x?

smx=x~—§l— veey cosx=1—-2—l

(s, uTO TO XKe camoe, ONpelesslOTCA Kak pemeHHs Auddepenun-
aJbHOro ypaBHeHus y” -+ y = 0 ¢ HavaabHHIMH ycaoBHAMH y(0) =0,
y'(0) =1 pna ¢yHkumn y =sinx u y(0) =1, y'(0) =0 naa
¢yHKUHH Yy = cos x). UHcI0 7 ompenessieTcss Tenepb KaK HaHMeHb-
IUMH TOJIOKHTEJbHBIA KOPeHb ypaBHeHHst sinx = 0 (MM ypaBHGHHSA
e* = —1). T'eoMeTpuyeckHil cMbICH GYHKUMH Sin X H COS X BBISCHHT-
csl nocAae TOro, Kak OYAYT HafJeHH aHaJHTHYeCKHe (OPMYJIH NOBO-
pora (cM. HuXe cooTHoweHHs (5)). -
152. Ceiiuac 3Ty wKaJjy MPHHATO HAa3HBATh PaAHaHHOM.

. d _ .
153. U3 coomomeﬂuﬁﬁ (sin x) = cos x, v (cos x) = sin x

{(KoTopHle MOJTy4aloTCs, HaNpHMep, NOYWIEHHBIM AH(@epeHLHpOBaHHEM
PAOOB 4Js SINX M COSX) MhH HAaXOAHWM HeEMOCPENCTBEHHO, YTO

vrE (sin?x 4 cos?x)=0, T. e. sin?x -4 cos?x = const. Ocraercs

3aMeTHTb, 4T0 sin0 =0, cos 0 = 1, U noroMy crosiass B npaBoil
YaCTH KOHCTAaHTa paBHa eQHHHLE, T.e.sin?x -4 cos?x =1 aas Jio-
6oro x.

154, Ecin uMeTb B BHAY OCTPHI (MJH NPSIMOH) Yros Mexny
JIBYMsl NPSIMBIMH, TO CJ€AyeT NpaBble 4aCTH B3fTb MO MOJAYJIO.

155. BoJjiee noapo6HO O NMOBATHH IJOLIAJH B 3JIeMEHTApHOiH reo-
MeTpHH (M O TeX aKCHOMaX M NpPHHUHMNAX, Ha KOTOPHX OHO OCHOBHI-
BaeTcsi) MOXHO NPOYHTATb B YKa3aHHOH B npHMedaHHH 10 cTaTbe
B. A. Poxauna, a Takxe B KHHrax: Boatauckui B. I'. dnemen-
rapuas reomerpus. — M.: IlpocBeuienne, 1985; bonTsauckui B.T.
Tperbst npo6aema 'manGepra. — M.: Hayka, 1977.

156. dror cmoco6 BRIBOJA MNOLIAAH NapajiiejorpaMMa HMeeT fe-
(eKT: M BHICOKOTO Y3KOro MapajielorpaMMa BHICOTa NafaeT He Ha
OCHOBaHHe, a BHe €ro, TaK YTO «OTPe3aTb» TPEYrOJbHHK OT napaJie-
aorpamMa He ypaercs. OLHaKo QonoaHewue W mapajuiesiorpamMma, H
NpSAMOYTOJIbHHKA OJAHHAKOBLIMH TPEYroJIbHHKaMH NO3BOJISIET NOJIYYHTb
ONHY M Ty e Tpameuuio (puc. 118), 4yTo M naeT He HMeOWHH Ie-
¢exTOB BHBOA (OpMYJbl MJOLLAAH NapaJJeJorpamma.

157. B KoTopoii npaBylo YacCTb CJaedyeT B3Tb MO MOAYJIO (HJH
JKe TOBOPHTb 00 OpuenTuposantoi mjowlagH, o 4Yem KueiiH nHuwer
B Hayaje 3TOr0 TOMa).

158. KueiiH 3pnech oueHb KpaToK. IlogpoGHee O MOHSITHH MJIHHBI
KPHBOii (M, B YaCTHOCTH, O €r0 aKCHOMAaTHYECKOM INOCTPOEHHH) MOX-
HO NMpPOYHTAThb B KHHraX, YKa3aHHHX B npumedaHuu 10, u B craTbe:
Boarsunckuit B. I. JliuHa KpuBOil H mjomwanb MOBEPXHOCTH//
DHUMKJIONEANsT 3JeMeHTapHOH MaTemaTHkH. — Kuura V: Teomer-
pus. — M.: Hayka, 1966. — C. 88—144.

159. B npeabinymem H3noxeHuun KueiiH CUHTal «IABHXKEHUSMH»
TOJIKO Te Npeo6pa3oBaHHA, KOTOPblE COXPAHSIOT PACCTOSHHSI H CO-
XPaHSAIOT OpuexTayuto. B COOTBETCTBHH. C 5THM OH .CYHTaN KOHZpY-
SHTHOIMU TOJBKO GHTYpH, KOTOpble MepeBOASITCS OAHa B APYryio
MMEHHO TaKHM [BHXXEHHeM (COXPaHSIOLUHM OPHEHTaLHi0). 3Iech XKe
OH Ha3HWBaeT KOHFPYIHTHHIMH (DHTypLl; KOTOpPHE NEpeBOASTCS OAHA
B JApyrywo npeoGpasoBaHHeM, JHIIb COXPAHSIOIHM paccTOsHHA (T.e,
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He JeNla€T Pa3/HYUsi MeXAY KOHTPYSHTHHIMH B- IPeXXHeM CMBIC/Ie H
CHMMETPHYHBIMH (HTypaMH).

160. U o6nanaer Tem cBoiicTBoM, 4To Touka C’ momazaaer B Imo-
JIOXKEHHE, PAaClOJIOXXEHHOe 1o 1y Ke CTOpoHy npsamoit AB, uro u
Touka C. M3 sTOoro sicHo, YTo K UHCJY JBHXEHHH 31eCb C/leLyeT NpH-
YHCJATH 3epKaJjibHhle CHMMETDHH.

161. areui nocrysar EBkInAa He coBmajaer AOCJOBHO C yKa-
3aHHOH BBIIIE AKCHOMOH MNapaJjieJbHOCTH, HO MNpeACTaBjseT Cco6oi
npenJjioxenue, sksusanenTnoe efi. O6 3TOM eBKJIHIOBOM INOCTyJaTe
Kuneitn roeoputr Ha c. 302 (cM. puc. 126 M oTHOCsIHACA K HeMy
TeKCT).

162. To ecTb He HMEIOUIMMH IpaHHlH, Kpasd. VHaue rosops, peus
HAET 0 3amkhyTOoM (He HMeIOlleM KpaeB) ABYMEDHOM MHOrooGpasuu.
Kakyo 6bl TOuky A Ha TakOM MHOrooOpasHH MH HH B3sJIH, Y Hee
CYIIECTBYET OKPECTHOCTb, TFOMeOMOpP(Has Kpyry, 8HYTpu KOTOPOro
Haxomutcss Touka A. IToaromMy H3 TOYKH A MOXKHO CMeLIaTbCs MO
STOMY MHOroo6pasuio B JOGYI0 CTOPOHY.

163. Cmbici aToil ¢pasm KiefiHa Jyumie BCero MNOSICHHTh NpPH
noMoun ¢ynxyuu Jobaveackoeo. Ilycte B miockoctd JIoGayescKoro
u3 Touku O, HaxojslleHics Ha pacCTOSHHH A OT mpsiMoil g, mpose-
IeHn aBa Jayya OM,, OM,, napanjenbHbie g (T.e. Te mpeleibHble
nosoxenusi gyya OP, KoTopHe moJydaioTcsi, Korga Touka P yna-
JsieTCs MO NMpsiMOA g B Ty HJH B APYryl0 CTOPOHY B GECKOHEYHOCTb;
cM. puc. 122 nHa c. 269. Jlanee, nycte ON — nepneHAHKYJsp K Npsi-
moit g. Yron MyON (uan M:0N) B reomerpun JloGaueBckoro (ujx
«HT I», xak ee umenyer KieilH) sBJsieTcsi OCTPHIM; BeJHYHHA 3TOro
yraa HasweBaercs (ynkuueii JloGaueBckoro M oGo3HauaeTcs uyepe3
I1 (k). Kak nokasaa JloGaueBCKHH, OHa BHpaxaercsi ¢GopMyJoi

II (k) =2 arctg e~ MR,

rie R — HexoTOpas MOJIOXKHTeNbHAsl NMOCTOSIHHAS (3TO H €CTh Ta Mpo-
H3BOJIbHAs MOCTOSIHHASA, KOTOPYIO COAEPIKHT «HEeBKJHAOBA eOMETpPHS
nepsoro pojar; KJefiH BBOAHT aHAJIOTHYHYIO MOCTOSIHHYIO Ha c. 276—
278 U3 HeCKOJbKO HHBIX coobpaxeHHii). CJiefoBaTeJbHO, TOT YroJ
MeXIy ABYMsl napaeabHHIMH OM,, OMaz, KOTODHIH He CONEpPKHUT Mpsi-
MOH g, paBeH ¢ = — 4 arctg e MR U3 sroin dopMysEl BHAHO, YTO
npu h—-0 uMeem @ — 0.

Tenepp fICHO, YTO €CJH MapaMeTp R (XapaKTepH3YIOIHH eIHHH-
ubl H3MepeHHs AJMHH) Oyler B CpPaBHEHHH C «paccrosiHHeM o Cu-
puyca», 0 KoTopoM TNHmer KueitH, oueHb BeJHK, T.e€. C TOYKH 3peHHS
JOCTYNHRIX HaM H3MepeHHHl BeJHYHHAa A/R HHYTOXHO MaJja, TO yroa
MeX1y ABYMs mapa/uleJIbHHIMH K mpsiMof g Gynzer (eciu Touka O
HaxoQuTCs B Npefenax 06JacTH HaG/IONaeMOCTH) HHYTOXHO Maj, H
TMOTOMY OTJIHYHE reoMeTpHH Jlo6aueBCKOro OT €BKJHAOBOH Gyxer B
5TOil 06JacCTH HeOUyTHMBIM H, Kak nHuer KueiiH, Toabko mo mepe
ynanednss Touku O oT mpsiMoil g yroa @ Gyaer mpHoGperaTh Bce 60-
Jlee 3aMeTHYIO BeJIHUHHY (H, Goslee TOro, @ —> 3 npH h—> oo).

164. CM. Kneitn ®. Boicuas reomerpus. — M.: TIocrexusnar,
1939.

165. KueitH kpaTKO YNOMHHaeT O TOM, YTo reomerpus -JloGaues-
ckoro (HI I) mnm Pumana (HT II) moxeT GbITb BKJIOYEHA BTrpyn-
MOBYIO cXeMY, HaMeUeHHYIO ero spJaHreHcko#t mporpammoit. ITosicHum
GoJsee moapo6HO Ha npuMepe reoMerpun Jlo6aueBCKOro, Kak 3To ocy-
wectBageTcss (Anf  caydas reomerpuu PumaHa 9TO  Aenaercs
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aHaJIOTHYHO ¢ 3aMeHON AeHCTBHTENbHOrO KOHHYECKOrO CEYEHHS MHH<
MbIM). OGosHauum uepes K JHeifiCTBHTeNbHOE KOHHUECKOE CeueHHe
{(puc. 124 Ha c. 281), TpakTyemMOe KaK MHOXECTBO BceX GEeCKOHEUHO
VIaJIeHHHX 3JEMEHTOB B TOH MoJlenu reoMeTpuHH Jlo6aueBcKoro, KOTO-
ipyio paccmartpuBaer KueiiH (ee HasmBaloT modeasio Kaau—Kaeiina).

CSIKO€ JBHXKEHHE IIIOCKOCTH JI06aueBCKOro AOJKHO, BO-NEPBHIX,
TIEPEeBOAUTh BHYTPEHHIO 006JaCTh STOrO KOHHYCCKOrO cedeHnsl («o06-
vlacTbh omepauui runepGoJHUecKoit reoMeTpHH») B ce6s B, BO-BTOPHIX,
TIePEBOAUTh NpsiMHE (TOYHEe, XOPAH 3THX NPAMHX, BbICEKaeMHe JIH-
wineir K) cHoBa B mpsmue. OTclona CTaHOBHTCSl NOHSTHHM, YTO B
3TOH MOJENH NBHXKEHHS MJIOCKOCTH JloGaueBckoro H306paxaioTcs
IPOEKTUBHLIMU NPeabpa308aruamy, nepesodluuUMU KORUZECKOE Cede=
nue K 8 ce6a. CiienoBaresbHO, eCliH paccMOTpeTb MHOXecTBo G Beex
Takux npeoGpa3osaHuit (0HO npeicTaBiasieT co6oit rpymmy) H, cleays
IKJlefiny, paccMOTpeTh reoMeTpHIO, onpelelseMylo (Ha MHoxecTBe M,
jipefieTaBasomeM cofoii BHYTpeHHIOO o6aactb auHun K) sroil rpyn-
JTI0f, TO MOXKHO OXHAATh, YTO MH KaK pa3 NOJYYIHM TaKAM oGpa3oM
THOepOoHUecKyl0 reoMerpuio (Ha IUIOCKOCTH). DTo B caMoM JeJe
MIOATBEPKAALTCSI; CKa3aHHOe INO3BOJIET NOCTPOHTL MoAeab Kaau —
IKneiina runepGonHyeckoil TEOMETPHH 8 PAMKAX NPOEKTUBHOL 2eomeT-
jpuu. Benp G ectb HexoTopasi MOATPyNNa Bcell NPOEKTHBHONH TPYNIMHI,
Y 3TO ellle pa3 MOATBepKAaeT NpuHuMN KaJH 0 TOM, YTO «NPOEKTHB-
iHas TeOMEeTPHsl — 3TO BCS FEOMETRHSI».

166. Hanpumep, B reomeTpun JI06aueBCKOFO MOMHO ONPENENHTH
TlapaJlleJIbHH Teperoc (WJIH, Jyulle CKa3aTb, c68ue BIAOJB MPSIMOH):
©TO ecTb Ogu¥tenue, KOTOPOE «CMeHIaeT» HEKOTOPYIo mpsMyilo ! mo
ceGe, nepesoas ogHy Touky A npsmoi I B apyryio ee Touky. OnHako
TPaeKTOPHAMH, NEPeXOAAIHMH B ceGs NPH BCEBO3MOXHHIX CIBHrax
iBIOJIb TpsiMO# [, 6yAyT He mNpsMble, a 9KBUOUCTAHTbLI, Kaxiasi U3
IKOTOPHIX NpEACTaBJsAeT cOo60# MHOXECTBO BCeX TOYeK, HaXOMSAIHXCH
0 OJHY CTOPOHY OT nNpsiMoit [ Ha OJHOM H TOM e pacCTOSIHHH
OT Hee.

167. Knefin He ynoMHHaer eule 06 OAHOM BaXXROM NpPHMEHEHHH
reoMerpud Jlo6aueBCKOro — B €NEHHAJIbHOR TEODHH OTHOCHTEJLHO-
cTit (KoTopoe Ghlo npensioxeHo FepMaHoM MHHKOBCKHM yXKe mocie
npoutenns KnefinoM sTOro Kypea Jieknmii). PaccmaTpHBaercs yeTH-
pexMepHoe nceedoeaKaudos0 NPOCTPAKCTEO, B KOTOPOM DacCTOSHEE
OT TOUYKH (Xo, X3, X2, ¥s) JO HayajJa KOODJAHHAT ONPeAeRsIOTCH (Pop-

MyJoi
— z2__.2__ .2__ 2
s=Alf—H—4-4

'(anaAerHYRO QNPEeACATIeTCE PAcCTOSHHE MEMIEY ABYMS Toukamu). Ta-
XHM o00pa3oM, PacCTOfHHE MEXAY ABYMA DasNMUYHHMH TOJYKaMH B
9TOM HPOCTPAHCTBE MOXKET OHITH HeHCTBHTENLHHM, HYJEBHM HIH 9H-
CTO MHUMEIM. MHOXeCTBO Bcex npeoGpa3aBaHHH, COXDaHSOUIHX pac-
CTOSIHHE MeXAY HABYMS TOYKaMH B 9TOM ICeBJOEBKJIKIAOBOM Rpo-
CTpaHCTBe, HpeiCTaBJseT Co00i Fpynmy, reoMeTphs 3T0Off IPyNnN M
€CTb CIel#ajbHasd TeOPHS OTHOCHTENLHOCTH (B ee KHHEMaTHIECKOH
uactu). VIMeHHO, NepeMeHHas Xo TPAKTyeTCs KaK BPEMS, Xi, X2, X3 —
IPOCTPAHCTBEHHHE KOOPAHHATH. Jlajee, mpsaMble JUBMH TPaKTYIOTCH
KaK paBHOMEDHHE JBHXXEHHS TOUeK, HpHUYeM spemenunodobHoie nps-
Mole (AAS KOTODHX PacCTOfHHE MeXAy JIOOHMH ABYMS HX TOUKaMH
AEeHCTBHTEAbHO) MNPEACTABJAAIOT €060t ABHXeHUst C O00C8eTO8HLMU
CKOPOCTAIME (3aMeTHM, UTO B 9TOH MOJENH CKODOCTb CBeTa ¢ DPHHH-
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MaeTcs NO BeJHYHHe, paBHOH 1, — HMHaue HyXHO OBUIO GH ompeje-
JaTh  paccrosmue opMynofl 8 =c’xg — x; — x3 —x3). Jlanee,
u3oTponHsle nparele (N KOTOPHIX JoObe ABe HX TOYKH HMEIOT
Hyaeeoe paccTOsiHUE) SIBJSIOTCH TPAeKTOPHUSMH CBETOBHIX YacTHL. Bce
CBETOBLIE TPaeKTOpHH, Mpoxoismue 4yepes Touky O, obpasywr cse-
TO80I KOHYC, OIHCHIBAEMBIH YpaBHEHHEM xﬁ—xf—xg—x§=0.
IpsiMEie, COOTBETCTBYIOLIME JOCBETOBHIM JBHIKEHHSIM, NPOXOAST 6HY-
Tpu sToro Komyca. HakoHeu, npocrpauncreennonodobreie npamele
(AN KOTOPHX pacCTOSIHHE MeXAY KaM(IWMH [BYMsS HMX TOuYKaMud
siBASIeTCA YHCTO MHHMBIM) COOTBETCTBYIOT TPaeKTODHSIM C8epxCeero-
8blX YaCTHI (KTaXHOHOB», C BO3MOXKHOCTBIO PACCMOTDEHHsI KOTOPBIX
HAaYHHAIOT 3aHTPBLIBAaTh (PHU3HKH).

I'pynna, onpeneasiomas sTy reoMmeTpuio (epynna Jlopeuya),
ocTaBJAsieT WHBapHAHTHLHIM CBETOBOH KOHYC (eC/AM Had9ajo KOOpAMHAT
HENOABHXHO), H 3TO onpelensieT €Bf3b C reoMerpueil JloGaueBckoro
¥ KJEIHOBCKHM TOAX0JAOM K Heil. B camom pene, cBs3ka mpsMux
B 3TOM NPOCTPAHCTBE, NPOXOASIIHX 4epe3 Hayajo, 3alaeT Tpexmep-
HOe HPOEeKTHBHOE MPOCTPAHCTBO, a JIHHeHHHe Npeo6pas3oBaHHs, OCTaB-
JisiolMe HeM3MEHHO!H KBaApaTHUHYIO (popmy x% —xf —xg -—xg, npe-
06pa3yioT BHYTPEHHOCTb CBETOBOrO KOHyCa (T.€. BHYTPEHHOCTb HeKo-
TOpOli MOBEPXHOCTH BTOPOro NOPSAKAa — B NPOEKTHBHOH TPAKTOBKe)
B cebsi. DTO B TOYHOCTH COOTBETCTBYET TpexMmepHoi#t moxenam Kaam —
Kaefina runepGoauyeckoil reomeTprH. M3 storo cranosurcs nousr-
HbIM, ToueMy ¢opMyJsl reoMeTpHH JI0G6aueBCKOro HCNOJb3OBAJHCH,
HanpuMep, MPH pacyeTe CePIYXOBCKOro CHHXpo¢a3oTpoHa. TpakToska
runepGoiHueCcKOil TrcOMETPHH B PaMKax IICeBAOEBKJIHIOBAa MPOCTPaH-
cTBa NOLPOGHO M [OCJENOBATEeAbHO NpPOBeleHa B HHTEPECHOH KHHre:
Heanone b. H DaemMeRTapHOe A0Ka3aTeJbCTBO HENMPOTHBOPEUHBOCTH
naanuMetpHn JloGauesckoro. — M.: Tocrexuspar, 1956. O nanbHeii-
WHX BONPOCax TreOMETPHH MCEBIOEBKJHIOBEIX NPOCTPAHCTB MOKHO
npouuTaTh B HHTCpecHofi ctathe: Posendeanrn B. A. Heeskmi-
JOBH T€OMETPHH//DRUUKJIONEAHA 3JeMeHTapHOH MaTeMaTHKH. — KHu-
ra V: Teomerpusi. — M.: Hayka, 1966. — C. 393—475.

168. Pycckuit mepesox: I'mab6eprt [. OcHoBanus reoMer-
pun. — M.: Tocrexusnar, 1948.
© 169, Ilpn Bceil dyHAaMEHTaAbHOCTH KPHTHYECKHX ouleHOK Kieii-
Ha, OCHOBaHHEIX Ha ero ruay6ovaiiieM IOHHMAaHHH MaTeMaTHKH H
OrpOMHOH 3PYAHPOBAHHOCTH, B €ro MHEHHSX, pa3yMeeTcf,, MOMHMO
OOBEKTHBHBIX XaPAKTEPHCTHK eCTb H CyODLEeKTHBHHIE MOTHBHL MOXHO
COrJIallaThCsl MJIH He COIVIAIIaThCs € €ro OLeHKaMH H TPAaKTOBKaMH
TpopuectBa EBkinaa, Jlo6auesckoro, Tabbepra M APYrHX BeJIHKHX
MaTeMaT!IKOB H OTMeuaTb PacXOXIeHHs ero NO3HLHH C obuienpHHs-
TOji, HO BpSJ JH Lejecoo6pasHo 3Jecb OTMeYaTb 3TH HECOTAacCHs —
NpeACTaB/sIOT HHTepeC MMEHHO B3rJsAH camoro KieiiHa kak omHOro
M3 BHIJAIOIIMXCS MaTeMaTHKOB-KjaccHkoB. UTo XKe Kacaercs cospe-
MEHHBIX B3IJISJOB Ha HCTODHIO MaTeMaTHKH M POJib KPYNHEHUIHX yue-
HBHIX C JHaJeKTHKO-MaTeMaTHYECKHX NO3HUHH, CiepyeT o0paTHTbCH,
HanpuMep, K ¢yHaaMeHTalbHhIM KHHram K. A. Pubuukosa «Hcropus
MaTeMaTHKH».

170. Urak, B atoM Mecte KiefiH 3akaHUHBaeT H3JIOXKEHHEe maTe-
MaTu4eckOl TPAKTOBKH BOfIpoCa 0O aKCHOMAaTHKe H OGOCHOBaHHH
reomerpur. OH OTMeyaer [Ba OCHOBHLIX HampaBJIEHHH TMOCTPOEHHAS
aKCHOMaTHKH reoMeTpuH. IlepBoe H3 HHX HCXOBHT H3 NOHATUA
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dBusKeRus, BTOPOE — H3 TNOHSITHA KOKepYyIHTHOCTU. CyllecTBYOT H
MHOTHe ApYrHe MOAXOAH K aKCHOMAaTH3allHH €BKJHIOBOM reOMETpHH,
cssizanHbie ¢ pa6oramu Iluepu, B. @. Karana, Bupkroda, Beiins u
JAPYrHX MaTeMaTHKoB. IIpeacraB/isiercs 0COGEHHO BaXKHBLIM OTMETHTb
seilieBcKuit moaxox (o KoropoM 3aech KiefiH He ynoMuHaer, mo-
CKOJIbKY €ro JiIeKUMH OblIH mpouynTaHn B 1908 r., a Jjekuun Beftas,
B KOTOPbIX OH NpeJJiaraer CBOIO aKCHOMAaTHKY, OBUIH UHTaHH HM B
1917 r. 1 BouwiH B ero 3HaMeHHTylo KHury «IIpocTpaHcTBO, BpeMs,
MaTepHsi», H3laHHy0 B 1918 r.).

Eciu ruibGepTOBCKasi aKCHOMaTHKa HanpaBjieHa B HCTOpHYECKoe
npowaoe reoMeTpHK M IpecjeldyeT Lelb AaTb MaTeMaTHYeCKH KOp-
peKTHOoe 0GOCHOBaHHe reoMeTpHH B ayxe EBKinza (c BEIXomaMH B
HEeeBKJHIOBY, HeapXKHMEeNOBY I'eOMETPHIO M Ip.); €CJH, Jajiee, aKCHO-
MaTHKa, Gasupywoinascs Ha cBoficTBax aBHxXenuit (Kueitn, Hlyp
M Ip.), OTKa3hIBaeTCS OT NPHHATHS KOHTPYSHTHOCTH (TPeyroJIbHHKOB)
B KauecTBe NepBOHAUa/JbHOrO NOHSATHS M HCNOJb3yeT AJs 0GOCHOBa-
HHSI T€OMETPHH TPYNNOBOH MOAXOX, SIBJSIOLIHIACS NMPOrPECCHBHHM 3a-
BoeBaHHeM MateMaTHKnH XIX croJjieTHs, —H TeM caMbIM HanpasJjieHa
Ha coepemeHHble HaydHBle HaNpaBJeHHs, TO BeHJEBCKYI0 aKCHOMa-
THKY MOXHO paccMaTpHBaTh KaK HanpaBJjieHHYI0 B Oydyuwee. Moth-
BOM /11 TaKOTO 3aKJIOYEHHs SBJSAETCS TO, YTO OCHOBOH BeH/IEBCKOMH
aKCHOMATHKH fIBJIse1Csl NMOHSITHE BEKTOPHOro NPOCTPAHCTBa, Bce GoJee
fIpOHHKalolllee BO BCE pa3jfie/Ibl MaTeMaTHKH H Pa3jHuHhe 00JaCTH ee
npusioxeHnit (busuka, XxuMHs, OHOJIOTHS, S5KOHOMHKa H 1p.). Bouee
TOro, TaKOH NOAXOJA K AaKCHOMAaTHKe INO3BOJseT YCTPaHHTb pPa3phiB
MeXJIy IIKOJbHOH MaTeMaTHKOH, BY30BCKOH MaTeMaTHKOH H coBpes
MEHHO! MaTeMaTHYeCKOH HayKoil.

ITo cyuecTBy HAEH BeHJEBCKOH aKCHOMAaTHKH oOYeHb OJH3KH K
Teme aekunii Kneitna. Touka, ¢ KoTopoii HaunHaer uanoxeHHe Kieiin,
gBJIeTCS TepBOHAaYaJbHHIM NOHATHEM H Yy Beitns. Ceo6odneil sex-
T0p, paccMoTpeHHut KuefiHoM B KauecTBe ONHOro H3 NpoOCTeHUIHX
reoMeTpHuecKHX 00pa30B, fABJSETCS MNEePBOHAYAJbHHIM TNOHSATHEM ¥
y Beiias. Ho ecan Kaeitn onpenensier TOUKy TpeMsi ee KOOpAHHATaMH
H BBOAMT BEKTOp Ha OCHOBe IpaccMaHOBa NpHHLHNA, To Beilnp cuu-
TaeT 3TH NOHATHS HeompejessieMbIMH H JIHIIb ONHCHIBAeT B aKCHOMax
HX OCHOBHble CBOHCTBa.

Tak xe kak y I'minbepra (u y apyrux aBtopoB), Beitnp neaut
CBOH aKCHOMH Ha Zpynnibl. Hx y Hero marte, Ilpn dopmyaupoBanuu

AKCHOM a, b, ¢ 03HAYalOT NPOH3BOJIbHHIE BEKTOPH, R, I, m — npo-
H3BOJIbHBIE uHcaa, A, B, C — Npou3BOJIbHLIE TOYKH.

1 epynna (aKcHOMH CJIOKeHHsI BEKTOPOB); HeoNpejeJsieMble MO-
HATHS: BEKTOp, CyMMa ABYX BEKTOPOB (TaKiKe NpeACTaBJsIOILAs COs
60l BEKTOp).

> > > >
1) at+b=b+a;
>

> > > > >
L) a+(b+e)=(a+5)+c;
. . > > > >
Is) cywectsyer TaKoil BEKTOp 0, uto a4+ 0=a; >
>
I.) ans ao6oro @ cyllecTBYeT Takod BekTop (— a), uTO a
> >
+ (—a)=0.
11 epynna (akcHOMBI YMHOXEHHSI BEKTOPa Ha 4YHCJO); Heompele-
JsieMoe TNOHsTHEe: NpOM3BeJACHHe BEeKTOpPa Ha 4YHCIO (TaKXe mnpejs
CTaBasiolee co60i BEKTOD).
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1) % (la) = (kl) a;

L) la=a;"

1L) k(a4 b)—=ka + kb;

1) (k+ 1) a=ka+la.

111 epynna (akcuoma pasMepHocTH). Onpedessiemvie TOHATHA?
JMHeHAHast 3aBHCHMOCTb W JIHHefiHas He3aBHCHMOCTb BEKTOPOB.

I1I;) CyuecTByloT TpH JNHHeHHO HE3aBHCHMBIX BEKTOpa;

I11;) m06ble yeThIpe BEKTOpA JIMHEHHO 3aBHCHMBIL.

IV epynna (akcHoMmul ckajsipHOro ymHoxenus). Heonpenensemoe
MOHATHE: CKa/spHOe NPOH3BeJeHHe BEKTOPOB (NMpeACTaBJsiollee CO=
Goii yucy0).

>> >>
1V,)) ab=ba;

> > >>
I1V,) (Aa) b=2 (ab);

> > > S>> S>>
1V3) (@4 b)c=ac+bc;

> > >>

IV,) ecad a =0, To aa > 0.

V epynna (akcHOMBI CBSI3M TOYeK H BeKTOpOB). HeomnpenessieMble
NOHSATHSA: TOYKA; COMOCTABJIEHHE KaXKJAO0H YNOpSINOUYEHHOH nape TOYeK

A, B nekoroporo sekropa AB.
Vi) CyuecTByer XoTsi 6bl OJHa TOYKa;

—> —> —>
Vs) AB + BC = AC;
>
Vs) nas no6bix A,_)a CyLIeCTBYeT H NPHTOM TCJbKO OfHA TOYKa
-

B, nns koropoit AB=a.

Ilpu nepsoM Ke B3rysiie Ha BeflJIeBCKYIO aKCHOMAaTHKY Gpocaer-
cs B IJa3, UTO Te CBOACTBA BEKTOPOB, KOTOpHIE 0OKA3bl8aI0TCA TPH
06GEIYHOM IIKOJBHOM H3JIOXEHHH, 3leCb NPHHHMAIOTCA 3a aKCUOMbL
Oka3sniBaeTcs, 4TO 3TOT NPHEM NO3BOJISIET CAEJNaThb MOCTPOEHHE Kypca
reOMETPHH OY€Hb KPaTKHM H NPOCTHIM; 3TO — B MOJJHMHHOM CMEIC/e
«llapCKHH NYTb B reOMETPHIO», CYLIECTBOBaHHe KOTOPOro No mnpeja-
HHI0 mojBepraj cOMHeHHIO EBKJHA B pa3roBope ¢ NpaBHTeNEM.

Hanee, pa3GueHHe aKCHOM Ha TpYNNH HMeET OYeHb TYGOKHA
cMbics. IlepByio rpymny cOCTaBJSIIOT =~ aKCHOMBI abesegoii epynnot.
Vinaue roBopsi, 5Ta rpylna aKCHOM MOCTYJIHDPYeT, YTO MHOMKEeCTBO BCeX
BEKTOPOB C 33aJaHHOH B HeM omepalHed cJOXKeHHS BEKTOPOB Npej-
craBsseT coGoil aGeneBy rpynny. IlepBast ¥ BTOpas TpYNNBH aKCHOM
BMeCTe O03HAuYaloT, YTO MHOXECTBO BCeX BEKTOPOB C HMEIOLIUMHCS B
HeM ONepalHsIMH CJIOXKEHHS BEKTOPOB H YMHOXKEHHS BEKTODOB Ha
YHCJa MNpeACTaBisieT co6oii 8exkTopHoe npocTpancTéo (Han mnoJjeMm
JeficTBUTENbHEIX ances). Jlasee, npucoeuHeHHe K MepBBIM JIBYM IPYyIl-
naM TpeTved TPYNNH aKCHOM ONpeleNsieT TpexmepHoe BEKTOPHOe
NpoCTPaHCTBO. JTa Ipynna ouyeHb ymobHa AJs AajbHefmero o6obuie-
HHSl — AJI BBeleHHsi MHOrOMepHbIX (HJIH OeCKOHEeYHOMEpHHIX) BeK-
TOpHEIX npocrpaHcTs. MiMenHo, 3ameHsin B akcuoMax III; u IIlp unc-
na 3 W 4 Ha n U1, MH U NOJy4aeM aKCHOMAaTHKY n-MePHOro
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BEKTOPHOTO NpOCTpaHCcTBa. UeTBepras rpynma akCHOM, BBOAsINAs CKas
JISIpHOE NPOH3BeleHHe, MPHBOAHT K ONpPENE/EHHIO €BKIHAOBA BeKTOp<
HD20 nPOCTPAHCTBA — TPEXMEPHOro, N-MEPHOr0 HJH (B GECKOHEUHO-
MepDHOM BapHaHTe) auavbeprosa mnpoctpaHcTBa, HenocpencTseHHBIH
nepexol OT TPEXMepHOi reoMeTPHH K THJILGEPTOBY NPOCTPaHCTBY,
HrpaioiemMy OrpOMHYIO POJib B MaTEMaTHKe, KBAHTOBOi# (H3HKe H APy~
THX NDHJIOXEHHSX, T.€. XKHUBAasl CBSA3b <IIKOJBHOH» TEOMETPHH C CO-
BPEMEHHOH MaTeMaTHKOH, — ellle OAHO JOCTOMHCTBO Befi/IleBCKOI
aKCMOMaTHKH., HakoHel, To/JbKO B NATOH TIpynne aKCMOM BBOASATCS
TOYKH, U Mbl OT TEODHH BEKTODHOTO MPOCTPAHCTBA MEPEXOAHM
cO6CTBEHHO K reOMeTpHH.

BeiisieBckasi akCHOMAaTHKa NO3BOJISIET OYEHb MPOCTO Onpedesuts
mpsiMble, IJIOCKOCTH, MapaJijiesIbHOCTb, MEePNeHAHKYJISPHOCTh H NpOyHe
«eBKJHAOBH® TNOHATHA, NDHYEM Bce NOCTPOEHHe 3JaHHS TI'eOMeTPHH
OKa3bIBAeTCsl MPOCTHIM H KPAaTKHM. I10JpOGHO 06 H3/10KEHHH reoMer-

HH Ha Gase BelJIeBCKOH AaKCHOMATHKH MOXHO MpOYHTaThb B KHHre
E. I'. BoatsiHCKOro «DyieMeHTapHasi reOMeTpHsS», yKa3aHHOH B MpH-
MeuYaHHH 7.

171. Ha pycckoM s3bike uMeeTcss u3ganue: EBKJau . Haua-
aa. — Kuurn [—VI. — 2-e usn. — M.: Tocrexuszar, 1950. — Kuuru
VII—X.—M.: Tocrexusnart, 1949, — Kuuru XI—XV. — M.: T'octexus-
nar, 1950.

172. Pycckuit nepeson: Lle#iTen I'. I'. Mcropus MareMaTHku B
IpEBHOCTH M B cepelnHe BeKa. — 2-e u3n. — M.; JI.: TOHTH, 1938.

173. B camoM Jelle HepaBeHCTBO ma => nb o3HauaeT, uro

n b
ry <7. MHaue roBops, pacCCMOTpPeHHEe BCeX TeX MNap LeJBX YHCEea
m, n, AAs KOTOPLIX HMeeT MeCTO HepaBeHCTBO ma >> nb, mpHBOaHT

n
K MHOXeCTBY BceX TeX (IOJIOXKHTEJbHBIX) PallHOHAJbHBIX YHCEN o

a
KOTOpble MeHblile OTHOLIEHHS T. AHaJIOFH‘IHO, pacCMOTpEeHHEe Bcex
Tex map m, f, AJsA KOTOPBIX ma < nb, NPHBOAHT K MHOXECTBY BCex

n a

TeX PalUUOHAMNbHBIX HHCeN —-, KOTOpHe Gosble OTHOLIEHHS 7
a .

TeM caMBIM OTHOHIeHue s OnpeJeNIfeT «CeYyeHHe» B MHOXKEeCTBe pa-

LHOHAJIbHBIX YHCeJ (MOJIOXKHTENIbHBIX — APYruX EBKJHI He 3Haer),
n

npuyeM fp¥ ma > nb unciao - TMPHHAIIEXHAT HHXHEMY Kiaccy

3TOrQ CeueHHs, a IPH ma << nb — BepxHeMy. AHaJIOrHYHHIM 06pa3oM

c
OTHOILIEHHEe —d— TaKXe omnpeneJsieT HEKOTOpoe CeYeHHEe B MHOXKECTBe

PALMOHAJBHHX (NOJOKUTENbHBIX) YHCEN.
Ecau Tenepb HepaBeHCTBO ma => nb uMeeT MecTO OIHOBpeMeH-
HO ¢ siepaBeHcTBOM mc => nd {a HepaBeHCTBO ma << nb— ogHOBpe-
a c
MeHHO € mc << nd), TO 3TO O3HayaeT, YTO OTHOLIEHHS - 7 onm

- a [4
peaeasoT O0HO U TO Je CeueHHe H, cnenosa’renbﬂo.—b- =T.

TakuM 06pa3oM, eBK/JHZOBO CpaBHeHHe OTPe3KOB ma u nb no
CYIIECTBY ©O3HayaeT TO e caMoe, YTO U PacCMOTpeHHe -COOTBETCTBYIO-
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ero Aenexminona CeuYeHHs, a €BKJIHAOBO IOHHMAaHHE paBEHCTBA

a ¢
5 =g PaBHOCHIbHO COBMalHHIO OMPENe/fieMbX STHMH OTHOLle-

HHUSMH JeleKUHJOBHIX ceuyeHuil.

174. O6 o6leM NMOHATHH NNOLIAAH H POJH METOAA MCYEPNbIBAHHSA
MOXHO TaKxe NpoyHTaTb B KHHre «TpeTbs npoGiaema I'uibGepras,
YKa3aHHOH B mpuMeyaHuu 10.

175. TeM GoJiee, UTO CMBICZI CJIOB «TO», «4acCTb», «HMETb YacCTb®
COBeplIieHHO He fiCeH (YYHTBIBas, YTO TEOPETHKO-MHOKECTBEHHBIM
cTHieM MHenus EBxkaua He o6magan).

176. B rpeueckoM TeKcTe STOT HOCTyJaT (OPMYJMPOBAH He-
CKOJIbKO HHaye, a HMEHHO: «ONHCaTbh U3 JIOGOro LEHTPa OKPYHKHOCThb
ar06bim paduycom». OQHAKO M3 JajbHeHlero eBKJIHIOBA TEKCTa (CM.
c. 306) BuAHO, 4TO 3TOT NOCTYJAaT Haj0 NOHHMaTb HMEHHO B TOM
6ojlee y3KOM CMHICJe, KOTOpDHI YyKa3wBaeTcd B (GOPMyaHPOBKe
Kaeiina.

177. Cm. c. 91 pycckoro u3naHHs.

178. Hanpumep, HMeHHO Takoe Haymiee oT EBkianga wusioxeHnue
MH HMeeM B yueGHuke reomerpuu A. I1. KuceneBa, xopomo uspect-
HOM HallHM NpenojaBaTelsiM, I'lle OTAeJbHO PacCMaTpHBAlOTCA JBe
TeOpeMhl: «0 KBajJpaTe CTOPOHbI, JeXKalllei MPOTHB OCTPOro yriaa» u
COOTBETCTBEHHO <IPOTHB Tynoror. Pa3sinune 3THX ciydaes CBA3aHO
c TeM, uTO MepneHAuKyasp CD, npoBeleHHbli W2 Bepmunbl C (Bep-
wuHa yraa vy, puc. 132 Ha c. 309) K NPOTHBOMOJIOXKHOH CTOpOHE,
MOXeT NpPOXOAHTb JHGO BHYTPH TpeyroJbHHKa, JuUGO BHe €ro, T. e.
Touka D MoXeT npuHajjiexaTb JHGO caMOf NPOTHBOJEXAlleHd CTo-
poxe auGo ee NPOJOIKEHHIO,

179. ®. Bosu-crapuuii {oren Toro sHaMenuroro $lnoma Bosn,
KOTOpH#A He3aBHCHMO oT JlobaueBckoro u I'aycca mpumea K uiaesm
HeeBKJIMROBOH reOMeTPUH) — H3BECTHBHI BeHrepckuii mMaremartuk. Emy
NpUHAMJIEXKHUT TeopeMa (He3aBHCHMO OT HEro JOKa3aHHas aBCTPHil-
ckuM odunepoM H Jio6HTeseM mateMmaTuku I1. IepBuHoM), o06pawaro-
u{as H3BeCTHHI! M3 NPEBHOCTH METOJ BBHIUMCJIEHHS NJIOMAJH MHOrO-
yroJbHHKa pa3GHeHHEeM Ha YacTH H MepPerpymmHPOBKON 3THX uacTeil
(Meron paBHococTaBneHHocTH). Teopema bosin— epBuna  yTBep-
XK aeT, YTO ABa MHOTOYTOVIbHHKA PaBHOI IJollajiH (T. e. pasrosesu-
Kue) SIBASIOTCH PABHOCOCTABAEHHbIMU, T €. MOryT GHiTb PasGHUTH Ha
'OMHAaKOBOE YHCJIO COOTBETCTBEHHO KOHTPYIHTHHIX uacref. AHajoruu-
Hasi TeopeMa CnpaBelJ/IHBa TaKke B reomerpus JloGaueBckoro H B
PHMaHOBOM reoMeTpHH (3JJIHNTHYECKO!). FRIL6EPTY NPHHAAJEKHT HH-
TepecHHIH NpuUMep, NMOKa3LBAWIIHE, YTO B HeapXUMeNOBOH FeOMeTPHH
MOHATHSI PAaBHOBENHKOCTH H PaBHOCOCTABJIEHHOCTH He ABMSIOTCA 3K-
BuBaJeHTHHIMH. CM. IO NOBOAY 3TOro Kpyra BORNPOCOB YKasaHHYIO B
npuMeyannu 10 kuury B. I'. Boarsuckoro «Tperbsi mpobiema I'unb-
Gepras.

[IpumeuaTearno, w10 Papkauwl Bosin TakKe MHOro CHJ HOTPaTHI
Ha DONWTKH AOKAa3aTelbCTBa maATOro nocryaara Eskaupa. OH oT-
YyasiJCs B CBOMX MONBITKax, M ChHY, SIHOLIYy, TOXe MbITaJCg OTCOBETA-
BaTh 3aHHMarTbCs 3TOH Hpo6JaeMol. B cBoeM nucbMe CHIHY OH MHcaJ:
«..3TO MOXeT JHIUNTb Te6s TBOEIO AOCYra, 3AOPOBbS, NMOKOS, Bcex
pamocTeli KuU3HH. DTa YepHasi NPONacTb B COCTOSIHUH, GHITb MOXeT,
HOTJIOTUTh THICAIYY TAKHX THTAHOER, Kak HbloToH, Ha 3eMJe 3TO HH-
KOrZla He mposicHHTCA...». [TncbMo 3T0 Hamucano B 1820 r. — B Hauaje
necaTuaeTus, koraa JloGaueecknit w J1 Bosy npulin K CBOeMy OT-
KDBHITHIO H onyGJHKOBaJH CBOH HCCJefOBaHH:A!
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180. Psim mpyrux npuMepoB HMeeTCSl B NPEKPACHO HAMHCAHHOMI

kaure: JJy6HoB §I. C. OmubKku B reOMeTPHUYECKHX [OKa3aTeJbCT-
Bax. — 4-e u3f.— M.: Hayka, 1969.
) 181. 3necy KneitH uMeeT B BHAY, KOHEUHO, TaKHe YIJb, BTOPbHle
(cBOGOHBIE) CTOPOHBI KOTOPBIX NMPOXOASAT Haj OCbI0 X; B OGLIEM e
cllyyae cjefyeT CKa3aTh BMECTO <IOJ CTOPOHOIO» — «MeXAy CTOpO-
HaMH» JpYroro yria.

182. UrbiMU csioBaMH, MepBHI POrOBUAHBLIA Yroa He npesocxodut
BTOPOTO, ec/lH NepeceyeHHe NMepBOro yryla ¢ AOCTATOYHO MaJbIM Kpy-
roM, uMerolwuM LeHTp O, COLEPKHTCS BO BTOPOM DPOrOBHIHOM Yrie.

183, Kuefin 3anuchiBaeT ypaBHeHHe 3TOH OKDYXKHOCTH B BHIe

y=R—v/R =%,
a 3aTeM pa3jaraeT pajukan B Psifi BOau3M Touku x = 0, 4yTo M naer
HanUCcaHHOE Pas3JoXKeHue. .

184. D10 KpaTkoe 3aMmeuaHue KiefiHa 3aciyKHBaeT Cephe3HOTO
BHUMaHHsA. B pasgene 1 (Ha c. 323) KueiiH nuiueT o reHeTuyeckoM
MeTOle M aNe/UISIUHH K KUBOMY KOHKDETHOMY CO3epLaHHIO, MpHUeM
TOBOPHT O TOM, YTO 68 WKO.Ae HYXKHO ClefOBaTb UMEHHO 3THM MeTo-
JaM, TO3BOJSIOLIUM YYEHHKY CBBIKHYTbCS C MOHATHSMH TeOMETDPHH.
B To ke BpeMsi 3decb B pa3fesne IC) OH HECKOJIBKO TNpeHeOpexH-
TEJbHO OT3bIBAE€TCH O CHHTETHYECKOM® H3yuUeHHH TeOMeTpHH B JAyXe
JIDEBHHX H paTyeT 3a M3JIOXKEHHe TeOMeTPUH Ha aHANHTHYECKOH oc-
Hose. K coxanenuto, KnelinH He pa3BuBaeT 3TOT Te3uc moapoGHee H,
B YacTHOCTH, He OTMeyaeT TOT pPyGeX, Ha KOTOPOM cJelyeT nepefiTH
K aHaJHTHYeCKOMY H3JIOXKEHHIO reoMeTpuu. Bpsim sm ciaemyer ny-
maTh, yTo Kuefin (naxe c ero riy6OKOH NpHBEPKEHHOCTbIO K aHa-
JUTHKE) PEKOMEHAOBaJ Cpa3y e 32 HarJsaJHHIM BBeJ€HHeM reome-
TPUYECKUX MOHSATHH NMEPEXOJHTb K H3/I0XKEHHIO OCHOB aHAaJHTHYECKOi
reometpuu (TeM GoJsiee, UTO BHILIE OH NHCAJd O NOCTENEHHOM BLIJBH-
MeHHH Ha NepBHIft MJIaH JIOTHYECKHX 3JIEMEHTOB).

B Halleil mwKkone TakuM pPyGeKoM MOXKHO cuuTaTh 8-f Kjacc, rae
BBOAATCS BEKTOPH H KOODAHHATH M, B 9aCTHOCTH, METPUYECKHE COOT-
HOILLEHHS] B TPEYroJbHHKE BHIBOASTCH C MOMOIUBIO CKaJSPHOTO NMPOH3-
BelleHHsI U ero KoopAauHaTHo# 3anucH. C 3TOi TOYKH 3pEHHST OTKa3
OT KOODAWHATHO-BEKTOPHOrO MeTOAa NPH H3yUYeHHH HayaJ cTepeome-
Tpuud B 9-M KJjacce M BO3BpaT K aKCHOMaM COeIHHEHHs TOueK, Mps-
MBbIX M TJIOCKOCTell (YTO XapakTepHo Ajsi yyeGHuka A. B. ITorope-
JIoBa) SIBJISIETCSI HECOMHEHHLIM PErpeccoM.

185. «IlpunoxkeHHe anre6pel K reoMeTpHH» COCTOHT B TOM, 4YTO
‘buxcupyeTcsi OTpPe30K, NPUHUMAeMbIH 33 eAHHHIY JJIMHH, H 3aJaloTCs
HEKOTOpHIE OTPe3KH a, b, ¢, ..., mocne gero TpeGyercst nOCTPOUT® OT-
PesKH, IJIHHLE KOTOPHIX BHIPAXaloTcs B BUle a == b, A/ab, //aZ=0b?,
_a_cb_’ a?—b, a’h+c%d u 1. 1. (nepBbie ueThipe U3 3THX BHIpa-
JeHHH HMelT u3MepeHHe | OTHOCHTE/NBHO @, b, ¢, ¥ TOTOMY MPH HX
«MOCTPOEHHH» eJHHHLA JJIMHB He HYXHa). Hanpumep, uTo6H mo-
CTPOHTb MPSIMOYTOJIbHHIA TPEYroJbHUK MO THNOTEHY3e ¢ W OnylleHHON
Ha Hee BbICOTe i MOXHO, KOHEYHO, MOCTPOHTb HA THIOTeHY3e, KaK Ha
JHaMeTpe, NMOJYOKPYXHOCTb H 3aTeM HalfiTH ee NepeceyeHHst C WpS-
Mofi, oTcrosiiefi HA paccTosiHue h OT THIOTEHY3bl, HO MOXHO MOCTY-
NUTb M HHaye: yGENAUTbCS C MOMOILBIO BBIYHCJIEHHSI, YTO KaTeThl HC-

1 ——
KOMOI'Q TpeyroJibHHKa HMeIOT NJIHHEL 3 (c + 1/ ¢ — 4h%), a3atem
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«NOCTPOHTb» 3TH BHIPAXK€HHS H TeM CaMbIM NOJYYHTb HCKOMBI
TPeYroibHHK. B OTAenbHHX ciayyasx TakoH cnoco6 MOCTpOeHHs, BO3-
MOKHO, HHTepeCeH, HO B 1IeJIOM CrellHa/lbHOe H3y4YeHHE <IIOCTPOEHHS»
anre6paHyecKkHX BbipaxKeHHH, HECOMHEHHO, siBJseTcs TOH «GOKOBOf
BETOUKO#», TeM TYNHKOBHIM HaNpaBjeHHEM HCCJeJ0BaHHsA, KOTOpOe
YBOAMT B CTOPOHY OT TreHepaJblOH JIMHUM Pa3BHTHUS HayKH M JIHIIb
OTBJIEKAeT HMHTepechbl yuHTeJeH M YyuallMXcs HaAyMaHHbBIMH npoGiJe-
MaMHu.

CJaiefyeT OTMETHTb, YTO TaKHe «GOKOBble BETOYKH» BPeMsl OT Bpe-
MEHH KYJbTHBHPYIOTCS MaTeMATHKaMH-METOAHCTaMH, KOTAA OHH INHI-
TAlOTCSl BLIATH 32 PAaMKH CBOHX, HECOMHEHHO OYeHb BaXKHHIX H akK-
TyaslbHBIX Hay4yHBIX NpoGseM, CBSI3aHHBIX C NpenojaBaHHEM MaTeMa-
THKH, U JeJaloT NONbITKH CO3JaTh BKJaJ B TEOPETHYECKY0 MaTeMa-
THKY., HCXOASl He U3 MOoTpeGHOCTeH MaTeMaTHUECKO# HayKH W ee MpH-
OMMXKeHHH, a M3 JKeJaHHsi 00606LIMTL pellleHHe IIKOJbHBIX 3afay a0
YpOBHSI MaTeMaTHueckod Teopuu. B KauecTBe mpHMepa MOXHO yKa-
3aTh «TEODHIO PaBHOCHJIbHOCTH YpaBHEHHil», OLHO BpeMs pacuBeT-
IIyi0 B METOAHYECKHX PYKOBOACTBax MaxpoBHIM LBeTOM. Peub umer
0 TOM, 4TOGbl NpPH pellleHWH, HampHMep, HPPalUMOHAJbHEX ypaBHEHHi
u3beratb MNOSIBJEHHS TNOCTOPOHHHX KODHeH (NMpU BO3BeNEHHH O06GeHMx
yacTeil ypaBHeHHSI B KBaApaT H IPYrHX «HePaBHOCHJABHBIX» mpeobpa-
30BaHHMAX) J06aBJjieHHeM HepaseHcTs, B pesyJbTaTe BMecTe C nocJe-
JIOBaTe/bHbIM YNpPOIUEHHEM HCXOAHOTO YpaBHEHHS OHO <«obpacraeT»
CHCTEeMOH [OMOJIHHTEJbHBIX HepaBeHCTB, N00aBjieHHe KOTOPHX K Y-
POILLLEHHOMY YPaBHEHHIO [eJlaeT ero paBHOCHJbHBIM HCXOLHOMY YpasB-
HeHHI0. Bce 3TO, pasymeeTcsi, MaTeMaTHYECKH COBepIIEHHO KOPPEKTHO,
HO NPelCTaBJIsieT cO60H «TeOPHIO», HEHYXKHYIO H He TIPHMEHSEMYIO HH-
rie, KpoMe LIKOJbHOH METOAMKH, NPHYEM KTEOPHIO» BOBCE He MeTOLH-
YeCKOro, a MaTeMaTHYeCKOro miaHa (roBopslllylo He O TOM, KaxK 06y-
YyaTb, 4 O TOM, wemy o6yuaTh). B naHHOM ciyuae mosiyyaeTcsi 4TO-TO
BpOLe Teopuu UCKAKO4YeHUA, XOPOIUO H3BEeCTHOH B aJjre6pe MHorouje-
HOB, HO TNepeHeceHHOH 3a rpaHHLbLl 3TOH CBOed ecTeCTBeHHOH oO6Jja-
CTH NPHJOXHUMOCTH Ha MpPPalliOHa/NbHbIE, TPUTOHOMETPHYECKHEe H ApY-
rue BbIpaKEHHUfl, TJe OHA TepsieT MHTEPeC M MaTeMaTHUeCKHH CMBbIc/.

OOGBbsACHSIETCS 3TO BIOJHE MOHATHLIM CTPeMJIEHHEM YuHTeNs Ma-
TeMaTHKM MJAH METOIMCTa BHECTH CBOH BKJAal He TOJNBKO B pelleHHe
nelaroruyeckux npobsaem, HO U B caMy MaTeMaTuky. [Ipu oTcyTcTBUMH
HayyHo OGOCHOBAHHOK NpOGJEMAaTHKM H MaTeMaTHUYeCKOH 3pyAHLHH
B HayyHOM INJiaie 3TO M MPHUBOAMT K IIONBLITKAM pelleHUs upobieMm
THNA BeJHKOH Teopembl depMa, TPHUCEKUHMH yraa MAM K MONbITKAM
.co31aHHsA «GOKOBbLIX BETOYEK», O KOTOpbiXx nuileT KueliH. Buuuth B
STOM CJieflyeT He CTOJNbKO YUYRTeNst WM MeTORHCIa, CKOJIbKO MaTeMa-
THKOB-NPO(eCCHOHANOB M MaTeMaTHKOB-NOMNYJsPU3aTOPOB, He MNo3a-
GoTuBWIMXCA O pa3paboTKe mMpoGJeMaTHKH, AOCTYNHOH W HHTEpecHOM
AJ IIMPOKHX mpoGseM JloOuTesNell MaTeMaTHKH ¥ B TO XKe BpeMs
npexcraBJsiolllell KAKOH-TO HHTepeCc MJIsi COBPEMEHHO! HayKH.

186. Cm, T. 1, c. 78—84 (cemuyroabHuk), c. 164—166 (Tpu-
cekuus yrsa). ClefyeT Takxe 3aMeTHTb, YTO C YHCTO MeTOAMYECKOM
TOYKM 3peHHs 3aJlauH Ha NOCTPOeHHe NMpPEeACTaBJSIOT cOGOH mnpekpac-
HBIH MaTepHas JJsl 3aKpelJieHHs TeOpeTHYecKoro MmarepuaJaa (mo-
CKOJIbKY NPH MOHCKe pelleHHs, NPH AOKa3aTelbCTBe H NPH HCCIENo-
BaHHH NMPHUXOAHTCS MOJb30BATHC BCEM apCeHaJoOM paHee H3YYEHHbIX
TeopeM), AJIsl Pa3BHTHS HaBBLIKOB JIOTHYECKOrO MBILLJIEHHS H HaBLIKOB
pellleHHst HeCTaHAapTHBIX 3afay. He cnyvafiHo mpenonaBarenu marte-
MaTHKH OYeHb JIOOST 3afladd Ha MOCTPOEHHe M COXKAJIelT O 3HauH-
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TeIbHOM CHHXKEHHH YHeNbHOro Beca 3allay Ha IOCTPOEHHE B COBpe-
MeHHOH IiKoibHOH nporpamme. M3 JuTepaTyphl 0 reoMeTpHuecKHX
MOCTPOEHHAX CJeflyeT OTMEeTHTb Mpex e BCero ABe KHHTH (06e, K CO-
}Kal/leHU1o, NaBHO He NepensnaBaBlluecs): Anekcaugpos M. H.
COOpHHK TreoMeTpHYeCKMX 3ajay Ha nocTpoenne. — M.: Yumenrus,
1950; Annep A Teopust reoMeTpHYECKHX MOCTPOEHHH, — M.: Yunen-
rus, 1940.

187. 3mecy KaeitH ynomuHaeT elile 06 OJHOH M3 «GOKOBBLIX BETO-
YeK», O KOTODPbIX rOBOpMJOCh B npuMeuanun 185. [IpaBma, oH 3mechb
He TaK Y» pe3KO ee KPHTHKYeT, NOCKOJbKY Bhillle (Ha c. 242—243)
OH HalesJ H3AIHbIH CNoco6 XapaKTepH3alHH TIeOMETPHH TpPEeYroJb-
HHKAa ¢ TOYKH 3DeHHS NPOEeKTHBHON reoMerpuu. DTa obGaactb (reo-
MeTpHf TPeyroqnbHrKa) BJajesna yMaMH yuuTeseill W JoGuTenell MaTe-
MaTHKH W B Halleii cTpaHe (cM., HanpuMmep, 3eTea b C. K. Hosas
reoMeTpHst TpeyroJbHuKa. — M.: Yunexrus, 1962). HHoraa no nosoay
KPDHTHKH FeOMETDHH TpeyroJbHHKa KaK TYIHKOBOrO HamnpaBJIeHHs
BO3paXKaloT, OTMeyas, YTO B TEeOMETPDHH TpPEYroJbHHKA H3BECTHH
Teopembl Ditnepa, Mébuyca, Jlexauapa, SIko6n H APYrHxX BBHIAAIO-
wuxcs MartemaTHKoB. OJHAaKO 3TH yueHble BHIEIH B TeOMETPHH
TPeyroJIbHHKa He lieJb HCCJIefoBaHHs, a No6oYHOe MoJie NMPHJIOXKHMO-
CTH CO3JlaHHBIX MMM TIJy6okux Teopuit. Hanpumep, Meé6uyc, KoTto-
pOro MHOTOKDATHO. H OXOTHO HuTHpyeT KulefiH, mosy4yns HeKOTOpble
HoBble (DaKThl reOMETPHH TPEYroJIbHHKA KaK npuloierue PasBHTOrO
UM «6apHLEeHTPHYECKOro HCuHCJeHHsi», JlarpaHx H $Iko6H ycTaHOBH-
JI1 pe3yJbTaThl, OTHOCSILHEeCH K FeOMeTPHH TPeyroJbHHKa, Kak npu-
JIOXKEHHE HOBHIX BaXXHHIX HX HCC/IeJOBaHHH O BpallaTeJbHOM MABH-
Kenun Tea. WM naxke BenMKuM yueHBIl ApeBHOCTH ApxHMel, KOTO-
poMy NpDHHAJJNEXUT TeopeMa O MNepeceYeHHH MedHaH TpeyroJbHHKA
B OAHOW TOYKe, NMPHILIEJ K ITOMY Pe3yJabTaTy B BHAE NPUAOHEHUA
Pa3BHTOrO MM YYEHHSI O LENTPax THAKeCTH.

B cBsiau ¢ 3THM yKa3aHHas TeMaTHKa (reoMeTpPHs TPEYroJIbHHKA)
npeAcTaB/iseT HHTepeC [Js 3aHATHH IIKOJbHOrO MaTeMaTHYeCKOro
KpPYXKa He caMa no cefe, a KaK TMOBOJA AJs PacCKasa O MOMJIHHHO
BaXKHbIX TEOPHSIX, OTHOCALIMXCA K eOMETPHH H MeXaHHKe H JalOUIHX
B BHAe NPHJOXKEHHs KpacHBble TeOpeMbl TeOMeTPHH TpeyroJbHHKa.

188. Jlexannp, Tak ke kKak Iaycc, Jlo6aueBckuit n Bosn, Gec-
NpecTaHHO 3aHMMaJICSl TeopHell MapaJJleJbHbIX, HO B OTJIMYHE OT HHX
He MpHIeJ K J1ep3KOf MBICAM O BO3MOXHOCTH MOCTPOEHHsSl HEempoTH-
BOPEUUBOii TeOMETPHH, OCHOBAHHOH Ha OTPHUAHWH aKCHOMbI mapai-
JIEJIbHOCTH, a M0 KOHUA JKH3HH He OCTaBJSJ NMOMLITOK HAWTH JAOKa-
3aTesIbCTBO NATOro mocrysnara EBkanpa. B KaXAOM MOYTH H3NaHHH
CBOMX «HauaJ reoMerpuu» JlexaHap nomelnaj HOBOe HOKa3aTe/lbCTBO
eBKJMIOBA II0CTyJaTa, HO BHHMaTeJbHHIH aHaJM3 MOKa3HBaJ, 4TO
OHO OMHPAJOCh Ha COBEPLIEHHO «OYeBHAHOE», SIBHO He BLICKa3aHHoe
NpeanoJoxeHue, KOTOpoe SKBHBAJEHTHO MATOMY mnocTyjaaTy. OnaHako
9TH Ge3ycrelrHue MONMEITKH JOKa3aTeJbCTBA NATOrO MOCTYJaTa Helh-
39 npu3HaTbh GECIVIOAHHIMH: BMeCTe B3fThle <«J0KasaTesbcTBa» Jle-
XKaHJApa COCTAaBHJIM HHTEpPecHOe H COJEpIKaTeJbHOe HCCJe0BaHue,
pesy/NbTaTOM KOTOPOro GbuIO Haxodcdenue pada noiodcenudl, sKsu-
BANEHTHbLX NATOMY NOCTYAATY.

189. Kneiin oTMeuaeT B 5TOM aG3alle, YTO B Tunep6OJHIECKOMH
reoMeTpHu CYMMa YIVIOB TPeyroJibHHKa Mensvtte 7. Ho okoHuaresbHOe
BHISICHeHHe 3Toro ()akTa Kak pa3 M CBfi3aHO ¢ HMeHeM Jlexannpa.
PasHocTb 1 — (& + B + y) Ha3bBaOT JeheKTOM TPeyrosbHUKA C yria-
mH o, B, y. B eBkaunosoil reometpun AedeKT J0GOro TpeyrosbHHKa
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paseH Hymo. Jlerko mokasuBaeTcss M oGpaTHoe: eciin nedekT moGoro
TPeyroJbHHKAa paBeH HYJIO, TO CIOPaBEMIHB NATHIH LOCTYJAT, T.e€.Mbl
HaXOJHMCS B paMKax eBKJHIO0BOH reoMeTpuH. JlexaHAp mnpexnae
BCEro JOKasbiBaeT, YTO ecaH AedeKT KaKo20-aub60 ORHOrO TPEYroJib-
HHKa paBeH HyJio, TO H JedeKT 4/00020 TPeyroJbHHKAa pDaBeH HYJIIO
(u, ciefoBaTesbHO, ClIPaBeMIHB NMATHI noctyaat). Tenepp «ocTaercs»
OTHCKaTb KaKOii-HHUGYAb OOuH TPEYroJIbHHK C HYJeBbIM HIedeKToM,
T.e. ¢ cymmoii yrjoB &, OAHH M3 NPHEMOB, HCNOJB30OBAaHHMX AJs
atoro JlexaHApPOM, COCTOHT B cielyiouleM, Be3 Tpyna ycranasJiBa-
€Tcsl, 4TO €CJMH TpPEYroJbHHK pa3OMT NpsMOii,  Npoxoasiumed uepe3s
BEpMIMHY, Ha [Ba TPeyroibHHKa, TO AedeKT BCero TPeyroJbHUKa pa-
BeH cymme nedheKTOB COCTABJSIOLINX TPeYroJbHHKOB, Jlasee, ecin M—
cepennHa otpe3ska OA H ecsH Jyd, HexoAswui 3 ToukH O, mepeces
KaeT nepmeHAMKyaspu K npsimoil OA, npoBeneHHne yepes M u A,
B Toukax N u B, To mebekt TpeyrosabHHka OAB GoJbllie, YeM YIBOEH~
HBHH aedpekt TpeyroabHuka OMN. Hcnoabsys sty semmy, Jlexauap
IIPOBOAHT paccyXjeHHe claefyiolHM o6pasoM. BosbMeM mpsMOyrosb-
Hblil TpeyrosbHuk OMN c BepmmHO# npsMoro yria M, # mycTb e —
ero pepekr. JonyctuM, uto £€>0. Otaoxus Ha npsmoit OM ot Tou<
KH M oTpesok, pasHblit OM (T.e. B3B TaKyio TOuKy A, uto M—cepe<
nuHa otpeska OA), mpoBelleM NepneHAHKYJAsp K mpsamoit OM, npoxo-
Asiluil yepe3 TOuKy A, H 0603HauMM uYepe3 B ero TOuky nepeceyeHus
c npsmoii ON. Torza no chopMysnHpPOBaHHOH Bhillle JeMMe aedekr
tpeyroabiuka OAB Gosbue 2e. Ho Temepb, HCXOAsl H3 TPeyroJbHHKa
OAB, Mbi TOYHO TakKuM 2Ke 06P3a30M CMOXKeM MOJYYHTb TPEYrOJbHHK,
umetolinii nepeKkT > 4e, 3aTeM TPeYroJbHHK ¢ nedekToM > 8¢ u
BOOGIIE TPeYroJbHUK, nedekT kotoporo Gosbwe 2"e. Ho Tak kak ne-
¢dexT M06GOro TPEYroJbHHKAa He NPEBOCXOAHT I, TO MHI MNOJy4YaeMm
NpOTHBOpPEeYHe, KOTOpPOE U O3HAYaeT, YTO HePaBeHCTBO & > 0 HeBO3=~
MoxHo. Hrak, momxHo 6bTh & = 0, u TeM caMuM JleXaHAp cuu-
TaeT, YTO HalJeH TpPeyroJbHHK C HYJeBHM JAedeKTOM, T.e. NATHIT
noctynat EBkaupa pokasas.

Omu6Ka 31eCb COCTOMT B TOM, YTO JIeXXaHAP HEABHO HCMOJb30-
Ban cienymoollee npensnoxenne: nycTb MON — npou3BOJIBHBIA OCT-
puifl yron u A* — npousBosibHasg Touka Jyya OM; Torna mepneHau-
KyJasip K npsaMoit OM, npoBereHHH# Yepe3 TOuky A*, HempeMeHHO ne-
pecekaeT Jayy ON. Kaxyuasicss «oueBHIHOCTb» 3TOrO NPENJIOKEHH,
pasyMeeTcsi, He SIBJSI€TCS OCHOBaHHEM /Sl BO3MOXHOCTH €ro HCHOJIb-
30Balus MpPH JOKa3aTeJbCTBe MSATOrO mocryaata. B aeficTBHTesNbHOCTH
3TO MpeMJIOXKEHHEe SIBJIAETCA IKBUBANEHTOM MSATOrO MOCTYsaTa.

Pasymeetcs, o5 uesnoBeka, 3HaKoMoro c reometpueil JloGaues-
CKOro, olmH6Ka cOBeplleHHO oueBHAHA. Ho BbisiBleHHe 3TOr0 3KBH-
BaJIeHTa NATOro NocryJara 60 co3faHus runepGoONHYECKON reoMeTpHH
npeacras/seT co6oii CoBeplIEHHO HETPHBHAJbHOE NOCTHXKEHHe. DTOoT
U Apyrue SKBHBAJIEHTH NSATOr0 NOCTYyJaTa, OTKPHTHe JleXauapom
(onfH u3 HUX KaeiliH ynoMHHaeT HMIKe), CHIIPAJIH ONpPELeNeHHYIO PO/lb
B OTKPHITHH JIoGaueBCKMM ero reoMerpnu. Takum o6pa3oM, poJb Jie-
JKaHJPOBCKONA TeOPHH NapaJuIe/IbHBIX He CJeflyeT HeJOOlLeHHBaTh.

JISl CpaBHeHHs 3aMeTHM, uTo B Mozaean Kann — Kiefina nepneH«

AUKYJSIPHOCTb NPSAMHX (KaK H BooOlle BeJHUHHA Yrjia) HHTEPNpPEeTH=
pyeTcs He OyeHb MPOCTO W HJVIIOCTPALMS 3TOrO0 SKBHBAJEHTa MSATOrO
nmocTysata B oG#eM ciaydae He CAHIIKOM npocra. ONHAKO ecau pac-
cMaTpHBaeMoe KOHHYecKoe CeueHHe MpelcTaBisieT co60fl OKPYHHOCTb,
O — ee uenrp (7. e. npamMas OM u3obpaxaerca B 3Toil Mojean Jua-
MeTpoM OKPYKHOCTH), TO MepneHAHKYJAsipHOCTb mpsMod OM u HeKo-
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TOpO# APYroff MPAMON HHTEPNpeTHPYeTCs NEPMNeHHKY/IAPHOCTLIO B
GOLIYHOM eBKJHI0BOM CMBiC/Ie (3TO CleflyeT U3 COOGpaXKeHuil cHMMe-
Tpuu). CrnefnoBateabHo, eciu ON — syy, o6pasywoumit ¢ OM ocTphlit
yroa, a Neo — Touka nepeceuenus ayia ON c a6conoToM (OKpyXK-
HOCTbIO), TO MNepNeHAHKYJsAp, NPOBefeHHHH (B €BKJHIOBOM CMBIC/E)
K npsamoii OM u3 Toukn N, nepecekaer OM B HekoTOpOil Touke A,
obnajaioiledi caelyloOllHM 3aMeyaTeJbHBIM cBoficTBoM. Ecian A, —
Touka mpamoii OM, nexawmasn 3a A; (T.e. Ay — Takas TOuka, Jexa-
uasi BHYTPH OKPYIKHOCTH, 4TO A,—e6rYyTpeHHas Touka oTpeska OAy),
TO MepNeHAMKYJAp, NpoBelcHHBI yepe3 Touky A, K mpsamoit OM, ne
nepecexkaercs ¢ ON B mogenn Kanu — Kaeiina, T. e, Touka mepeceue-
HHSl 3TOro NepNneHAHKyJsipa ¢ npsamoii ON JIeXHT 6He OKPYXKHOCTH
(a6cosmoTa). DTO U NMOKa3bIBaeT, uTo B reoMeTpuu JloGaueBcKoro Je-
ACAHAPOBO MNpeNJIOKEeHHe MecTa He HMeeT, H, CJel0BaTesJbHO, OHO
npeicTaBasieT coGoil SKBHBAJEHT NMATOro MOCTYJaTa.

160. Pycckuit nepeBoj yueGHHKOB, NMpeACTaBJSIOIHX NMepepaboT-
Ky He ToJbKO «['eomerpuu», HO M «ApudMeTukH» u «Anre6pui» Bo-
pens, 6ol u3naH noj penakuuei npod. B. ®. Karana B 1911 r. u
nepensnan B 1923 r.

191. 3necb U nanee «paBeH» MOHHMaeTCsi B CMBICJEe «PaBeH IO
nowanaus (B 5TOM CMbIC/JE HCMOJb3yeTCs Tenepb GoJsiee yAOGHBIA Tep-
MHH «PaBHOBEJIHK»).

Perurke Kaeiin

3JIEMEHTAPHASI MATEMATUKA
C TOYKH 3PEHHSI BbICHIEH

Tom BTOpO#
TEOMETPUA

Penaxktop B. B. JoH4erKo
Xynoxectaenundt penaktop I'. H. Kossuenko
Texuuuecku#t penakrop C. . lkaap -
Koppekropu O. A. Cuzaa v H. [I. Hopoxosa

HB Ne 12996

Cnauo B Ha6op 16.01.87. TTopamucano k meuatwm 23.06.87. dopmar 84X108/32.

Bymara tan, Ne 2. TapuuTypa aurepaTypHan. [leuaTs BHICOKas. Ycia. med.

a. 21,84. Ycl. Kp.-oTT. 21,81, Yu.-usm. J. 22,9. Tupax 95000. sk3. 3axa3 428.
Llena 1 p. 40 k. B

Opnena Tpymosoro Kpachoro 3naMenn wuspartenbcrso «Hayka».
CnaBras pepakiuusi GU3HKO-MaTeMaTHYeCKOH JiMTEpaTyphl
117071 Mocksa B-71, JJennHcKH#t mpocnekT, 15

Jlewuurpanckas Tunorpadus M 2 fososHOe mpennpusTHe.opaeHa Tpymosoro
KpacHoro 3uamenu JleHuurpaigckoro o6bemvdHeHHst ,TexHHuecKas KHHra“ UM.
Berenuu Coxososofi Colosnonurpadnpoma npu [ocynapcTBEHHOM KOMHTETE
CCCP no pnenam wu3pgaTenbcTs, Nonurpaduu H KHHIKHOA TODrOBJH.
198052, r. Jlennurpax, JI-52, Hama#tsiosckult mpocnekr, 29
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